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et au Projet SYDOCO à l’INRIA. Projet SYDOCO





Remerciements

Je tiens en premier lieu à remercier sincèrement mes directeurs de thèse, Frédéric Bonnans
et Hasnaa Zidani, qui m’ont si bien guidée pendant ces trois années de thèse.
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lesquels cette thèse se fonde. Je voudrais le remercier aussi pour les discussions qu’on a eues
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Appliqués de l’ENSTA, en particulier Pierre Carpentier et Frédéric Jean qui m’ont beaucoup
aidée pendant ma première expérience d’enseignement. Je n’oublie certainement pas mes amis
thésards, qui sont toujours disponibles et très chaleureux : un grand merci va donc a Nadia,
Eve-Marie, Grace, Nicolas et Carlo.

Je voudrais remercier particulièrement le personnel du service d’impression de l’ENSTA,
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Abstract

Optimal stochastic control problems have a large number of applications in problems of
economy, finance (see e.g. the portfolio selection problem in a market with risky assets and
non-risky assets, the investment problem and the super-replication price in a model with
uncertain volatility), and management of energy. These are typical situations in where we are
faced to a dynamical system which evolves under some conditions of uncertainty, and where
we have to take a decision at every time, to optimize an economical criterion. In particular,
the control variable acts on the state of the system.

Stochastic control problems are historically handled with the Bellman dynamic program-
ming principle, which leads to obtain a characterization of the value function of the opti-
mal control problem as solution of a partial differential equation, said the Hamilton-Jacobi-
Bellman equation. In most cases, the value function is not sufficiently smooth to satisfy the
HJB-equation in the classical sense. It is for this reason that the notion of viscosity solution,
introduced by Crandall and Lions for the deterministic Hamilton-Jacobi-Bellman equation,
has been extended to the second order problem by Lions. The theory of viscosity solutions,
provided an extremely convenient framework for dealing with the lack of smoothness of the
value function of the optimal stochastic control problem.

In some situations, the value function could be smooth : this is the case, for example, of
the Merton portfolio selection problem, for which a classical solution of the correspondent
HJB-equation can be performed.

However, in the general case, the HJB-equation can not be solved explicitly, hence it is
necessary to analyze it numerically. In particular a discretization of the HJB-equation via
Markov chain approximation is considered, and an approximate solution is computed.

It is then necessary to guarantee that the numerical solution is a good approximation of
the viscosity solution, and for this reason a theory of error estimate has been developed. This
theory leads to obtain a theoretical estimate of the differences between the viscosity solution
and the discrete solution.
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The thesis is divided in two parts. In the first part we give error estimates for a problem
on stochastic game theory, and stochastic impulse control problem. Both these problems have
some particular difficulties, and classical results on error estimate can not be applied directly.

The second part concerns a study of some algorithms to implement, in particular for two
problems : a stochastic impulse control problem, and a problem with unbounded control.
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Introduction

L’objet principal de cette thèse est l’étude des approximations numériques de différentes
équations Hamilton-Jacobi-Bellman associées à des problèmes de contrôle optimal stochas-
tique.

On considère le problème de contrôle optimal suivant :




u(x) = infα(·)∈A E

[∫ ∞

0
e−λtf(X(t), α(t))dt

]

dX(t) = b(X(t), α(t))dt + σ(X(t), α(t))dWt

X(0) = x

(0.1)

où A est l’ensemble des contrôles admissibles :

A := {α ∈ L∞(0,+∞) | α(t) ∈ A a.e.},

avec A un ensemble de R
m. Les fonctions f , b, σ sont des fonctions de A× R

N dans R, R
N ,

R
N×P respectivement, et Wt est un mouvement Brownien de dimension N .

On considère les hypothèses suivantes sur les coefficients :
(A1) σα est une matrice N × P . Il existe une constante K telle que, pour tout α ∈ A,

|σα|1 + |bα|1 + |fα|1 ≤ K.

(A2) λ > supα{[σα]21 + [bα]1}.
Il est connu (voir [27, 16, 2]) que, sous les hypothèses (A1)-(A2), la fonction valeur du
problème (0.1) u est solution de viscosité bornée et Lipschtzienne de l’équation HJB sui-
vante :

sup
α∈A

Lα(x, u(x),Du(x),D2u(x)) = 0, (0.2)

avec
Lα(x, u(x),Du(x),D2u(x)) = −tr[a(α, x)D2u(x)] − b(α, x)Du(x)

+λu(x) − f(α, x),

7



Une solution explicite de (0.2) est très souvent difficile à detérminer. C’est pour cette
raison qu’il est nécessaire d’introduire un schéma d’approximation : soit h ∈ R

N un pas de
discrétisation, considèrons

S(h, x, uh(x), uh) = 0, x ∈ R
N , (0.3)

où S : R
N
+ × R

N × R ×Cb(R
N ) → R est une approximation de (0.2) sur une grille donnée de

pas de discrétisation h. On note uh ∈ Cb(R
N ) la solution de (0.3), continue et bornée, qui est

une approximation de u. La formulation abstraite du schéma (0.3) a été introduite par Barles
et Souganidis [5] pour l’étude de la convergence de la solution du schéma vers la solution
de viscosité. Afin de garantir cette convergence, l’opérateur S doit satisfaire les propriétés
suivantes :

(S1) Monotonie : pour tout h > 0, r ∈ R
N , m ≥ 0, x ∈ R

N et pour toutes fonctions
bornées et continues u, v tells que u ≤ v dans R

N ,

S(h, x, r +m,u+m) ≥ λm+ S(h, x, r, v).

(S2) Regularité : pour tout h > 0 et φ ∈ Cb(R
N ), x 7→ S(h, x, φ(x), φ) est bornée et

continue ; r 7→ S(h, x, r, φ) est uniformément continue pour r borné, uniformément en
x ∈ R

N .
(S3) Il existe n, ki > 0, i ∈ J ⊆ {1, . . . , n} et une constante Kc > 0 telle que, pour tout
h > 0 et x dans R

N , et pour et pour toutes fonctions φ ∈ Cn(RN ) telles que |Diφ|0 est
bornée, pour tout i ∈ J , on a :

|sup
α∈A

Lα(x,Dφ) − S(h, x, φ(x), φ)| ≤ KcQ(φ),

où Q(φ) :=
∑

i∈J |Diφ|0hki .
(S4) Stabilité : pour tout h, l’équation (0.3) admet une unique solution uh bornée.
Sous (S1)-(S4), la solution discréte uh converge uniformément, lorsque h → 0, vers la

solution de viscosité u de (0.2), [5].
Les hypothèses (S1)-(S4) ne sont pas très restréctives et plusieurs schémas connus les

vérifient bien. Citons par exemple, les schémas basés sur les différences finies [17, 8], les
méthodes semi-Lagrangiennes [12, 28], et plus généralement les approximations par Châınes
de Markov [26].

Lorsque le problème de contrôle optimal est déterministe, les estimations d’erreur sont
(généralement) de l’ordre de h

1
2 [19]. L’analyse de l’erreur dans le cas du contrôle stochastique

est plus délicate. Elle utilise des techniques de perturbations des équations HJB, des résultats
précis sur la stabilité des solutions de viscosité. La théorie de l’analyse de l’erreur a été
introduite par Krylov [23, 24, 25], Barles et Jakobsen [3, 4].

On donne maintenant un aperçu des techniques existantes pour obtenir l’estimation d’er-
reur.
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Borne supérieure de u − uh Pour obtenir une borne supérieure, une technique a été
introduite par Krylov [23] pour les équations à coefficients constants, et ensuite elle a été
étendue au cas des coefficients bornés et Lipschitziens par Barles et Jakobsen [4]. On considère
l’équation HJB perturbée, associée à (0.2) :

sup
α∈A,|e|≤ε

Lα(x+ e, uε(x),Duε(x),D2uε(x)) = 0,

et soit uε l’unique solution de viscosité bornée et lipschtzienne. Par des techniques de viscosité,
il est possible de montrer que |u−uε| ≤ Cε, où C est une constante qui dépend de K introduit
dans (A1), de λ et des constantes de Lipschitz de u et de uε. Ce résultat est l’application d’une
estimation plus générale : si on considère deux équations HJB avec coefficients respectivement
a, b, f et ā, b̄, f̄ , avec solution de viscosité u et ū, respectivement, on arrive à donner une
estimation de u− ū en fonction de a− ā, b− b̄, f − f̄ et des constantes de Lipschitz de u et
ū. On montre ensuite que uε est une sous-solution de viscosité de (0.2), et on la régularise
par convolution en utilisant un noyau régularisant ρε. On obtient une fonction uε = uε ∗
ρε régulière. En utilisant la propriété de convexité de l’équation (0.2), on montre qu’une
combinaison convexe de sous-solutions de (0.2) est encore une sous-solution de (0.2). On peut
alors voir uε comme limite de combinaison convexe des uε, et donc uε est une sous-solution
de viscosité de (0.2). De plus, comme elle est régulière, elle est aussi sous-solution au sens
classique. En appliquant l’hypothèse de consistance (S3) à uε, on arrive à construire une sous-
solution du schéma qui dépend de ε. Ensuite, en appliquant un principe de comparaison pour
solution discrètes et en optimisant par rapport à ε on arrive au résultat. Avec cette méthode,
pour le schéma des Différences Finies une estimation de l’ordre de h1/2 a été obtenue, i.e.

u− uh ≤ Ch1/2,

pour tout x ∈ R
N , où C est une constante qui dépend de K, Kc et λ.

