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Extracting Geometric Structures in Images with
Delaunay Point Processes

Jean-Dominique Favreau, Florent Lafarge, Adrien Bousseau and Alex Auvolat

Abstract —We introduce Delaunay Point Processes, a framework for the extraction of geometric structures from images. Our approach
simultaneously locates and groups geometric primitives (line segments, triangles) to form extended structures (line networks,
polygons) for a variety of image analysis tasks. Similarly to traditional point processes, our approach uses Markov Chain Monte Carlo
to minimize an energy that balances delity to the input image data with geometric priors on the output structures. However, while
existing point processes struggle to model structures composed of inter-connected components, we propose to embed the point
process into a Delaunay triangulation, which provides high-quality connectivity by construction. We further leverage key properties of
the Delaunay triangulation to devise a fast Markov Chain Monte Carlo sampler. We demonstrate the exibility of our approach on a
variety of applications, including line network extraction, object contouring, and mesh-based image compression.

Index Terms —Spatial point process, Delaunay triangulation, Geometric structures, Line network extraction, Object contouring, Image
compression

F

1 INTRODUCTION

Many Vision tasks involve the extraction of geometsituc-
tures from images. Typical examples include the extraction (
networks of blood vessels from retinal images, the extraction «‘ﬁ <
building footprints from urban satellite images, or the extractio E‘"W
of 3D surfaces from multiple photographs of a scene. While thefld §8
structures cover chains or regions of pixels in the input imagd
they are often converted into sets of geomefiamitives for
subsequent global analysis and efcient storage. For instan
vessel networks can be represented as planar graphs made of
segments, building footprints can be represented as closed pt
gons, and 3D surfaces can be represented as triangular meshe|

Unfortunately, existing algorithms often decouple the dete
tion of local primitives from the construction of global struc-
tures. Continuing on our examples, object contouring metho _,
typically detect line segments along image discontinuities befc||%
assembling them to form polygons [1], [2], and multiview stere
reconstruction algorithms extract 3D points by feature matching
before interpolating them with a surface mesh [3], [4]. While thigig. 1. Example applications of Delaunay Point Processes to extract
two-step approach reduces computational burden, the qualityp@iar graphs representing blood vessels in retina images (left), and

the resulting structures depends heavily on the local decisidi®§"Plex polygons representing object silhouettes (right). The point dis-
tribution creates a dynamic Delaunay triangulation while edge and facet

taken during p”m't_'ve detec_t'o_n.' . . labels specify the geometric structure (see red edges on close-ups).
As an alternative to primitive detectiomenerative models

seek to synthesize structures and measure their agreement with
image data. In particulapoint processehave shown their ability
to generate con gurations of geometric elements that align with This paper focuses on the extraction of 2D structures and
image content [5]. However, the synthesis of large-scale structutegves the extraction of 3D entities to future work. Our main
often requires strong interactions between geometric primitivesservation is that any 2D structure composed of non-overlapping
which are hard to model with existing formulations. For exampldines or polygons can be embedded in a triangulation of the
a point process that would generate independent line segmentisngge domain. Given this representation, generating linear or
very unlikely to produce coherent line networks where segmertig@ngular primitives amounts to inserting new vertices in the
only join at their endpoints. The key idea of our work is to contriangulation, which is a standard operation for existing geometry
strain point processes to only produce well-connected geometifairaries [6]. Extracting global structures then amounts to grouping
structures. subsets of edges or facets of the triangulation. By construction,
our representation offers strong geometric guaranties, such as the
J.-D. Favreau, F. Lafarge, A. Bousseau and A. Auvolat are with Inrifact that line segments and polygons always meet vertex-to-vertex
Sophia Antipolis, France. E-mail: Firstname.Lastname@inria.fr or edge-to-edge. We further build on properties of the Delaunay
triangulation to propose an ef cient sampler for fast stochastic
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optimization of the geometric structures we wish to extract. Weeighborhood relationship if and only if 8p 2 such that
demonstrate the versatility of this approach to extract 2D structute@) > 0, and8q 2 K, h(p [f gg)=h(p) only depends om
for a variety of Vision tasks. and its neighborép 2 p : g pg. In other words, when adding
In summary, our main contributions are (i) a general framex point to a con guration, the resulting variation of density only
work to extract geometric structures for a variety of Vision probdepends on the new point and its neighbors in the con guration.
lems, (ii) an ef cient stochastic optimization to nd high-quality As discussed next, the Markovian property is essential to many
structures, and (iii) models for line network extraction, objeaf cient optimization algorithms because it guarantees that the
contouring, and image compression; demonstrating the potentiatiation of energy induced by a local perturbation of a con gura-
of our approach on real-world tasks. tion can be computed using a small number of points around that
perturbation.
> The symmetric relationship is usually de ned via a maximal
BACKGROUND ON POINT PROCESSES Euclidean distance between two points dk such that
We rst provide the necessary background on point processes and o .
their applications before describing our novel approach, whichwe ~ Pi B = f(piip) 271> jip pliz< 9 (@)
call Delaunay Point Proce;seWe refer thg reader to the book by_Figure 3-left shows a realization of such a point process for
Descombes [7] for a detailed presentation of the theory of poipt” 2.
processes for image analysis.

De nition. Point processes are probabilistic models that d

scribe random con gurations of points in a continuous bounde
domainK , where the number of points of a con guration and thei
positions in the domain are random variables [8]. They have be
introduced in Vision by Baddeley and Moller to extend traditionz

2

by
N2,

S
“_

K

Markov Random Fields (MRFs) with an object-based formalis
[9]. We denote = LN n the con guration space of a point
n

process, where _the syb-_space.s_correspond to con gurations the Markovian property to de ne pairs of interacting points, typically a
of exactly n points distributed inK. We denotep 2 a maximal Euclidean distance between two points (left). Such processes

realization of this point process, ap® p a point of the resulting are used for detecting objects in images by associating a simple geomet-
con guration ric shape, eg a rectangle [10], to each point (middle), and for extracting
’ line-networks by selecting a subset of pairs of interacting points [11]

(right).

