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Abstract

We study a two-state quantum system with a nonlinearity intended to describe
interactions with a complex environment, arising through a nonlocal coupling term.
We study the stability of particular solutions, obtained as constrained extrema of the
energy functional of the system. The simplicity of the model allows us to justify a
complete stability analysis. This is the opportunity to review in details the techniques
to investigate the stability issue. We also bring out the limitations of perturbative
approaches based on simpler asymptotic models.
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1 Introduction

In this work, we consider a simple quantum system characterized by a single degree of freedom
which can take only two values, hereafter referred to as 0 and 1. The quantum system interacts
with its environment, the description of which is embodied into a vibrational field, oscillating in
some abstract direction z € R™. Therefore the evolution of the system is governed by the ODE
system

i-ggu0(t) = uo(t) = wa(0) + uolt) [ olz)n(t,) .
i%m(t) = uy(t) — uo(t) + ui(t) f;n o(2)Y1(t, z) dz,
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coupled to the wave equations

6%5752 — A to(t,2) = —o(2)|uo(t) [,

L o 2 @)
gat — A ) Pi(t, 2) = —o(2)|ur(t)]*
These equations are completed by initial data

(w0, u1, Yo, Oetbo, Y1, Opthr) ‘t=0 = (U0 init, U1, init> Y0,init s T0,inits Y1, init, 1, init) - (3)

Throughout the paper, we assume the coupling function z € R"” — o(z) to be nonnegative, smooth,
with fast enough decay (say compactly supported to fix ideas). The free problem (o = 0) reduces

to
3G =1 () ) @

We infer that the system oscillates with frequency 2 around a constant state: the solutions of |(4)]

read
(Uo(t)> _ 1 <1 1 ) ( (0, imit + U1init) )
uy(t) 2\1 —1) \(u0init — u1,mit)e 2 )"

Hence, we are wondering how the coupling (o # 0) impacts this simple dynamics. It is also worth
considering the large speed regime ¢ — o0 which leads to the following nonlinear ODE system

i uo\ 1 1-— l'£|”u,()|2 -1 Uuo (5)
dt \ui/) i -1 1 — klui|?) \wy

a. 2
= / o(2)(=A) "o () dz = / | ‘Sg‘ (;f)n - 0. (6)

It will be interesting to compare the behavior of the asymptotic model with [(1)H(2); in partic-
ular we are going to point out the limitations of a perturbative approach that would try to deduce

properties of [(1)H(2)| from the analysis of

where

According to the ideas of quantum mechanics, the \uj\Q’s represent the probability of being in
the state labelled by j; in turn, the total probability should be one: we always have

[uo () + lur (H)* = 1. (7)

If this property holds initially, we check that it holds forever. Moreover, the equations describe
the energy exchanges between the quantum system and the environment which translates into
an additional conservation property, namely, we have (detailed computations can be found in
Appendix[A] but the result also directly follows from the symplectic form of the problem, exhibited
below, combined with Noether’s theorem)

d o 2
ol (05 (a0 + 0P+ 1 + (9 a

de¢ 2 4
1 2 2 _
+2 U(wg‘ud +¢1’U1| )dZ =0
Rn

(8)



which becomes a /] |2
uy — Ul K
for q& (2 - Z(|U0\4 + |U1’4)> =0 9)

for the asymptotic model These conservation properties play a central role in the analysis of
the equations.

The question we address comes from the modeling of quantum open systems. The motivation,
inspired from the seminal work of Caldeira and Leggett [6], is to understand how the interactions
with the environment induce some kind of dissipative effects. The intuition is that the quantum
system exchanges energy with the vibrational field, and the energy is eventually evacuated “at
infinity” in the z-direction; this mechanism can be interpreted as a sort of friction acting on the
quantum system. For the sake of concreteness, the energy transfer mechanisms at work between
the quantum system and the environment with the model |(1)H(2)| are illustrated in Figure |1| which
show typical evolutions of the different contributions, wave and particle, to the total energy: albeit
these curves are suggestive, in fact, they correspond to very different behaviors of the system, as
we shall discuss below. Such an issue has been studied in details for the case of a single classical
particle in [5], where the dissipation mechanisms are explicitly exhibited: the particle comes to a
state at rest for large times. This situation has been further investigated in [II, 10, 11} [33] 26];
we also refer the reader to [24] or [25] for different, but related, viewpoints on the dynamic of a
classical particle coupled to a complex environment. Dealing with many classical particles leads
to considering Vlasov-like equations [9) [I7], and the Landau damping effect exhibited in [I9] can
be interpreted as the result of the dissipation effects induced by the coupling, even if such a result
remains weaker than the frictional behavior neatly identified in [5] for a single particle. In any case,
the dissipation mechanisms are intimately related to the dispersion properties of the wave equation
that need to be strong enough, an effect driven by the condition n > 3 on the z-direction, that will
be assumed throughout the paper. In particular, it can be noticed that it guarantees the quantity
defined by [(6)| to be finite. We refer the reader to [19] for detailed comments about this assumption.
Coming back to quantum particles, one is led to systems coupling the Schrédinger equation with a
wave equation: the model

10yu + %u = du,
B(t,x) = / o1(x — y)o(2)b(t,y, =) dz dy, (10)

(%28?1# - AM) (t,2,2) = —0(2) /Ul(l‘ —y)lu(t,y)|* dy,

is the quantum analog of the equation introduced in [5] (other quantum frameworks are discussed
for instance in [2, 12, 23]). The equation is analysed when the variable z lies in R? in [20] and
ground states can be identified by variational approaches. However, the stability analysis of the
ground states is delicate because of the nonlocal definition of the self-consistent potential, and the
arguments developed for NLS (® = —|u|? in the first equation of or Schrodinger-Newton
(® = ﬁ * |u? with d = 3) do not adapt directly (note at least that here the coupling has a more
dynamical nature). The attempt in this direction presented in [20], completed by the numerical
investigation in [18], relies on a perturbative approach, inspired from [27]. However, it induces
some restrictions which are not completely satisfying. In order to understand this difficulty, we have
studied the simpler framework of plane waves (x lies in the torus T¢) in [I6], where the Hamiltonian
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structure is further exploited, in the spirit of the pioneering work [21], see also the recent overview
[3]. It allows us to identify fundamental differences between and its asymptotic counterpart
as ¢ — o0; in particular, the coupling with the wave equation induces spectral difficulties which
make perturbative arguments inoperative. We wish to explore in further details these issues by

considering the simpler systems |(1){(2)and

(a) (b) (c)
Figure 1: Evolution of the “Wave contribution” § ;:0 Jan ('%#'2 + |V¢;]?) dz and the
“Particle contribution” M + %Z;:o Jan 0j|u;)? dz to the Total Energy @ associated
to [(1)H(2)l The simulations correspond to various cases that will be discussed in details
below: (a) 7 = +1 and large x, (b) 7 = —1, (¢): 7 = +1 and small &

In what follows, we pay attention to solutions of |[(1)H(2)| or where the quantum particles
distribution has the specific form e™*(Uyo, Uy1), with Usg, Us1, fixed complex numbers. These so-
lutions can be classified in terms of extrema of the energy. The question we address is about the
stability of these specific solutions. At first sight, the problem under consideration can be seen as a
discrete version of the nonlinear Schrédinger equation: we roughly interpret ug —w; and uy —ug as
the discrete laplacian (A%u)g = %27‘0_"1, (Ady), = =tet2u=w endowed with periodic condi-
tions u_1 = w1, ug = ug ! Stability analysis relies on the properties of the energy functional which
can be used as a Lyapounov functional, and establishing coercivity properties is key for proving
the orbital stability of the ground state, see [37, B8] and the recent review [36]. A quite general
framework has been set up in |21}, 22], see also [3, 4], intended to cover the analysis of a wide class of
Hamiltonian systems. However, the coupling with a vibrational environment lead to difficulties of a
different nature, which are not covered by the abstract framework of [21], 22] since the nonlinearity
has the form ®u, where the potential ® is nonlocal both “in space” (here it means that it mixes
the two states 0 and 1) and in time, with some kind of memory effects, so that the arguments of
[21] 22] do not apply.

The interest of the two-level model is to be both simple enough to allow us to perform many
explicit computations, and rich enough to exhibit interesting phenomena; in turn

e we are able to provide a complete stability analysis for the models [(T)}[(2)] and [(5)}

e we review in full details the techniques for investigating such systems, and explain how they
can be adapted to handle the nonlocal coupling;



e it allows us to clarify where are the main difficulties and it provides valuable hints to study
more complex models. We expect this work to provide useful ideas to go back to the more
challenging problem

The paper is organized as follows. In Section [2| we discuss the Hamiltonian structure of the
problem and make the connection appear between extrema of the energy functional and specific
solutions with the form u(t) = e®*(Uyo, Us1). Section [3|is devoted to the analysis of the asymptotic

system which is a mere ODE system. In Section {4 we discuss the system Throughout
the paper, numerical simulations illustrate the obtained statements.

2 Hamiltonian formulation, extrema of the energy and
traveling-wave-like solutions

Throughout the paper, we split a complex number u = g + ip, where ¢, p are real valued. Coming
back to the unknown describing the quantum state, it makes the following correspondance appear

q0

U=<“°>ec2<—>X: Pof e pe, (11)
Ui q1
Y41

2.1 Analysis of the asymptotic model
We start with the simpler system Let us introduce the function

ug — us]?

%”:(uo,ul)eCQ»—> 2

K
— Suol* + ).

We have observed that t — 7 (ug(t),u1(t)) is conserved by the differential system This
property can be interpreted as a consequence of the following reformulation of the problem, in
terms of the real valued quantities defined by The conserved quantity becomes

!2 lpo — p1|2

do — 1 K K
#(x) = — S aol? + Ipof2)2 = (2 + i )2 (12)
2 2 4 4
and can be cast in the symplectic (i.e. Hamiltonian) form
d
SX = VA (X), (13)
with _# the skew-symmetric matrix
0 1 0 O
-1 0 0 O
S = 0 0 0 1
0 0 -1 0



We are interested in specific solutions of having the special form (ei“tU*o, ei”tU*l) where Uyg =
Qx0 + 1Py, and Uy = Q41 + 1Py are fixed complex numbers. We are led to the relation

Q*O - Q*l - H( Zo + P, )Q*O

_ _ P*O*P*lfff(Q* + P )P*O
SRR P 56 o) LY

P*l_P*O_’i(Q*1+ )P*l

which also arises when searching for the extrema of .7 under the constraint of fixed L? norm
|Uxo|? + |Us1]? = 1 with w being interpreted as the associated Lagrange multiplier. We thus focus
on this optimization viewpoint.

We write u; = rje%i = g; +ip;, with r; > 0 and 0; € [0,27), and we realize that the only term
depending on the angles ; in the expression of . (ug, u1) is

lug — u1|? = ré + 1% — 2rory cos(6y — )

so that
(’1"0—7“1) |UO—U1| (To—l-’l"l)

holds. The inequalities are saturated when 6; = 6y mod(27) (left) or #; = 6y mod(w) (right).
If (ug,u1) minimizes S over the unit sphere of C2, we deduce from J#(rg,r1) < 5 (up,u1) and
rd+r? =1, that (rg,71) € [0, 1] x [0, 1] is a minimizer too. Furthermore, if (qo, ¢1) minimizes 2 over
the unit sphere of R?, then, for any u; = r;e?%, with r3 +r? = 1, we get J#(qo, q1) < 5(ro,71) <
H (ug,u1) so that (qo,q1) minimizes 2 over the unit sphere of C2. A similar equivalence holds for
maximizing J7.

Therefore, all extrema can be described by restricting first to the case pg = p;1 = 0, and then,
from the obtained (real valued) optima (qo,q1), by setting ug = €%qq, u; = e®qy, 6y € [0,27).
Moreover, we should also bear in mind the conservation of the L? norm, so that we are actually
interested in extrema over the sphere {(qo,q1) € R?, |ql|® + |q1|> = 1}. Accordingly, we can
reinterpret the problem as a single-variable optimization problem for

cos(f) —sin(h))*  w
(cos(0) —sinO)” _ % (.ot(9) + sin'(0)).

0 [0,21) —> JA(0) = . -5

For the reader’s convenience, graphs of 6 — () are plotted for several values of « in Fig. |2l We
have

2
H](0) = —(cos?(0) — sin?(0)) + k cos(8) sin(6)(cos?(A) — sin?(6)) = gcos(29) <sin(29) — /@) .
It vanishes when 6 = 7§ which yields the solution go = 1/ V2, q1 =1/v2,0r 0 = %T”, which yields
the solution gg = 1/4/2, g1 = —1/+/2. If the smallness condition 0 < x < 2 holds, this completely

describes the extrema of the function J#{. When s > 2, we can find other solutions by setting
0 = 2SI@K) ¢ (0 7/4) and 0 = T — 2SR ¢ (/4 7r/2) We have

A (0) = k <cos2(29) — sin(26) <sin(29) — 2)) .

K

Therefore, we distinguish the following cases:



e if 0 < k < 2, = /4 minimizes the energy (J4"(r/4) = 5(2 —1)
maximizes the energy (J4"(3m/4) = —%(2 + 1) < 0): we have J4 (r/4
H(3m/4) =1~ §;

> 0) and 0 = 3r/4

o ifk>20= %(2/”) 0, =5 — %@/ﬁ) minimize the energy (4" (0%) = k cos?(20k%) >
0), 0 =7/4is a local max1mum of the energy (J"(r/4) = 5(2 —1) < 0) and 0 = 3m/4
maximizes the energy (5" (3m/4) = —%(2 +1) < 0); we have J4 (0F) = (1 —x/2—1/k)) <

4)

H4(0) < A (3n/4) =1 — § and H(n/4) = —§ € (H(05), #(37/4)).

