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Main goals

» Effective models when disparate scales occur ;

» Derivation of the limit models, well-posedness, balances,

symmetries ;
» Convergence results ;

» Applications : transport of charged particles (magnetic

confinement), heat equations, Maxwell equations.
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1. Multi-scale analysis for linear first order PDE

{ Opf +a-Vyuf +1b-Vyuf =0, (t,y) € Ry xR™
u*(0,y) = u™(y), y €R™.
Hypotheses

a € Lie(Ry; Wl’oo(Rm))v be WE™(R™) = smooth flows

loc loc
divya =0, div)b=0 == measure preserving flows
la(t,y)| +1b(y)] < C(1+|y]) = global flows
Dominant dynamics
Oru® + %b -Vyut =0, (t,y) e Ry xR"
Fast time variable

t
s=7, Osu+b-V,u=0, (s,y) e RxR"
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Question: behavior when ¢ \,0 7

Main idea: filtering out the fast oscillations

%:b(v(s;y)), Y(0:y) =y, (s.y) ERxR™

New coordinates
z=Y(—t/e,y) or equivalently y = Y(t/e, z)

Search for a profile (solving the fast dynamics)

u(t,y) = vi(t, Y(=t/ery))
N——

z
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The equation in the new coordinates ?

Orve(t,z) + 0, Y(—t/e; Y(t/e; z))a(t, Y(t/e; 2)) -V,vi(t,z) =0,

e(t/e)a(t)

ve(0,z) = u™(2),
Stability for (v¥)e>0
o(s)a=0,Y(—s; Y(s;-))a(Y(s;-))
Behavior when € \, 0

Oy Y(=t/eY(t/e:2))a(t, Y(t/e; 2)) = p(t/e)a(t)
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If involution between a(t) and b

[b,a(t)] =0 = ¢(s)a(t) = a(t),s e R

Orve(t,z) +a(t,z) - V,ve(t,z) =0, (t,z) e Ry xR™
ve(0, z) = u'(2), zeR™

ve(t,z) = u™(Z(—t; 2)) = v(t, 2), C(li—f = a(t, Z(t; 2))

u(ty) = v(t, Y(=t/ey)) = u™(Z(~t; Y(~t/ey)))

Splitting : advection along a and advection along %b.
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Two scale approach : t and s = t/e
Use ergodicity

T T
lim ;_/anY(—s; Y(s;-))a(t, Y(s;-)) ds = _lim ;_/ogo(s)a(t) ds

T—+o0 T—+4o00
Key point
Emphasize a C%group of unitary transformations and use :
von Neumann's Ergodic Mean Theorem
Let (G(s))scr be a C%-group of unitary operators on a Hilbert space
(H,(-,-)) and A be the infinitesimal generator of G. Then, for any
x € H, we have
e
lim — G(s)x ds = Proje, ax, strongly in H

uniformly with respect to r € R.
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Average vector field

Xg ={c(y) : R™ — R™ measurable : / Q(y) : c(y) ® c(y) dy < 4o0]

Q=P P="'"P>0,[bP]:=(b-V,)P-0bP—-P'b=0
(e.d)e= | QU):cly)@dly)dy, c.d&Xq.
Proposition (¢(s))ser is a CO-group of unitary operators on Xg.
Theorem
We denote by £ the infinitesimal generator of the group (¢(s))ser.

Then for any vector field a € Xg, we have the strong convergence in

. 1 r+T )
(a) == lim = 0y Y (=s;Y(s;-))a(Y(s;-)) ds = Proje, c2a

uniformly with respect to r € R.
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Theorem (Convergence)
The family (v¥).s¢ converges strongly in L2 (R, ; L2(R™)) to a weak

loc

solution v € L(R,; L2(R™)) of the transport problem
Orv + (a(t,)) - Vov=0, (t,z)eRy xR™
v(0,z) = u™(2), zeR™.
Moreover, if v is smooth enough, we have v¢ = v + O(¢) in
L2 (Ry; L2(R™)), as € \, 0.
Formal proof
Orv + o(t/e)a(t) - V,vo =0
Ve(t,z) = v(t,s = t/e,z) +evi(t,s = t/e, z) + ...

dsv =0, dv+ p(s)a(t) - Vov+dsvt =0

17
8tv+<Th>TooT A (s)a(t) ds> -Vov=0.
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2. Wave equation with disparate propagation speeds

1
02 efdivy(D(y)Vyua)fE—zdivy(b(y)@)b(y)vyus) =0,(t,y) € RpxR"™

U (0,y) = ui\(y), OwF(0,y) =iy, ycR™

Variational solutions

1
a“(u,v) = /m D(y)Vu-Vv dy—l—g—2 /Rm(b-Vu)(b-Vv) dy, u,ve Hp

(u%(0), Deu™(0)) = (uf,, ) € Hp x 12

— Orfv(y) dy + a°(v°(t),v) =0 in D'(R,), v € H
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Average matrix field

Ho = {A(y) L QY2AQY2 ¢ L2}, HE = {A(y) L QY2AQY2 ¢ L°°}

(o Hox Ho >R (ABlo= | QWIAW): B)QW) dy.
G(s): Ho — Hg, G(s)A=0,Y (s )A(Y(s;-)) '8, Y '(s;-),s € R
Proposition (G(s))scr is a C°-group of unitary operators on Hg.