Borné inférieure La borne inférieure est plus difficile à obtenir. La première idée a été
introduite par Krylov [23] pour les équations avec coefficients constants, et ensuite elle a été
étendue par Barles et Jakobsen pour les équations avec seulement la matrice aα constante.
Cette technique est une approche symétrique à celle utilisée pour obtenir la borne supérieure.
On perturbe le schéma et on obtient l’équation

sup
|e|≤ε

S(h, x + e, uεh(x), u
ε
h) = 0, x ∈ R

N .

On régularise uεh par convolution et avec l’hypothèse de consistance on arrive à construire
une sous-solution de l’équation (0.2). Finalement, avec le Principe de Comparaison pour
solution de viscosité on peut conclure. Cette approche n’aboutit pas pour toutes les équations.
Neanmoins, elle permet de traiter le cas où la matrice a est constante, auquel cas on obtient
une borne de l’ordre de h1/27 pour le schéma des Différences Finies [23].

Récemment Krylov [25] a réussi à étendre cette approche à des équations avec coefficients
bornés et lipschitziens, mais seulement pour des schémas de discrétisation particuliers, dans
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lesquels la diffusion se décompose selon des directions précises avec des coefficients lipschit-
ziens. Pour ce genre de schéma il a obtenu le même résultat que pour la borne supérieure,
avec une erreur de l’ordre de h1/2. C’est le meilleur résultat obtenu jusqu’à maintenant.

Une autre méthode plus générale a été introduite par Barles et Jakobsen [3], pour les
équations avec coefficients bornés et Lipschtziens. Au lieu de perturber le schéma pour
construir une sous-solution de (0.2), ils introduisent un ”switching system” qui approche
l’équation HJB :

min{max{ sup
α∈Ai

Lα(x,Dvi(x)); vi(x) − min
j 6=i

{vj(x) + k}} = 0,

pour x ∈ RN et i ∈ {1, . . . M}, Ai ⊂ A. Ils considèrent la solution de viscosité de ce système,
v = (v1, . . . , vM ), et ils montrent que pour chaque i, vi converge vers u, solution de (0.2),
quand k → 0. A l’aide de ce système ils construisent une suite de sur-solutions de HJB qu’ils
régularisent, et avec la consistance ils arrivent à obtenir une sur-solution du schéma. Avec
cette technique, une borne de l’ordre de h1/5 a été obtenue, pour le schéma des différences
finies.

Dans le chapitre 1 et 2 de la thèse, on a étendu les résultats existants sur les estimations
d’erreur à d’autre type de problèmes, en particulier les deux problèmes suivants :

– Un problème à deux joueurs,
– Un problème de contrôle impulsionnel,
Le chapitre 3 est consacré à l’étude numérique d’un problème de contrôle impulsionnel.

On présente 2 algorithmes pour le résoudre, et on fait une comparaison numérique entre
ces deux méthodes. Dans toute cette partie de la thèse, on a travaillé avec un ensemble de
contrôles compact.

On s’est ensuite intéressé à des problèmes de contrôle optimal stochastique, avec contrôle
non borné. Cette étude fait l’objet du Chapitre 4. En particulier, on a étudié un problème
de contrôle optimal provenant de la finance, associé à un modèle de ”pricing” des options
dit de sur-couverture. On a considéré l’équation HJB provenant de ce problème et on l’a
ensuite discrétisée, avce le schéma des Différences Finies Généralisées. Finalement on a montré
l’existence et l’unicité de la solution discrète, et sa convergence vers la solution de viscosité
d’une équation HJB.

Chapitre 1. Le problème à deux joueurs

Cette partie de la thèse a fait l’objet de l’article
• J.F. Bonnans, S. Maroso, H. Zidani, Error estimates for stochastic differential games :

the adverse stopping case, IMA J. Numerical Analysis, 26 : 188-212, 2006. [7]

On considère un jeu à somme nulle, et deux joueurs A et B qui peuvent agir de la fonction
suivante :

– A dispose d’un ensemble de contrôle A, et son objectif est de minimiser le gain ;
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– B ne dispose pas de contrôles, mais il peut uniquement arrêter le jeu, tout en essayant
de maximiser le gain.

En terme de contrôle optimal, le problème s’écrit sous la forme suivante




u(x) = supτ infα(·)∈A E

[ ∫ τ
0 e

−λtf(X(t), α(t))dt + e−λτψ(τ)

]

dX(t) = b(X(t), α(t))dt + σ(X(t), α(t))dWt

X(0) = x

(0.4)

où A est l’ensemble des contrôles α(·), qui sont à valeurs dans un compact A ⊆ R
M , ψ, f , b,

σ, sont des fonctions de A×R
N dans R, R

N , R
N×P respectivement, bornées et lipschtziennes,

et Wt est un mouvement Brownien de dimension N . La fonction ψ représente le paiement
que les joueurs reçoivent quand le jeu est arrêté. L’équation HJB de type Isaac associée à ce
problème est la suivante :

min{sup
α∈A

Lα(x, u(x),Du(x),D2u(x));u(x) − ψ(x)} = 0. (0.5)

Sous les hypothèses (A1)-(A2), (0.5) admet une unique solution de viscosité, qu’on denotera
u. On considère maintenant une approximation de (0.5), qui s’écrit :

min{S(h, x, uh(x), uh);uh(x) − ψ(x)} = 0, x ∈ R
N , (0.6)

où h est le pas de discrétisation, et S est une approximation consistante, monotone et uni-
formément continue de supα∈A L

α. On montre qu’il existe une unique solution de (0.6) uh,
continue et bornée, qui est l’approximation de u. Les schémas typiques qu’on considère sont
les Différences Finies [26], les Différences Finies Généralisées [8, 10] et les approximations par
Châınes de Markov [26].

On s’intéresse maintenant à donner une borne supérieure et une borne inférieure de ||u−
uh||. La difficulté principale ici, consiste dans le fait qu’on n’a plus une équation convexe et
donc on ne peut pas appliquer directement les méthodes introduites par Krylov [24], Barles
et Jakobsen [4, 3]. On arrive à contourner cette difficulté en combinant ces méthodes avec
une séparations des domaines qu’on va expliquer.

Borne supérieure de u − uh. La borne supérieure est plus facile à obtenir que la borné
inférieure. En utilisant les idées présentées par Krylov [23], on introduit l’équation perturbée
suivante :

min{ sup
α,|e|≤ε

Lα(x+ e, uε(x)),Duε(x),D2uε(x));uε(x) − ψ(x)} = 0, x ∈ R
N ,

et on note uε l’unique solution de viscosité bornée et Lipschitzienne de cette équation. En
régularisant uε par convolution, on obtient une fonction uε, et on arrive à montrer qu’il existe
une constante R qui dépend de ε, telle que

min{S(h, x, uε(x) −R,uε −R);uε(x) −R− ψ(x)} ≤ 0, ∀ x ∈ R
N . (0.7)
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Donc on peut conclure que uε − R est une sous-solution du schéma, et avec le principe de
comparaison discret on conclut.

La partie plus délicate est la démonstration de (0.7), pour laquelle il faut introduire
l’ensemble suivant :

X(uε) = {x ∈ R
N |uε(x) = ψ(x)}.

Ensuite on étudie les cas séparément :
(a) Pour les x ∈ X(uε), on a uε(x) = ψ(x), et en régularisant on obtient uε(x) − Cε ≤
ψ(x), où C dépend des constantes de Lipschitz de ψ et de uε.

(b) Pour les x /∈ X(uε), on applique la méthode standard [4], qui utilise la consistance et
les propriétés de la fonction régularisée, et on arrive au résultat.

