


A priori estimates . Energy I Ewlkepy methods
-

We earn'da the heat g :

Dr ee = d u on Coos ) xr

k tho = No air

with various type of Bs . c :

•
Dhidebt b. c u lose =o

•

Neumann b. c 086102=0
. Periodic b. c D= ITN

-
d -

-

IRN

Multiply by u and inkpane by parts :
only home b. c , there is no boundary
contribution

¥Seid = fudrudx = fee Bee dx

= - f I Dnidx to



Integrate art time :

f uz' Cr . x, dx + of] Meeks.xiohods-fee.caPdx .

We learn two thugs :
• u e LTO, o ; toy)
• Dee G LZ 40,0) x r) .

This reasoning aphis :
* when replacing Bu by D- CADA)
where A : coach xr → Mn

ft, x ) Ms Alr. x ,

satisfying a coercivity property :
AHH } . } s, a 1512

for some a > o faced aug t>
o
,
xer
,
BERN)

* replacing at by more general function
¢cut with diol = o



¥) Glee , dx = f later,dru dx -- folfue du dx
= - fol

"centres Tdy so

far to convex .

In this way we can show
that

•
a c- Tcas; LPon) when u. EL cry

• maximum principle holds :
of Uo Zo then u 40

To this end
,
we should work with

.

Itworks with a Rns f 30 because

Sf Kcal dx E o .



application : lay true behavior of
the sl

.

of the treaty .
with Neumann b. e .

.

dree = Ble t> o, nel

Do u lose = o{
ee no

=no

Welcome :

{ dog feetdo = - f Keefdx .

Poincare' is lemma .

There exists Coz > o

suck that , for avg ee t that
, we have

Hu - su> Kia E G f lout dx
see> = Tz, Judt .

=
- sees

'

Irl

Remain that -

flu -su> Pdx .
- feidx + lies Irl - ku>feedx

Jet de
'

- lrku >
2 Do



Prof . Ad absurdum . We assume that

we can find an E H
' such that

Hunky -- S , in 3 f Mutoh
(le

w) = 0

We work in the closed subspace of N
'
:

HYO = fee e th
'

, Jee do =o}
Custom is bounded oh Hh ; by Redick 's
theorem

,
we can ex

Kleeat a falsequeue
which conveys 8kugly in b :

Unh → ee u L2
h-s.to

But
, we also have 1107am life tf Foo

Hague,
ler ya Ear ;we have

Thenap dx =
-Juan die 0 = -Judydx

which tells us that Pee .

- o



Assuming r is connected
,
it implies

u Cx I = Ie is castanet .

But
,
we have Juan de =off

,

Judy
= Irl a-

which dnfds it =o , which carve adich
Hee under = h .

Let us go
back be the leakage.

how fedde E -sea flee - susfdx
'We reveal that

If Hu - inside)÷f$ei - Indies)
where Lee> does not depend on time

off Jee de = f Dee do = o

= Jdvudxrcx, = o
or



Therefore , y in
-

- flu - su stole

sahtfis
y
'
cy f - 2Cry In

grimplies
gin E e-

""

so
1-I

eelrrx ) → Lies the mean value

of u f- mean value of ceo)
exponentially fast .



Affliction 2 : non linear heateg :

dree = Du + Fcu ) on Coos) xr

k Ipo = U
Init

Fisa locally Lipschitz funuhh R-R .

Gestion : existence - acuteness of Sol. ?
locally or globally outrun ?

Idea :
Proceed with an iteration scheme

Dr eenE Buna , '
F'uh ilneilro = Year

for u - o
, we start the Schewe with Uo -- o .

Fu isane
,
on
IRN we Lowe :

Une , thx , = J e-
'"8174 r

e-
"'Hyun.

¥542 Tubridy

k
Fuentes

,y, dgds



As already , if no Zo then un Zo -

Letus assume no G En LoCe) with

KuoYe E R .

Let Cr = sup
fue)

OE u s R

toes ,

##
s

off ) ¢ In - Huo Ho - Crt) dx
= folk- I @ru - Cr ) dx
= f lo

"tilth
's

+ JE - er ) lol . .. ) dx
There is no boundary ten due b the b.c

.

including withDieideet be because 4.Co - Hao "Ifeot)



We have fE - Cr ) ¢ ' oh, E O .

- w

ya y
O O

so that

fol Cee Cr.x) - KuoKo-Cet) dx
E f ¢ Cao - KuoKo J dx = O

and actually
Ulrvx) E Huo Hy t Cat .

We have obtained an P th
'weak a Re

Sol
. of d rn = du + F ,

a Iraq ceo .

Jr tells us that if o E een Cr. x ) E R

then o E um ,
Cr
, x ) E Huo Ho t GT

on Co,Tl xD
.

We choose 1-small enough
so that KuoKeefe T E R .



We set Lr -- offer IF
'm 't .