Energy

-0.8

Figure 2: Graphs of 0§ — J#(0) for several values of k (k € {1.2,1.5,2.1,2.5,2.8,4}). The
circles correspond to (mw/4, 7 (mw/4)) and (3w/4, 7 (3n/4)): k = 2 is the threshold at which
the convexity at 7/4 changes.

Assuming the smallness condition

0<k<2, (15)
we thus denote )
. ewt 1
ezth* = \/§ (T) , T==1 (16)

the obtained solution of with 7 = 1 corresponding to the state of minimal energy, and 7 = —1
corresponding to the state of maximal energy. Equivalently, we can consider

1
V2

X, = (17)

SN O



so that, given the extended rotation matrix

cos(f) —sin(0) 0 0
sin(f)  cos(6) 0 0
R(0) = 0 0 cos(f) —sin(0) |’
0 0 sin(f)  cos(6)

R(wt) X defines a solution to
When < > 2, are still solutions of but for 7 = 1 the solution does not achieve the
minimal energy. Moreover, in this situation we find two additional solutions

: . sin(0; 12y, w1 2
€t U+ With Usp + = (COSEH’%D and 07 = 5 arcsin <E>’ 0, = 5 ~ 5 aresin (;) (18)
Since 2 > 0, both sin(f}) and cos(¢;) are positive. Using the elementary relation sin?(f) =
1_6025(29), we can write

N 2 2

cos(0F) = A/1 —sin?(6,) = é(\/1+2//£—|— \/1—2//1>,

. Using sin(7/2—6) = cos(f) and cos(m/2—60) = sin(#), we can rewrite the solution Uk + as follows

R s T S s D)

The corresponding solution for reads
sin(6F) VE+2—T+K—2

sin(0;) = ¢ L - cos(arcsin(2/) _ \/ Lo VI @ SV VT 27k),

and

U*Ii,+ =

0 1 0
R X X =1 g0y | " 20 | s 24rvm—2| T (19
0 0

Going back to|(14) we find the Lagrange multiplier w associated to all these solutions. Namely
we get,

—wUyo = Uso — Us1 — H’U*O|2U*O7 —wUy1 = Us1 — Uyo — K‘U*IFU*I-
Adding these relations and using |Us|? + |Us1|? = 1, we are led to

U*l U*O 1
20w+1)—k= = .
( ) U*O U*l U*IU*O
Hence, we conclude that
K | K2, if 7= +1,
for [16) C“’_QWLT_l_{—sz/z, if 7 =1, (20)

for[(18)] w=r—1. (21)



2.2 Analysis of the coupled model

0t
2c2

Writing u; = ¢; + ip; and w; = the energy functional |(8)| casts as

—aq1? + |po — p1]? 1
Jf(X) :|CI0 Q1| 5 |p0 p1| +/ <62 (|w0|2 + |YD1|2) + Z (|v¢0’2 + quz)) dz
Rn

1
+5 [ otuliaol + ) + drar + o) (22)
Rn

where X is the shorthand notation for (qo, po, g1, p1, 0, @o, ¥1, w1). Repeating the arguments used
for the asymptotic model, we realize that extrema of .7 can be found by considering only the case
po = p1 = 0 and, taking into account the constraint of normalized norm, |ug|? + |u1]? = 1, we are
led to investigate the extrema of

 sin(6)]2
JA(0, %0, w0, V1, 1) = | cos(f) — sin(0) + /Rn (02 (lwol® + |m=1]?) + % (Vo * + |V¢1|2)> dz

2

+% /n o (1o cos?(0) + 1y sin?(0)) dz,

where 0 lies in [0,27). At the extrema, by computing the derivatives d; 71 and 0y, 71, we infer
that
woy = w1 = 0

together with

—Atpg = —0 cos?(6), — At = —osin?(6).
The latter relation leads to [, ovodz = — [, o(—A) o dzcos?() = —rkcos?(f), and similarly
Jan o1 dz = —£sin?(0). Eventually, computing 0y yields
1
~(cos2(0) — sin*(6) — / o (o — 1) sin(20) dz.

Therefore, at the extrema we obtain

K

" cos(26) (2 - sin(20)) 0.

Hence, we find the same extrema as for the asymptotic model.

A1
wxo = ws1 = 0, and the energy is made minimal (resp. maximal) when 7 = +1 with 0 < kK < 2
(resp. 7 = —1 without condition on ). This analysis provides specific solutions of |(1)(2), having
the special form (e“"tU*o, e“tU.1, Wy, U..1) where Uy, Uy are fixed complex numbers and W, Uy
are fixed functions in L?(R"™). This leads to the relations

—wUyo = Usxo — Us1 + U*o/ oVi0dz, —wUs = Usr —Uso + U*l/ oV, dz,

n n

Let I denote the solution of —AI' = o, which can be alternatively defined by means of Fourier

transform 5(6)
r=r1 <U> .
{—z ‘§|2



Hence, we get
Vio(2) = Ul T(2),  Waa(z) = ~[UaT(2),

so that Uyg, Uy are required to satisfy
(W + 1)Uso — Ut — K|Us0|*Uso = 0 = (w + 1)Us1 — Uso — 5|Us1|*Usa,
together with the physical normalisation
Uso|® + [Uaa|* = 1.

With the extrema discussed above, we have |Uyo| = |Us1| = % and for the system

w~|—1—/§/2 -1 Uxo —0
—1 w+1-—k/2 Ue)

to admit nontrivial solutions, the dispersion relation |(20)| should be fulfilled. Given this condition,
we conclude that

eiwt eiwt T (Z) F(Z)
t) = t) = t2)=——2 tz) =— 2
uO() \/57 ul() T\/§7 1/)0(72) 9 1#1(’2) 9 ( 3)
satisfies [(1)H(2)]
If k > 2, we find two extra solutions which minimize the energy
Q*O = Sin(eg)a Q*l = 005(93% P*O = P*l = 07
24
U* = (Q*()) 7\1’*0 = _|Q*0‘2Fa \I’*l = _|Q*1|2F- ( )
@1
With w still given by [(21), we conclude that
up(t) = €' Quo,  wr(t) = €“'Qu1, tho(t,2) = Wuo, 1(t,2) = Uy (25)

satisfies [(1)H(2)]

Finally, we observe that the system can be expressed in the Hamiltonian formulation

01 0 0
(7 0 =10 0 o0
atX_(o /VX%(X)’ =10 0 0 1
0 0 -1 0

We shall see later on a more adapted formulation that is more convenient for the stability analysis.
For the time being, this formulation makes a parallel between the structure of the two models and
brings out the role of energy minimization in classifying the traveling-wave-like solutions described
above.
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2.3 Statement of the results

Let us collect here the main statements that will be obtained (definitions of the notions of stability
will be made precise later on).

Theorem 2.1 (Stability analysis for Let us assume one of the following cases:
i) T=—1,
it) T=41 with0 <k <2,
i) k> 2.
We consider the reference solution of given byfor i) and i) or byfor iii). Then, the

reference solution is spectrally and orbitally stable.

Theorem 2.2 (Instability result for Let k > 2. Then, the state e“'(1/4/2,1/4/2) is a
spectrally and orbitally unstable solution 0f.

Theorem 2.3 (Stability analysis for |(1)H(2))) Let 7 = +1 with 0 < k < 2. Then, the reference
solution |(23)| of [(1)H(2)| is spectrally and orbitally stable. Let k > 2. Then, the reference solution
is spectrally and orbitally stable.

Theorem 2.4 (Instability result for (1)H(2)) Let 7 = 1 with kK > 2 or 7 = —1. Then the
reference solution |(23)| is spectrally and orbitally unstable.

These results are in line with the analysis performed in [16] for plane waves solutions for the PDE
system and its asymptotic Hartree-like counterpart. It confirms that the asymptotic model has
more stable solutions than the original model, and that the dynamic coupling induces intricate
and rich selection mechanisms. We expect this study will provide fruitful ideas to come back to
set for z € R%, and will allow us to fill a gap in the understanding of open quantum systems.

3 Stability analysis of the asymptotic model |(5)

3.1 Spectral and linearized stability
We start by linearizing about the solutions |(16)} We search for solutions of |(5)| on the form
uj = ei“t(U*j + vj).

Using |u + h|? = |u|? + 2Re(wh) + |h|?, the dispersion relation and neglecting the nonlinear
terms, one is led to the following linearized system

d d
— g = — v — — 1y = — vy — . 2
i3 = To — U1 rkRe(vp), I V1= TV~ rRe(v1) (26)

We write v; = ¢; + tpj, with ¢;, p; real-valued. The unknown is now represented by the vector
X = (QO7PO7Q17P1)§ we get

0
d k—1 0 1 0
TR k=



The stability of this ODE system is related to the spectral analysis of the matrix L: spectral
stability means that the real part of the eigenvalues of L are all nonpositive; linearized stability
means that any solution of this linear system remains uniformly bounded for any ¢ > 0.

Proposition 3.1 If 7 = —1, the system is spectrally stable; if T = +1, the system is
spectrally stable under the condition . Moreover, in these situations, if Re(vg + Tvl)‘tzo =0,
then the solution of remains uniformly bounded for any t = 0. If 7 = +1 with k > 2, the
system is spectrally unstable.

Proof. We observe that 0 is an eigenvalue of L. Indeed, LX = 0 leads to the independent relations

{ TPo = P1, and { (K_T)QO = —(q1,

TP1 = Po (H - T)Ch = —qo-

Since 72 = 1, the former yields a nontrivial solution, while the latter in general ((k—7)?—1 = k(K —
27) # 0) has only the solution gy = ¢1 = 0. Hence we find the eigenspace Ker(L) = Span{(0,1,0,7)}.
Note however that L has a Jordan block associated to the eigenvalue 0, since the kernel of

KT — 2 0 2T — K 0
0 KT — 2 0 2T — K

2T — K 0 Th — 2 0
0 2T — K 0 TR — 2

L? =

is spanned by {(0,1,0,7),(1,0,7,0)}. This leads to solutions of |(26)| with norms that can grow

linearly. Next, let A # 0, X # 0 satisfy LX = AX. Since 72 = 1, we observe that 7qy = —q.

Therefore, we obtain Apg = q1 — 7qo + Kqo = (—27 + K)qo, together with A\p; = qo + (—7 + K)q1 =
2T—K 2—TK

—TK)qo- ields A\gp = 7po —p1 = — (7 + 0- A nontrivial solution ¢ exists provide
2 qo- It yields Ag Do — P X ) q0- A trivial solution ¢q exists provided
A satisfies

A= —4 + 27k,

If 7 =—1, we find A = £2i4/1 + /2. If 7 =1, we find A = £2i4/1 — k/2, assuming the smallness
condition |(15); otherwise, A = +£24/K/2 — 1 and the system admits a positive eigenvalue.
In fact, the problem |(26)| can be easily solved by hand. On the one hand, we have

d d

a(qo +7q1) =0, E(po +7p1) = K(go + Tq1)
so that

(o +7q1)(t) = C1, (po + p1)(t) = Ca + CkL.

On the other hand, the pair (g0 —7¢1) and (po — 7p1) solves a linear system associated to the matrix

0 2T

k=21 0
which is diagonalizable with eigenvalues satisfying A> = —4(1 — 7x/2) < 0. The analysis of the
linearized system is therefore complete. [ |
Similar computations can be performed with the solutions The linearized system now

reads

d d
iavo = (14w —ra?)vg — v — 260*Re(vy), iavl = (1+w—rBHv1 —vg — 263°Re(vy), (27)

12



with

o K+2—7T+Kk—2 . K+2+74/k—2
Vs s = (5> 0= SIS e, 5= VS ﬁ“ — cos(]).
Let us set
A=1+w—ra?, B=1+w-—kp%
Elementary manipulations lead to
2_4 2_4
A:g—FTﬁT, Bzg—TﬁT, AB =1, ka?=B, rf*=A. (28)

The matrix associated to the linearized system thus reads

0 A 0 -1
L _|-4a+2B 0 1 0
0 -1 0 B
1 0 —-B+24 0

In turn, it can be checked that
Ker(L) = Span{(0, 1,0, A)}.

Next, let (A, X) be an eigenpair of L, with A # 0. We observe that AAgq1 = A(Bp1 — po) = —Aqo,
which implies Ag; + qo = 0. It follows that

Apo = (—A+2B)q +q1 = (A +2B)(—Aq1) + 1 = A(A - B)gx
and
Ap1 = (=B +2A)q1 +q0o = (—B +24)q1 — Aq1 = (A - B)qu,

which lead to
A—B A(A - B) @

\ q1 — b\ q1 h\

A1 = Bp1 —po = B (A—B)%

Therefore, we obtain

We deduce that A € iR.

Proposition 3.2 The system|(27)| is spectrally stable. Moreover, if Re(vg + Av1)|t:0 = 0, then the
solution of |(27)| remains uniformly bounded for any t = 0.

Proof. The spectral stability has just been established above, all eigenvalues of L. being with a
nonpositive real part. Next, we introduce the vectors

—T KT + VK2 —4
\111=< 0 )

W:(]‘7()7147())7 072\/m7 Y 4m

They satisfy
L™Y =0, LT, = V.
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Let X satisfy 4X = LX. We observe that $X - ¥ = $(g + Ag) = X - LTV = 0, and
4X 0 = X LTU; = X-U. Hence X (t)-¥ = Xinit-V is conserved and X (t)- U1 = Xipie- U1+ Xinie ¥
grows at most linearly. Assuming Xi - ¥ = 0 prevents the linear growth. Finally, the pair
(Apo — p1, Aqo + q1) satisfies the 2 x 2 system governed by the matrix

0 B-A
A-B 0
whose eigenvalues are clearly purely imaginary. These observations completely characterize the

solution of the linear system |(27)] ]

Propositions and are illustrated in Fig. [3] where we perform simulations of the different
scenario: the stable case ((a)-(b)) requires a condition on both the coefficients (7, k) and the data;
when the orthogonality condition of Proposition [3.1]is violated, one observes a linear growth of the
L? norm ((c)-(d)); when the condition on the data is not fulfilled, one observes an exponential blow

up ((e)-(f)).