Le résultat final est le suivant :

Theorem .1. Sous les hypothèses (A1)-(A2) et (S1)-(S4), on a

u− uh ≤ Ch`,

où ` = minj∈J{ki/i}, et C dépend seulement de λ,K,Kc et Cψ. 2

On rappelle que les ki et Kc viennent de l’hypothèse de consistance (S3), K et λ viennent
de (A1)-(A2), et Cψ est la constante de Lipschitz de ψ.

La borne inférieure de u − uh La borne inférieure est plus compliquée à obtenir, et
on ne peut pas appliquer une technique symétrique. A la place d’une sur-solution régulière,
on construit une suite de sur-solutions locales régulières, comme dans [3]. En particulier on
introduit le ”switching system” suivant :

min{max{Lαi(x,Dvi(x)); vi(x) − min
j 6=i

{vj(x) + k}}; vi(x) − ψ(x)} = 0,

pour x ∈ R
N , et i ∈ I = {1, . . . ,M}. On montre que ce système a une unique solution de

viscosité v = (v1, . . . , vM ) et on donne aussi un taux de convergence de v vers u. En particulier
on a le résultat suivant :

Theorem .2. Pour tout i ∈ I et pour tout x ∈ R
N on a

0 ≤ vi − u ≤ Ck1/3,

où C dépend de λ et K définies en (A1). 2

La perturbation du ”switching-system” conduit à l’équation suivante :

min{max{ inf
|e|≤ε

Lαi(x+ e,Dvεi (x)); vεi (x) − min
j 6=i

{vεj (x) + k}}; vεi (x) − ψ(x)} = 0,

pour tout i ∈ I et x ∈ R
N , et on dénote vε = (vε1, . . . , v

ε
M ) la solution de viscosité. On

régularise vε par convolution, on obtient la fonction vε qui est une sur-solution locale de
supα L

α(x, vε(x),Dvε(x),D
2vε(x)) ≥ 0.
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Pour arriver à l’estimation d’erreur, on doit alors considérer les 2 ensembles suivants :

X := {x ∈ R
N |uh(x) = ψ(x)}; Y := {x ∈ R

N |S(h, x, uh(x), uh) = 0}.

Pour les x ∈ Y , on applique la méthode introduite par Barles et Jakobsen : on applique
l’hypothèse de consistance à la sur-solution vε et on obtient une sur-solution du schéma.
Enfin, le principe de comparaison discret nous permet de conclure. Pour les x ∈ X, il est
suffisant de noter que uh(x) = ψ(x) ≤ u(x), pour tout x.

En combinant ces deux résultat on a

Theorem .3. Sous les hypothèses (A1), (A2) et (S1)-(S3), et en supposant que le schéma a
une unique solution uh dans Cb,l(R

N ), on a que

uh − u ≤ Ch`, ∀ x ∈ R
N ,

où ` = mini∈J{ki/(3i − 2)} et C dépend de λ, K et Kc. 2

Dans ce chapitre de la thèse on fait aussi une étude des différents schémas numériques et on
donne les conditions sous lesquelles un schéma peut donner la meilleure estimation d’erreur.
Cette étude reste d’ailleurs valable pour les approximations de toutes les équations HJB.

Chapitre 2. Le problème de contrôle impulsionnel

Cette partie de la thèse fait l’objet de l’article
• J.F. Bonnans, S. Maroso, H. Zidani, Error estimates for a stochastic impulse control

problem, à paraıitre dans Applied Mathematics and Optimization, version finale ac-
ceptée en mars 2006. [6]

Le problème de contrôle optimal impulsionnel est le suivant





u(x) = infα∈A

{∫ +∞

0
fα(Xt)e

−tdt+

+∞∑

i=1

(k + c(ξi))e
−θi

}

dXt = bα(Xt)dt + σα(Xt)dWt, t ∈]θi, θi+1[
Xθ+i

= Xθ−i
+ ξi, i ∈ N

X0 = x0

(0.8)

où θi est une suite de temps d’arrêt, ξi sont les impulsions et c est un coût de transaction.
L’équation HJB associée à ce problème est donc

max{sup
α∈A

Lα(x, u(x),Du(x),D2u(x));u(x) −Mu(x)} = 0, x ∈ R
N , (P)

où 



Mu(x) := k + infξ∈RN
+
{u(x+ ξ) + c(ξ)},

k > 0, c : R
N
+ → R+,

c(0) = 0, c(ξ1 + ξ2) ≤ c(ξ1) + c(ξ2).

(0.9)
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Soit u l’unique solution de viscosité bornée et Lipschitzienne de (P).
On a donc que cette équation peut être vue comme un problème d’obstacle, où l’obstacle

dépend aussi de la fonction valeur.
On considère un schéma d’approximation monotone de (P), de la forme suivante :

max{S(h, x, uh(x), uh);uh(x) −Muh(x)} = 0, x ∈ R
N , (S)

où S est une approximation monotone et consistante de supαLα.
La difficulté principale pour obtenir l’estimation d’erreur vient du fait que la fonction

valeur apparâıt aussi dans l’”obstacle” Mu. Cela pose un problème aussi pour démontrer
l’unicité de la solution de viscosité de (P), qu’on résout en utilisant les techniques introduites
par Barles [2], pour le l’équation à l’ordre 1.

En utilisant la méthode introduite par Ishii [22] pour démontrer l’existence d’une solution
de viscosité, on approche (P) par une suite de problème à cascade (Pn), n ≥ 0, où dans
chaque problème on admet seulement un nombre fini d’impulsions.

On considère le premier problème, dit le problème sans impulsions :

sup
αi

Lαi(x, u0(x),Du0(x),D
2u0(x)) = 0, x ∈ R

N . (P0)

Sous les hypothèses (A1-A2), cette équation a une unique solution de viscosité u0 dans
Cb,l(R

N ). Ensuite on considère maintenant le problème avec une impulsion, dans lequel l’obs-
tacle dépend de u0 :

max{sup
αi

Lαi(x,Du(x));u(x) −Mu0(x)} = 0, x ∈ R
N . (P1)

Comme Mu0 est uniformément continue, sous les hypothèses (A1-A2), il existe une unique
solution de viscosité u1 de (P1) dans Cb,l(R

N ). De la même façon, pour n = 2, 3, · · · , soit
un ∈ Cb,l(R

N ) l’unique solution de viscosité du problème avec n impulsions :

max{sup
αi

Lαi(x,Du(x));u(x) −Mun−1(x)} = 0, x ∈ R
N . (Pn)

En utilisant les propriétés de l’opérateur M, et la comparaison entre solutions de viscosité,
on obtient que la suite de problèmes (Pn)n engendre une suite de solutions (un)n telle que

0 ≤ · · · ≤ un ≤ · · · ≤ u2 ≤ u1 ≤ u0. (0.10)

On suppose maintenant que |u0|0 > k, et soit µ ∈ (0, 1) tel que µ|u0|0 < k.
On a alors montré que

un − u ≤ (1 − µ)n

µ
|u0|0,

pour tout n ≥ 0.
De la même façon on approche (S) par une suite à cascade de schémas (Sn), n ≥ 1,

max{S(h, x, uh(x), uh);uh(x) −Muh(n−1)(x)} = 0, x ∈ R
N . (Sn)
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Soit uhn la solution de (Sn), continue et bornée. Avec la même méthode que pour les solutions
de viscosité, on montre que (uhn)n forme une suite décroissante de fonctions positives, et de
plus pour tout n ≥ 0,

uhn − uh ≤ (1 − µ)n

µ
|uh0|0.

En adaptant les méthodes introduites par Barles et Jakobsen [3] à notre problème avec
obstacle, on obtient une borne supérieure et une borne inférieure de un − uhn, pour tout
n < +∞. En effet, l’extension de ces méthodes dans le cas d’un problème convexe avec
obstacle fixe est facile.

On a alors le résultat suivant.

Proposition .4. Sous les hypothèses (A1)-(A2) et (S1)-(S4), soient un ∈ Cb,l(R
N ) l’unique

solution de viscosité de (Pn), et uhn ∈ Cb(R
N ) l’unique solution de (Sn-impulse), n ≥ 1.

Alors, on a
un(x) − uhn(x) ≤ C̄n|h|γ̄ , (Ēn)

où
C̄n = C̄n−1 + Cε, (0.11)

γ̄ = mini{ki/i}, et C est une constante qui dépend de K défini dans (A1), de λ et des
constantes de Lipschitz de un.