Fig. 3. Markovian point processes. Traditional point processes exploit

» T oo &
S hd ° ° > / OO o . .
° g o o Inference. Reversible Jump Markov Chain Monte Carlo
% OO R 00°0%¢ (RIMCMC) [12] is a popular family of algorithms to search for
° o o ° °%s° o%°©° g con gurations that maximize the density, or equivalently, that
o ° o minimize the energy). A RIMCMC sampler simulates a discrete

Markov chain(X)t2n on the con guration space, converging
towards a target density speci ed k.

Algorithm 1 provides the pseudo-code of a RIJMCMC
sampler for point processes. The algorithm starts with a random
con guration p,. At each iteration, the current con guration
p of the chain is perturbed to a con guratiop® according

) ] ) ) to a proposition densitQ(p ! :), also called akernel The
The simplest point process is the homogeneous Poisson chQFturbations are local, which implies that the energy variation

process, for which the number of points follows a discrete Poissgawyeen con guratiorp and p° depends only on a few points
distribution and the position of the points follows a uniform disghanks to the Markovian property of the point process. The
tribution. As illustrated on Figure 2, more complex con gurationg,,, guration p° is then accepted as the new state of the chain
can be obtained by guiding the point process with a def¥ity yith a probability that depends on the ratio of kerr@kp ! p9)
dened in . Intuitively, h(p) measures the probability of the jnq Q(p°! p), the energy variation betwean and p® and a
realizationp to occur. By carefully designing the density:), rejaxation parameteT;. We next detail the role of kernels and

practitioners can model processes where the number and pOSiP&ﬁxation, followed by a discussion of existing work on object
of the points are consistent with input data and where neighboriggy structure extraction using point processes.

points obey speci ¢ spatial interactions. In the remaining of this
paper we often express the density as a Gibbs erldfgywhich

we seek to minimize a mixture of kernel€),, associated with probabilitieg,
h(p) /- exp Ulp): @ QP! 9= G Qup! 9 )

Markovian property. Similarly to Markov Random Fields, m
the Markovian property of a point process provides a spatiahere each kerneQn, is typically dedicated to a speci c type
dependency between neighboring points in a con guration. Fasf perturbation. The kernel mixture must satisfy two necessary
mally, a point process of densithh is Markovian under the conditions to guarantee the convergence of the Markov chain.

Fig. 2. Point processes distribute points randomly in a bounded domain.
While the left example illustrates a uniform distribution, the middle and
right examples show point processes guided by a non-uniform density h
(top left insets). In particular, the right example uses the image gradient
magnitude as a density to distribute points along image contours.

Kernels. For many applications, the kern®l is formulated as
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Algorithm 1 RJMCMC sampler for point processes tackle such tasks by associating each point with a parametric

1- Initialize Xo = pgy andTp att = 0; object. For example buildings can be represented with rectangles

2- At iterationt, with X = p, [10], persons with cylinders [15], [16], or textures with sets of
Choose s ke, sccordng o posabioy, D Shobes [ Fve Sicde s 8 eanacen
Perturbp to p®according taQm (p ! :) point p P

a rectangle de ned by its orientation, width and length [10].
The domain of this marked point process is this M with
_ Qm(p°! p) exp U(p) U(pY @ K RZandM =] 5i5] [minilmax]  [Lomin ;Lmax ]
Qm(p! pY T¢ Marked point processes are particularly effective for the extraction
of groups of objects from images because they can model rich
spatial interactions and because they do not require the number
of objects to be known a-priori. More details on marked point

processes can be found in [7].

Compute the Green rate

ChooseX+1 = p° with probability min(1;R), and
Xi+1 = p otherwise

First, to make the Markov chaiireductible the kernel mixture From points to structures. While marked point processes are
must allow any con guration in to be reached from any otherwell adapted to the extraction of groups of disconnected objects,
con guration with a nite number of perturbations. Second, taheir application to the extraction of connected structures is more
make the Markov chaimeversible each kernel must be able tochallenging because local perturbations may affect the structure
propose a perturbation and its reverse with a non-zero probabilgjobally, breaking the Markovian property necessary for ef cient
This second condition is necessary to compute the kernel raROMCMC sampling. Prior work attempted to extract geometric
in Equation 3, which provides a detailed balance betweensaiuctures by designing the point process energy such that it
perturbation and its reverse [13]. encourages neighboring objects to connect. For example, Lacoste

Point processes typically rely ontérth and deathkernel that et al. [18] and Sun et al. [19] extract line networks by encouraging
adds or removes a point from[7]. This kernel is parameterized line segments to form a graph, while Drot et al. [20] segment im-
by a birth probabilityPy, the death probabilitf’y being equal to ages by encouraging triangles to form a tessellation. However, this
1 Pyp. Denotingjpj the number of points in the current con g- strategy does not scale well because the probability of sampling
uration, and the parameter of the discrete Poisson distributionbjects that connect together decreases quickly with the number
that governs the number of pointsyin the kernel ratio for a birth of objects. To the best of our knowledge, junction-point processes
event can be expressed as [11] is the only solution designed to extract structures that are

0] well-connected by construction. As illustrated in Figure 3-right,
Qm(P°! p) _ Py : 5 e , : . .
Om! P9 - Poipi+l. (5) junction-point processes exploit theneighborhood r.elat|or'13h|p
m b of Equation 2 to de ne a graph over, where edges link pairs of

Similarly, the kernel ratio for a death event is expressed @gighboring points. A subset of edges is then selected to form a
o258 Intuitively,  represents the expected number of poinislanar graph, which represents the output line network. However,
in the output con guration. Choosing a birth (respectively @ planar graph should not contain crossing edges. Enforcing this
death) when the number of points in the current con guration i®pological constraint makes RIMCMC sampling of junction-
higher (resp. lower) than will reduce the chance of acceptingpoint processes very slow because a large majority of perturbations
the proposed perturbation. yield crossings.