Theorem Let L be the infinitesimal generator of the group (G(s))scr-

For any matrix field A € Hg we have the strong convergence in Hg
) 1 r+T 1 . 1 )
M%zﬂgm71'@Y (s;)A(Y(s;-)) 29, Y (s;-) ds = Proje, 1 A

uniformly with respect to r € R.

Localization

e C(R™), vo¥Y(s;:)=1 foranyseR, ‘ |Iirr}r Y(y) = +oo.
y|—4o0
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Properties of (G(s))s

1. If Ais a field of symmetric matrices, then so is G(s)A, s € R.
2. If Ais a field of non-negative matrices, then so is G(s)A, s € R.
3. Let S C R™ be an invariant set of the flow of b, that is
Y(s;S) =S, for any s € R. If there is d > 0 such that
QV2(y)A(y)QY?(y) > dlpm,y € S, then for any s € R we have
Q2(y)(G(s)A)(¥)QY?(y) = dim,y € S.
4. Moreover, the family of applications (G(s))secr acts on Hg joc,
that is, if A € HQ loc, then G(s)A € Hg 1oc for any s € R. We

have

1{¢§k}G(S)A = G(S)(1{¢§k}A), Ae€ HQ,lom seR, keN.
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Average of Hg o matrix fields

1. If A€ Hg is a field of symmetric non-negative matrices, then so
is (A).

2. Let S C R™ be an invariant set of the flow of b. If A€ Hg and
there is d > 0 such that QY2(y)A(y)@Y%(y) > dlpm, y €S
therefore we have QY/2(y) (A) (v)QY?(y) > dlm, y €S and in
particular, (A) (y) is definite positive, y € S.

3. If A€ Ho N HY, then (A) € Hg N Hg and

[ (A) [Hg < |AlHg: | {A) |Hg < |AlHg-
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Average of Hg o matrix fields

4. For any matrix field A € Hg oc, the family

1 r+S

(/ DY (—s: Y (5:)A(Y(s: ) FOY (—s: Y(5:-)) ds)
S/ 5>0

converges in Hg 1oc, when S goes to infinity, uniformly with

respect to r € R, for any fixed k € N. Its limit, denoted by (A),

satisfies
1{w<k} = <1{¢<k}A> forany k € N

where the symbol (-) in the right hand side stands for the average
operator on Hq. In particular, any matrix field A € HZ’ has an
average in Hg loc and | (A) ’Hg@ < |AlHge- If A€ HQoc is such
that QY/2(y)A(y)QY?(y) > alm, y € R™, for some o > 0, then
we have Q'/2(y) (A) (y)Q2(y) = alm, y €R™,
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Weighted H! space
Hy={uel?: P?Vucl?}

(u, v)H}D = / u(y)v(y) dy+/ P(y):Vu® Vv dy, u,ve Hp.

Average of H}, functions

For any s € R and u € H} we have us := uo Y(s;-) € H and

\uslH}; = |u|,_,;’. The family of applications u € H} — uo Y(s;-) € H}
is a CO-group of unitary operators on H,lg. In particular, for any

u € H} we have (u) € H}

Vy(u) = lim / Vyusds, in Xp, uniformly w.rt. r e R

—(u) Lker TN Hp in Hp, |V, () |x, < |Vyulx,-
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Lemma
For any matrix field D € Hg’ and any vector field ¢ € Xp we have the
convergence

1 r+S
lim 5/ G(s)Dc ds = (D) c, strongly in Xq, unif. w.r.t. r € R.
r

S—+oo

Proof
1. De HQ
2. D e HE)O - HQ,Ioc-
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Asymptotic analysis
Hp C L2, & :Hp x Hp —» R

1
a°(u, v)/ D(y)Vu-Vv dy+ = [ (b-Vu)(b-Vv)dy, u,veH}
m Rm

QY2(y)(D(y) + bly) b(y))Ql/z(y) > dlm, y €RT
DeHy, beXy.
Proposition The bilinear forms a® are well defined, continuous,
symmetric, non-negative. For any ¢ €]0, 1], the forms a° are coercive

on H,lg, with respect to L2
a*(u, u) + d|u| 2 gmy

:/01/2< b®b> QY2 : (PY?Vu) @ (PY?Vu) dy+d\u\{2(Rm)

m

> d|Vuly, + dluff2g@m = d|u|i,,13.