En général on obtient que, pour tout n ≥ 1, un − uhn ≤ C̄n|h|γ̄ . On pose

D̄n−1 := C̄n − C̄n−1.

La suite des C̄n est croissante, mais on arrive à montrer que D̄n ≤ D̄0, et de plus :

C̄n ≤ C̄0 + nD̄0.

On peut alors donner une estimation de la borne supérieure de u− uh. Comme

sup
x

(uh(x) − u(x)) ≤ sup
x

(uh(x) − uhn(x)) + sup
x

(uhn(x) − un(x))

+ sup
x

(un(x) − u(x)),

en choisissant le n optimal, on obtient le résultat.
Ce résultat s’applique au schéma des différences finies classiques, aux différences finies

généralisées et à tous les schémas du type châınes de Markov.
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La borne inférieure Pour la borne inférieure on analyse d’abord l’erreur entre un et uhn,
pour tout n < ∞, en utilisant la technique du ”switching system” introduite dans [3]. Dans
le cas d’un nombre fini d’impulsions on a alors le résultat suivant :

Proposition .5. Sous les hypothèses (A1)-(A2) et (S1)-(S4), soit un ∈ Cb,l(R
N ) la solution

de viscosité de (Pn) et soit uhn ∈ Cb,l(RN ) la solution de (Sn), n ≥ 1. Alors on a

uhn(x) − un(x) ≤ Cn|h|γ , ∀ x ∈ R
N , (En)

Cn = Cn−1 + Cε, (0.12)

γ = mini{ki/(3i − 2)}, et C dépend de K, de λ et de la constante de Lipschitz de un.

En général on obtient que, pour tout n ≥ 1, uhn − un ≤ Cn|h|γ . On pose

Dn−1 := Cn − Cn−1.

La suite des Cn est croissante, mais on arrive à montrer que Dn ≤ D0, et de plus :

Cn ≤ C0 + nD0.

Finalement, comme

sup
x

(uh(x) − u(x)) ≤ sup
x

(uh(x) − uhn(x)) + sup
x

(uhn(x) − un(x))

+ sup
x

(un(x) − u(x)),

en choisissant le n optimal, on a le résultat.

Theorem .6. Sous les hypothèses (A1-A2) et (S1-S4), soit u ∈ Cb,l(R
N ) l’unique solution

de viscosité de (P), et uh ∈ Cb(R
N ) l’unique solution de (S). On a alors la borne suivante :

− C|h|γ ≤ u− uh ≤ C|h|γ̄ , (0.13)

où C est une constante borné qui dépend de K défini dans (A1), et de la vitesse de convergence
de un et uhn.

Chapitre 3. Un algorithme pour la résolution d’un problème de contrôle

impulsionnel

Dans ce chapitre on présente une approche pour la résolution numérique du problème de
contrôle impulsionnel présenté dans le chapitre précédent. Cet algorithmes se base sur l’ap-
proche théorique de la cascade qu’on a étudié dans le chapitre précédent, et sur l’algorithme
de Howard.

On donne aussi quelques résultats sur l’algorithme de Howard (connu aussi sous le nom
d’iterations sur les politiques). Plus précisement, on propose une preuve simple et directe
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pour la convergence surlinéaire, et on prouve que cet algorithme est exactement équivalent à
la méthode Primal-Dual étudiée dans [21].

Rappelons ici le problème qu’on souhaite étudier :

max{sup
α∈A

Lα(x, u(x),Du(x),D2u(x));u(x) −Mu(x)} = 0, x ∈ R
N , (0.14)

où 



Mu(x) := k + infξ∈RN
+
{u(x+ ξ) + c(ξ)},

k > 0, c : R
N
+ → R+,

c(0) = 0, c(ξ1 + ξ2) ≤ c(ξ1) + c(ξ2).

(0.15)

Une méthode possible de calculer la solution de (0.14) est de discrétiser l’espace des états
R
N en introduisant une grille discrète régulière Oh ∈ R

N . On denote avec Ntot le nombre fini
de points dans la grille. La discrétisation de (0.14) sur cette grille, peut être generalement
interprétée comme un problème de contrôle impulsionnel pour le contrôle optimal d’une
châıne de Markov ; voir [10, 15, 20, 26] et le références dans ces articles. Soient Lh et Mh les
discrétisations des operateurs L et M respectivement. Alors l’équation discrète s’écrit comme
suit :

max
{

sup
α∈ANtot

(LαhVh − f(α));Vh −MhVh
}

= 0. (0.16)

En particulier Lαh est une matrice de dimension Ntot × Ntot, Vh, MhVh et f(α) sont des
vecteurs de dimension Ntot. Une politique pour cette équation discrète est une application
Oh → A ; on dénote avec ANtot l’ensemble des politiques. L’operateur Lαh est supposé, pour
une politique donnée α, linéaire, et tel que LαhVh ≥ 0 implique Vh ≥ 0. On suppose aussi que
les éléments non diagonaux de la matrice Lαh sont non positifs, et que si Vh est constant, alors
LαhVh = λVh.

L’étude numérique du problème (0.16) est liée à la résolution du problème de l’obstacle,
formulé comme suit :

max{ sup
α∈ANtot

(LαhVh − f(α));λVh − ψ} = 0, (0.17)

où l’obstacle ψ est un vecteur de dimension Ntot. Le problème (0.16) peut être donc vu comme
un problème d’obstacle dans lequel l’obstacle dépend de la solution Vh.

Un problème plus simple à résoudre est l’équation HJB standard (sans obstacle)

sup
α∈ANtot

(LαhVh − f(α)) = 0. (0.18)

Pour les problèmes en horizon infini, le problème d’obstacle peut être réduit au problème
standard. On a alors le résultat suivant :
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Lemma .7. On considère un contrôle αobs /∈ A. On pose Â = A∪ {αobs}, et on définit L̂, f̂
par

(L̂αhVh)i = (LαhVh)i, si αi ∈ A,
(L̂αhVh)i = (λVh)i, si αi = αobs
(f̂(α))i = (f(α))i si αi ∈ A,
(f̂(α))i = ψi, si αi = αobs.

Alors le problème d’obstacle (0.17) est équivalent au problème standard (0.18), avec donnés
Â, L̂h et f̂ . 2

Dans la litterature, l’équation de Bellman associée au problème de contrôle optimal d’une
châıne de Markov à été étudié par de nombreux auteurs, (voir, par exemple [26], [20], [15]).
(0.18) peut s’écrire aussi sous la forme

Vh = β inf
α∈ANtot

(Vh + ∆t(λVh − LαhVh + f(α))),

où ∆t est un pas de temps fictif, et β := (1 + λ∆t)−1 est le taux d’actualisation discret. Si
∆t > 0 est suffisament petit, en vue des hypothèses qu’on a fait sur Lαh , la matrice Mα

h définie
by Mα

h Vh = Vh+∆t(λVh−LαhVh) a des coefficients non-negatifs, et la somme sur chaque ligne
est égale à 1. Donc pour chaque politique α, Mα

h est la matrice de transition d’une châıne de
Markov.

La réformulation par point fixe de (0.18) est la base des deux principaux algotithmes, les
itérations sur les valeurs

V k+1
h = β inf

α
{Mα

h V
k
h + f(α)},

et les itérations sur les politiques (dû à Howard), qui consiste, pour une politique αk à l’étape
k, à résoudre le système linéaire :

Lαk

h V k+1
h − f(αk) = 0,

ce qui revient à résoudre l’équation :

V k+1
h = β(Mαk

h V k+1
h + f(αk)).

Vient ensuite une étape de mise à jour de la politique en utilisant la formule

αk+1 ∈ argmax{LαhV k
h + f(α)},

qui est équivalent à
αk+1 ∈ argmin{Mα

h V
k
h + f(α)}.

On s’est intéressé, dans ce chapitre, à étudier la vitesse de convergence de l’algorithme de
Howard pour le problème (0.18). On montre que, dans le cas où A est un ensemble fini tel
que card(A) = p, l’algorithme de Howard converge en un nombre fini d’itérations, borné par
pN . De plus il est connu (voir par exemple [9]) que si A est un ensemble dénombrable, alors
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cet algorithme a une convergence linéaire. On démontre dans ce chapitre la convergcence
surlinéaire de l’algorithme de Howard dans le cas où A est un ensemble compact. Ce résultat
a été prouvé dans [30, 31] pour des problèmes particulièrs et sous des hypothèses particulières.
On donne dans ce chapitre une preuve qui nous semble claire et simple de ce résultat dans
un cadre général.