Relaxation. The relaxation parameté’rt, also called théem- DELAUNAY POINT PROCESSES
perature controls the acceptation rate of the RIMCMC sampler. | ) . . L
A high temperature allows the algorithm to explore very differerftS discussed in the previous section, existing attempts to extract
con gurations, including con gurations that temporarily increas§tructures with point processes were strongly limited in their
the energy. In contrast, a low temperature encourages the a@gl_llty to eqforce the connectivity of.the structgre elements: We
fithm to only accept perturbations that decrease the energy.2fldress this challenge by embedding the point process into a
common practice is to start with a high temperature for initial eX2€launay triangulation from which we extract structures as groups
ploration of the solution space, before decreasing the temperat@f&dges or triangles. Since the triangulation forms a tesselation
to converge to a local miminum. Although a logarithmic decrea&d the image plane, our structures are well-connected by construc-
of T; is necessary to ensure convergence to the global minimdn- While a few studies also combined spatial point processes
from any initial con guration, practitioners typically use a fasteith Delaunay triangulations [21], [22], they only demonstrated

geometric decrease of the form the synthesis of point con gurations. In contrast, we augment
. Delaunay Point Processes with point, edge and facet parameters
Ty = To: (6) to extract geometric structures from images.

where Ty is the initial temperature and controls the speed of )
decrease and is typically set to a value inferior yet closd.to 3-1 Delaunay-Based Neighborhoods
Such a geometric decrease gives an approximate solution clos&he Delaunay triangulation of a point con gu-
the optimum [14]. ration p subdivides the image domald into
triangles such that no point ip is inside the

From points to objects. Many Vision tasks involve the circumcircle of any triangle. Figure 4-left show!
extraction of extended objects rather than in nitesimal pointshe Delaunay triangulation of the same point X/
Marked point processesre a family of point processes thatcon guration as in Figure 3.



3.2 Marks and Energy Formulation
\\ Similarly to marked point processes, we tackle the extraction
— / — of extended geometric structures by associating parameters —
/ \ ! or marks — to the elements of the Delaunay point process.
fe” N However, while traditional marked point processes only associate

parameters to points, we also associate parameters to the edges
) ) - i and facets formed by the points. This novel feature of Delaunay

Fig. 4. Delaunay Point Processes. Contrary to traditional point pro- . . .

cesses, pairs of interacting points are de ned more naturally by a  POINt processes is key to extract well-connected line-networks and

Delaunay triangulation instead of an arbitrary distance parameter (left).  polygons, which are better expressed via edges and triangles than

Exploiting such a geometric meta-structure allows us to partition the  vjg punctual primitives.

image domain into complex polygons by jointly labeling the triangles ; — .

(middle) or to extract planar graphs by jointly labeling the edges (right). We denote a g(_aometrlc Str_UCture BS—. ( p,m ) Where_ P

We add the four corner points of Domain K to p for computing the 0€ nes the geometric con guration of the triangulation, white

Delaunay triangulation so that K is entirely partition by triangles. represents the set of additional parameters on the triangulation
elements. For examplen can identify active edges for line-

network extraction, or assign different labels to facets for polygo-

We denote the set of edges and facets of the DelaunX object segmentation (Figure 4). Note_thatcan a'?o t‘f""e re_al
triangulation ofp as Cy(p) and Ca(p) respectively. This trian- values such as colors, as demonstrated in our application to image

gulation offers a convenient neighborhood relationship for compression (Section 4.3).

point processes: two points are neighbors if they are connectedbe/Ol:rtStUdy of.varlous ?tru[c)tulre extrac.tl?n tasks led ES hto
an edge in the Delaunay triangulation ormulate a generic enerdy for Delaunay point processes, whic

we express as the sum of two terms balanced by a parameter
2 [0;1]

ux)=(1 )Urtidelity (X) + U prior (X): (8)

rst term, Urigely (X), measures the agreement of the
on guration with image data. For instance, it can measure the
?gnment of the Delaunay edges with image contours for line
network extraction, as detailed in Section 4.1. The second term,
rior (X), encodes shape priors on the structures we wish to

. . . ract. In the example of line network extractiddgrior can
require a paramete_r to spemfy t_he area of attrac'uo_n of t enalize acute angles between successive edges to favor smooth
neighborhood relationship. Tuning this parameter is oft olylines. These two terms can be expressed with local energies

problem-dependent and strongly impacts result quality. | n points, edges and facets of the Delaunay triangulation. Note

stead, Delaunay edges connect neighboring points W'thQHE\tU not only measures the quality of an output structurdut

requiring any parameter. . . ._.also accounts for the quality of the underlying triangulaton
Geometric guarantees. Delaunay triangulations maximize

the minimum angle of all the angles of the triangles in )

the triangulation, and thus tends to avoid skinny triangle3:3 Sampling procedure

This property is especially bene cial to reduce imprecisioie use the RIMCMC algorithm detailed in Algorithm 1 to search
when measuring radiometric quantities over the pixef®r a good approximation of the optimal con guration. In all our
covered by a triangle, as is the case in our applicatiomagplications, the sampling operates on con gurations of geometric
to object contouring (Section 4.2) and image compressiatructuresx = (p;m), which live in a wider space than the
(Section 4.3). point con gurationsp. We now propose three kernels to explore
Uniqueness. The Delaunay triangulation of a point séhis con guration space: birth or death of a point, relocation of a
is unique, unless four or more points are inscribed gooint, and alteration of a mark. Each of these operators only affect
the same circle, which is very unlikely when the point con gurationx locally, which is critical for ef cient evaluation
coordinates are expressed in oating point precision. Thisf the energy variation at each iteration (Equation 3).