System is a mere finite dimensional differential system. As far as one is concerned with the
stability of equilibrium solution of differential systems in finite dimension, spectral stability implies
nonlinear stability, see e. g. [35, Prop. 1.41], [34, Th. 1.1 & 1.2]. Here, we are dealing with the
notion of orbital stability, and the reference solutions remains time-dependent which induces some
subtleties. We shall detail approaches which do not use properties specific to the finite dimensional
framework, having in mind more complicated couplings.

3.2 Orbital stability
Let us set F(X) = @ = w and introduce the functional
E(X)=H(X)+wF(X)

with s defined by This quantity is thus conserved by the dynamical system [(13)] being the
sum of two conserved quantities. We observe that |(14)| can be reformulated as

VE(X,) =0 (29)

and . corresponds to the Hessian of & evaluated at X,. Inspired by the strategy described in [3],
we introduce the level set of the solutions of |(13)| associated to X,

S ={XeR F(X)=F(X. =1/2}.

We wish to establish a coercivity estimate, on a certain subspace, for the quadratic form X —
ZX - X. This is a crucial property for establishing the orbital stability, an idea that dates back to
[37, [38] for Schrodinger equations, see [3], 211 [36].

With X, given by |(17), the tangent set to the level set is given by

T ={XeR' VF(X,) X =0} ={(g0,po,q1,p1) €R*, qo +7q1 = 0}.

14



120

Figure 3: Simulation of the linearized asymptotic model . The circled points indicate
the initial state, the cross indicate the final state. (a)-(b): stable case Kk = 1.4 and 7 = +1;
phase portrait at 7' = 250 (a) and evolution of the L? norm (b) for a well-prepared data.
The solution remains in a bounded domain. Similar results can be obtained when 7 = —1 or,
with k > 2, for the linearized problem |(27)l (c)-(d): x = 1.4 and 7 = +1 with ill prepared
data; phase portrait at T = 100 (c) and evolution of the L? norm (d); the L? norm of the
solution grows linearly. (e)-(f): instable case kK = 2.4 and 7 = +1; phase portrait at 7' = 50
(e) and evolution of the L? norm (f).
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The orbit associated to X, is given by

0 - {%(cos(@), sin(0). 7 cos(0). 7sin(6)), 0 ]

and we get
(TO)* = {(q0,p0, q1,p1) € RY, po +7p1 = 0}.

The reference solution associated to X, is said to be orbitally stable if, for any € > 0, there exists
d > 0, such that, for any solution ¢ — Y'(¢) of [(13)| |Y'(0) — X«| < J implies that dist(Y (t) — ) < €
holds for any ¢ > 0.

Remark 3.3 Bearing in mind the transformation multiplying the components of U e C2
by € is equivalent to applying the (extended) rotation R() to X € R*, which leaves the energy
H(X), as well as &(X), invariant. The identity 7 (R(0)X) = #(X) yields R(0)TVH (R(0)X) =
VA (X) and we observe that R(0) ™ R/(0) = —_#. These observations allow us to derive directly
the linearized system: with %X = VA (X) and X (t) = R(wt)(Xx + X (1)), we get

%X:wf()(*JrX)JF/V%(X*JrX)-

Assuming the perturbation to be small, at leading order the right hand side reads
I (WX + VA (X)) + (X +D*#(X)X) =0+ FLX =1X.

In order to investigate the orbital stability of the system, we recast the linearized system by
using the symplectic form

01 0 0\/r—x 0 -1 0
|t off o 7 0 -1
“lo o o 1| -1 0 77—k of
0o 0-10/\o -1 0o r
g —

with . = D?&(X,) symmetric.
Lemma 3.4 The spectrum of the matriz £ is 0(£) = {0, —k, 27, 27 — k} with eigenspaces spanned
respectively by
Xo = (0,1,0,7), X_.=(1,0,7,0),
XQT*I{ = (17 07 =T, O)a X2T = (0, 1a Oa _T)'
Hence, we get
ZX X = (1= 8) (g +qi) — 2q190 + T(p5 + PT) — 2p1p0-

As a matter of fact, when 7 = 1, it recasts as

ZLX-X =|po—p1]*+ lao — a1]* — K(¢5 + ai)-
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Restricting to the subspace T.% n (T0)*, we have qy = —7q; and pg = —7p1, so that, still for
T =1, we get
LX X = Alpof2 + 22— K)ol = (2 — w) X2

This coercivity estimate is key in establishing the orbital stability [21], 22, B, [4]. Surprisingly, the
case 7 = —1 is simpler. We now work with

E(X) = —H#(X) — wF(X).

We still have V&(X,) = 0 and D?£(X,) = —%. The spectral decomposition of .# implies that
—. is coercive on (Ker(.Z))* = (T0)*. This allows us to justify the orbital stability.

We turn to the case where k > 2 and X, = («,0, 3,0) is given by |(19)] Now, we look at

0 -1 0 0 A—2B 0 —1 0
1 0 0 0 0 A 0 1
L=1o o o _1|F~ -1 0 B—24 0
0 0 1 0 0 1 0 B

The equations for the eigenpairs uncouple since we get

(A= XNpo = p1, (B — A\)p1 = po,
(A=2B—=XNq =q, (B—2A-X)q = q.

The former leads to
AA=(A+ B)) =XA—k) =0,

and the latter gives
(B=2A-X)(A—2B—-)\)—1=X N+ )NA+B)+(A-2B)(B—24)—1= )+ —2(k*—4) = 0.
This gives the eigenelements of .Z.

Lemma 3.5 We have

_ 7 _ e 2 _
a(.i”):{o,m, K+ \/29/@ 32 —k— VI9k 32}7

’ 2
where only the last value is negative, with eigenspaces spanned respectively by

K K2 —4 K K2 —4
X :< 317 ' e 7)7 Xi = ( 71a s T o 7)a
0 0 02—|-T 2 P 0,1,0 2~|—7’ 5

X, = (1,0,72 VeE—4- %\/952 - 32,0), X = (1,0,72 N —4—1—%\/9%2 - 32,0).

Establishing the orbital stability amounts to check the coercivity of .2 on T.% n (T'0)*, where,
now,
TS = {X = (QU7p07q17p1) € R4, X Xy =aqy+ fq1 = 0}’

and
(Tﬁ)L = {X = (o0, o, q1,p1) € RY, apy + Bp1 = 0}-
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We have
ZX-X = (A-2B)q5 — 2qq + (B — 2A)q} + Apj — 2pop1 + Bp?.

Since AB =1and 5 = B, on T.% n (TO)*, it reduces to

LX - Xlpy (A+ (B—2A4)B*)q; + (A+ B® + 2B)p;.

TOL —
A tedious, but elementary, computation yields

K—TWVK: —4

ZX - X’Tym(:rﬁ)i - 2

((K* — 4)gd + K*D3),

hence the desired coercivity estimate holds.

3.3 Symplectic formulation and further comments about spectral
stability

Let us focus on the spectral stability issue. For the problem the spectrum of L = ¢.2Z is
completely determined, as seen above, and we have directly a full understanding of the linearized
problem. However, for more intricate system, like [(1)H(2), we do not have a direct access to the
spectrum of L. The strategy is to deduce information about stable/instable modes from the study
of .Z which could be easier (in particular because £ is symmetric). To this end, according to
[7, 28], we introduce the auxilliary operators

M=—-JL 7, A=P NP,
where &2 is the orthogonal projection on (Ker(.Z))*. We also introduce
K=22"'2.

The counting of the eigenvalues of L is based on the following considerations. We are interested in
the coupled system } .
MX = —-)X, ZLX = \X. (30)

It turns out that this problem [(30)[ admits nontrivial solutions iff £\ are eigenvalues of L. Next,
(30)| admits nontrivial solutions with A # 0 iff the generalized eigenvalue problem

AX = KX (31)

(which recasts as A4 X = puX, X = X, with X € (Ker(£))") admits nontrivial solutions with
i = —M2. The spectral stability means that the spectrum of L is contained in iR. This can be
reformulated as saying that all the eigenvalues of the generalized eigenproblem are real and
positive. In order to count the eigenvalues p of the generalized eigenvalue problem, we define the
following quantities:

e N, , the number of negative eigenvalues,
e NU the number of zero eigenvalues,

e NI, the number of positive eigenvalues,
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counted with their algebraic multiplicity, the eigenvectors of which are associated to nonpositive
values of the the quadratic form X — (KX|X) = (L7 12X|2X). Moreover, let No+ be the
number of generalized eigenvalues p € C of with Im(u) > 0. As said above, the eigenvalues
counted by N, and Ng+ correspond to cases of instabilities for the linearized problem. We now
use the counting argument of |7, Theorem 1] (see also the review [28]) which asserts that

N + N2+ N + Nov = n(Z),

the number of negative eigenvalues of .Z. Let us check how this counting machinery works for

Let us begin with the case where X, is given by [(17)l We use the notation of Lemma For
further purposes, we remark that

/X,K = —Xo, /X2‘rfn = —Xor.

In particular, for 7 = —1, .Z has three negative eigenvalues; for 7 = +1 and assuming |(15)} there
are two positive eigenvalues and one negative eigenvalue but if 7 = +1 and |(15)|is violated, there
are one positive eigenvalue and two negative eigenvalues. Note that

el) the eigenvectors Xo, X, Xor_x, Xo, form a orthogonal basis of R*;

e2) with X, = %(1, 0,7,0) = X\E the reference solution, we have

X*'XO:X*'XQT—,%:X*‘XQTZO;

e3) and X, - X . = v/2>0.

We start by showing NV = 1. We have seen that Ker(.#) is spanned by Xy = (0,1,0,7). Hence,
we have to solve .Z X, = Yy with Yy = — # X = (—1,0,—7,0) and X, € (Ker(£))*. This leads
to Xo = 2(1,0,7,0) which yields KYy - Yy =.271Yy - Yy = Xo - Yo = —2 < 0 and thus NJ = 1.

Next, solving the generalized eigenvalue problem amounts to solving

—q1 + Tqo — KGo = qo, Tqo — q1 = 1qo,
—q4o +7q1 — K1 = q1, Tq1 — qo = K41,
TPo — KPo — P1 = [P0, TPo — P1 = Po,
—po + TP1 — Kp1 = pP1, TP1 — Po = D1,

with X = (g0, p0,q1,01), X = (4o, Po, q1,01) € (Ker(£))*. We set

M, = <T_1“ -1 > (32)

T—K

The ¢ and p equations decouple and we have, on the one hand

)= @) @)= (@)
() e G ) -G
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It amounts to say that (o, q1) and (po, p1) are eigenvectors for p of MM, and M, My, respectively.
Here, we get
2—Tk K—2T

M Mo = (H—2’7’ 2 — Tk

> = MOMﬂv

the eigenvalues of which being 0 and 4(1 — 7x/2). We thus obtain the solutions X; = (1,0, —7,0)
and X = (0,1,0, —7), associated to X; = ZX; = (27 —k,0, k7 —2,0), Xo = Z Xy = (0,27,0, —2)
which both belong to (Ker(.£))t. We compute £ 1X; - X; = X; - X; = 2(27 — &), which is
negative when 7 = —1 and has the sign of 2 — k when 7 = +1, and £ 'X5 - Xy = Xy - Xy = 47.
Therefore, we can verify the counting formula in the following three cases

o7 =-1: n(¥) =3and N =1, N} =2 N, = 0, which yields No+ = 0 and indeed
we found that L has two purely imaginary eigenvalues, there is no exponentially unstable
solution to the linearized system;

e 7=1land k> 2: n(¥)=2and N =1, N,/ =0, N, = 1, which yields No+ = 0 and indeed
we found that L has two real eigenvalues, we can find exponentially unstable solutions to the
linearized system:;

er=1land 0 <k <2 n(¥) =1and N =1, N, =0, N, =0, which yields No+ = 0
and indeed we found that L has two purely imaginary eigenvalues, there is no exponentially
unstable solution to the linearized system.

We can perform similar computations for the solution |(19), We now use the notation of
Lemma We have seen that Ker(.Z) is spanned by Xo = (0,1,0,4). We start by solving
ZLXo =Yy with Yy = — X, = (—1,0,—A,0) so that Xy = ﬁ(q,o,A, 0) which yields
X0 Yo =KYy Yy = -4 < 0, and thus Ng = 1. Solving the generalized eigenvalue problem

2
amounts to solve
qo Do Do
=u (), M (P0) =4 (PO,
K ((I1> (Pl) a (Pl)

M (?‘))
qn
o (A N\ (A-2B -1 ) _ A?—-1 A-B
~\-1 B -1 B-24) \B-A B*-1)’
the eigenvalues of M being 0 and k2 —4 > 0 (thus N, = 0). We ‘thus obtain the solutions
X1 = (1,0,—B,0) and X3 = (0,1,0, B). Accordingly, we get X; = £X; = (A — B,0,1 — B2,0),
~ ~ ~ 2 2

and Xy = Xy = (0,A—B,0,B? —1),sothat X1-X; = Xo-Xo = A—2B+ B3 = % >0
and N,I = 0. Since we found n(.%¢) = 1, we conclude that No+ = 0: and there is no exponentially

unstable solution to the linearized system (which is indeed consistent with the fact that L has two
purely imaginary eigenvalues).