Si on réecrit (0.18) sous la forme

max
α∈ANtot

(A(α)x − f(α)) = 0, (0.19)

avec A(α) = Lαh , on a le résultat suivant.

Theorem .8. Soit A un ensemble non vide et compact, et A : AN → R
N×N , f : AN → R

N ,
des fonctions continue telles que A(α) est monotone pour tout α. Alors (0.19) a une unique
solution x∗, et l’algorithme de Howard converge sur-linéairement, i.e. lim

k→∞
xk = x∗ and

||xk+1 − x∗|| = o

(
||xk − x∗||

)
, quand k → ∞.

Comme le problème d’ostacle (0.17) peut s’écrire comme un problème standard (0.18), on
peut appliquer les mêmes méthodes pour le résoudre. En particulier on considère l’algorithme
de Howard appliqué au problème

max(M1Vh − b;M2Vh − ψ) = 0, (0.20)

où les matrices Mi sont monotones de dimension Ntot × Ntot(i.e. MiX ≥ 0 ⇒ X ≥ 0),
i = 1, 2, Vh, b et ψ sont vecteurs dans R

Ntot, et Vh est la solution du problème. Au fai, on a
que (0.20) n’est rien d’autre que une discrétisation de (0.17) Dans la litterature, pour résoudre
(0.17), des différentes méthodes sont utilisées, et on considère en particulier la méthode des
Contraintes Actives (voir [21]). On démontre dans ce chapitre l’équivalence entre la méthode
de contraintes actives et l’algorithme de Howard pour le problème d’obstacle.

Le problème
max{ sup

α∈ANtot

{LαhVh − f(α));Vh −MhVh} = 0, (0.21)

est une sorte de problème d’obstacle dans lequel l’obstacle dépend de la fonction valeur.
Tenant compte de l’idée de cascade introduite dans le chap̂ıtre précédent, on propose l’algo-
rithme de résolution suivant :

Un algorithme de type Cascade implemantable
Data A,Lαh , f(α), M, une suite mn de nombre entiers positifs, α, politique initiale ;
k := 0.

Init Faire m0 itérations de l’algorithme de Howard pour résoudre (S0) ; le résultat est
une estimation supérieure Ṽh0 de Vh0.
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Loop Pour k = 1, 2, . . ., on définit le problème (avec incounnue Vhn)

max
α∈{A∪{αobs}}Ntot

{(LαhVhn + f(α);Vhn −MhṼh(n−1)} = 0.

Faire mn itérations de l’algorithme de Howard pour résoudre le problème d’obstacle
(Sn) ; la politique initiale est la dernière obtenue dans la dernière étape de l’itération
précédente. Le résultat est une estimation supérieure Ṽhn de Vhn.

End
Si on prendsmn = +∞ dans l’algorithme, on recouvre la cascade. Une autre choix extreme

est de choisir mn = 1, pour tout n, c.a.d. mettre à jour la valeur après impulsion après chaque
itération. Comme démontré dans le théorème suivant, ce dernier est en effect la cas le plus
efficient et moins coûteaux.

Dans le théorème, on utilise un conteur `, pour conter le nombre de fois qu’on passe par
l’algorithme de Howard, i.e. il est le nombre totale d’iterations sur les politiques qui a été
fait. Par example, à l’iteration i de l’algorithme de Howard pour l’itération k de l’algorithme
totale, on aura

` = i+

k−1∑

j=0

mj . (0.22)

Theorem .9. Soit ` le conteur total des iterations sur les politiques. La valeur correspondente
qu’on denotera Vhn est une fonction decroissante de la suite mn. En d’autres termes, si le coût
du calcul d’une impulsion est negligeable par rapport au coût des iterations sur les politiques,
la convergence va plus vite quand le calcul de l’impulsion est fait moin souvent.

On conclut le chapitre par des résultats numériques où on teste l’efficacité des deux
approches, avec mn = +∞ et mn = 1.

Chapitre 4. Approximation numérique d’un problème de sur-replication

avec contraintes gamma

Le dernier chapitre de la thèse est consacré à l’étude de l’approximation numérique d’un
problème de contrôle stochastique non borné, associé en particulier à un modèle de ”pricing”
des options, dit problème de sur-couverture [29, 32, 33].

Dans un marché financier, où on a un actif risqué et un actif non risqué, on s’intéresse à
étudier le plus petit capital initial nécessaire pour couvrir un certain prix donné. Plusieurs
auteurs ont travaillé sur ce problème dans des cas différents et avec différentes contraintes :
par exemple [18, 32] pour des problèmes en dimension 1, [11] pour des problèmes en dimension
2, et [33, 14] pour des problèmes en dimension générale d. Dans tous ces articles, les auteurs
montrent que le prix de sur-replication est solution de viscosité d’une équation HJB, avec
conditions au bord et condition finale.

Dans ce chapitre on étudie numériquement une équation HJB qui provient d’un problème
de sur-couverture en dimension 2. On discrétise l’équation HJB en utilisant le schéma des
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Différences Finies Généralisées [8, 10], et on étudie l’existence et l’unicité de la solution
discrète. Finalement on démontre la convergence de la solution numérique vers la solution de
viscosité.

En particulier, on considère l’équation HJB qui provient du problème de sur-couverture
en dimension 2 introduit par [11] :

ϑ(t, x, y) = sup
(ρ,ξ)∈U

E
[
g
(
Xρ,ξ
t,x,y(T )

)]
, (0.23)

où

U :=
{
(ρ, ζ) à valeurs dans [−1, 1] × (0,+∞) et Ft-mesurable |

∫ T

0
ζ2
t dt < +∞

}
,

g est le payoff, et le processus (Xρ,ξ
t,x,y, Y

ρ,ξ
t,x,y) est un processus positif en dimension 2 qui évolue

en suivant le système dynamique stochastique :

dXρ,ξ
t,x,y(s) = σ(s, Y ρ,ξ

t,y (s))Xρ,ξ
t,x,y(s)dW

1
s , s ∈ (t, T ) (0.24a)

dY ρ,ξ
t,y (s) = −µ(s, Y ρ,ξ

t,y (s))ds + ξ(s)Y ρ,ξ
t,y (s)dW 2

s , s ∈ (t, T ) (0.24b)

〈dW 1
s , dW

2
s 〉 = ρ(s), a.e s ∈ (t, T ) (0.24c)

Xρ,ξ
t,x,y(t) = x , Y ρ,ξ

t,y (t) = y, (0.24d)

où W 1
s et W 2

s sont des mouvements Browiniens, et σ est la volatilité.
Les variables Xρ,ξ

t,x,y et Y ρ,ξ
t,y décrivent deux actifs dans un marché financier. Le premier

actif Xρ,ξ
t,x,y est risqué, et le deuxième Y ρ,ξ

t,y est un actif tel que son prix est lié à Xρ,ξ
t,x,y à

travers la volatilité σ(t, Y ρ,ξ
t,y ). On suppose que les coefficients µ et σ satisfaient les hypothèses

suivantes :

(A1) σ : [0, T ]×R → R
+ est une fonction positive, telle que σ2 est Lipschitzienne.

Pour tout t ∈ [0, T ], σ(t, 0) = 0 (typiquement σ(t, y) =
√
y).

(A2) µ : (0, T ) × R
+ → R

+ est une fonction positive, Lipschtzienne, et telle que
µ(t, 0) = 0 pour tout t ∈ [0, T ].

Pour obtenir une fonction valeur ϑ bornée et Lipschitzienne on va supposer que g est une
fonction telle que

(A3) g est bornée et Lipschtienne. Soit M0 > 0 telle que : ‖g‖∞ ≤M0.

(A4) La fonction f : z → g (ez) est Lipschtzienne.

(A5) g ∈ C2(R+ → R). Les fonctions x→ xg′(x) et x→ x2g′′(x) sont bornées.

Si maintenant on considère l’Hamiltonien associé à ce problème, on a, pour t ∈ [0, T ), x, y ∈
(0,∞)2, p = (p1, p2) ∈ R

2 et Q ∈ M2,

H (t, x, y, p,Q) := inf
(ξ,ρ)∈R+×[−1,1]

{
µ(t, y)p2 −

1

2
tr (a(t, x, y, ξ, ρ) ·Q)

}
,
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où la matrice de covariance a est donnée par :

a(t, x, y, ξ, ρ) =

(
σ2(t, y)x2 ρξσ(t, y)x
ρξσ(t, y)x ξ2

)
.