property implies that sampling a point set is equivalent to

sampling a triangulation. Birth and death kernel adds or removes a point fropy

Ef cient sampling. Perbubations during RIMCMC samas detailed in Section 2. In computational geometry terms, it
pling, e.g. removing or adding a point ip, only af- inserts or removes a vertex from the Delaunay triangulation as
fects the Delaunay triangulation locally. Moreover, suchlustrated in Figure 5. In practice, we give birth and death the
perturbations correspond to the basic operators offeredme probability®R, = P4 = 0:5). In case of a death, we select
by existing computational geometry libraries to modifyone of the points fronp randomly. In case of a birth, we create
Delaunay triangulations [6]. a new point in the image domaid . While we could draw the
Flexibility. The Delaunay triangulation is a exible geo-position of this point from a uniform distribution, this is often
metric representation to address numerous Vision proinef cient for Vision applications where the structures of interest
lems. As illustrated on Figure 4, we can select edges li¢ along image contours. We achieve much faster sampling by
the triangulation to represent line-networks, we can grodpllowing a distribution specied by image gradients. Once a
triangles to represent closed contours, or we can assiggrtex is added (respectively removed), we update the marks of
labels to the triangles to segment the image into parts. its adjacent edges and facets by uniform sampling from the mark

oo B =fEER)2p%:(pip) 2 Cap)g: (7)

We de ne Delaunay Point Processes as Markovian point P'Phe
cesses supported by the Delaunay neighborhogd Delaunay
Point Processes inherit from several interesting properties of {
Delaunay triangulation:

. . . )
Parameter-free neighborhood. Traditional point processg,
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. irth and h ke | birth i in th Fig. 7. Energy decrease with different combinations of kernels. A better
F!g. 5. B.'rt and Death kernel. A birt inserts a new vertex in the energy is reached with our combination of three kernels than with just a
triangulation and recomputes the edge connectivity around it by applying  pjrth and death kernel or with the three kernels with uniform birth.
edge ips recursively until the circumcirle condition is valid everywhere.

A death removes a vertex and its adjacent edges and reconnect its

adjacent vertices so that the circumcirle condition is valid.

the Delaunay vertices quickly align with the main image gradients.
However, the energy reaches a high plateau later on, when the

p. We make this operator ef cient by constraining the point t ow temperature prevents the sampling to propose successive

remain in itssafety domainwhich corresponds to the domain irths and deaths that would be necessary to eventually displace
h point to another position, or replace a mark by another one.

in which a vertex can move without producing edge ips in t & . . . .

Delaunay triangulation (Figure 6). We draw the new position 6Eclud|ng the point relocation and mark alteration kernels allows
a vertexp from a uniform distribution over the safety domainN€ optimization to. dfecrgase the energy furthgr. Figure 7.also
As the safety domain for the reverse move is identical, the kerrﬁgows that the optl|m|zat|on.reaches h'g,h quaht.y con gurat.|ons
ratio in the Green rate (Equation 3) is equalltoNote that this aster when we guide the birth kernel with the image gradients

kernel does not modify the marks of the con guration. instead of distributing new points uniformly.

Point relocation modi es the position of a random point in

~ N = 4  APPLICATIONS

We now demonstrate the versatility of Delaunay point processes
on three Vision tasks involving geometric structures: line-network
extraction, object contouring, and mesh-based image compression.
We provide for each application a brief discussion of related work.

4.1 Line-network extraction

Fig. 6. Safety domain for point relocation. The blue region (left) corre- Li ks f . . licati
sponds to the region where the red vertex can move without entering the ~ LIN€ NEWOrks form important structures in many application

circumcirle of another triangle, i.e. without ipping the blue edges. The ~ domains such as medical imaging (vessel networks), remote sens-
red region (middle) corresponds to the region where the red vertexcan  ing (road networks), document analysis (line drawings). While

move without leaving the circumcirle of any three successive adjacent vl :
vertices, i.e. without ipping the red edges. The safety domain, drawn many pixel-based algorithms have been proposed to detect such

with a black border (right), is the intersection of the blue and red regions. ~ Structures [23] or separate its componersg. strokes in line
In this example, the blue region lies entirely inside the red region, drawings [24], pixel chains often need to be vectorized for further

although this is not true in the general case. analysis of the resulting planar graph. Several methods rely on
a two-step procedure to extract planar graphs by rst generating
Mark alteration changes the value of a mark im. In @0 overcomplete graph that is later simpli ed using optimization
practice, we randomly select a point, an edge or a facet of thel: [26], [27], [28], [29]. In contrast, our approach samples
Delaunay triangulation depending on which type of element tif¢ynamic planar graphs over the image without resorting to a xed,
marks are associated with. We then draw a new random value f§ercomplete intermediate representation.

the mark following a uniform distribution. The kernel ratio is thus ~ Given the Delaunay triangulation of a point con guratipn
equal tol. we model a line-network by associating each edge with a binary

activation variable indicating if it belongs to the structure or not.

In practice, we give equal probability to the three kernels &ormally, we de ne the mark space as = (Me)ezc,(p) With
each iteration of Algorithm 1ie. g, = 3. They play different me 2 f 0; 1g the activation mark of edge: We denotel, (p) the
roles during the sampling procedure. Birth and death is tiset of active edges i€>(p).
core operator to simulate Delaunay triangulations with varying
complexity, and to access any con guration of the solution space. Energy. We design the data delity term
Point relocation and mark alteration allow local adjustments thtat encourage active edges to align with strong
would take many iterations to obtain using solely birth and deatimage gradients. To do so, we de ne for each
As illustrated in Figure 7, using only the birth and death kernelctive edgee 2 €, an energy term that mea-
gives a fast energy decrease at the beginning of the optimizatiorsages the strength of the image gradient and its



alignment with edge. Summing over all active -
edges gives I

X 1 X o
Utideliy (X) = =5 exp( jri@) ne) (9 \

Sej . \
2t (p) ) 128 O ]

with Se the pixels covered bg, r | (i) the image gradient at pixel

i, andne the unit vector orthogonal to edge (see inset).The e
parameter controls the sensibility to image noise, ands an K
offset to make the unary term negative for strong well-aligne z M N —
gradients, which encourages their capture by the end structt U
We set =8 and = 0:5in our experiments.