Mihai BOSTAN University of Aix-Marseille, FRANCE mihai.bo:  Strongly anisotropic wave equations



WeII-posedness
Let (u,, m) € H} x L2(R™). For any ¢ €]0, 1] there is a unique
variational solution i.e., uf € L3 (Ry; Hp), O;uf € L2 (Ry; L2(R™))

d

I Ortfv(y) dy + a°(u°(t),v) =0 in D'(Ry), v € Hp.
RrRm

We have uf € C(Ry; Hp), 0;u° € C(Ry; L>(R™)) and for any
t e R+, O<e S 1

1 €
0 () + VU (OB, + (2 = 1) - T ey < liEe
1
+ Dl hge [V iy [, + 2lb- Vi F2mm)

|U8(t)|L2(Rm) < 2lu 1n|L2(]R"')

. 1
+2t° [‘uin’%2(Rm) + \D\Hgolwfn!ip + ?‘b' Vufn\%g(Rm)
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Limit model

(a) (u,v) = /R’" (D) (y)Vu-Vvdy, uveHp

Proposition The bilinear forms (a) is well defined, continuous,
symmetric, non-negative and coercive on H,lg, with respect to
dom7 C L2(R™).

Proposition For any (uin, ilin) € H,l3 x dom7 there is a unique

variational solutioni.e., u € L2 (Ry; Hp), dru € LS (R4 ; domT)

(u(0) = u™, 9;u(0) = uyy)

d
dt Jam

We have u € C(Ry; H}), dru € C(R4; domT)

dru v(y) dy + (a) (u(t),v) =0 in D'(Ry), v € Hp.
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Uniformly bounded energy

. € |b'VU§|L2Rm
sup {10 + Lz + 2D ] o
0<e<1 £

Theorem (Weak convergence)

. . E .
lim uS, = u™ weakly in Hb, lim 0., = uy, weakly in L2(R™
N0 in y P> £N0 in in y ( )
b . VUSE [2(Rm
sup w < +00.
0<e<1 €

Then (vf)., (0:u)- converge weakly x in
L>=([0, T], HE), L>([0, T]; L2(R™)) respectively, T € R toward the
solution (u, dru) € L2 (Ry; HE Nker T) x L2 (R4 ; ker T) of the

problem
d
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Proof For any u(t),v € H5Nker T and any s € [0,5],S € R4

/ D(y)Vu(t)- Vv dy = / D(y)V(u(t))—s - Vs dy

= [ D)V (si(Tul(B) - DY (~5iy) (VW) dy

= /. Y (—s;y)D(y) 'Y (—s;y)(Vu(t))—s - (Vv)_s dy

= RmaY(—s; Y(s;2))D(Y(s;2)) '0Y(=s; Y(s;2))Vu(t,z) - Vv(z) dz

- / G(s)DVu(t) - Vv dy

1 1S
:/ S/ G(s)D dsVu(t) - Vv dy — (D) (y)Vu(t) - Vv dy.
nS Jo o
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Proposition Assume that A € HZ and that (w®). converges weakly in
L2([0, T]; Xp) toward w®, when & \, 0.

1. If A= A(y) are non-negative, then

//m wWO(t) dydt < I|m|nf//m we(£) dydt.

2. If there is d > 0 such that Q/2AQ/2 > dl,, and

Iimsup// dydt<// )wO(t)-wP(t) dydt
5\0 m m

then the family (w®). converges strongly in L2([0, T]; Xp) toward
w?, when £ \, 0.
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Theorem (Strong convergence) Assume that

: b-Vus
lim uf, = u™ strongly in Hb, lim ———2 =0 strongly in L*(R™
2\0 in gly P N0 c gly ( )

lim u = uj, strongly in L2(Rm), b-Vuy, = 0.
e\0

Then we have the strong convergences

Eh\mou =u in LS (Ry; L2(R™M)), Eli\mOVuE =Vu in L} (Ry; Xp)

lim Deu” = Deur in 1175 (R 2@®™), tim 2V 0 in 2 (R, 12

e\0 5
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The Maxwell equations
0¢D —rotH =0, 0;B+rotE =0, divD =0, divB=0

D= 606,«E, B = /,L()H

Energy balance

2dt{D E+B-H}+div(EAH)=0.
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Strongly anisotropic electric permittivity

. 2 2 2
€r = dlag(”l? ns, n3)
n; = indice propre du milieux

b® b

3

6r-1/2 — M

Maxwell equations

BE
0:D* —rot— =0, 0;B° +rot
Ho

2
1<I\/I+b®b> D
€0 3

divB®* =0, divD® =0.

Strongly anisotropic wave equations
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Perspectives
1. Maxwell equations with disparate permittivity eigenvalues
2. determine the effective permittivity
3. estimate the effective propagation speed
4

. asymptotic behavior (weak/strong convergence results)
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THANK YOU!
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