Uniqueness for the wave equation (1d)

Wave eq.
(0F — 0% )u=0 (1)

endowed with Cauchy data
u(0,x) = g(x), 0ru(0, x) = h(x).

D’Alembert’s formula

1 x+ct
u(tx) = 5 (g0 — ct) + glx + ) + / ) dy). (@
2 C Jx—ct
With h € C° g € C! it provides a weak C! sol. of (1)
Crucial observation: Finite speed of propagation The sol. at
time t and position x only depends on the data in the domain
[x — c|t], x + c]|t]]. If the data is supported in [-R,+R], the sol. is
supported in [R — c|t|, R + c|t|].



Finite speed of propagation
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Uniqueness
We suppose v sol. with data g =0, h = 0. We wish to show that
v=0 a.e.

Reasoning by duality: we are going to show that

/ W(T.y)C(y)dy =0
R

for any time T and any trial function ¢ € C°(R).

Let (T
1 X+Cc(l—
b(tx) = / C(y)dy.

27C —c(t—T)

This is a solution of (9% — c292,)y = 0, with

ﬂ}(T,X) =0, at¢(TaX):C(X)'



Uniqueness, Il

Let
l(t)—/Ratv(t,x)@b(t,x)dx—/Rv(t,x)ﬁtw(t,x)dx.

It is well defined since ( is at least C? and assuming

supp(¢) C [-R,+R], for any t fixed, x — (¢, x) is supported in
[-R—c|t—T|,R+c|t—T|.

Therefore I € CO(R) with

Goal: show that /(t) = 0 for any t.



Uniqueness, Il

| is only continuous: we cannot take %.
Let 6 € C°(R). With integration by parts:

/I(t)e’(t)dt:/ atv(t,x)w(t,x)e’(t)dxdt—// v(t, x)0:tp(t, x)0'(t) dx dt
:/ Oev(t, x) e (Y(t, x)0(t)) dxdt—/ Orv(t, x)0ep(t, x)0(t) dx dt
—//R v{ )0, x)0'(2) ded

// Oev(t, x) 0 (Y(t, x)0(t)) dx dt+ //]R . v(t, x)0: (Derp(t, x)6(t)) dx dt
v(t, x)0:tp(t, x)0'(t) dx dt
:/ Oev(t, x) e (Y(t, x)0(t)) dx dt+ // v(t, x)0%(t, x)0(t) dx dt
:/]R Ratv(t,x)at(w(t,x)ﬁ(t)) dx dt+ /A ) v(t, x)5ab(t, x)0(t) dx dt

= //R R(@: — cOx)v(t,x)(0r + cOx) (P(t, x)0(t)) dxdt = 0.



Uniqueness, IV

Work with

o(t) = /0 t (h(r) ~ () /0 " hs) ds) dr

with h and k continuous, supported in [0, T], with fOT k(s)ds = 1.
Thus 6 is C* on [0, T] with (0) = 0 and §(T) = 0.
Since 6'(t) = h(t) — x(t) fOT h(s)ds, we get

/R/(t)e'(t)dt:/OT/(t)a'(t)dt:o:/OT(/(t)AT/(S)H(S)(is)h(t)dt.

It holds for arbitrary trial function h, thus /(t) is constant on
[0, T]. Since /(0) =0, we have /(t) =0 on [0, T], and finally
v(t,x) =0 a.e.