We design the shape prior to penalize isolated edges, st
edges, and sharp angles between adjacent edges. The two
criteria prevent the line network to zigzag over image contou
We achieve this behavior with two terms;(€) measuring the \\
length of edges andi (p) evaluating the connectivity of active >< L

edges at vertices

X X ) o . , .
Upri X) = wi (e) + w : 10 Fig. 8. Vectonzauo_n of line-drawings. Our Dela_lune}y point process re-
prior (X) 1(e) <(P) (10) covers the center-line of sketchy pen strokes in bitmap line drawings
e2Cz(p) p2p (active edges shown in red). The insets shows that our model produces

well-connected structures even in the presence of multiple overlapping

Parameter balances these two terms, we xed it foin our strokes and complex regular patterns.

experiments.
We de ne the edge length penalty,(€) to be close to
1 when the edge is shorter than a threshold, and clos@ tqong edgesj eprideIity (x) = P @i 1) ) and
: p2p

otherwise. While we could use a Heaviside function to model thjs dor (X) = 200y Wi (6). Note that we cannot encourage
e2Ca(p ’

penalty, such as discontinuous energy would hinder the stochaaqunmem of the edges to image gradients at this point, since
optimizatiqn_. We use instead 26_1 smooth sigmoid_ f_unction of thee don't know yet which edges will form the end structure.
form Sap(j&) = (1 +exp(a(%’ 1)) * with jej the edge The second step identi es these active edges by minimizing
length gnda; b.'[V\.IO real values. In our conFexh corres.ponds 10 the complete energy (Equation 9 and 10) using only the mark
the desired minimal length of edges, which we typically X toyjteration kernel of RIMCMC to keep the triangulation xed.
5% of the image diagonal in our experiments. We set the positiyg,q comparison shows that the two-steps approach often misses
constanta to 5 to shape the sigmoid like a smoothed Heavisidge junctions in the nal network because such junctions are not

function. . _ . captured by the triangulation during the rst step.
The connectivity penaltw;(p) should penalize both isolated

active edges and pairs of active edges forming sharp angles.

achieve this behavior by setting.(p) = O if vertex p has no /‘:[7 o Y= f Z SN PN
adjacent active edg&:(p) = 1 if vertex p has onei(e. isolated) : , ‘ AV
adjacent active edge, antl;(p) = Sap( (p)) if vertex p has M £

more than one adjacent active edge, whegeis the maximal
value of dot products between any pair of active edges arpund
We seta = 5 andb = cog(33) in our experiments. <l J [

Experiments. We applied our model to extract line networks
from different application domains, such as vessels in orga .
images (retina in Figure 1, leaf in Figure 10), pen strokes in lif..«=
drawings (Figure 8), regular edge patterns in man-made textu
(tiles in Figure 10). Our model performs well on this diverse s
of images thanks to its generic delity term, which only depends

on image gradients (Equation 9). The insets in Figure 8 show tHrag. 9. Comparison with a two-steps optimization for line drawing vec-
rization. When sampling points independently of the marks (middle),

our model extracts clean line intersections from rough drawind8 ; > MY s U

. . . . . dges of the Delaunay triangulation often miss important line junctions,
ReCOV?”ng SU(_:h topolog_lcal_ |nforma_t|0n IS & necessary step 1fich cannot be recovered by a subsequent marking step. Our Delau-
many line drawing vectorization algorithms [27], [28]. nay point process samples points and marks jointly, which favors the

A major strength of our approach over existing two-stegdnergence of a well-connected line network (right).
strategies is its ability to jointly recover the geometric con gu-
ration of the Delaunay triangulation and identify its active edges. Figure 10 and Table 1 provide qualitative and quantitative
Figure 9 illustrates the bene ts of this joint procedure compared tmmparisons of our model to existing line-network extraction
a two-steps method that rst estimates the position of the verticesethods based on point processes. Using a marked point process
and then estimates the activation of the edges. We implementegth line segments [30] results in many isolated segments as
the rst step by sampling points according to an energy th#the algorithm struggles to enforce connectivity. Junction-point
encourages them to be on strong image gradients and to fqurocesses [11] better model connectivity, but have dif culties
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Ground Truth Marked point process [30] Junction-point process [11] Ours

Fig. 10. Visual comparisons with existing point processes. Marked point process [30] produces con gurations of mostly disconnected line-segments.
Junction-point process [11] better preserves the connectivity of edges but recover badly complex junctions of at least four branches (see junctions
in tiles). Our Delaunay point process exhibits better connectivity and accuracy for both cyclic (bottom) and acyclic (top) line-networks.

TABLE 1 TABLE 2
Quantitative comparisons with existing point processes. Our Delaunay Quantitative evaluation on BSDS500. Our method is competitive with
point process outperforms marked point process [30] and junction-point different dedicated pipelines. In particular,our accuracy is higher than
process [11] in terms of precision and F-measure while being faster. the one of the Weighted Optimal Transport (OT) pipeline [26] when
output complexity becomes very low, i.e. when compression is lower
Precision | F-measure| Time than 3%.
« | Junction-point process [11]  0:59 0:64 73s _
§ Marked point process [30]|  0:76 0:70 33s T . Comporessmn _ _
ours 0:79 0:73 20s _ 0 2% 3% 4% 5%
» | Junction-point process [11]  0:46 0:54 227s § Weighted OT 016 | 0.194} 022 | 0.236 | 0.241
% Marked point process [30] 0:67 0:72 103s ‘g Eldnary or . 0.135) 0.161 | 0.179| 0.184 1 0.187
ours 0:70 0:74 70s 8 ge Contraction| 0.142 | 0.148 | 0.164 | 0.177 | 0.194
< | ours 0.185| 0.208 | 0.223 | 0.231 | 0.238

extracting high degree junctions such as the crossings of the tilg

Our _m_ethod extracts well-connected networks and gives hig*l Flgth [6]. Tab. 2 shows our method is competitive with these
precision scores. . . three approaches. In particular, by discarding weak discontinuities,
_ We evaluated our algorithm quantitatively on the 500 o OT and Edge contraction baselines reduce pixel chaining
images of the Berkeley segmentation dataset BSDSS00 [3}}npiguities on strong discontinuities but produce results with
which provides ground truth contour lines drawn by ve humang, ey accuracies than our method and the weighted OT baseline.
on each image. While our basic formulation relies on the imagge accuracy of the latter drops at high compression rates where
gradient magnitude to locate lines (Eq. 9), we used a more acCuiltices start connecting across uniform image regions. For such
boundary probability map for this experiment [32]. We ran 0U,ges weighted OT tends to draw edges across uniform regions,
algorithm on each image several times to produce a range @fiie our simplied line-networks remain consistent with the
results with different gutput compactness. we measure accurgihge content since we explicitly account for both the connectivity
as the mean Intersection-over-Union scores of our pixelized outpltine network and its distance to the input image data. Fig. 11

against the ve provided ground truths. We measure compressigny,ides a visual comparison of this behavior at low compression
as the percentage of vertices of the output planar graph withao

respect to the average number of pixels of the ground truth
boundaries. Tab. 2 shows how accuracy evolves in function of
compression. 4.2 Object contouring