3.4 Instability

For 7 = 41, the status of the solution X, given by changes as x overtakes the threshold 2:
being a minimizer of the energy when 0 < k < 2, it becomes a local maximum when & > 2. We
have also seen that the Morse index of .Z switches from 1 to 2. In this case, we can adapt the
arguments presented in [2I], 29] to justify the instability of the reference solution when x > 2 (see
Figure . To prove this statement, we need a series of preparation lemmas, which exploit the
algebraic properties of .Z and its spectral decomposition.
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Figure 4: Simulation of the nonlinear asymptotic model: phase portrait at 7" = 100, with
k=14and 7= —1 (a), with k = 1.4 and 7 = 1 (b), with K = 2.4 and 7 = 1 (¢). The circled
points indicate the initial states, the cross indicate the final states.

Lemma 3.6 We can find a constant ¢ > 0 such that for any X € R* verifying X - Xs = X - Xo_, =
X - Xo =0, we have X - X = c|X|%.

Proof. Since (Xo, X_x, Xo_x, X2) forms an orthogonal basis of R* and X, = X_,/+/2, the vector
we are considering is in fact proportional to Xs: from X = aXs, we deduce that

LX - X =ad’ZLXy- Xo = 20| Xa|? = 2| X2
|

It is convenient to split X, = (X0, Xs1), with Xy = Xy = %(1,0) and to consider the

rotation matrix in the plane
_ (cos() —sin(0)
R(6) = (sin(@) cos(f) ) -

We shall use the same notation for V = (Vp, V1) € R? x R?, R(0)V = (R(9)Vy, R(6)V1).
Lemma 3.7 Let € > 0 and set
U, = {v — (o, V1) € RY, inf ROV — X, < e}.
For any V € Y., there exists 0,(V) € [0, 2m) such that
inf |[R(0)V — X2 = |R(O(V)V — X,|2.

Moreover, the following relations hold

R’(H*(V))TX*j
R(0+(V)) Xsj - V'

(i) VO'0,.(R(O)V) = 0.(V)— ¢, (44) Vy,0.(V) =

Proof. The standard argument [21, 29] relies on an application of the implicit function theorem.
Here the construction can be made fully explicit. Indeed, given V € R?, the 27-periodic function

0 — F(0) = |R(O)V — Xu|* = |R(O)Vo — Xuo|* + ROV — Xoa|?
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admits a minimizer on [0, 27|, characterized by

F'(0) = 2(R(0)Vo — Xxo) - R'(0)Vo + 2(R(0)V1 — Xs1) - R/(0)V1 = 0,

where

w0 - (oo i)
Since

COEORI G

the relation becomes

F'(0) = —2X.0 - R/(0)Vo — 2X.1 - R/(6)V4 = 0.

Let Vj = (Qj, P;j). Using the specific expression of X,;, we obtain
sin(0)(Qo + Q1) + cos(0)(Py + P1) = 0,

which eventually determines the minimizer by

Dt
Qo+ Q1

Differentiating |(33)| with respect to V; and using R"(0) = —R(6) yield

tan(6«(V)) =

(R (0:(V))) Xuj — (R(0:(V))) Xoj - V;Vy,04(V) = 0

and thus
(B (0+(V)))" X

(R(6x(V))) X - V'
Finally, from R(6 + ¢') = R(0)R(#’), we infer, for any 6, 6’,

(33)

[R(64(V) = 8)R(E)V; — Xag| = [ROLV)V; = Xog| < [R(O +0)V; — Xog| = [RORO)V; — X

which means 0, (V) — 0" = 0,.(R(¢")V).

We observe that we can move from X, in a specific direction so that the energy decreases.

Lemma 3.8 Let k > 2 and set Vi : s € (=1/4/2,1/4/2) > Vi, = V1 —282X, + sXo_,. Then,
there exists 0 < s, < 1/4/2 such that for any s € [—sx, 8x], we have |Vs| = 1 and &(V;) < &(Xy).

Proof. We compute

Vel = (1 = 28?) | X2 + 8% X > +5V1 — 282X, - X o =125+ 25 + 0= 1.

Next, owing to|(29), we get the following Taylor expansion

2

EVy) = E(Xu + 8Xo—p + (V1 =252 — 1)X,) = &(Xa) + %g;@_m Xop, + 5%(s),
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where lim,_,0 €(s) = 0. The conclusion follows from the fact that
XXQ,K : XQ,K = (2 — IQ)|X2,,€|2 < 0.

We are going to use the specific directions identified in Lemma [3.8] to construct unstable solu-
tions. The instability will be characterized by working on a suitable functional framework which is
adapted to the structure of the dynamical system. Let us now consider the functional

AV e — —Xs ROLV)V = (Vi = ) - (HEZEQD |

bearing in mind X, = — #X,_,. By using Lemma [3.7(ii), we get R(0.(R()V))R(O)V =
R(0+(V)—60)R(6)V = R(0(V))V so that A(R(0)V) = A(V). Next, we get

VvA(V) = —R(0:(V)) X2 — (X2 - R'(0:(V))V)Vy0x(V).

For V = X,, we have 0,(X,) = 0 and thus Xy - R'(0.(X4)) Xx = X‘igo =0 and

VyA(X:) = —Xo, FIVVAX) = — FXo= —Xo . (34)

: RO) 0 B R'(9) 0 9
Eventually, since ( 0 R(G)) I =— < 0 R(0) and ¢“ = —I, we observe that

VvA(V)- JV = —R(0:(V)) Xy JV = Xz R (0.(V))V)(Vvu(V)- FV)

—R(0:(V)) X - /V
R(0:(V))' X

R(0:(V))V
R(0.(V)V

— —R(0,(V)) Xy FV + (Xo- R’(G*(V))V)

Xy R(0,(V)V + (X; - R’(H*(V))V) - 0.

The estimate of Lemma, can be strengthened as follows.

Lemma 3.9 Let k > 2, set
PV)=VvAYV)- ZVy&V)

and let Vi be defined as in Lemma . Then, there exists 0 < s, < 1/4/2 such that for any
S € [—$«, 8«|, we have

0<&(Xy) —EVs) < —sP(Vs).

Proof. The proof is again based on Taylor expansion. In what follows, we denote by o(s) the
reminder, whose expression might change from line to line, but such that lim,_,o o(s) = 0. Since
Vs looks like Xy + s X5, we get, by virtue of and |(34)]

P(Vs) = s(VyA(Xy) + SD%/A(X*)X%H) . /D%,(E"(X*)Xg_n) + so(s)
—sXo - I LXo i+ 50(8) = L Xy - Xo—y + 50(5) = 5(2 — k)| Xo—s|? + s0(s).

Accordingly, we obtain

82
E(Xu) = (V) +52(s) = 5 (2= 1) + o(9))
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which thus remains negative for s small enough. [ |

Note that Z(V) = Vy A(V) - ZVy (V) since VyF(V) =V and Vy A(V) - ZV =0 for all
V € R*. The motivation for introducing the functional A and & comes from the fact that, for X
solution of |(13), we have

S AXW) = VoAX (1) - -SX(0) = VeAX (1) - FYAXW) = P(X(W). (35)

Lemma 3.10 Let k > 2 and € > 0 be sufficiently small. Let V € %. be such that |V| = |X«| and
E(Xy) —E(V) > 0. Then, we actually have

E(Xs) = (V) < —AV)2(V)

where RO.(V))V - X
AV) = —=F 2 36
V)= S (30)
Proof. For V e R%, set
M(V) = R(0:(V))V — Xy = A(V) X, (37)

so that M (V) - Xo_,. = 0. Moreover, we have
M(V)- Xo = R(0+(V))V - Xo = V2(= R (0(V)V) - (= 7 X4)) = V2R (0:(V))V - X = 0,

by definition of 6, (V), see|(33)l As a consequence, M (V) lies in the orthogonal space of Span(Xo, Xo_)
and it can be written

M(V) = a(V)X, + M(V), where M(V) € Span(X>). (38)

Lemma [3.6] tells us that ZM (V) - M(V) = ¢|M(V)|2.
We start by proving
P V) = Z(R(0(V))V). (39)

Derivating #(R(0)V) = (V) and using Lemma [.7}(i), we get
R(0)' VA (R(O)V) =VH(V), R(0)'VO.(R(O)V) = VO, (V),

while

Therefore, we obtain

P(ROWV) = VuARO)V) - ZVH(RO)WV) = Ve ARO)V) - 7 ROIVA(V).

where
VAR@O)V) = —R(0(R(0 V)>TX2_(X2 R’(H*(R(H)V))R@)V) VO (R(O)V)
= —R(0«(V)—0) X2 — (Xao- R'(0:(V) = 0)R(O)V) R(O)VO.(V)
= —R(G)R(G*(V))TX2+(X2 /R(H*(V))R( 0)R(0)V) R(O)VO.(V)
R(0)[ — R(0:(V))" X2 — (X2 - R'(6:(V))V) VO.(V)] = R(O)VA(V).
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Hence, |(39)| holds. )
Let V € %.. The definition of A(V) in M(V) in and a(V), M(V) in leads to the

estimates

[ROs(V))V - Xou® _ |[(R(O«(V))V — X) - Xo | B [R(04(V))V — X,|? B e
| Xo—u|* [ Xo s/t h | Xo—s? 4

IM(V)| < [R(0(V))V — Xu| + [A(V) X2 | < 2¢,

AV)P =

la(V)[ < [M(V)] < 2,
IM(V)| < IM(V)] + |a(V)] < 4e.
Now, we perform a Taylor expansion on
PV)=PROV)V) = P(Xs + AV)Xo—y + a(V) X, + M(V)),
based on the fact that o(V) = A(V)Xo_ + a(V) X4 + M(V) is of the order of e. Hence, we get

ZV) = VAXi+oV))- /Wi”( ++o(V))

(VA(X*) + D2A(X,)o(V)) - ZD*#(Xs)o(V) + O(e)
VAX) - FLo(V) + 0(%) = =& JVA(Xy) - o(V) + O(e?)

LXoy (AV)Xo—p +a(V) X + M(V)) + O(€?)

(2 = KAV Xos* + O(2).

Accordingly, we have
—AWV)P(V) = —(2 = k)A(V)?|Xa_|* + O(3). (40)

Similarly, we go back to the difference of energies
0<E(X)—EV)=E(Xy) = EXu+0(V)) = —=ZLo(V) - o(V) + O(€)
= S LAV Ko+ V)X + (V) - (AV)Xa s+ a(V)X, + JI(V) + 6()

- _% (2= K)A(V) Xa—p — ka(V) Xy + LM(V)) - (A(V) X2 + a(V) Xy + M(V)) + O(c%)

2—-kK K 1 - ~
= == AV Xl + Sla(V)P = SZM(V) - M(V) + O(€).
We now need to refine the estimate on a(V) = M(V) - X, = (R(0+(V))V — Xy) - X«. To this end,

we use the elementary relation
0=V —[Xsl? = [ROLV))VP =X = [(R(O:(V))V — Xs) + Xuf? — | X

X
= ‘R(Q*(V))V - X*‘Q + Q(R(H*(V))V - X*) - Xy
[R(0:(V))V — X + 2a(V),

2

which yields |a(V)| < §. We are thus led to

0<&(X,)— EV) — _%(2 — A(V) X2 — %.ZM(V) NI(V) + 6(e)
< —MA(V)Q\XQ_RF + 0(e)

2
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since ZM (V) - M(V) = 0. In particular, this implies that A(V) does not vanish. We conclude by
going back to [(40) [ ]

We argue by contradiction to establish Theorem We assume that X, given by is an
orbitally stable solution of meaning that for any € > 0, we can find ¢ such that X1 € %
implies X(t) € % for any t > 0. Then, as an initial data we pick Xy = Vs as defined in
Lemma 3.8 with s < 0 small enough (see Lemma [3.9) so that |Vi| = |X|, &(Xx) — (Vi) = €4 >0
and Z(Vs) > 0. Let t — X (t) be the associated solution. By using the conservation properties of
the equation, we obtain

0< e = E(Xy) — E(X(1) < —AX(1)P(X(1)).

Since Z (Vi) > 0 and [A(X (1)) < §, we get P (X (t)) = Ce, for a certain C' > 0. We now use
Consequently, there holds

t t

Ceut < / P(r)dr / %A(X(r)) dr — A(X () — A(V2).
0 0

This contradicts the stability assumption {X(¢), t = 0} c % which implies that A(X(¢)) remains

bounded. Indeed, |A(X(t))| < |Xa| |R(0+(X ()X (t)] < [ Xo|(|R(0£(X (1)) X (t) — Xu| + | Xx]) <

[ Xa|(e + | Xa)-

N

DH(2)

4 Stability analysis for the coupled system

4.1 Linearized equations
4.1.1 Linearization about the solution |(23)|
We search for solutions of [(1){(2)| on the form of a perturbation of [(23);
uj =" (U +v;), =T+, Ly =—|Uyl'(-4)"0

Using |u + h? = |ul? + 2Re(wh) + |h|? and the dispersion relation [(20)] we arrive at the
following linearized system

d 1
i(ﬂUOZTUO_Ul+\@/nU¢OdZ7
. d LT 61d
1—UV1 = TU1 — U — g z,
TR 1 0 N 1

(01253 — A) o = —V20Re(vy),
(Clzaf — A) ¢1 = —7/20Re(vy).

