Lax-Milgram Theorem

Let £ be a Hilbert space. Let a: E x E — C be a sesquilinear
form?® such that

continuity : 3C > 0s. t. Vx,y € E one has |a(x, y)| < C|x]|| [y,
coercivity : 3a > 0's. t. Vx € E one has Re a(x, x) > a|x||?.

Let £: E — C be an anti-linear form? continuous on E.3 Then
there exists a unique x € E such that for any y € E,
a(x,y) = {(y). If ais hermitian, then x is characterized by

1 (1
Salx.x) = €(x) = inf {Ea(z,z) ~Re {(z), z € E}.

'For any x,x' € E, y,y’ € E, A € C, we have
a(x+x',y) = a(x,y) +a(x',y), a(Ax,y) = Aa(x, y),
a(x,y +y') = a(x,y) + a(x,y’), a(x, \y) = Aa(x, y).
2For any x,x’ € E, A € C, one has £(x + x) = £(x) + £(x') et
£(Ax) = M(x).
3There exists C > 0 such that for any x € E, one has |£(x)| < C||x|}:



Proof

Hermitian case. Apply Riesz' theorem with norm
N(x) = y/a(x, x), noting that N and || - || are equivalent norms
on E.

General case. y € E —— a(x,y) € C is a anti-linear form on E.
Riesz' theorem allows us to define

A: E — E
x +— Ax
such that
a(x,y) = (Ax,y).
Check that A € L(E) with ||A| < C. Similarly Riesz' theorem
identifies ¢ with a vector f € E : forany y € E
Uy)=(f.y), lIfl =1l

The problem becomes
To find x € E such that y € E, (Ax —f,y) =0.
We search for x € E such that Ax = f.



Proof, ctn'd

Let
T: E — E

x +— x—p(Ax —f)

with p > 0 to be determined.
Idea: x, solution of Ax = f, is found as a fixed point fixe of T.

We have

1T — TP
= lx — p(Ax = ) = X' + p(Ax' — F)|2 = [}x — X' — pA(x — x')|
— lx— %2 + 2llAGx — X)P
—p((x =X, A(x = X)) + (A(x = X'),x — X))
— [l x|+ 2Ax — x| - 29 Re (A(x — x),x — %)
= x = X2 + 2llA(x — X — 29 Re a(x — x',x — x'
< lx = X2 + P2 AI? = 2pa).

For p(p||A||?> — 2a) < 0, T is a contraction. Banach's theorem tells
us that T has a unique fixed point.



Hermitian case

1
Let J(x) = Ea(x,x) — Re (f, x) € R. Note that A= A* since

a(x,y) = (Ax,y) = (x,A%y) = a(y, x) = (Ay, x) = (x, Ay).
Hence

T(x+h) = J(x) +Re (Ax — f, h) + %a(h, h)

where a(h, h) > al|h||> > 0. If x vérifie Ax = f, then
J(x + h) > J(x). Reciprocally, if x minimizes J then with
h = +ak and h = +iak, a > 0 going to 0, we obtain Ax = f.



A crucial remark

Let x € E solution of a(x,y) = £(y) for any y € E. Choosing
y = x we get
allx|| < [[f]l = llll-

We can define the inverse opreator A~1 : E — E par A1f = x.
We have A~ € L(E) with

IA7H] < 1/e.



Estimates for elliptic equations
We go back to the model problem

Au—V - (AVu)=f

with Dirichlet b. c.

The matrix valued function A is supposed to have bounded
coefficients such that A(x)¢ - € > af¢|? for some a > 0.
Variational formulation: for any v € Hf,

)\/uvdx—i—/AVu-Vvdx:/fvdx.

In particular, we can use this with v = u. It leads to
2 2
Alullz + allVullz < Ifflz2]lull -
In any case (including A = 0 with Poincaré’s inequality), it yields
Jullpr < ClIf]l 2.

Consequence: the operator f — u is compact on L2,



Maximum principle: Stampacchia’'s method
We can find further useful estimates. Idea: work with v = ®(u)
with suitable &.
Lemma. Let ® € CY(R) with ®(0) = 0 and |®'(z)| < M for any
z€R. Foranyuce H, we have

®(u) € H, Vo(u) = ¢'(u)Vu.

Since |®(u)| < M|u| and |®'(u)Vu| < |Vul, these two functions
belong to L2. Consider a sequence u, of functions in C2° which
converges to u in H' and a. e.. For any ¢ € C°, we have

/¢(un)dex= —/CD'(un)Vu,,wdx

Then, by dominated convergence ®(u,) and '(u,)Vu, converge
to ®(u) and ®(u)Vu in L?, respectively, which allows us to
identify V&(u).