We compared our algorithm with three approaches capal@ject contouring by polygonal shapes provides a compact and
of producing planar graphs likes ours. For a fair comparisostructure-aware representation of the object silhouette. Polygonal
all approaches use the same boundary probability maps in tentours are particularly well suited to represent man-made ob-
experimentsj.e. those produced with the method by Isola et ajects like buildings, cars or furniture that are dominated by straight
[32]. The rst approach (weighted OT), simpli es pixels chainssegments. Existing object polygonalization methods typically start
into planar graphs using an optimal transport formulation wheby detecting line-segments, which are then assembled into poly-
pixels are weighted by their boundary probability [26]. The secorgbns. This second step can be done by searching for cycles in a
approach (binary OT) rst applies adaptive thresholding [33] ograph of line-segments [2], or by connecting line-segments using
the boundary probability map to only operate the simpli cation bgap lling [1]. Another strategy for object contouring consists in
optimal transport [26] on pixels with high boundary probabilityover-segmenting the image before extracting objects as groups of
The last approach (Edge Contraction) binarizes the boundayperpixels [34]. However, obtaining polygonal objects with this
probability map by adaptive thresholding [33], chains pixels witktrategy either requires a preprocessing step to convert pixels or
a high boundary probability using a Delaunay Triangulation, arsliperpixels into small polygons [35] [36], or a post-processing

erates edge contraction with a cost function set as the edge
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assigning markn; to pixeli. The parameter, balances the two
terms, we xed it tol in our experiments.

Our shape prior for object contouring uses the same term as
for line network extraction to penalize short edges. In addition, we
de ne a smoothness term based on Potts model to favor compact
polygons. Summing the two terms gives

Our approach

X
Uprior (X) = wi(e)+ 2ws(e) (12)
e2Cz(p)

where the edge length penalty(€) is de ned as in equation 10,
andws(e) = jg if the two facets adjacent to edgéhave different
marks, andvs(€) = O otherwise. The parametep balances the

two terms, we xed it toﬁ in our experiments.

de Goes et al. [26]

Experiments. We tested our contouring model on the Berkeley
Fig. 11. Visual comparisons on line-network extraction at low compres-  S€gmentation dataset [31] as well as on images with regular man-
sion rates. Our method produces a compact line network that captures  made structures, such as facades and urban aerial photographs.
the dominant boundaries of the image (top). In contrast, the dedicated  Eqr egch input image, we compute the probability nrhfrom
pipeline based on optimal transport [26] often connects vertices across f ided ! ibbl hich hi h . h
uniform regions (bottom). a gw usgr-p'rovll e. scribbles, whic roug. y C argcterlze the
radiometric distribution of the foreground objects of interest and
the image background. We express the probabiitijm: ) of a

step to vectorize chains of pixels into polygons [37], which ofte Ixel i to belong to classn; as its normalized RGB distance to
P P Poyg ’ he closest color in the set of scribbled pixels belonging to that

introduces inaccuracy. Recent work considered the use of recurre nt
neural networks to sequentially predict the vertices of a polygona

object contour [38], but such a black-box algorithm offers little “min ki (i) p(j k3
control on the complexity of the outcome. Closer to our work (ijmy) = 12Sm; (13)
are Polygonal Markov Fields [39], which are stochastic models minkl (i) p(j Yk3 + min K (i) p(j )K3

i2S0 j2s1

designed to sample polygons in images. Based on local operators

that add or remove vertices to a polygon, these models struggi@sere S, (respectivelyS;) is the set of pixels scribbled as

to explore topological variations and remain very slow to converggreground (resp. background), alik the input image convolved

on natural images. Our model also shares ideas with the Worktﬂfall 11mean lter to remove noise. Note that more advanced
Ren et al. [40] who builds on a constrained Delaunay triangulatiohethods could be used to predict foreground and background

to Il gaps in object contours. However, they formulate contoupixels, but this is beyond the scope of this paper.
completion as an edge labeling task on a xed triangulation,

while our method lets the triangulation evolve dynamically to best
capture the object contour.

To achieve polygonal object contouring within our framework,
we associate each facet of the Delaunay triangulation with a
binary activation variable indicating if it belongs to the object or
not. The output polygonal contours correspond to the set of edges
separating active polygons from inactive ones, which ensures
that the contours are closed by construction. Formally, we de ne
the mark space as1 = (Mt )t 2c,(p) With m¢ = f0; 1g the
activation mark of triangld . We guide the object segmentation

with a pixelwise probability magH. The computation of this =0:5, jpj =51 =0:005, jpj = 221 =0:0005, jpj = 771
probability map depends on the application scenario, as detailed
in our experiments. Fig. 12. Trade-off between delity and simplicity. Parameter  offers

control over the complexity of the output polygon. A low value gives

; ore weight to the delity term of the energy, resulting in more complex
Energy. We express our data delity energy as the sum d?“m%gons that tightly t to the object silhouettes,

two terms, one measuring the agreement between the binary miar
of each facet and the underlying probability map, the other one
encouraging homogeneous colors within each facet to preserveFigure 12 illustrates the trade-off between delity and sim-
image contours plicity for different values of parameter, keeping the Poisson
1 X X parameter xed. Although we cannot control the exact number of
Uridelity (X) = — (L H@ijme))+  1jljc] ,z_f edges in the output polygons, tuning has a direct impact on
] Jf2C3(p) i2f : polygon complexity. Figure 13 shows the results of this model
(11) on a variety of images with organic and man-made shapes. Our
wherejl j is the number of pixels of imagl, jl s J is the number method extracts low-complexity polygons that accurately capture
of pixels inside facef , |21.f 2 [0;1] is the normalized variance the object silhouettes, despite the simplicity of our color model

of pixel colors inside facet, andH (ijm; ) is the probability of H. Our method performs best on man-made objects composed



