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Problem formulation

Personalized content

Adapt to general popularity pick based on user preferences
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Problem formulation

A more formal view

User (requests content)

Objects (that can be displayed)

Context (device, location, time)

Interface (mobile browser, tablet, viewport)

⇓
Objective: recommend relevant objects

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 7 / 43



Problem formulation

Challenges

Scalability

Millions of objects
100s of millions of users

Cold start

Changing use base
Changing inventory (movies, stories, goods)

Imbalanced dataset
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Problem formulation

Example: Predicting movie ratings

User rates movies using zero to five stars

Movie Alice (1) Bob (2) Carol (3) Dave (4)
Love at last
Romance forever
Cute puppies of love
Nonstop car chases
Swords vs. karate
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Problem formulation

Example: Predicting movie ratings

User rates movies using zero to five stars ?

Movie Alice (1) Bob (2) Carol (3) Dave (4)
Love at last 5 5 0 0
Romance forever 5 ? ? 0
Cute puppies of love ? 4 0 ?
Nonstop car chases 0 0 5 4
Swords vs. karate 0 0 5 ?
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Example: Predicting movie ratings

User rates movies using zero to five stars ?

Movie Alice (1) Bob (2) Carol (3) Dave (4)
Love at last 5 5 0 0
Romance forever 5 ? ? 0
Cute puppies of love ? 4 0 ?
Nonstop car chases 0 0 5 4
Swords vs. karate 0 0 5 ?

nu = number of users
nm = number of movies
r(i , j) = 1 if user j has rated movie i

y (i ,j) = rating given by user j to movie i (defined only if r(i , j) = 1)

Goal: replace ? by ratings

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 11 / 43



Problem formulation

Example: Predicting movie ratings

User rates movies using zero to five stars ?

Movie Alice (1) Bob (2) Carol (3) Dave (4)
Love at last 5 5 0 0
Romance forever 5 ? ? 0
Cute puppies of love ? 4 0 ?
Nonstop car chases 0 0 5 4
Swords vs. karate 0 0 5 ?

nu = number of users
nm = number of movies
r(i , j) = 1 if user j has rated movie i

y (i ,j) = rating given by user j to movie i (defined only if r(i , j) = 1)

Goal: replace ? by ratings

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 11 / 43



Content-based recommendations

Overview

1. Problem formulation
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Content-based recommendations

Content-based recommender systems

How to predict ? ?
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Content-based recommendations

Content-based recommender systems

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0
Romance for. 5 ? ? 0
Cute pup.of l. ? 4 0 ?
Nonst.car ch. 0 0 5 4
Swords vs.kar. 0 0 5 ?
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Content-based recommendations

Content-based recommender systems

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0 0.9 0
Romance for. 5 ? ? 0 1.0 0.01
Cute pup.of l. ? 4 0 ? 0.99 0
Nonst.car ch. 0 0 5 4 0.1 1.0
Swords vs.kar. 0 0 5 ? 0 0.9
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Content-based recommendations

Content-based recommender systems

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0 0.9 0
Romance for. 5 ? ? 0 1.0 0.01
Cute pup.of l. ? 4 0 ? 0.99 0
Nonst.car ch. 0 0 5 4 0.1 1.0
Swords vs.kar. 0 0 5 ? 0 0.9

x (1) =

 1
0.9
0

 , ..., x (5) =

 1
0

0.9



For each user j , learn a parameter θ(j) ∈ R3

Linear regression problem
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Content-based recommendations

Content-based recommender systems

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0 0.9 0
Romance for. 5 ? ? 0 1.0 0.01
Cute pup.of l. ? 4 0 ? 0.99 0
Nonst.car ch. 0 0 5 4 0.1 1.0
Swords vs.kar. 0 0 5 ? 0 0.9

For each user j , learn a parameter θ(j) ∈ R3

Linear regression problem

Predict user j as rating movie i with (θ(j))T x (i) stars

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 17 / 43



Content-based recommendations

Content-based recommender systems

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0 0.9 0
Romance for. 5 ? ? 0 1.0 0.01
Cute pup.of l. ? 4 0 ? 0.99 0
Nonst.car ch. 0 0 5 4 0.1 1.0
Swords vs.kar. 0 0 5 ? 0 0.9
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Content-based recommendations