It is convenient to introduce new unknowns. On the one hand, we expand the complex
unknown and consider its real and imaginary parts u; = g; + 7p;; on the other hand, for the
wave equation, we set

_ 09;

0= (—A)"¢;, wj =
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We use a block decomposition of the unknown:

() () @) ) - ),
1

Therefore, X has 8 components (qo, po, g1, P1, b0, @o, é1, 1) and is valued in R* x (L?(R™))*%.
With these notations, the problem casts as

0.X =LX,

where
Tpo — P1

1 _
—TQO+Q1—\/§/ U(—A) 1/2(,00d2
Rn
—Po + TP1
T _
LX = o —Tq1 — % U(_A) 1/2901 dz
R'n

—c(—A)2py — c/20q
c(—A)V%m,
—c(=A) 29, — e\ 210
The following statements bring out the basic spectral properties of L and makes the sym-
plectic structure appear. In terms of stability analysis, it implies that the linearized system
is stable provided o(L) < iR. However, the identification of the eigenvalues of L is now
not as direct as the asymptotic problem. The symplectic structure will be crucial to decide

whether or not the equation is spectrally stable.
Proposition 4.1 Let us denote by X the vector constructed from X by changing the compo-
nents p; and w; into —p; and —w;. Let (A, X) be an eigenpair of L. Then, (—)\,X’), (A, X)

and (=N, 5() are as well eigenpairs of L.
Moreover, we can write L = Z.2Z with ¢ a skew-symmetric operator and £ a self-
adjoint operator.

Proof. The first part of the claim follows by direct inspection and using the fact that L
has real coefficients. Next, we introduce the following block-wise operator ¢ and its formal
inverse ¢

Fs 0 0 0 0
S A R A S
o 0 0 Zw 0 0 0

where



We obtain .
—q1 + Tqo + —\/5 0(—A)_1/2g00 dz
R”l

TPo — D1
—qo +Tq1 + \;5 /R o(=A)"V2pdz
ZX = JLX = 1 _2190 N Tpl_1/2 (43)
N B 5ot @(—A) 4o '
1 T§w0
ot @—A)*/Qaql

We can readily check that (ZX|X') = (X|£X’) holds for the inner product (X|X') =
im0 G + PP + Jun (060 + w7)) .

The change of unknowns ensures that .Z is self-adjoint and, moreover, that the product
(LX|X) does not involve derivatives of ¢, or w;, a property that will be useful later on (see

Section . ]

A natural attempt to locate the eigenvalues of L would rely on a asymptotic argument
from the simplified problem [(26)] However, this program faces severe difficulties. We have
seen that the eigenvalues of the asymptotic problem lie in ¢R; we would like to decide whether
the eigenvalues of the coupled problem with finite wave speed ¢ stay on the imaginary axis
or split into branches with nonzero real parts. The coupling with the wave equation induces
obstructions to asymptotic arguments (as for instance in [13]) that can be described as
follows. Let us introduce the function

GRS
620%’”6‘/Rne+|5|2<2w>n'

We have 0 < k. < k and, by applying the Lebesgue theorem, we can check the continuity

of € — k.. However, it fails to be differentiable in general since i Li(%'j = — (Eli(éfé; is not

integrable when € = 0 without introducing further restriction on the dimension n (as & — 0

it behaves like %) This explains why the expansion of the eigenvalues as power series

of 1/c is misleading. Let us go back to the function

o _ G df 7(&)I? d¢
A=atibeCr— i = /R N+ R 2 /R 2iab + a2 — 0 + [€]? (2m)"”

that we now define on the complex plane. The definition makes sense, except on the imagi-
nary axis a = 0. Let us set A = a®> — b? and B = 2ab. Since ¢ is radially symmetric, we are

led to consider the function
®© X(r)
P(A. B) = _
(4.5) /0 iB+ A+
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with X(r) = |o(r)[*r"~ 1. Tt is well-defined for B = 0, and A > 0, and for any B # 0, A € R;
the difficulty is to deal with B = 0 and A = —pu < 0. The lack of continuity near the
imaginary axis is illustrated by the following Plemelj-like formula: for A < 0 fixed, the limits
B — 0% do not coincide. It reflects the jump discontinuity in the resolvent function of —A
at the spectrum.

Lemma 4.2 Let i > 0. Then, we have

50) S
NG RN

For the sake of completeness, the detailed proof is provided in Appendix [B] The statement
can be expressed by means of the limited absorption principle for the wave equation. This
difficulty we are facing can indeed be explained by coming back to the the wave equation,
which has an essential spectrum lying all along the imaginary axis. As we shall detail below,
we need to discuss Helmholtz-type equation (A — A)u = f. The equation perfectly makes
sense provided A € C\(—o0,0]. For negative A, in dimension n = 3, this leads to consider

ug(z) = [ % f(y) dy which both define solutions of the Helmholtz equation, with a
different behavior at infinity. These solutions can be obtained as the limits of (A +ie—A)~Lf
as € — 0. Hence the resolvent operator is not well-defined, and the functional integrals that

one would like to apply as in [I3] are misleading.

+a0
lim P(—p, B) = P.V./
o (r—

B—0*

Let us further illustrate how the difficulty shows up. Searching for eigenvalues of L, we
are led to the following nonlinear equation for A € C (see the detailed computations in
below)

A +4— 27k 2 = 0. (44)

We wonder whether or not there exists a solution A = a+ib with positive real and imaginary
parts. Hence we set A = a? — b? and B = 2ab. The latter is supposed to be # 0 and we are
thus led to investigate the zeros of the function

(A+ ClEP)BE)P de
A+4_%§4NA+§MW+BN%W

5O aé
1+%4MA+§HW+BN%W

F: (A B)eR* —

We do not find explicit solutions for the relation F'(A, B) = 0, but the problem can be inves-
tigated numerically, based on the Newton algorithm. Note however that the Jacobian matrix
VF(A, B) becomes singular as B tends to 0, making the problem stiffer as the solution A
is getting close to the imaginary axis. Fig. [5| displays the zeros of F' in the (A, B)-plane,
for several values of the wave speed ¢. As ¢ becomes large, we see that the zeros tend to
the eigenvalue of the asymptotic problem, which lies on the horizontal axis. It confirms the
intuition that the eigenvalues of L for the coupled problem do have a real part, thus leading
to instability, and they should converge as ¢ — o to the purely imaginary eigenvalues of the
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Figure 5: Numerical identification of the zeros of F' for several values of the wave speed
¢ (k = 0.5604 and 7 = —1). The cross on the horizontal axis indicates the coordinates
corresponding to the eigenvalue of the asymptotic problem.

asymptotic problem.

For these reasons, we are going to deduce spectral properties on L from the spectral
analysis of .Z, as proposed in [7]. Indeed, the spectral analysis of the operator .Z is easier;
at least we know that the spectrum embeds into R due to the self-adjointness character of
Z. The spectral properties of the operator . are summarized in the following statement.
Note that, due to the coupling with the wave equation on the whole R", there is a non-empty
essential spectrum. From now on, we denote by 0 = (0,0,0,0).

Theorem 4.3 Let £ be the operator defined by|(43)|. Then, the following assertions hold:
1. Ker(.¥) = Span(Xy), with Xoq = (Sp,0), So = (0,1,0,7);
2. 0es( L) = {1/2};

3. If T = 41 and 0 < Kk < 2, £ has one negative eigenvalue, associated to a one-
dimensional eigenspace; if T = +1 and k > 2, £ has two negative eigenvalues, as-
sociated to one-dimensional eigenspaces; if T = —1 £ has three negative eigenvalues
associated to one-dimensional eigenspaces;

4. Given Yy a solution of LYy = — _# X, we have (—_# Xo|Yy) < 0.

Proof. The operator .Z being self-adjoint, its spectrum lies in R. Let us study the solutions
of X = )\X.
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In particular, we have Aw; = w,;/2. Hence, when A\ = 1/2, any X = (0,W), with
W = (0,7,0,0) or (0,0,0,7), 7 € L*(R"), lies in Ker(.Z — 1/2). Furthermore, we also have

(/\ - ;)%00 = \%(‘A)I/ZUQM

Next, we can write

A —-1/2 dz = 0'(70] —1/2 . dz.
\/R;no-( ) 90] < ( ) /Rn ’§| g / O-SD] <

Hence, when A = 1/2, any X = (0,W), with W = (4,0,0,0) or (0,0,%,0), p € L*(R")
orthogonal to (—A)™Y2¢, lies in Ker(.£—1/2). Therefore, for A = 1/2, we have fully identified
the eigenspace which is infinite-dimensional. Reasoning by a contradiction argument, based
on Weyl’s criterion, we can show that there is no other values in the essential spectrum of
Z, see [16].

From now on, we suppose A # 1/2. It allows us to infer @y = w; = 0 and

(—A)""Pog (—A)oq

SENC T N V) R NG TP S V)

Consequently, bearing in mind [ o(—A)"'odz = k, we obtain the following 4 x 4 system for
S = (CIO7P07C]17P1)7

K/2
-1
T+ 12 0 0
\S — 0 T O,i/2 —1 g
—1 0
TN C12
0 -1 0 T

We remark that the relations for (go,q1) and (po, p1) are uncoupled. We start by observing
that Apg = 7py — p1 and Ap; = —pg + 7p1 which admit nontrivial solutions provided

A=7)=1=XXA-27)=0.

Hence, 0 and 27 are eigenvalues for . with Span(0, 1,0, 7,0) < Ker(.%¢), and Span(0,1,0,—7,0)

Ker(.Z — 271), respectively. We turn to the equations for (qo, ;) which admit nontrivial so-
lutions provided

<A_T_Ai/f/2>2_1: <A_T_Ai/f/2_1><A_T_Ai/f/2“> =0

This holds iff (A—1/2)(A—7—1)—k/2=00r (A—=1/2)(A—7+1) —k/2 = 0. We distinguish
the two cases:
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o If 7=+1, weget ( A—1/2)(A—2)—k/2=0o0r (A—1/2)A — k/2 = 0;
o If7=—-1 weget ( A—1/2) A —k/2=00r (A—1/2)(A+2) —k/2=0.

In both cases, with the second order equation (A — 1/2)A — /2 = X\ — \/2 — k/2 = 0, we
find the following eigenvalues of opposite signs

12+ 1/4+2/<;E
N 2

Moreover, from (A —1/2)(A —27) — /2 = X2 — (1/2 4+ 27)A\ + 7 — /2 = 0, we find

A

o(ZL).

12427+ /(12 -27)% + 25
B 2

A eo(L).

Hence, when 7 = +1 with 0 < k < 2, this gives two positive eigenvalues; when 7 = —1 or
7 = +1 with K > 2 we obtain two eigenvalues of opposite signs.

Finally, — ¢ X reads (—1,0,—7,0,0). It is orthogonal to Ker(.Z) = Span(Xy) and it
makes sense to consider the equation .£Y, = — _# Xj. Imposing Yy € (Ker(.£))*, we find

Yo = i (1,0.7,0, = V2(~2) 26,0, - V2(~2) 20,0).

Accordingly, we get (—_# X,|Yy) = —2 < 0. (This product is left unchanged by adding to
Y, any element of Ker(.%).) n

4.1.2 Linearization about the extra solutions when x > 2

Let us now assume x > 2. We use the same notation as in |(28)} Considering a perturbation
of the solution given by (25)] the linearized equations read

10;v9 = Avg — v + a/ oppdz,

n

10,01 = By — vg + 5/ opdz,
R
612@2@250 — A¢g = —a20Re(vy),
;é’fqbl — A¢y = —[F20Re(vy).
With the change of variables
(vj, = ¢; + ipj, ¢5) — (q]‘apjy%' = (—4)"¢;,w; = at?)

we get
&‘tX - LX
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with
Apo — p1

—Aqo+ q1 — a/ (—A)’I/Zagoo dz
—po + Bp:
LX =| ¢go—Ba B[ (wA) " op dz

c(—ﬁ)l/zwo
(D)2, — 2cacq,

c(—A) Y%,
—c(=2)p; — 2cfoq

Weset L= _¢.2, with ¢ defined by and

Ago— q1 + a/ (—A)_l/Qagoo dz
Rn
Apo — p1
Bq — qo + ﬁ/ (—A)_I/Qcﬂpl dz
R"L

—po + By
ZLX =
2t a(-A)" 2o,

o

(45)

We readily obtain the following analog to Proposition (4.1}

Proposition 4.4 Let us denote by X the vector constructed from X by changing the compo-
nents p; and w; into —p; and —w;. Let (A, X)) be an eigenpair of L. Then, (—)\,)V(), \, X)
and (=N, X) are equally eigenpairs of L.

Moreover, we can write L = .2 with ¢ a skew-symmetric operator and £ a self-
adjoint operator.

The next step consists in studying the spectrum of the self-adjoint operator.

Theorem 4.5 Let £ be the operator defined by [(45)] Then, the following assertions hold:
1. Ker(Z) = Span(Xy), with X = (So,0), So = (0,1,0, A);
2. 0ess(L) = {1/2};
3. % has one negative eigenvalue, associated to a one-dimensional eigenspace (n(L) =

1);
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4. Given Yy a solution of LYy = — 7 X, we have (—_# Xo|Yy) < 0.