Fig. 13. Object contouring on a few example images. Our Delaunay point process samples polygons that capture the silhouettes of foreground
objects. The user rst draws a few scribbles that roughly characterize the objects of interest (blue lines) and the image background (red lines).
Output polygons preserve details, such as the ower petals and the vase handles, while having low complexity.

of piecewise-linear contours, such as the facade elements in the TABLE 3

street-level picture and the roofs in the aerial picture. Quantitative evaluation on HKU-IS dataset. Our method outclasses
. . . . ) two-step pipelines in which object extraction and geometry
Figure 14 provides a visual comparison to several two-steps simpli cation are performed independently.

strategies, for an increasing number of user scribbles. We rst

compare to a pixel-based segmentation algorithm (GrabCut [41]), Compression

; . ; ; 5% | 6% | /% | 8% | 9%
which requires many scribbles to capture ne details accurate y— Contour vectorization 0731077 o8t 083 o082
In contrast, our approach achieves better segmentations with feyéy V:r O:gi vectonizatio 07110731 0751 076 | 077
scribbles by working at the scale of Delaunay triangles. CONVertings | voronoi with regularization| 0.7 | 0.71 | 0.72 | 0.73 | 0.7
the GrabCut pixel segmentation to a polygon as a post-process [3'@ ours 0.76 | 0.8 | 0.84 | 0.86 | 0.87

reduces accuracy further. We also compare to running GraphCut

segmentation [42] on a graph of polygonal superpixels [35], using

H (ijm¢) for the unary term and a Potts model for the pairwise

term. However, we only obtained satisfactory results when usiggound region against ground truth. We measure compression as
small superpixels, which result in very complex output polygon#ie percentage of vertices of the output polygons with respect to
In contrast, our method achieves both high accuracy and I&e number of pixels of the ground truth region boundary. Tab. 3
polygon complexity, even when very few scribbles are providedshows how accuracy evolves in function of compression.

We tested our algorithm on the rdt00images of the HKU-IS We compared our method with several two-step pipelines that
dataset proposed by Li and Yu [43] for evaluating salient objeptoduce polygonal contours. These pipelines exploit the same
detection methods. To avoid providing foreground and backgrousdliency maps in the experimentse. those produced by the
scribbles for each image, we replaced the color model used in ooethod of Li and Yu [43]. The rst pipeline (contour vectoriza-
basic formulation (Eq. 13) by the saliency map returned by thi®n) consists in i) extracting pixel-based regions by thresholding
automatic algorithm of Li and Yu [43]. We measure accuracy dke saliency map and ii) simplifying the chains of pixels of the
the Intersection-over-Union score of our pixelized output forgegion contours into polygons using the Douglas-Pecker algorithm
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Input scribbles [41] [41] + [37] [35] + [42] Ours

Fig. 14. Visual comparisons with two-steps object contouring methods given different sets of input scribbles. The GrabCut pixel-based segmentation
[41] requires many input scribbles to correctly capture horse silhouettes (see the bottom parts of the legs). Converting the output pixel chains to
polygons using Douglas-Peucker algorithm [37] accentuates their defects, whereas pre-segmenting the input image into polygonal superpixels [35]
only give satisfactory results when small superpixels are used, i.e. for high output complexity. In contrast, our Delaunay point process produces low
complexity polygons that accurately capture the horses, even when only two scribbles are provided.

[37]. The second pipeline (Moronoi) exploits the inverse strateggssume that the Delaunay triangulation is uniquely de ned by its
the image is rst simplied into a Voronoi diagram using avertices, we can store the image compactly as a list of colored
polygonal decomposition method [35] before extracting polygomoints.

based regions by thresholding the saliency map averaged over each

cell of the diagram. The last pipeline (Voronoi with regularization)

is a variant in which the thresholding operation has been replaced

by a graph-cut approach that explicitly favors simple output

polygons. The three pipelines perform object extraction and ge-

ometry simpli cation independently. Voronoi with regularization

improves the visual quality of output polygons with respect to

thresholded Voronoi, but produces slightly less accurate polygons.

The contour vectorizaton pipeline produces more accurate results

than Voronoi when the saliency map is of high quality. The

accuracy values obtained at different compression rates are higher

for our method because it is able to merge regions to achieve the

best accuracy/compactness trade-off.

4.3 Image compression

Our third application consists in representing an image as a

colored triangular mesh, as illustrated in Figure 15. While this

geometric representation is not as exible as wavelet-based com-

pression schemes [44], we show that it achieves competitive com-

pression rates on images dominated by smooth color variatigf§ 15. image compression by Delaunay point process. A Delaunay
(Figure 17). Our approach is inspired by prior work on Delaunayriangulation with only 2:8K colored points (right) is suf cient to approxi-
based image compression [45], [46], [47], image vectorizati te a 262Kpixels image (left) with a structural similarity (SSIM) greater

. . - than 0:97. Each triangle is colored by bilinear interpolation of its three
[48], and .Im.age stylization [49]. .However, existing mthOdS €Martices. Here we display the Delaunay edges in grey for visualization.
ploy heuristic or greedy strategies to de ne the location of the

Delaunay vertices. In contrast, Delaunay point processes allow us desi h . ﬁ d
to jointly optimize the position and color of the vertices to best, ENergy- We design the point process energy to offer a trade-

balance image reproduction with image compression. off between delity to the input image and simplicity of the output