The statement still applies with ® uniformly lipschitzian
(® € Whee),



Maximum principle: Stampacchia’'s method

The idea is to work with v = ®(u).

Claim: if f > 0 then u > 0.

Work with ®(z) = 0 when z > 0, ®(z) < 0 when z < 0, ® non
decreasing. (Ex.: typically [z]— = min(z,0)).

We get

)\/ufb(u) dx+/¢’(u)Avu-vudx=/fcb(u)dx <0.

In the LHS all terms are > 0. If A > 0, we can conclude directly:
u®(u) vanishes a. e. which means v > 0 a. e. Otherwise, we

should work with .
V(z) :/ \VP'(s)ds
0

We have VW (u) = 0 and W(u) € H} so that W(u) =0 a. e., hence
u>0.



Application: homogeneization in 1D

- %(a(x)%u(x)) = f(x), x€0,1] (1)
with Dirichlet b. c.
u(0) =0 = u(1). (2)
Suppose
a, f e C°(o,1]), 0<a, <a(x)<a* < oo

We integrate by hand

u(x) = /Oxa(ly) (c—/oy f(z)dz) dy,
c_/ol;y)(/oyf(z)dz) ay x (/Ola(ly)dy)‘?



Application: homogeneization in 1D, ctn'd

Consider a sequence 0 < a, < ap(x) < a* < oc.

The sequences u,(x) and u(x) = %un(x) are uniformly bounded
wrt x € [0,1] and n € N by a constant depending only on a,, a*
and sup,¢po 17 I (X)|-

By Arzela-Ascoli's theorem we can extract a subsequence (up, )
which converges uniformly to u on [0, 1].

What is the eq. satisfied by the limit u(x) ?

keN

The variational framework provides directly L? estimates (by virtue
of Poincaré's lemma):

aluplliz < Clflle2

up is bounded in H&, u!, is bounded in [2. We can assume, for a

subsequence, that u, — u strongly and v/, — u’ weakly in L.



Naive guess

u could satisfy the same equation with the constant coefficient
fol a(y) dy, an intuition based on

Lemma. Let b,(x) = 5(nx) where /3 is bounded and 1-périodique.
Let B = fol B(y)dy. Then, for any ¢ € C2(]0, 1[) we have

lim /0 1 ba(x)p(x) dx = /0 1 Bip(x) dx.

n—oo

by, converges weakly to [

cf. Riemann-Lebesgue theorem: e/?™™ converges weakly to 0 in
L?((0,1)).



Proof

We have
1 1 n—1 .(k+1)/n
n x)dx — @ x)dx = a(nx) —a)e(x) dx
/a(xo() | et ;/k/ (a(mx) = @)p(x)
- Z / ~)elly + K)/n) dy/
n—1
- / (o) - a)% >~ olly -+ /) dy
0 k=0
Observe that
1 n—1 1 (k+1)/n
= ((y+k)/n)— (z)dz = (y+k)/n)—p(z2)) dz
nkz_%w y /0 ¢ kz_;)/k/n (((y 0(2))
is dominated, for ¢ in C!, by
k+1 /n
u n+k/n—zldz<?2 su ! n.
5o |so(§r§j/ /ot kin—zldz <2 sup Q)

This quantity thus tends to 0 as n — oo and is dominated.



A product lemma

Let (v,,) neN z-.)nd (W,,) neN be two sequences of continuous
functions, uniformly bounded. Assume that v, converges weakly to
v and w, converges uniformly to w. Then v,w, converges weakly
to vw.

Indeed, we have

/Ol(van—VW)SD(X) dx = /Ol(vn—v)wcp(x) dx+/01 Va(Wn—w)p(x) dx

The 1st integral tends to 0 as n — oo since v, — v the 2nd is
dominated by sup,, |Vm|ree ||un — ul[1< || ||¢]/12, which equally tends
to 0.

Similar conclusion with strong L? convergence instead of uniform
convergence.



Passage to the limit

This statement does not apply for our purposes: neither (a,,)n

:7) neN

eN

nor (u converge uniformly.

Idea: consider w,(x) = an(x)u),(x)

The equation tells us it satisfies Arzela-Ascoli's criterion. We can
thus suppose (subsequence) that (wp, ), ., converges uniformly to
some w on [0, 1]. We get

keN

1 1
= ——— w,,(x) converges weakly to / —— w(x).
ank(X) ”k( ) g y 0 ( )



Effective coefficient
Let p € C°((0,1)).

1 1
/ uho(x) dx = / une'(x) dx
0 0
tends to

1 1
/0 1/a w(x)p(x) dx = /0 up'(x) dx.
Set U(x) = /Xl/a w(y)dy € C1([0,1]) so that
0

1
/0 (u(x) — U(x))¢'(x) dx = 0.