Problem formulation

r(i , j) = 1 if user j has rated movie i (0 otherwise)

y (i ,j) = rating given by user j to movie i (defined only if r(i , j) = 1)

θ(j) = parameter vector for user j

x (i) = feature vector for movie i

For user j , movie i , predicted rating: (θ(j))T (x (i))

m(j) = number of movies rated by user j

To learn θ(j) ∈ Rn+1 :

min
θ(j)

1

2m(j)

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
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Content-based recommendations

Optimization objective

To learn θ(j) ∈ Rn+1 (parameter for user j):

min
θ(j)

1

2

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

n∑
k=1

(θ
(j)
k )2

To learn θ(1), θ(2), ..., θ(nu):

min
θ(1),θ(2),...,θ(nu )

1

2

nu∑
j=1

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nu∑
j=1

n∑
k=1

(θ
(j)
k )2
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Content-based recommendations

Optimization algorithm

Optimization objective J(θ(1), θ(2), ..., θ(nu)):

min
θ(1),θ(2),...,θ(nu )

1

2

nu∑
j=1

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nu∑
j=1

n∑
k=1

(θ
(j)
k )2

Gradient descent update:
For k = 0:

θ
(j)
k := θ

(j)
k − α

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)
x

(i)
k

For k 6= 0:

θ
(j)
k := θ

(j)
k − α

 ∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)
x

(i)
k + λθ

(j)
k


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Content-based recommendations

Optimization algorithm

Optimization objective J(θ(1), θ(2), ..., θ(nu)):

min
θ(1),θ(2),...,θ(nu )

1

2

nu∑
j=1

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nu∑
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n∑
k=1

(θ
(j)
k )2

One can also use more advanced optimization algorithm to optimize this
objective function

Ex: stochastic gradient descent
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Content-based recommendations

Optimization algorithm

Where to get / How to estimate features x (i)?

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 27 / 43



Collaborative filtering

Overview

1. Problem formulation
2. Content-based recommendations
3. Collaborative filtering
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Collaborative filtering

Collaborative filtering - Problem motivation

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

(roman.) (act)

Love at last 5 5 0 0 0.9 0
Romance for. 5 ? ? 0 1.0 0.01
Cute pup.of l. ? 4 0 ? 0.99 0
Nonst.car ch. 0 0 5 4 0.1 1.0
Swords vs.kar. 0 0 5 ? 0 0.9

In most cases, we want much more than 2 features for each movie
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Collaborative filtering

Problem motivation

Movie Alice(1) Bob(2) Carol(3) Dave(4) x1 x2

θ(1) θ(2) θ(3) θ(4) (roman.) (act)

Love at last 5 5 0 0 ? ?
Romance for. 5 ? ? 0 ? ?
Cute pup.of l. ? 4 0 ? ? ?
Nonst.car ch. 0 0 5 4 ? ?
Swords vs.kar. 0 0 5 ? ? ?

Suppose users told us how much they like romantic & action movies

θ(1) =

 0
5
0

 , θ(2) =

 0
5
0

 , θ(3) =

 0
0
5

 , θ(4) =

 0
0
5


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5


We can then infer x1 and x2 for each movie

Ex: (θ(1))T x (1) ≈ 5, ... ⇒ x (1) = [1 1.0 0.0]T
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Collaborative filtering

Optimization algorithm

Given θ(1), θ(2), ..., θ(nu), to learn x (i):

min
x(i)

1

2

∑
j :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

n∑
k=1

(x
(i)
k )2

Given θ(1), θ(2), ..., θ(nu), to learn x (1), ..., x (nm):

min
x(1),...,x(nm)

1

2

nm∑
i=1

∑
j :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nm∑
i=1

n∑
k=1

(x
(i)
k )2
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Collaborative filtering

Collaborative filtering

Given x (1), ..., x (nm) (and movie ratings),

can estimate θ(1), θ(2), ..., θ(nu)

Given θ(1), θ(2), ..., θ(nu),

can estimate x (1), ..., x (nm)

Collaborative filtering:

Guess θ ⇒ x ⇒ θ ⇒ x ⇒ θ ⇒ x ⇒ ...
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Collaborative filtering