Proof. The proof of the second item follows exactly the same lines as in Theorem We
also readily check that Ker(.#) = Span{(0,1,0,4,0)}. We have — 7 X, = (-1,0,—A4,0)
and solving 2Y, = —_# X, with Y; € (Ker(.2))™* yields

1

Y=o B

(=1,0, A,0,20(—=A)"205,0, —2A8(—A) 25, 0), (46)

and thus we get (Yy| — _#Xo) = —4 < 0.
We now study the eigenvalues A ¢ {0,1/2} of .Z. We arrive at the matrix system

B

A+——+ 0 —1 0
A—1/2 o o
~1 0 B+ ol® N
A— 1/2 b1 D1

0 —1 0 B

The equations for (pg, p1) and (go, ¢1) uncouple. The former leads to the relation
AA—A—B)=0

which gives the eigenvalues 0 and A + B = k. The latter leads to the relation

OZ(A+)\_Bl/2—>\) (B+)\_Al/2—>\)—1

1
@1 (AN' —4(A+ B+ 1N + N + (44* + 4B* + A+ B)A — 2(A - B)?)
1

M (AN —4(k + DX + X + (44> + 4B* + k)X — 2(A — B)*) = mP(A)

with P a fourth order polynomial. Descartes’ rule of sign then tells us that P has exactly
one negative root, see Fig. 6l We have thus proved the third item in Theorem [4.5] n

4.2 Spectral and linearized stability

We start with the study of the spectral stability of the solution |(23)| of [(1){(2)} Let £ be
defined by [(43)l According to [7], we introduce the operator

M=—-JZL 7, A=2Pu2,
where &2 is the orthogonal projection on (Ker(.#))*, and we set

K=2%'P.
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Figure 6: Graph of the polynomial function z +— P(z) for several values of Kk (k €
{2.01,2.1,2.3,2.4,2.5}).

We are interested in the generalized eigenvalue problem
MX =X, LX=X.

Recall that X has to belong to (Ker(.Z))" and we need to compute the product (KX|X) =
(X|X), which is thus left unchanged by adding to X an element in Ker(.Z). Hence, X can
be chosen in (Ker(.Z))*. Solving the generalized eigenvalue problem amounts to solving

Tqo — q1 = [4qo, Tpo—p1+0\/§/ owodz = ppo,
R’ﬂ
— Qo+ Tq1 = pq, —p0+7p1+70\/§/ owdz = pp,
Rn
2c*(—Ago) = o, 263 (—Awy) + ¢V 20py = pcoo,
202(_AS01) = M@l, 2C2(—AW1) +7C \/Eo-pl = Mﬁlv
coupled to
~ ~ 1 -1/2 ~ ~ ~
TCIO—Q1+W o(—A) ©o dz = qo, TPo — P1 = Po,
Rn
—§o+7q~1+i o(—A) g dz = —Ppo+TD1 = D1
V2 Jgn ’

¢o 1 —12 - @0
0, (A - “0

9 + \/5( ) 0qo = Yo, 5 o,

01 T —1/2 _~ w1

4+ —(=A = — = .

7 + \/5( ) Foq = e, 5 w1
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This leads to the following relations

( I A) 1 ( ! A) 1
- _ Wy = ———=0 - 5 Wy = —T—50
C2 0 C\/§ Do, C2 1 C\/§ P1,
and
(_ C% _ A)@O _ —\/§<—A)1/20q0, (_ % _ A)@l = —7T ﬁ(_A)1/20'(jl'

When p < 0, these equations can be solved by means of the Fourier transform and we
get

S 1) T8
=) = e O e
~ V2B ~  T2E5(E) .

Y= —7 772 290 Y1 = q1-
|ul/e® + €12 ul/e® +1¢12

It follows that

1 12 - GEF  d¢ 7 127 -

— o(—A)72 dz=—q/ , o(—=A)"2¢ dz = —Gi Ky e,

V2 Jo TR TR e R e Ve TR T
Ful/e?

c\/i/ (ool dz = —po,%w/cz TC\/?/ (oxevh| dz = —p1/<.:|u|/cz.
R™ R™

With the matrices defined in|(32), we are thus led to

M, Po) _ (Po : M, . Do
P1 P1 lul/e \ p1
M, Lzo _ [ ’ M, Q) _ " CZO .
/e \ 1 G o5 1
Since M,

2 My = MOM,QWCZ, we deduce, like for the asymptotic model, that u < 0 should
be such that det(MyH/, — pI) = 0. This condition leads to

K
|sl/c?

I

=
VRS
’Fz ’gz
N——

together with

0=(2—7h, +7¢%)° = (K, —27)% = (2 — Thy +YC* — Ky + 27)(2 — TRy + 7 + Ky — 27)
=7 (2(2 — TK,) + vP)

where we set 7 = — % = L%' When 7 = —1 or 7 = +1 with 0 < k < 2, we have 2(2 — 7x,,) +
v > 0 for any positive ~, hence there is no solution to this equation: in these cases we have
N, =0.If 7 = +1 and s > 2, it is thus required to make the nonlinear quantity

2

F(y) = _g(’@'y_m
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vanishes. The function F' is continuous, increasing from (0,%0) to (=3 (xk — 2), +0); hence
there exists a unique 7. = —% > 0 such that F'(y.) = 0. Finally, we have to compute
(KX, X). Since X € (Ker(.£))', PX = X and (KX, X) = (X, X). Using the equations for
(Go, q1) and (po,p1) together with y.c* = 2(k,, —2) > 0, we deduce that the eigenvectors
associated to u. are such that ¢ = —gy and p; = —pp. On the one hand, choosing ¢y = 1
and py = 0, we have

‘. (1,0, g <_ mra(@) e (ﬁma@) ’O>
Ye + 1€ Ve + |€]?
N R N A G S A L )
X‘(2 e O i = 2,0, T3 (%+|5|2+ ra)’o’ Nod <%+5|2 |£)’O>

so that
v BER  BEP Y de
(X, X) = ~2m 2”2/Rn<<%+|5|2>2 %+|5|2> 2y

e BEO)P e
T~ 2% / (et 1622 2y =V

On the other hand, choosing ¢, = 0 and py = 1, we have

x:(o,l,o, 10,22 ( 3(6) )Off < 5(0) ))

ot IEP Yo+ IEP
) ) _i ( 3(¢) ) V2 ( o) ))
X = (0,2,0, 2,0,—==F et 6P 0= Ve + [€]?

so that

~ 8 (&) d
(X, X) :4+2/ ’0(5”2 oy,
& Jan (e + [€17)% (2m)"
We can conclude N, = 1.

When p > 0, the symbol mQ
forces to set pg = p; =0, and ¢y = q1 =0, so that wy = @ = 0, and ¢y = ¢; = 0. It implies
g = ¢ = 0 and py = p; = 0; there is no nontrivial solution of the generalized eigenvalue
problem with p > 0, that is N7 = 0.

> has a singularity which is not square integrable; this

For u = 0, the equations reduce to

7@ —q1 =0 ™00 — p1 + V2 | owedz =0,
Rn
—q+7q1 =0, —po+7p1+70\/§/ ocwi1dz =0
]Rn
2c%(—Agpg) = 2¢%(—Awy) + ¢V 20py = 0

0
22 (—Apy) =0 2¢%(—Awy) + TcV20p; = 0
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It yields ¢y = ¢1 = 0 and wy = —ﬁ(—A) opy, W = —— (—A)*lapl, hence the systems

n)e )-c

= 7qo. As a consequence X is

( I Xo)| = I Xo) as (— 7 Xo|V0)

| — 7 Xo) < 0 and we conclude that

Solving these systems, we obtain pg = 0 = p;
proportional to —_# X,. Reinterpreting (KX, X )
with Y; given in Theorem [£.3] we obtain (K(—_# X,
N? =1.

To sum up, we have the following

Oif rT=—1lor7=1andk < 2,

N’=1,Ny=0and N, ={
lifr=1and k> 2.

We remind the reader that the spectral stability means that the spectrum of L is contained
in iR. To derive information about ¢(L), we use the counting argument of |7, Theorem 1]
(see also [28]) which asserts that

N, + N. + N + Ng+ = n(Z).

The presence of spectrally unstable directions corresponds to N,; # 0 or No+ # 0. Gathering
the obtained information, we infer that

eifr=1and k<2, N, =0and Ng+ =n(Z)—1=0;
eifr=1andxk>2 N, =1land Ne+ =n(Z)—-1-1=0;
e ifr=—1, N, =0and Ng+ =n(¥)—-1=2.

Accordingly, we conclude with the following claim.

Proposition 4.6 Suppose 0 < k < 2 and let T = +1. Then, the reference solution|(23)| of
is spectrally stable. If T = —1 or 7 = +1 with k > 2, the reference solution |(23)| of

is spectrally unstable.

This result is illustrated in Figure [7| (complemented by Figure |8 about the non linear
system). Inspired by the asymptotic problem, see Proposition and Figure , we guess
that the linearized stabiltiy requires suitable orthogonality conditions. Indeed, we can check
that Ker(L) = Span(0,1,0,7,0) and Ker(L*) = Span(1,0,7,0,0). In particular, denoting
¥ = (1,0,7,0,0), we have -L(X|¥) = 0, and in order to prevent grows of the linearized
solution, we select initial data such that (X, |¥) = 0, which reduces t0 @init.0 + T¢nit,1 = 0.

When k > 2, a similar statement holds for the solution |(24)}

Proposition 4.7 Suppose k > 2. Then, the reference solution |(25) of- s spectrally
stable.
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Phase portrait 7=-1

Phase portrait =1

0.1 -0.05 0 0.05 01 0.15

(b)

o 0.15f

Figure 7: Simulation of the linearized coupled model: phase portrait at 7" = 100, for k = 1.1
with 7 = —1 (a), with 7 = 1 for well-prepared initial data (b), with 7 = 1 for ill-prepared
initial data (c), and with k = 2.0688, 7 = 1 at T" = 150 for well-prepared initial data (d).
The circled points indicate the initial state, the cross indicate the final state

Proof. As before, we are concerned with the generalized eigenvalue problem .Z X = X,
ZX = X with X, X € (Ker(£))*. It now takes the form

Ago — q1 = 11go

—qo + Bq1 = uaq,

2¢*(—Apo) = o
23 (— A1) = pg,

Apo —p1 + 2040/ owodz = pupo,

n

—po + Bpi + 250/ ow dz = pp,

Rn

2c*(—Awy) + 2acopy = oo,
2¢*(—Awy) + 2Bcop, = pio,



Figure 8: Simulation of the coupled model: phase portrait at 7' = 700, with 7 = +1 (a, c,
e), with 7 = —1 (b, d, f), and several values of k: k = 0.193 for (a, b), k = 1.58 for (c, d),
Kk = 2.42 (e, f). The circled points indicate the initial state, the cross indicate the final state

coupled to
AGo — q1 + O‘/Rn o(—A) 2@ dz = g, Apo — P1 = po
—qo+ Bqi + . o(=A)" @1 dz = g1, — Po + Bp1 = pu,
% +a(—=A)0g = ¢, % = wo,
% + 5(_A)_1/20(11 = ¥1, % = w1
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As before the operator (—% — A) plays a crucial role. In particular, if g > 0 it cannot
be inverted so that the possibility to find nontrivial solutions with g > 0 is exluded. As a
consequence, N;f = 0. When u < 0, we have

(—A - %) Wo = —gffpo; <—A - %) w1 = _éaph
c

and

(-2 -5) @ = —20(-2)"204,, (-a-5) &= —26(-0)"0q.
Setting v = —%& > 0 and &, as before leads to the following systems of equations

A — 202k, -1 Po .y Po A =1\ (Po\ _ (o

-1 B —23%k, ) \m p1)’ -1 B ) \m p1

and

GO0 ()66
-1 B a1 ks (j1 ’ -1 3_262’%7 q~1 B q1 '

As before, u < 0 should be such that

A -1 A—2a2/<a7 -1
(4 B) (VT 5 e ) ) 0

This condition is equivalent to

A -1\ [A-28k, —1
o-aa (5 %) (" b))

B Ak =25 —k+2A% 9
= det ((—/1-1-23':’ Br — 2% > e H>

K

= (AK; _ oM + 702> <B/€ ol 762) — (23& — /4) <2Aﬁ — m)
K K K K

= (A + B)ryc® — 4%702 + (yc)? = ve? (/‘62 — 4% + ”yCQ>
= yc? (n2—4+4<1—%> +’ycz>

where we use A = 3%k, B = ok and A + B = k. However, since k > 2 and k > k., for any
v > 0, we have

ve? <l€2—4+4<1—@>+’702> >0

K
so that NV = 0.

Finally, Theorem tells us that N = 1, while n(.#) = 1. Applying the counting
argument, we conclude that Ng+ = 0. [ |
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4.3 Orbital stability

To discuss the orbital stability of solutions to|(1)H(2), it would be useful to write the system
in a more convenient way by means of the change of variables

. o,
uj = q; +ipj, @5 = (=), w; = tcj'

Hence, (2)| reads as

d -
o =P~ + po/ (—A)opedz  dipy = c(—A) P
Rn
d -
= wt e [ (-8) Popeds dm = —e(~A) g — collal + lmP)
“ (47)
A =pi—po+ (=A) opidz Oy = c(—A)V?
dtql =P1—PoTDP1 - op1dz tPr = ¢ w1
d
PR +qo — Q1/ (—A)Popidz g1 = —c(—=A)o1 — co(|gal* + ;i)
and it can be written as
X = JNHsw(X) (48)
with X = (S, W) € R* x (L*(R"))* as in|(41), # defined by and
—q*+lpo—mf 1
A () = L= DL 2 (e o + gl + i) i
1
+ 2/ (=2)2a(o(aol® + pol*) + ¢1(|aal® + |paf*)) dz. (49)
Next, we denote by F(S) = @ = w and introduce the functional

&(X) = Hsw(X) +wF(5)

which is thus conserved by the dynamical system |(48), Let X, = (S, W) one of the special
solutions described in subsection In particular, Sy = (Qx0,0, Q41,0) with

(g?) _ \}i C) Cw= T =1 for|(23) (50)
(g?) _ <g> . w=#—1 for|(25) (51)

and Wi = (¢ox, 0, p14,0) where ¢, = —|Qu;]2(—A) 20,
Adapting the argument used for the asymptotic model, we consider the level set

S ={X = (S, W), F(S) = F(S,) = 1/2}.
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and its tangent set given by
T ={(S, W), VF(S,)-S = 0}.