It holds for any ¢ € C2°((0,1)), and we deduce u(x) = U(x) a. e.
v (x) =1/a w(x).
Similarly, letting k — oo in the eq. yields

)= 1) 2 fart). o= ([ )



Continuous and L? framework
In dimension N = 1, we can also go back to the explicit formula

)= [ an(y)< - e dz) v
&= [ o ([ @) ([ 5)

We remark that C,, tends to

o= [ [ ([ o) ([ G50)

and we can directly check that u, converges to

u(x) :/OX/Ol a?yy,/) (C—/Oy f(z)dz) dy.

This being said, we verify that this u satisfies

ddx (aeff ddx ) =f

-1




Continuous and L2 framework

The proof presented here uses “elementary” functional arguments.
The proof can be adapted to the L?/H! framework, using weak
and strong convergences in L2 instead on weak and uniform
convergence.

This cannot be avoided in higher dimensions.



Homogeneization in higher dimensions

-V - (AsVu,) = f and Dirichlet b. c.

where sup; ; . [[An];(x)| < 2" and A(x)¢ - € > a¢f?,
0<a, <a <o
We still have ||Vup||;2 < C||f||;2. We can thus assume that

up — U, Vu, = Vu.



Compensated Compactness
Let U, = (U},...,UNYand V, = (V},..., VN) be sequences of
RN vector fields with components bounded in L2(RV). We assume
that

Ul —~ U, Vi~ vi weakly in L2(RM), for any i € {1,..., N}.

Then, we address the question of the behavior of the inner
product U, - V,, = Zf\lzl u,Vv;.

Of course, by using the Rellich theorem, the limit is U - V when we
have additional bounds on the whole derivative of one of the vector
fields, say 0;U} bounded in L2(RN) for any i,j € {1,...,N}. In
such a very favorable case, we actually have convergence
componentwise U} Vi — U'V' in D'(RN).

The div-curl lemma needs information on certain first order
derivatives of U, combined with, in some sense complementary,
(first order) derivatives of V), so that the inner product passes to
the limit, even if convergences do not hold componentwise.



Compensated Compactness

Let us define the scalar quantity

div(U Za U’

and the matrix valued quantity
(cwrl(V)) ;= 0; Vi— V.
Lemma [F. Murat and L. Tartar]. Suppose furthermore that
div(U,) and curl(V,) are compact in H~}(R").

Then, U, -V, N UV~ SN UIVIi= UV in D/(RV).

The proof is actually very simple by means of Fourier transform
where we see how oscillations compensates. Without loss of
generality, we can suppose that U =0= V.



Proof
Then, our task is to show that, given ¢ € C°(RV),
lim U, V,vdx =0.
n—oo RN
Let us denote /, the integral under consideration. Pick
¢ € C(RN) such that 0 < ¢(x) <1 on RN with ¢(x) =1 on
supp(), so that

/n - / Un(p * an/JdX
RN

Let us set U, = U and V,, = V9 that both tend weakly to 0 in
L?(RN) and are compactly supported. We deduce that the Fourier
transform

Un(€) = /R ) e X EUy(x)dx —— 0 a.e

n—o0

with the uniform estimate

|Un(€)] < | Unll 2wy meas(supp()) < € < oc.

—

Similar conclusions hold for V.



Proof

Then, by the Plancherel formula, /, can be recast as

= [ Un€)- Va(e)de.

Now, the additional assumption means for any i,j € {1,..., N},

N =
> & U
i=1

& Vh—§ Vi 2N
—_— and 0 strongly in L“(R™).
VIT P VITREE e )
We write
In = Jn + Kna
1 = =
Jn = —— Un(&) - V(&) d¢,
| 57er U0 Vi)

-

Ko = | Trien U9 Vale) e

Then,wesplitJ:/ ...d§+/ ..o dE.
lEI<R l€1>R




Proof

We readily show that J, tends to 0 as n — oc, since on the one
hand

‘/M...dg

can be made arbitrarily small by choosing R large enough, while,
for any fixed 0 < R < oo, the pointwise convergences and bounds
discussed above yield

[ Unll 2eny | Vall 2y C
< (9l oo ) 1 R? <7 TR

lim / .. de=0,

by virtue of the Lebesgue theorem.



Proof

Next, we get
b= S
e U 14|

5 ¢ Vi- v

- 2w VI
ijUJ
- Vid

Z RN \/1+\£|2 VI+ER " ¢

d§

Then, the integrand in both integral of the right hand side reads as
the product of the bounded quantity £'/1/1 + [£]2 € L(RN)
times a sequence that is bounded in L?(R") times a sequence that
converges strongly to 0 in L2(RN). Accordingly, K,, goes to 0 as

n — 0, which ends the proof.