We represent a color image as a Delaunay triangulation, Whépgsh. The delity term measures the per-pixel error between input

each vertex is associated to a color and each triangle interpolaﬁ@g output, 1 X
the colors of its vertices bilinearly. Formally, we de ne the mark Unigely (X)= = Jil (i) I (i)jj%; (14)

space asm = (Cp)p2p Wherec, is a RGB color. Since we ISi,q
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Fig. 16. Parameter offers a trade-off between visual quality and compression rate. A high  value preserves high frequency details and sharp
discontinuities, but gives a low compression rate. Highly compressed results (bottom) expose the underlying triangulation, especially on ne details
and regular patterns such as the building facades.

where S is the set of pixels of input imagé and I« is the that contain large, uniform highlights and soft shadows with little

image reconstructed from con guratiorn using bilinear color image noise. However, our approach tends to smooth-out the
interpolation over each triangléigeiry Ccan be seen as a sumhigh-frequency grain of real-world photographs, achieving a low
of unary data terms on each facet. The shape prior penalizes #8M score on such images. Note that, similarly to other vector

number of points in the con guration, graphics representations, our colored meshes can be rasterized at
P any resolution. This model does not outperform the best image
_ _ IPJ. : . . .
Uprior (X) = —; (15) compression algorithms on real-world images, but it illustrates the

L o ] ) diversity of applications for which Delaunay Point Processes can
wherejpj is the number of points in con guratior and is the pe sed.

Poisson parameter of the point process.

Experiments. We implemented the algorithm with th#rth 5 DiscussioN
and deathand point relocationkernels described in Section 3.3.We have introduced Delaunay Point Processes for the extraction of
However, we found that we can avoid using thark alteration 2D geometric structures composed of line segments or polygons.
kernel by computing the optimal color of a mark every time thBy building on point processes, our approach simultaneously
corresponding point is created or relocated. We compute this cottatects geometric primitives and group them into structures, which
by minimizing Equation 14 over the pixel domain covered by this more robust than performing these two tasks in sequence. By
facets adjacent to the point. building on the Delaunay triangulation, our approach produces

Figure 16 illustrates the effect of parameterwhich weights well-connected structures and allows more ef cient stochastic
Uridelty andUprior according to Equation 8. A low preserves optimization than point processes based on an Euclidean distance
well the input image but generates complex con gurations, witheighborhood. Our three applications demonstrate the exibility
typically more points than the Poisson parameter. Increasingof this framework. We now detail the performance of our method
yields simpler con gurations where ne details are removed. and give some design guidelines for practitioners who would like

We compare the performance of our model to state-of-th#s apply it to other structure extraction tasks.
art image compression algorithms in Figure 17. We perform this
comparison on images with varying levels of realism and noise (a Performance.Because the RIMCMC sampler is memoryless,
clipart, a studio photograph, and a real-world photograph). SinBelaunay point processes are very memory efcient with a
our model represents an image as a piecewise-linear functiongohstant memory allocation during sampling. Running times
performs best on cliparts that are often composed of linear colange from a few seconds.g. for the extraction of horse
gradients. Our approach is also competitive on studio photogragilbouettes on Figure 14, to a few minutes,g. for the
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Fig. 17. Comparisons with state-of-the-art image compression algorithms. Our method competes well with image compression standards on
synthetic images (top) and, to a lesser extent, on studio photographs (middle). Our use of bilinear color interpolation inside triangles is well suited
to the smooth color variations of synthetic images. However, this interpolation tends to remove the ne grain of real world photographs (bottom).
As a result, our approach achieves low SSIM scores on the portrait, even though its tendency to smooth out noise may be appreciated in some

applications.

compression of the parrots on Figure 16. Timings depend on thlow to develop ef cient models for Delaunay Point Processes.

input image size and, to a lesser extent, on the complexity of
the energy formulation. In particular, the line-network extraction
model requires more iterations to converge than our two other
models. The design of kernels tailor-made for manipulating
Delaunay triangulations allows us to reach attractive timings
compared to traditional point processes, especially with the use of
an ef cient computational geometry library [6]. Note that recent
work proposed faster optimization strategies for point processes,
such as parallel Monte Carlo samplers [30] and binary labeling of
object proposals [50], although these approaches make restrictive
assumptions on the energy. Sampling Delaunay point processes
in parallel would require an efcient GPU implementation of
Delaunay data-structures, which is currently not available in
standard geometry libraries.

Design guidelines.We have identi ed several guidelines to

Small mark spaceThe mark space should only contain
a few discrete values to allow ef cient exploration by
random mark alterations. While our model for image com-
pression relied on the much larger space of 24bits colors,
we resorted to a closed-form optimization to estimate the
mark value instead of random sampling.

Simple energySimple energy formulations improve con-
vergence stability. In particular, we recommend using (i)
no more than three energy terms to avoid unstable pa-
rameter tuning, and (ii) as-continuous-as-possible energy
functions so that the Monte Carlo sampler better guides
the current con guration into interesting energy valleys.
Application-speci ¢ kernelsAlthough the birth and death
kernel is theoretically suf cient to explore the entire con-
guration space, application-speci ¢ kernels often greatly
speed-up the optimization. In particular, data-driven ker-



Perspectives.Besides the optimization challenges, an inter-
esting direction for future research would be to develop ef cie

nels can concentrate perturbations in the interesting ar¢ss
of the input datage.g.on the high image gradients when
extracting line-networks. (19]
Reasonably-sized imageBecause the Monte Carlo sam-
pler operates sequentially, timings are strongly impactézb]
by the input image resolution. We obtained competitive
performances by running Delaunay point processes !
images with a few million pixels. The parallelization ofj22
Delaunay point processes constitutes an important re-

search challenge to scale to high-resolution images. (23]

strategies for marking Delaunay point processes with parametric
functions. This would allow the extraction of more complex25]
geometric structures, such as networks of Bezier curves for line

drawing vectorization, or non-linear color gradients for imagf%6

compression. We also would like to investigate the extension of
Delaunay point processes to 3D, opening the door to many vision

problems that involve the extraction of surfaces and volumes.
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