Note that (S, W) = (qo,po, q1,p1, W) € T if and only if Q.0q0 + Q+1q1 = 0. The orbit
associated to X, is given by

0 = { (S, ~1QuP(~2) 5,0, -1Qu[*(~2)6,0), S = RO)S., 6 <R}
and (T0)* is made of (S, W) with S = (qo, po, g1, p1) such that Q.opo + Q«1p1 = 0.

Remark 4.8 In contrast to the observation made for the asymptotic problem in Remark[3.3,
and to a common property of Hamiltonian systems, here the phase invariance property holds
in a restricted sense: the energy J(X), and &(X) as well, is left unchanged when changing
X = (S,W) into (R(0)S, W), where the rotation R(8) acts only on a part of the variables.

The Euler-Lagrange relation for the coupled problem can be reformulated as
V&(X,) =0 (52)

and .Z, defined in or , corresponds to the Hessian of & evaluated at X, given by
or respectively. We wish to establish a coercivity estimate, on a certain subspace,
for the quadratic form X — D?&(X,)(X, X). This is a crucial property for establishing the
orbital stability. A straightforward computation gives, for any X € T.% n (T 0)*,

Qs _ Q-
D2<§(X*)(X, X) = 0 ;Q(Q) — q190 + 2Q+0q0 (—A) 1/20'§00 dz + 0 ;pé — P1Po
1 Qo @ — qoqi + 262*1611/ (—A) Vopidz + Q*OP? — pop1
Q*l R™ Q*l

1 1
+ 5(“900\\%2(Rn) + ||901||%2(Rn)) + §(HWOH%2(Rn) + HWIH%Q(R"))

where we use the fact that (1 — |Q.o]*k + W)Quo = Qw1 and (1 — |Qu1*k + W)Qu1 = Quo-
Now, since X € T. n (T'O)*, we have Q.oq0 + Q+1q1 = 0 = Qwopo + Qs1p1, S0 that

1
Q*OQ*l

+ 2Q*1CJ1/ (—=A) opdz + (
R7L

D) = (g ) )+ 2Qum [ (-8 o d:

n

1
Q*OQ*l

1
+ 5ol Zaen + lo1lz2@n) + 5 (10l Zen) + 1 172n))

) (po + 1)

| —

By virtue of the Cauchy-Schwarz inequality;,

21Qu ;] / (—A) Pop, dz

K
< 2Qujllgs| VElpilie < Z|Quil*g; + ellgsze
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for any € > 0. Therefore,

D)X > (g — S0P i+

1 _ Kk 2\ 2
Q*OQ*l Q*OQ*I € ‘Q1*| > h

1
)G+ + (5 ¢) Goolian + lonlian)

1
+
<Q*OQ*1
1
+ §(Hw0||%2(Rn) + o1 |22 @) (53)

Assume that X, is such that (Qo, Q+1) is given by [(50)} Then Proposition [4.6] implies that
X, is spectrally stable only for 7 = 1 and 0 < k < 2. In this case, reads as

K 1
D)X > (2 50) @+ )+ 208+ + (5 - ) Qonltsen + orlEren)
1

5 Um0l z2@n + | lZ2eny) = ClOI X

with C(e) = min{ (2—£), (3 —¢) }. Note that C(e) > 0 provided € is chosen such that
T<e< % This leads to the orbital stability of X, given bywhen T=1land 0 <k < 2.
Note that if 7 = 1 and k > 2 or 7 = —1, then the quadratic form X — D?&(X,)(X, X)
has no definite sign on 7. n (T 0)*.
Next, let > 2 and let X, be such that (Q.o, Q«1) is given by[(51)] Then Proposition [4.7]
implies that X, is always spectrally stable. In this case, reads as

K K
D*€(X,)(X,X) = (fi - 2042) @ + (H — ;62) qi + k(ps + p7)
1 1
" (2 - ) (lolZaqeny + BolBageey) + 3 (10l3age0) + 132y

where we use that aff = % Next, we consider separately the cases 7 =1 and 7 = —1.
If 7 =1, we write ¢; = —%qo so that

12
D2E(X,)(X,X) =k (52 ~~a ) a5 + #(p + pl)

1 1
+ (53— ) Qulaany + ForlEsany) + 310l + It )

K 2 a2\ , K 2\ , s 9
:@ <€—K2> (1—52> %‘FE (6_/@2) qi + K(pg + pi)
1 1
; (2 - ) (ol + 1 3any) + 5 (I0lan + 21 [Bageey)

a2

< = which is possible since k > 2 and since 7 < 1, we obtain

By choosing % %
|X|? with C(€) > 0 and for any X € T. n (T O)*.

D28(X,)(X, X) = Cle
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If 7 =—1, we write ¢y = —gql so that

) K 2\ , K 2 2\ 2 2
D*EX)X,X) = e= S )ai+ - (e— 5 ) (1- 5 ) af +w(pf + D)

a“e

1 1
+ (5= ) QulEaan + ForlEsany) + 300l + 11 B

and we can conclude as above.

4.4 Instability

In this section we study the nonlinear instability of the solution X, given by whenever
7T=—lor7=1and k > 2, i.e. whenever X, is spectrally unstable. To this goal, we use
again the same change of variables as in the previous section so that [[1}(2)| reads as [(47)]
Note that the reasoning of [29], as described in Section , can be applied only in the case
7 = 1and k > 2, the Morse index of .Z being larger than 2 when 7 = —1. Hence, we are
going to apply the general result described in [32] to treat both cases at the same time. The
instability analysis is of different nature than in Section [3.4f In Section [3.4] the method of
[29] relies on the spectral property of the self-adjoint operator .Z; it shows a linear growth
of the perturbation by using the energy conservation, but it requires a strong assumption on
the dimension of the eigenspace of unstable directions. Here, the arguments of [32], which
has been extended to various type of nonlinear Schrodinger equation in [8 [14], uses the fact
that L admits an eigenvalue with a positive real part. This property can be deduced from
the counting argument. As in [32], starting from the worst linearly unstable direction, we
construct an initial datum close to equilibrium such that the corresponding time evolution
exits a neighborhood of this equilibrium in a finite time.
We start by observing that the linearized operator L satisfies

1
V2 Jgn

The Cauchy-Schwarz inequality yields
(LX]X)] < 2(v/K/2 + ¢ V2|0 r2em) | X

As it will be detailed below, the operator A —L is onto for sufficiently large (real part of) A’s.
Accordingly, we can apply Lumer-Phillips’ theorem [31), Th. 12.22] to the linearized equation

0 X =LX.

(LX’X) = (—A)_1/20(900p0 + T1p1) dz — C\/E/ o(woqo + Tww1qr) dz.
RTL

It can be formulated as the existence of the semi-group t — e, which satisfies the continuity
estimate: there exists A > 0 such that for any ¢t > 0, || < e*. For further purposes, we
denote

Ko =sup {|le"],0 <t < 1}.
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Then, we consider the evolution of a perturbation of X, according to the dynamical
system |(47). More precisely, we set

q . i + q. B »

<qj.) = R(wt) (Q - qJ) , P = Pxj + @5, W = w5

pj p]

From |(47), we deduce that the perturbation Y = (qo, po, g1, P1, Yo, @o, ©1, w1) satisfies
8Y =LY + F(Y)

where the nonlinear remainder reads

Do / a(—A)’l/ano dz
Rn

—qo / a(—A)_l/ngo dz

Rn

1 / 0(—A)_1/2<,01 dz
Rn

—q1 / U(—A)_mgpl dz

R™
0

—co(|pol* + [aol*)
0

—co(|p1* + |q[?)

The orbital stability of the solution |(50)| to is rephrased in the orbital stability of 0
for this problem. More precisely, we shall obtain the critical estimates by using the integral
formulation

t
Y(t) = Vi + / P (Y (5)) ds (54)
0
of the problem. The application of the reasonings in [32] relies on the following estimate
Lemma 4.9 There exists C > 0 such that for any X, we have |F(X)| < C1|X|?.

Proof. In order to estimate F'(Y), we make the following quantities appear

2
(Ips* + 1a;1?) (/ (—A) oy, dZ) < k(lp]* + !ij|2)H90jH%2(Rn)
Rn

and
(IpsI* + \61j|2)2[R |o|* dz = ||o |72 @y (51 + 1g51%)*.

It leads to the asserted conclusion with Cy = 2(\/k + c|o||r2@n)).

Next, we need the following information on the spectrum of L.
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Proposition 4.10 o(e*) = ™.

This statement strengthens the embedding exp(o(L)) < o(e") which always holds. It is
not a prerequisite but it simplifies the argument, see [32]. According to Gearhart-Greiner-
Herbst-Priiss Spectral Mapping Theorem, see e.g. [30, Prop. 1] (in fact, we use the criterion
in the same form as in [I5, Section 2]), the proof relies on a uniform estimate on the resolvent
(A—L)7!, as Im()\) — +oo with Re(\) # 0 fixed, that we are going to establish. We denote

H =R* x (L*(R™))*

endowed with the norm

| X e = \/|CI012 +1pol® + lqul? + Ip1l* + 0ol Z2@ny + [@olfe@ny + €117 2(mn) + [@1172(gn)-
Let A € C\{0} and for a given data X', we consider the equation
(A—L)X = X',
that is
Ago — Tpo + p1 = q07
Apo + Tqo — 1 + \f (=AY V2opdz = pi,
Rn
Aqu+po— TP = qy,
T _
M1 —qo+ 71+ ——= | (=A)V20p dz = pl,

2 Jo

)\SOO - C( A)l/Q ng?

PN e )mgpo + c\20qy = @),
M1 — o(=A) Py = ¢,

Aoy + ¢(— A)l/zgol + 1c20q, =

Therefore, we get

—A)12 , ~A)L2 ,
wo = <C>(As00 —©0), w = (C)(Asol — 1),

which allows us to write
A2 A
(5 = 2) %0 = 5b + (=0)"m) — V2(=1)"0g,,

(%~ 8)or = St + (-A)2f — 7 v2(-2)Pog,

c2

We solve these equations by means of Fourier transform. Note that this makes the symbol
)\72 2 . . . P .
( = +§ ) appear. However, it does not vanish outside of the axis iR. Hence, we still can use

the function |A(§)’2 ac
o

R —— = .

2 € CNIR — £ / 2t [6F 2m)
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As consequence, we arrive at the reduced system:

AGo — Tpo + P1 = qp,
Apo + Tqo — q1 — Kx2/e2qo = So,
Aq1 +po—Tp1 = qi,
Ap1 — Qo + Tq1 — Kx2j2q1 = Sh,

where we have set

1 [ sOwe) A A 5(E)gp(€)  de
So =7 ﬁ/ Xje (€2 2m)r T Ve / (/e + [gP)le] @mm (55)
Sy T / BOF(E dE A / B(E)¢i(©)  de

LTV2 S X ER M V2 e ()2 + [E2)E] (2m)r

Since
Mao +7a1) = qo + 7q1,
we obtain (! 3
+ 7
Apo + 27qo — Kx2/e2qo = Sp + 7%7)\(]1,
/ + /
/\pl - 2(]0 + TRX2/c2q0 = Sl - 7'(7' — ,@\2/02)@0)\7—(]1)‘
It eventually yields
(g6 + 7¢1)

(N + 4 —2TkKx2se2)q0 = Agh — (S1 — 7S0) + (2 — Thz)e2) : (56)

A

In particular, setting X’ = 0, we obtain the relation introduced above for studying the
eigenvalues of L. Next, we are going to use the following elementary claim.

Lemma 4.11 Let A = a + ibe C, with a and b reals. If |b| = /3|a|, then, for any e = 0 we
have
| < v2 | < V2
A2 +el NP A2 +e By
Proof. We write A = re? with r = +/a2 + b2, so that

1
eWr2  e—ie

1
efr + e=We/rl

=
A2+l

et
’ A2 +el

Now, we re-organize
€072 4 e~ P2 = r* + € + 2r%e cos(26)
(r?—e? o4

- 2

=

2 2
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where we have used that, by assumptions on a, b, | cos(f)| = \/JS‘W % It thus implies
< V2 | V2
A2+ € 72 A2 +e r

This allows us to estimate the resolvent (A — L)~}

Lemma 4.12 Let A = a +ib e C, with a # 0, |b| = /3|a|. Then, there exists a constant
C. > 0 such that the quantities So, Sy in|(5d)| satisfy

1551 < Cal X'|e

Proof. The only difficulty is to estimate the integrals involving o. Owing to Lemma
and the Cauchy-Schwarz inequality, we obtain

A / G(E)gn(e)  de V2 [ 18] lgh(e)] de
wn A2/ 1 [€]2)]€] (2m) A S I8 @)

N2 ([BOP AN e e\
< \)‘ﬁ</R" HE (272)/>) </Rn‘900(5)| (27.[.)71)
2k, ,
< T Wl < 5ol

~

Similarly, we get

1 / 5(&)wh(€)

A Jon X2/ + €2 (2m)"

d¢
< w?/ BN =46
\fHo-ng R") H

aafp ol

< ‘)\‘QHU”L?(R” Yol 2@ny <

By direct inspection, Lemma also yields the following estimate.
Lemma 4.13 Let A = a +ibe C, with a # 0 and |b| = +/3|a|. Then, we have

|Kx2/e2| < CLUH%Q(W)
A2/c?| = 2\/§’a|2 .