On voit bien que l’Hamiltonien est une minimization sur un ensemble de contrôles non bornés,
et donc il peut ne pas être fini. La première difficulté est alors que le Hamiltonien associé à
(0.23) peut ne pas être borné, et on n’est pas capable de traiter numériquement ce type de
problèmes. De façon formelle, on a que ϑ satisfait l’équation suivante :

−∂ϑ
∂t

+H
(
t, x, y,Dϑ,D2ϑ

)
= 0 (t, x, y) ∈ (0, T ) × (0,+∞) × (0,+∞).

Dans la littérature, les problèmes avec contrôle non borné ont été étudiés, par exemple, par [1],
[13] et d’autres. Dans tous ces cas, les auteurs ont décidé de tronquer l’ensemble des contrôles
pour se ramener à un ensemble de contrôles bornés et donc simplifier l’analyse numérique.
Dans ce chapitre on ne tronque pas l’ensemble des contrôles, car on trouve une formulation
particulière pour l’équation HJB, et cette formulation nous permet de contourner la difficulté
du contrôle non borné avec d’autres techniques. On démontré au fait le résultat suivant :

Theorem .10. Pour t ∈ [0, T ), x, y ∈ R
+, sous les hypothèses (A1)-(A2), la fonction valeur

ϑ est une solution de viscosité discontinue de :

Λ−(J(t, x, y, ∂tϑ(t, x, y),Dϑ(t, x, y),D2ϑ(t, x, y))) = 0, (0.25)

où

J(t, x, y, r, p,Q) :=

(
−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)x ∂2ϑ

∂x∂y

−1
2σ(t, y)x ∂2ϑ

∂x∂y −1
2
∂2ϑ
∂y2

)
,

et Λ−(J) représente la plus petite valeur propre de la matrice J . De plus, ϑ est une sur-
solution de viscosité discontinue de

− ∂2ϑ

∂y2
≥ 0. (0.26)

On démontre d’abord que ϑ est une solution de viscosité discontinue, et ensuite, grâçe
au principe de comparaison pour solution de viscosité, on démontre que ϑ est Lipschtzienne,
quand les hypothèses (A3-5) sont vérifiées.

L’équation (0.25) n’est pas facile à traiter numériquement. Cependant, à partir des calculs
standards d’algèbre, on réecrit la plus petite valeur propre sous la forme suivante :

Λ−(J) = min
α2

1+α
2
2=1

αTJα,

où α ∈ R
2, et on a alors :
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Corollary .11. Sous les hypothèses (A1)-(A3), la fonction valeur ϑ est une solution de
viscosité de l’équation HJB :

inf
α2

1+α2
2=1

{(
α1

α2

)T (−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)x ∂2ϑ

∂x∂y

−1
2σ(t, y)x ∂2ϑ

∂x∂y −1
2
∂2ϑ
∂y2

)(
α1

α2

)}
= 0.

(0.27)

On a donc transformé le problème de départ en un problème équivalent avec contrôle
borné et maintenant une analyse numérique est possible. Pour cette équation, des conditions
au bord et un principe d’unicité ont été prouvés dans [11]. En particulier, les conditions au
bord sont les suivantes :

ϑ(T, x, y) = g(x), ∀ (x, y) ∈ (0,∞)2

ϑ(t, x, 0) = g(x), ∀ (t, x) ∈ [0, T ) × (0,∞)2.

On discrétise l’équation HJB (0.27) par le schéma des différences finies généralisées et on
obtient :

Sρ(t, x, y, r, φ) = min
α2

1+α2
2=1

{
− α2

1

φ(t+ ∆t, x, y) − r

∆t
+ α2

1µ
r − φ(t, x, y − h)

h

−1

2

∑

ξ∈S(x,y)

γα1,α2

ξ (t, x, y)
[
φ(t, x− ξ1h, y − ξ2h) − 2r + φ(t, x+ ξ1h, y + ξ2h)

]}
,

(0.28)

pour (t, x, y) ∈ [0, T ) × (0,∞)2, où

S(x, y) := Sp avec p = min(pmax, dx/he, dy/he), (0.29)

Sp = {(ξ1, ξ2) ∈ Z × N;max(|ξ1|; ξ2) ≤ p; (|ξ1|, ξ2) irreductible }, (0.30)∑

ξ∈S(x,y)

γα1,α2

ξ (t, x, y)ξξT = ahp(α1, α2, t, x, y), (0.31)

et ahp est la projection de la matrice ah sur C(Sp), ah = a/h2.
Finalement, l’équation discrète qu’on va résoudre est la suivante :

Sρ(t, x, y, vh(t, x, y), vh) = 0, (0.32a)

pour (t, x, y) ∈ [0, T ) × (0,∞)2, avec conditions au bord :

vh(T, x, y) = g(x), ∀ (x, y) ∈ [0,∞)2, , (0.32b)

vh(t, x, 0) = g(x), ∀ (t, x) ∈ [0, T ] × [0,∞), (0.32c)

vh(t, 0, y) = g(0), ∀ (t, y) ∈ [0, T ] × [0,∞). (0.32d)

On démontre que ce schéma est monotone, stable et consistant, au sens des définitions sui-
vantes :
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(S1) Monotonie : Sρ(t, x, y, r, u) ≥ Sρ(t, x, y, r, v),
pour tout r ∈ R, x, y ∈ R

∗
+, u, v ∈ C([0, T ]×[0,∞)2) tels que u ≤ v dans [0, T ]×[0,∞)2 .

(S2) Stabilité : Pour tout ρ = (h,∆t, pmax) ∈ (R∗
+) × (0, T ) × N

∗, il existe une solution
borné vhde (0.32).

(S3) Consistance : Il existe une constante C1 > 0, telle que, pour tout φ ∈ Cn([0, T ] ×
[0,∞)2), n ≥ 4, avec dérivées bornées,

∣∣∣∣ min
α2

1+α2
2

{
− α2

1

∂φ

∂t
(t, x, y) + α2

1µ
∂φ

∂y
(t, x, y) − 1

2
tr[a ·D2φ(t, x, y)]

}

−Sρ(t, x, y, φ(t, x, y), φ)

∣∣∣∣
≤ C1(|∂2

t φ|0∆t+ µ|D2
yφ|0h) + 16

√
2p2
max‖a‖|D4φ|0h2 + εp(t, x, y)|D2φ|0,

(0.33)

où ap est la projection de a dans C(Sp), pour p = min(pmax, dx/he, dy/he), et εp(t, x, y)
est l’erreur de projection tel que εp = ||a− ap|| et p = pmax, et εp = CK(x, y)h2 sinon,
où C dépend de la constante de Lipschitz de σ2, et K(x, y) ≥ 0, pour tout x, y.

On introduit l’ensemble A de contrôles associés aux points (xi, yj)i≥0, j≥1 par : B̄ := {α =
(α1, α2), α

2
1 + α2

2 = 1} et
A := (B̄)N×N∗

.

Alors le schéma peut s’écrire sous la forme abstraite suivante :
Trouver X := vh(t, ., .) ∈ R

N×N∗
, borné, tel que

min
w∈A

(
A(w)X − b(w)

)
= 0, (0.34)

où A(w) est un operateur linéaire dans R
N×N∗

, et b(w) est un vecteur de R
N×N∗

, qui sont
précisés dans le Chapitre 4.

En appliquant l’algorithme de Howard et des résultats sur les systèmes linéaires en di-
mension infinie on arrive à montrer le théorème suivant :

Proposition .12. Il existe une unique solution bornée X au problème

min
w∈A

(A(w)X − b(w)) = 0.

On conclut le chapitre en montrant que, sous les hypothèses (A1-5), on peut appliquer
le théorème de convergence introduit par Barles et Souganidis [5], et démontrer donc que
vh → ϑ, pour h→ 0.
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1. INTRODUCTION

Error estimates for stochastic differential games :
the adverse stopping case 1

Abstract
We obtain error bounds for monotone approximation schemes of a particular Isaacs equa-

tion. This is an extension of the theory for estimating errors for the Hamilton-Jacobi-Bellman
equation.

To obtain the upper error bound, we consider the “Krylov regularization” of the Isaacs
equation to build an approximate sub-solution of the scheme. To get the lower error bound
we extend the method of Barles and Jakobsen [1] which consists in introducing a switching
system whose solutions are local super-solutions of the Isaacs equation.

keywords : Isaacs equation, Hamilton-Jacobi-Bellman equation, stochastic differential games,
finite differences, error estimates.