Wehave

Irx#JM@ne. -unit

= J f- can) -Run-il) ( een..- un) dx
E L r f teen -un - it tune .-cent dx q
E Lr (Sleen - un . . Take)"(flu.. .-mid)
ab s E@ + by

f LrIJluneiUu
+ E) fun - un . . Pdx

Use the gromwell lemma to deduce an

estimate on J law , - Unido



We arrive at for OE RET

Jhene , -a. lknxidx
s e e'%

>
TT

x sup f lien- un .. Tcs. xidx
0k$17

Therefore , cherry T small enough
Ff : Un 1- Une ,

is a contra clear an Eco,T; Vcrs)

Hence it admits a eeuipu fixed point
ee
,
which is a Sol. of the nonlinear eg .



Do we have global existence or not ?
Competition between :

• regularizing effectof the hearer .
•
blow -

up behavior of Noor
y
'
= y
' IFcyryT

On the forces ITN
✓

-

:

£4 EID. - f Isd.}
÷

= free Doru dx - fei dru dx
= J Dur lbueci ) - fei (Du - u2)do
= - f@ a tu')

-

dx so



Therefore, we have Ecu l lb E Euro)
Weakened implicitly the regularity of
the initial data no

, so
that E cud

.

But
,
cute that E has no sign

•
We go back to the band estimate

doff Iad, = -f laid + fees do

= - 2 Ecu) lb t I fu3dx
But
,
we have

Sw2dx.nf@3jbdx.sfu3d.J
"

#j"

by Ridder's repealing .

We conclude that 312

{ doz fu'do 3 -Kaeser) t C Hee'd)
we shall use this deferential iupealikg



* If Even so then by Shep 1, Ew, so
too and therefore 2- Ch = Jeux

312sahefis z
'
us z C ZCD

By a can pauses argument, it aughts
( because Al. of y ' -- Cy

"' blowup
w fuk they net

2- In→ to with o - ↳↳
t → Ta

There eecshs such data . Indeed for ye IET
420

we set no ex) = I cfcx, so that

Ecu, = If Mpa, Pdx -?)y'd.
→ - as

A→ to



Gu a bounded domain
,
with Dirichletb.c

,

we can also show that the sol. doesnot
east globally ( Evans ' method)fugato
We need an avoiding that cess the
properties of the b operator : the east
a pain Cd , W) with a so

and W : I→ Co
,
s)

(won so fu aug n E -
r ) such that

- BW =D N, f wda =L
We compute
¥ fuwdx -

- f due a2)Wdx
= flee AN + a'W)do
= -
I fu W dx + fuzwdx

where fund. ← Heard.TK/fwd.j
"

by Cauley -Sdeway . WEs



Let us set Eln = Jaw dx

We have

{
'
Cb 3 -SE lb + E'ch

or
,
ch other words

for (e"Ein) 3 e-
" K' rant

We deduce that

e
"
EID z 1-
"Eco, - Ia le -e-day

7
,
TEI
I - Eco, H - Edt)

which exhibits a blow up when KEes
(and

,again we can castanet
such data) .

Jawdo → to
,
OC Taco

t s tTq*



* Affliction 3 : galakin 's method
→ theoretical motivation
→ numerical motivation

Of u -Mi CA Da) TD. (but t ca = o

U (Oz =0 ,
U l r=o =

a fair -

b : @ ,
x ) eco,-7 xr → IRN

c : Cr , xl e- Caa xr →
IR

.

A : Cr . x) c- Co,-7 xR → Mw

Alr , xl Big 3 a 1812
A is, e belong to L

-

A natural space is L%,co; BrynHorton
due to the energy shheatc :

off fat dx ← Japura dx * fbu .Dude e fairda
✓ I0

"afraid



The idea is to apeoach the feesepa
in which lines the Srl . i

,

a work with a finite dimensional space
that mates keepb . easier

• a priori estimates
↳ compactness properties

• pass to the limit .

We expect ee cm E V
,
thtbeet space

( V= them)
We search for a sequence of specs

V.n e V

dim Vu so
,

de tu Vu → to
n → to



Ex
.
:
.
V admits an killertan bans

Jen
,
n e IN}

,
and we can wash

with Vu = Span f es , n . . ,en }

•
take a basis of eigenfunction urn

of an operator arising in the eg .

Here we can Salve the stationary
-I . ( A Pee ) = ff ie lore = -

It defines au es omorpheme : ti
'
→ Hf
f ins n

S-- T"is a can pact operator on T
C by virtue of Relldis theorem )
Hence it adues a basis of eigenfunction
Wn e tho

,
- De Cat Pwa ) = In urn .



Ndtv ply the g . by non :

¥ fee Wade. ← JA Da -Ruh de

+ ) bee -Dw
.
ok e)e ee w, de =)

This motivates to write u as a series
as

Ulrik E een Ct) Wn Cx )
n IO

and be search an offencekeesha
N

N

teh Cr
. x , = I du Lh Wn Cx 7

h?o

where the function t- an 1h
are defined by the ODE system :

EE; fwjwndx.EE AI
JI O

1) ADY . Parade e- fbwjtwndx +Jew;Wada)
= o ,

and anjos = Sugar wide .