Let A = a +ib € C. By virtue of Lemma [4.13] when b is large enough, A\* + 4 — 27Kz .2
does not vanish. We can therefore obtain ¢y from the data X’ with |(56) Moreover, as
b — o0, with a # 0 fixed, —————, and ———-——2—— both tend to 0. We conclude that

) )\2+472Tﬁ>\2/62’ /\2+4727n>\2/62
we can find some r > 0 and M > 0 (depending on a, ¢, o) such that for any b e R, |b| = r
we have | X ||z = |(a + ib — L)™' X[ < M| X’|. This justifies Proposition [4.10] ]
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In case of spectral instability, . admits eigenvalues with positive real value. There is
only a finite number of such eigenvalues (as indicated by the counting argument). Since,
exp(c(L)) < a(e*) we thus already know that the spectral radius of " is larger than 1. In
fact, we can use the identity in Proposition [£.10] Let us denote

A = ay +iby € o(L), a, =sup{Re(N), Aeo(L)} > 0.

Of course, for any t > 0, we have |e**!| = e®! and the spectral radius of e* is e®* > 1, see
[14] for more details. We are going to use the following claim.

Lemma 4.14 [32, Lemma 2 & Lemma 3] There exists a constant Ky, such that for any
t =0, there holds ||e™| o) < Kye3ax!/2.
Let us define € > 0 such that
4K, (1 + Cy)?
—¢

Qs

<1

with C; and K, defined in Lemma and respectively. Then, pick an arbitrary 0 <

0 < € and set q
€
- ()
Qs . )
Let Y, be a normalized eigenvector of L associated to \,:
LY, = A\.Ys, Yl = 1.

It will serve to define the initial perturbation that leads to instability: we start from the
perturbation
Y|,_, =Y,

which has thus an arbitrarily small norm. As a matter of fact, becomes
t
Y (t) = sy, +/ S P(Y (s)) ds.
0

We are going to contradict the orbital stability by showing that Y (7¢) is at a distance larger
than ke, for a certain constant x > 0, to the orbit &. Let

T, =sup{t € [0,T.], [Y(s)| < (1+ Cy)de™* for 0 < s <t} € (0,T.].

The Duhamel formula |[(54)| yields

t
IV ()] < e + / Kyt =920, [y (5) 2 ds
0
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by using Lemma [4.9] and [£.14] Therefore

t
V(@) < e + KiCi(1 + C)*8 / ePn(t=s)/2 g2 s
0

262a*t

< 5€a*t + K101<1 + 01)252

2
< geont (1 L 2OG(+ Gy 56a*T€) < et (1 Lo MG+ 0 6)

CL* a’*

holds for any t € [0,7,] < [0,T.]. Hence, € is chosen small enough so that this implies

vt < (1 + C) e,

which would contradict the definition of T, if 7, < T.. We deduce that
[Y ()l < (1+Cr)de™" < (14 Ch)e

holds for any ¢ € [0, 7.

]. Owing to this estimate, we go back to the Duhamel formula and
we obtain, for 0 <t < T,

t
IY(t) - bty < / EEIE(Y (5))]ds < / s =92 K, O Y ()| ds
0
t 2K 1 2
< KiGy(1+ Cy)?6? / han(t-920ns g < PO C)
2K,01(1 + C))? 2K,C1(1 + Cy)?

a* a’*

5262(1*15

Qs

5262(1* Te _

€.

~

o (57)
We distinguish the components of the solution X, = (Si, Wi), Y(t) = (S(t), W(t)) and
X(t) = (S(t),W(t)) = (R(wt)(S« + S(t)), Wx + W(t)). We wish to evaluate

. = if[X(T) - (RO)S., W)

inf | (R(WT)(Ss + S(T2)), Wi + W(T)) = (R(0)Ss, W)
inf || (Se + S(T0), We + W(TL)) = (R(~wT)R(0)S, Ws)|
lnf IY(Te) + Xs — (R(0') S, W) |-

Let 6. denote the phase which reaches this infimum:
= [Y(Te) + Xs — (R(0:) S, Wo) .
We observe that

e <inf ([V(T)] + [ X = (R(0)S:, W) < [V (T)] < (1 + C)e.
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Next, we have

| Xs = (R(0) S, W)l < Be + [Y(TO)| < 2(1 + Ch)e,

which implies that lim. 6. = 0. Hence, a basic Taylor expansion tells us that
X* - (R<86)5*7 W*) = (_96/55*70> + Erﬂ hr% HTE” = O

Now, we are going to use the following splitting of the initial perturbation
(F55%,0) i i
Y = (Yil( Z554,0)) "= + Y, Y. |( ZsS,0)) = 0.
OIS0 O s, o (Hl(F5500)
The Cauchy-Schwarz inequality yields

VS = |(V(T) + Xi — (R(0)Ss, W)Y
> |07 (YY) + (Y(T) — 6eMTY,|YE) = 6 ((_FsSk, 0)[YS) +e(re| V)]

(- /

=0
Possibly at the price of choosing a smaller €, coming back to|(57)|, we can make both quantities
|(Y(T2) — 6eMTY, | YD) | < [YV(T)) = 6e™TY, || Y.H| and €] (re[Yi5) | < e|re] | Y.

smaller than £|Y.-|?. It follows that

il

NV = oM T (YY) | = |(Y(TL) = 6eXTeY | YE)| — €| (re| YY)

> JerxTe

€ €
VAP = SIVHE = SIYAP.
This estimate is meaningful provided Y*l # 0. This is indeed the case because ¢S,

%(0, —1,0,—7) and we can check that (_#ZsS,,0) lies in Ker(L) while Y, € Ker(L — \,),
with A\, # 0. ]

A Proof of L? and energy conservation properties
The three models can be cast under the general form
Zi Uo\ AQ -1 Uo
dt Uy N —1 Al Ul

where Ag = Ay = 1 for|(4), Ay = 1—rluel?, Ay = 1—&|ug|? for|(5)l and Ay = 1+ [, oo dz,
Ay =1+ [, oy dz for|(DH(2)l In any case, Ay and A are real. Therefore, we obtain

d o U uy U
E(|Uo|2 + |U1|2) = 70(140% — ) — 70(140170— ur) + 71(/11161 —Up) — 71(141171 — p)
A Ay 1

= 7(170“0 — wolp) + 7(171“1 — upUy) + 2(—1701&1 + Uyug — Uply + U1 Tp)
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which proves the conservation of |ug|* + |u|*.

Moreover, we have
1d

| —
=

| 2

1

garlto —ml = g (wt + )
1 (uy Up U
= — | —(A — - —(A - + —
2(@( oUo — U1) z( oUo — Ut) i
1
= (Ao(Trug — uiig) + Ay (Touy — ugty)) =
For [(5)} this combines to
K d 4 4 Kluol? (Tg
~E _ Acttn —
(ol + ) = O (2 gy — ) -
Fv’\“l’
2
"i‘u(]’z(
= Ul
2% U1 —
= #(fuol® —

1d
2.dt J,

g |*)Im (uoty) =

Ug

®(Ayuy — ug) — T(Alul - u0)>

(AO - Al)Im(UOW) .

= (Aot m))
( L (A — o) — (v — uo))

2
M (Trup — uip)

_(AO — Al)Im(u(ﬂTl),
so that [(9)] holds. For [(T)H(2)] we also compute the energy of the vibrational field

1
(G080l + 1o ) + [V l? + [V ) dz

= /Rn {(;@2% - A%) Otho + (;53% — A%)@s%} dz

- _/ o (JuolOrbo + Jur [P0 ) dz.
Rn

Finally, we compute the evolution of the interaction energy

a(oluol® + ¢rus[?) dz = / o ([uol*@ubo + |ua Oty ) dz

d
dt J.

/ o ( (Agug — uy) — Uio (Aoug — Ul)) dz
R™

/R 02/11< (Arur — )

- / o (Juo[* b + |ur*0pn) d2
Rn

1
?

— E(14111/1 — U0)> dz
1

—./ U(¢O(%U1 — Trug) + Y1 (Trug — 1TOU1)> dz

= / 0’(|U0|2(9t¢0 + |U,1|26t¢1) dz + 2(A0 - Al)lm(uom)
RTL

Gathering these identities, we arrive at .
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B Proof of Lemma 4.2.

We extend X by 0 on (—c0,0) and we assume that 3 is supported in [-R+ /i, R+ \/p], for

some 0 < R < o0. Extending the discussion to a function with fast decay at infinity follows

from a standard density argument. We start by defining the principal value
R+ /1 )

r) dr = lim (r)

+00 E(
A A e et = NN o v

We decompose

dr.

1 1 1
(r= Vi + Vi) 2yalr = i) 20+ )’

There is no difficulty in handling the last term by means of the Lebesgue’s dominated
convergence theorem (bearing in mind that X is supported on [0,0)) and we obtain

e =) RvE s ()
lim Lo Jal=e r= dr.
=0 )Ry i 2/p(r + /1) “Ri i 2 Vi + /)
Next, we make use of parity so that for any € > 0
kv dr
1,- ms=e—— = 0.
/R+\/ﬁ VRS~ VH
Hence, we rewrite
Rt /p )y B+ X(r)—X
lim 1|r, \/ﬁ‘%&dr = lim 1|r, VE|=e (T> (\/ﬁ) dr
V) Ry = /I 0 J R+ (VT

_ /R+\//7 N(r) — Z(\/ﬁ) "
—R+ i = /I

which is well-defined since the integrand is bounded by |¥'|1» and the integral is over a
bounded domain. We conclude that

=30
P.V./O - \/ﬁ)(r n \/ﬁ) dr

Y L CRRNLt UE T
7R+ﬁ2ﬁ(r+\/ﬁ) 7R+\/ﬁ2\/ﬁ(r_\/ﬁ) ‘

We split P(—pu, B) into its real and imaginary parts; it yields

P (= p)E(r) o [ ()
P(—p, B) = /0 BE1 (12— 1) dr — ZB/O Bt (% = 1) dr.
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With B > 0, and the change of variable r’ = PB\/E, the imaginary parts recasts as

/Oo S(r) dr /°° (Br'+ i)
- = .
o 1+ ((r— \/m)/B)*(r+ /u)?* B _yEB LT r2(Br’ + 2 /1)
A direct application of the Lebesgue’s dominated convegence theorem shows that it tends to

1 TSV
E(\/ﬁ)/_wwdr EREN

as B — 07. Taking the limit B — 07, changes the sign of this expression.
We proceed in two steps to handle the real part. Let € > 0 and compute

/ (WS / 2 il = yES()
[r— /1| <e B? + <T2 - N)2 |r— /Bl<e B? + 4#(?” - \/:U)Q
G
B%r—i—f 2\/7)—1—4“(7’—\/7)2(7‘4-\/;7) 2\/7(7"—\/7) (T+\/ﬁ)2dr
B+ (2 — 0B + dulr — /i)
) o B = Rt =2 R+ )
- A_WKEE( )= i) (Bl )

:/ E(r)(r—\/ﬁ)Q(BZ L2yl = It i)
= vil<e

~—

+ (r? = p)?)(B? + 4p(r — /1))
This difference is dominated by

(B = i 2 = e+ i)
J— (om0 * e T ) ¢

_ /lT_ﬂgez(r) <41H + zm(r1+ m)) dr

1
Pick 6 > 0. SlnCeTHZ( )( N+W
made < 0 by choosing € small enough. Possibly at the price of reducing €, we also suppose

that

) is integrable over (0, c0), this quantity can be

S o)
v v Rl o L

holds. Having disposed of this preliminary, we write
0 2 N 2 b 2 _ 3
/ (;‘ M2) (7’)2 dr = / (;“ /~L2) (7“)2 dr + / (;‘ MQ) (7")2 dr
0 B* + (T - :u) |r— /m|<e B* + (T - M) |r— /I|=e B* + (7’ - 'U’)

([ s, 2o v,
r— viil<e B* + (1? — p)? r— vil<e B? +4u(r — /p)?

2 iilr — /H)S(r) (2 - WE(r
—I—/I dr—i—/

r—/pl<e B? + 4M(T - \/ﬁ)2 r—/p|=e B? + <T2 — M
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where the first term can be made < §, uniformly with respect to B, i.e.

o pB0) [ 2y VR
/r—\/mse B2 + (r? — p)? d A_ﬁge B2+ u(r — J)? dr| <o.

sup
BeR

The limit of the last integral is identified by applying Lebesgue’s dominated convergence
theorem

lim (r? = p)3(r) dr = / x(r) dr
B-0 |r— /m|=e B? + (TQ - /J“)Q |r— /m|=e (TQ - /'L)
= / %(r) dr — / %(r) dr
- yize 24/H(r = /1) - vaze 2/ + /1)
_ /R-S-\/ﬁ 1 N N(r) — 3( /1) dr — / X(r) dr
Rt JE VIR e = ) - vilze 2/1(r + /1)
Finally, the second term can be recast as
[ 4 0 S,
~R+ R s B2 +4p(r — /p)?

so that, in the limit as B goes to 0, we get

/RWI S -S(A)
—R+ R |T_\/m\62\/ﬁ(7’_ \//7> .

Therefore, we get

. 2./p(r — \/p)X(r) (r? = p)x(r)
lim (/| dr +/| dr)

B0\ Jjr— mj<e B2 +4p(r — /i)? r— e B? + (r?2 — p)?
B /R+\/l7 N(r) — X(/1) 4 / S(r)
—R+ /i 2./p(r — /1) Ir— /=€ 2 /p(r + /1)

which is close, up to 9, to P.V. fooo % dr. As a consequence, we conclude that, for

any 0 > 0, we can exhibit B(d) > 0 small enough so that

T,

© (r2 — )2(r) - 0 >(r) i
/0 B2 + (12 — p)2 dr P.V./O =R+ Vi) dr| <20
holds for any 0 < |B| < B(9). .
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