1 Introduction

The aim of this paper is to give error bounds for approximation schemes of a particular
non convex Isaacs equation. More precisely we consider the following equation

min{sup
α∈A

Lα(x,Du(x));u(x) − ψ(x)} = 0, x ∈ R
N , (1.1)

where
Lα(x,Du(x)) = Lα(x, u(x),Du(x),D2u(x)),
Lα(x, t, p,X) = − tr[aα(x)X] − bα(x)p + cα(x)t− fα(x).

Here A = {α1, . . . , αM} denotes the set of controls, assumed to be finite ; the case of a
compact set will be dealt with in Section 4.3. The coefficients (aα, bα, cα, fα) are, for each
α ∈ A, bounded and Lipschitz functions R

N → SN×R
N×R×R, where SN denotes the set of

N×N symmetric matrices ; ψ is a bounded Lipschitz function from R
N into R. Under classical

assumptions, (1.1) has a unique bounded viscosity solution, denoted u. The regularity of u
depends on the properties of the coefficients a, b, c, f .
This problem is a particular case of stochastic differential games, called the adverse stopping
case. In fact, we can note that in (1.1) we have two players, A and B. Player A has a set of
controls and wants to minimize the gain. Player B can only decide to stop the game with the
objective of maximizing the gain.
Then we consider monotone approximation schemes of (1.1), of the following form :

min{S(h, x, uh(x), uh);uh(x) − ψ(x)} = 0, x ∈ R
N , (1.2)

1Joint work with F. Bonnans and H. Zidani.

IMA Journal of Numerical Analysis, 26 : 188-212,2006.
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1. INTRODUCTION

where S is a consistent, monotonic and uniformly continuous approximation of supα∈A Lα.
We will note uh ∈ Cb(R

N ) the solution of (1.2), which is the approximation of u, and h the
mesh size. This abstract notations was introduced by Barles and Souganidis [3] to display
clearly the monotonicity of the scheme : S(h, x, r, v) is non decreasing in r and non increasing
in v. Typical approximation schemes that we will consider are Classical Finite Differences
(Kushner and Dupuis [16]), Generalized Finite Differences [5, 6], and Markov Chain Approxi-
mations [16].

Until now, results on convergence rates for monotone approximation schemes of the equa-
tion with one player have been obtained ; i.e. for the following equation :

sup
α∈A

Lα(x,Du(x)) = 0, x ∈ R
N , (1.3)

and the scheme
S(h, x, uh(x), uh) = 0, x ∈ R

N . (1.4)

Error estimates for this equation have been obtained by Krylov [14, 15], and these results
were extended by Barles and Jakobsen [2, 1]. Error estimates for a stochastic impulse control
problem was recently obtained by the authors [4]. During the redactions of this paper we
learned that also Jakobsen was working on the convergence rate for monotone approximations
of (1.1). In [13] he obtained error estimates in the case of finite differences scheme with matrix
a independent of x, using a penalization approach, and in [12] he obtained error estimates in
the one dimensional case but for general Isaacs equations.

By using the methods introduced by Barles and Jakobsen [1], we give convergence rate for
monotonic approximation schemes of the two players equation. The upper estimate of u−uh
is easier to obtain than the lower. The proof involves a “Krylov regularization” of (1.1), i.e.
the perturbed equation

min{ sup
α,|e|≤ε

Lα(x+ e,Duε(x));uε(x) − ψ(x)} = 0, x ∈ R
N , (1.5)

and its viscosity solution uε. A regularization of uε by convolution gives an approximate
smooth sub-solution of (1.1), denoted uε which is also an approximate sub-solution of (1.2).
So, by using the consistency property, we obtain the upper bound, after choosing an optimal
parameter of regularization. Unfortunately we can’t proceed in a similar way to build a
smooth super-solution of (1.1) which would lead to the lower estimate on u− uh. Instead of
a smooth super-solution we build a sequence of local smooth super-solution. In particular we
introduce the following switching system which approximates (1.1)

min{max{Lαi(x,Dvi(x)); vi(x) − min
j 6=i

{vj(x) + k}}; vi(x) − ψ(x)} = 0, (1.6)

for x ∈ R
N , and i ∈ I = {1, . . . ,M}. For literature on the switching systems, see Capuzzo-

Dolcetta and Evans [7], Evans and Friedman [9], Ishii and Koike [10, 11]. We consider the
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2. WELL-POSEDNESS OF THE ISAACS EQUATION AND OF THE SCHEME

viscosity solution v = (v1, . . . , vM ) of this system, and give an estimate of the rate of conver-
gence of v to u. Then we consider a perturbed system

min{max{ inf
|e|≤ε

Lαi(x+ e,Dvεi (x)); vεi (x) − min
j 6=i

{vεj (x) + k}}; vεi (x) − ψ(x)} = 0, (1.7)

for all i ∈ I and x ∈ R
N , and its viscosity solution denoted vε = (vε1, . . . , v

ε
M ). We regularize

vε by convolution obtaining vε, and this function allows to build a local super-solution of
(1.1). Then by applying the consistency and the monotonicity of the scheme we obtain the
desired bound. With our result, we can prove an upper bound of h1/2 and a lower bound of
h1/5 for classical finite differences scheme and for generalized finite differences scheme.

The paper is organized as follows : in Section 2 we introduce the assumptions on equation
(1.1) and scheme (1.2). In Section 3 we obtain the rate of convergence of the solution v of
(1.6) to u. In the first part of Section 4 we obtain an upper bound of u − uh, and in the
second part of this section we use the rate obtained in Section 3 for giving the lower bound of
u−uh. In Section 5 we apply our results to the generalized finite difference scheme taken from
[6], and studies conditions under which a general Markov chain approximation give better
estimates than this scheme. Finally in the Appendix we give some auxiliary theorems which
are used throughout the paper.
We conclude this introduction with some notations. In the sequel C is a positive constant
independent on parameters ε and h. By | · | we mean the standard Euclidean norm in any
R
M type space. In particular, if X ∈ SN , then |X|2 = tr(XX>), where X> is the transpose

of X, i.e. |X| is the Frobenius norm. If g is a bounded function from R
N into either R,RM ,

or the space of N × P matrices, we set

|g|0 := sup
x∈RN

|g(x)|.

If g is also Lipschitz continuous, we set

[g]1 := sup
x,y∈RN

x 6=y

|g(x) − g(y)|
|x− y| , |g|1 := |g|0 + [g]1.

We denote by ≤ the component wise ordering in R
N , and by � the ordering in the sense of

positive semidefinite matrices in S(N). The space Cb(R
N ) (resp. Cb,l(R

N )) will denote the
space of continuous and bounded functions (resp. bounded and Lipschitz functions) from R

N

to R.

2 Well-posedness of the Isaacs equation and of the scheme

Throughout this paper, we suppose that the following assumptions are satisfied :
(A1) There exist λ,K such that, for all x ∈ R

N and α ∈ A, we have that aα(x) =
1
2σ

α(x)(σα(x))T , where σα(x) is, for each x, a N × P matrix, and

cα ≥ λ > 0; |σα|1 + |bα|1 + |cα|1 + |fα|1 ≤ K,
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2. WELL-POSEDNESS OF THE ISAACS EQUATION AND OF THE SCHEME

(A2) λ > supα{[σα]1 + [bα]1}.

Definition I.1. The function u ∈ C(RN ) is called a viscosity sub-solution (resp. super-
solution) of (1.1) if, for every x ∈ R

N ,

min{sup
α
Lα(x, u(x),Dϕ(x),D2ϕ(x));u(x) − ψ(x)} ≤ 0, (resp. ≥ 0),

for each ϕ ∈ C2(RN ) such that u − ϕ has a local maximum (resp. a local minimum) at x.
Finally we call u a viscosity solution of (1.1) if it is both a sub-solution and a super-solution.

We refer to [13, Lemma A.1] for the proof of the following result.

Proposition I.2. Assume (A1) and (A2). Then the following statements hold :
(i) If u1 and u2 are respectively viscosity sub-solution and viscosity super-solution of (1.1),
u1, u2 ∈ Cb(R

N ), then u1 ≤ u2 in R
N .

(ii) There exists an unique viscosity solution u of (1.1), in the space Cb,l(R
N ). 2

Consider the scheme (1.2), with h > 0 and S : R
+ × R

N × R × Cb(R
N ) → R. We make

the following assumptions :
(S1) Monotonicity : for all h > 0, r ∈ R

N , m ≥ 0, x ∈ R
N and bounded and continuous

functions u, v such that u ≤ v in R
N ,

S(h, x, r +m,u+m) ≥ λm+ S(h, x, r, v).