This is a linear differentialgerm
AA yo + By = o

\
y cos = Izmir

y = (25 . . . .
ann )

ctijn = fwjwndx

Bjn a JAPW;DWade efburjrw.de
x few; urn do

Therefore un es uniquely defined
with

een e COCEats ; Vw )

off an E L
'
co
,
T; Vn )

.



We establish now uniform storeate .

We have :

Jan? do = t.gg/a.g.cnwj.cxsaNwaaadx.
=

g? If
aE Jwjcxiw.de

The eg .

tells us that

f- For I hid = - fARunDun dx-
tfb un .Dan daxfeufdx-f-dfkunfdx.eu

b Ho KunHellDunker- -
+ Hello then HE
-



* hare :

1lb Ho Han Hell Run 42

in

''II kink
by envy at E { she z t

'

We anime at

{ dog Kun H
'

+ E- Athene 1132
W

E ("LII. Koko) keen 422 .

We qlly ginwall 's lemma :
keen #Htt f etChe Hells

+ 1151644)

2 for any
illegally areas

and like
. this,xldxds E CT



We conclude that een is bounded ch

Eco,T; 22cm) n Eco;T; thou)

We can afplg the Banach - Alaogler
theorem so that we can assume

,

up
to a subsequence ,
un - ee ch (cost; Now)

{ een fee in Eco
,
Titus)

In order to conclude
,
we need

" good ' ' propeen's on the apex. beahk
space Vw : try e CE cry
there exists a sequence Cfn )near
such that

time IN , % C- Vn and Hq - falloff



We observe that we have
, fraught34 . . .,N}

TqJun Wh de
-

+JCANun .Duh + bunDuin t can wa ) dy
⇒

Consequently it works replacing us
by the elements cfe ,

leth
.
. . .

,
N}

of the square Cafe lead thataffords
a given funuhh of c- CE

, of c- Ve .

Therefore , we can let N go ro is
and we obtain

. for any Je CE Ceo, OTE)



- J!Juan qua 's'm dealt
+ f)Canary + Sarge eeeg)Son doth
= Segner 441 dx .

This equality holds for any go-Ecr,
SEIKO

,D)

By dainty , italso holds for g c- telco,

Hence eeScehtfis@u-T.CADa + bee ) + cm
is e.↳ e.↳ -era:

an D 'Ceo
, e) xn)

C- Karin's)



Uniqueness is now a canefence of^

the energy shucks .

•
We can treat similarly source teens
f E LEGE x rt n even father; thou)

•
It can be adapted handle
certain non linear problems .

. It handle the generalpl :
dog (ee Chi 9)at air,men, 4) = on

,§,
Ty c- V

-in D
'
C To,TJ)

µ E CO CEO,TT; H) n 140,T; V)
V c H c V

'



f e 22 co, i ; vy
t vs a Cr ,ee , v) its measurable

for aug ee , v E V

1a tr , u ,vs l E n Kullu Kullu

a Chu
,
u) 3 a Hullf -I Hulk
(we can change unknown
by setting iron = ekta cm
fu k > d )

Ref . Brize .
Banteay - lines .



When the rows are eigenfunction
of the stationary eg , or

thanunrealized

in Kai
,
the analysis simplifies :

we have

a un = ITN [D. LADeen) eSun ecand
in

figurine on Span far, . . .. .wit
H Tully wi, E G

'
.



Therein Let
any Elton

§, aij Bj Ii 3 a
! 812

Then :
• T : f nee Sh . of -D. CA Da) -- f
is an isomorphism from N' ko tho .

• The inverse ed a cue.pact- in L2
which

,
moreover is positive :

if f 70 , f to , then nai so our

•
There ee8D a sequence Was

orthogonal and total eh 22
,

made of eigenfunctions of T .

-

D . CA Down ) = Ta Wn

• we have 9
u
>o

,

In→ en
nu Ccs

• Ay = smallereigenvalue
, Ws >o .

en R



This statement counties ?

• Lax - Milgram n define fns.ee
• Redlich theorem provide the
canpatness

• Positivity cans from the

maximum principle
• Spectral decomposition
is a general statementabout
canpackoperators :

see Brea es Th
.

VI - G

•
We have :

JADWu -Dandi = fur? d. In
X

t flown id,
implies d, so .



Another way for castrating an

approximation of functional spaces
is motivated by numerical purpose
We work with variable basis

,

parameterized by a dduetizak.ca
parameter h2o
II r = Co

,
s)

n

I - • a • Bo

KiXX
.Bases of IPL functions

Nj Cj h) =L , Vj if IMh ) -o u wi -

T kik#Huey. "eye, e Pa
' te't

-°

at Gliese)



Uh = Span Lars, . . . , um-s }
mh -- I .

UGH! can ) e Cocco
, is) by war's

theorem
6h EDand we can writhe -

am an
= E. ucjhlvjcx,

U 'm an = tf eecjhl- uccjeyh))jet Ilene;jh)
= 1a ) n'cy ) dy

gills
and we sharked elm zu

ch Ho'd)
This is the viewpointof the FINITE ELEMENT

METHOD