Collaborative filtering optimization objective

Given x (1), ..., x (nm), estimate θ(1), θ(2), ..., θ(nu):

min
θ(1),θ(2),...,θ(nu )

1

2

nu∑
j=1

∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nu∑
j=1

n∑
k=1

(θ
(j)
k )2

Given θ(1), θ(2), ..., θ(nu), estimate x (1), ..., x (nm):

min
x(1),...,x(nm)

1

2

nm∑
i=1

∑
j :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)2
+
λ

2

nm∑
i=1

n∑
k=1

(x
(i)
k )2

Minimizing x (1), ..., x (nm) and θ(1), ..., θ(nu) simultaneously:

J(x (1), ..., x (nm), θ(1), ..., θ(nu)) =
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)2
+
λ

2

nm∑
i=1

n∑
k=1

(x
(i)
k )2

Minimizing x (1), ..., x (nm) and θ(1), ..., θ(nu) simultaneously:

J =
1

2

∑
(i,j):r(i,j)=1

(
(θ(j))T (x (i))− y (i,j)

)2

+
λ

2

nm∑
i=1

n∑
k=1

(x
(i)
k )2 +

λ

2

nu∑
j=1

n∑
k=1

(θ
(j)
k )2

Y. Tarabalka Lecture 8: Recommender systems 11 Dec 2017 35 / 43



Collaborative filtering

Collaborative filtering optimization objective

Minimizing x (1), ..., x (nm) and θ(1), ..., θ(nu) simultaneously:

J =
1

2

∑
(i,j):r(i,j)=1

(
(θ(j))T (x (i))− y (i,j)

)2

+
λ

2

nm∑
i=1

n∑
k=1

(x
(i)
k )2 +

λ

2

nu∑
j=1

n∑
k=1

(θ
(j)
k )2

min
x (1),...,x (nm),θ(1),...,θ(nu )

J(x (1), ..., x (nm), θ(1), ..., θ(nu))
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Collaborative filtering

Collaborative filtering algorithm

1. Initialize x (1), ..., x (nm), θ(1), ..., θ(nu) to small random values.

2. Minimize J(x (1), ..., x (nm), θ(1), ..., θ(nu)) using gradient descent (or an
advanced optimization algorithm). E.g. for every
j = 1, ..., nu, i = 1, ..., nm:

x
(i)
k := x

(i)
k − α

 ∑
j :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)
θ

(j)
k + λx

(i)
k



θ
(j)
k := θ

(j)
k − α

 ∑
i :r(i ,j)=1

(
(θ(j))T (x (i))− y (i ,j)

)
x

(i)
k + λθ

(j)
k


3. For a user with parameters θ and a movie with (learned) features x ,

predict a star rating of θT x .
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Collaborative filtering

Vectorization

Movie Alice (1) Bob (2) Carol (3) Dave (4)
Love at last 5 5 0 0
Romance forever 5 ? ? 0
Cute puppies of love ? 4 0 ?
Nonstop car chases 0 0 5 4
Swords vs. karate 0 0 5 ?

Y =


5 5 0 0
5 ? ? 0
? 4 0 ?
0 0 5 4
0 0 5 ?


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Collaborative filtering

Vectorization

Predicted ratings:

Y =


5 5 0 0
5 ? ? 0
? 4 0 ?
0 0 5 4
0 0 5 ?


 (θ(1))T x (1) (θ(2))T x (1) ... (θ(nu))T x (1)

...
...

...
...

(θ(1))T x (nm) (θ(2))T x (nm) ... (θ(nu))T x (nm)



X =

 (x1)T

...
(xnm)T

 , Θ =

 (θ1)T

...
(θnu)T


XΘT is a low rank matrix

Low rank matrix factorization
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Collaborative filtering

Low rank matrix factorization
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Collaborative filtering

Finding related movies

For each product i , we learn a feature vector x (i) ∈ Rn

E.g. x1 = romance, x2 = action, x3 = comedy, ...
(capture the most important features/properties of movies)

How to find movies j related to movie i?

Small ||x (i) − x (j)|| ⇒ movies j and i are similar

5 most similar movies to movie i :

Find the 5 movies with the smallest ||x (i) − x (j)||
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Collaborative filtering

Mean normalization
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Collaborative filtering

Mean normalization
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