(S2) Regularity : for all h > 0 and φ ∈ Cb(R
N ), x 7→ S(h, x, φ(x), φ) is bounded and

continuous ; r 7→ S(h, x, r, φ) is uniformly continuous for bounded r, uniformly with
respect to x ∈ R

N .
(S3) There exist n, ki > 0, i ∈ J ⊆ {1, . . . , n} and a constant Kc > 0 such that for all
h > 0 and x in R

N , and for every smooth φ ∈ Cn(RN ) such that |Diφ|0 is bounded,
for every i ∈ J , the following holds :

|sup
α
Lα(x,Dφ) − S(h, x, φ(x), φ)| ≤ KcQ(φ),

where Q(φ) :=
∑

i∈J |Diφ|0hki .

Remark I.3. (S1) and (S2) imply that S is decreasing w.r.t. v (take m = 0), and increasing
w.r.t. r (take v = u+m).

In the following, we say that a function v ∈ Cb(R
N ) is a sub-solution (resp. super-solution)

to the scheme (1.2) if

min{S(h, x, v(x), v); v(x) − ψ(x)} ≤ 0, ( resp. ≥ 0), for all x ∈ R
N .

Under assumptions (S1) and (S2), we have the existence of a comparison principle for bounded
continuous solutions of (1.2) ; i.e.
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3. SWITCHING SYSTEM

Theorem I.4. Let uh (resp. vh) be a bounded, continuous sub-solution (resp. super-solution)
of (1.2). Then we have uh(x) ≤ vh(x), for all x ∈ R

N .

Proof. The proof is an easy extension of [2, Lemma 2.3]. We assume thatm := supx(uh(x)−
vh(x)) > 0 and obtain a contradiction. Let {xn}n be a sequence in R

N such that δn :=
uh(xn)− vh(xn) converges to m as n→ ∞. Then δn > 0 for large enough n. By using the no-
tion of sub and super-solution, and the fact that min(A,B)−min(C,D) ≥ min(A−C,B−D),
we get

0 ≥ min{S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh);uh(xn) − vh(xn)}.
Since uh(xn) − vh(xn) = δn > 0, by using (S1), we have

0 ≥ S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) + δn, vh +m) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) +m, vh +m) + ω(m− δn) − S(h, xn, vh(xn), vh)
≥ λm+ ω(m− δn),

where ω(t) → 0 when t → 0+ is given by (S2). Letting n → ∞ yields m ≤ 0 which is a
contradiction. 2

In all the sequel we will use a sequence of mollifiers (ρε)ε defined as follows :

ρε(x) = ε−Nρ(x/ε), (2.1)

where ρ ∈ C∞(RN ),
∫

RN ρ = 1, supp{ρ} ⊆ B̄(0, 1) and ρ ≥ 0. If g is a continuous function
of R

N to R, then we define the mollification of g as follows :

gε(x) :=

∫

RN

g(x− e)ρε(e)de. (2.2)

Moreover, if g is a Lipschitz function, then

|g(x) − gε(x)| ≤ ε[g]1. (2.3)

If g ∈ Cnb (RN ) (resp. Cnb,l(R
N )), then

|Digε(x)| ≤ Cε−i|g|0, (resp. Cε1−i|g|0), ∀ i = 1, . . . , n. (2.4)

3 Switching system

Consider the following switching system approximation of (1.1) :

min

{
max

(
Lαi(x,Dvi(x)); vi(x) − min

j 6=i
{vj(x) + k}

)
; vi(x) − ψ(x)

}
= 0, (3.1)
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3. SWITCHING SYSTEM

for i ∈ I = {1, . . . ,M} and x ∈ R
N . In particular we have an equation for every control. A

viscosity solution theory for the switching system can be found in [10], [11], [17]. We recall
here the definition of viscosity solution for a general switching system of the form :

Fi(x, v,Dvi,D
2vi) = 0, i = 1, . . . ,M, (3.2)

where Fi : R
N × R

M × R
N × SN → R.

Definition I.5. The function v = (v1, . . . , vM ) ∈ C(RN )M is called a viscosity sub-solution
(resp. super-solution) of (3.2) if, for every i ∈ I and x ∈ R

N ,

Fi(x, v(x),Dϕ(x),D2ϕ(x)) ≤ 0, (resp. ≥ 0),

for each ϕ ∈ C2(RN ) such that vi − ϕ has a local maximum (resp. a local minimum) at x.
Finally we call v a viscosity solution of (3.2) if it is both a sub-solution and a super-solution.

Lemma I.20 implies a comparison principle for (3.1), and then the existence of a unique
viscosity solution of (3.1) in Cb,l(R

N )M , denoted v = (v1, . . . , vM ).
We perturb the system (3.1) and build the following auxiliary system

min{max(sup
|e|≤ε

Lαi(x+ e,Dvεi (x)); vεi (x) − min
j 6=i

{vεj (x) + k}); vεi (x) − ψ(x)} = 0. (3.3)

Lemma I.20 applied to (3.3), implies the existence of a unique viscosity solution of (3.3),
denoted vε = (vε1, . . . , v

ε
M ), in Cb,l(R

N )M . The following lemma is consequence of Theorem
I.21.

Lemma I.6. Under assumptions (A1) and (A2), we have that

|vi − vεi | ≤ Cε, (3.4)

where C only depends on K,λ and [ψ]1. 2

For every i, let viε the mollification of vεi , defined as in (2.2). Since vεi is a Lipschitz
function, uniformly w.r.t ε > 0 sufficiently small, (2.3) implies

|vεi (x) − viε(x)| ≤ max
i

[vεi ]1ε; (3.5)

Lemma I.20 implies that maxi[v
ε
i ]1 remains bounded when ε ↓ 0 (this argument will be used

several times in the paper).

Lemma I.7. The function viε −R is, for all i, sub-solution of equation (1.1), for some

R := C

(
k + ε+

k

ε2

)
, (3.6)

where the constant C depends only on K,λ and [ψ]1.
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3. SWITCHING SYSTEM

Proof. Let R satisfy (3.6). We have to prove that, for large enough C,

min{sup
α
Lα(x,D(viε(x) −R); viε(x) −R− ψ(x)} ≤ 0, ∀ x ∈ R

N , (3.7)

for all i ∈ I. Since viε ∈ C∞(RN ), the definition of viscosity sub-solution is equivalent to
the notion of classical sub-solution. Therefore we have to prove that one of the following
statements holds for all x ∈ R

N :

viε(x) −R ≤ ψ(x), ∀ i ∈ I, (3.8a)

sup
α
Lα(x,D(viε(x) −R)) ≤ 0, ∀ i ∈ I. (3.8b)

For every x ∈ R
N , set

Iε(x) := {i ∈ I | vεi (x) = ψ(x)}. (3.9)

Let x̃ ∈ R
N . Denote by B(x̃, 2ε) the ball centered on x̃ with radius 2ε. Then we have the two

following possibilities :

CASE A : There exists y ∈ B(x̃, 2ε) such that Iε(y) 6= ∅. We claim that (3.8a) holds.
We have vεi0(y) = ψ(y), for some i0 ∈ Iε(y). Let i /∈ Iε(y). The function vεi (x) − |x − y|2/ε1
has, for sufficiently small ε1 > 0, a local maximum at a point xε such that |xε− y| ≤ ε. Since
vε is the viscosity solution of (3.3), one of the following statements holds :

vεi (xε) ≤ ψ(xε), (3.10a)

max

{
sup
|e|≤ε

Lαi(xε + e, vεi (xε),
2

ε1
(xε − y),

2I

ε1
);

vεi (xε) − min
j 6=i

{vεj (xε) + k}
}

≤ 0. (3.10b)

If vεi (xε) ≤ ψ(xε), since vεi and ψ are Lipschitz, we obtain

vεi (y) ≤ ψ(y) + ([ψ]1 + max
i

[vεi ]1)ε. (3.11)

Otherwise, with (3.10b), we have

vεi (y) ≤ max
i

[vεi ]1ε+ vεi0(xε) + k ≤ 2max
i

[vεi ]1ε+ vεi0(y) + k. (3.12)

Since either (3.11) or (3.12) holds, we deduce that

vεi (y) − Cε− k ≤ ψ(y), ∀i ∈ I, (3.13)

where C depends on [ψ]1 and maxi[v
ε
i ]1. Since y ∈ B(x̃, 2ε), and ψ and vεi are Lipschitz, this

implies vεi (x̃) ≤ ψ(x̃) + k+Cε, for all i ∈ I. Applying (3.5), we obtain viε(x̃) ≤ ψ(x̃)+R, for
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3. SWITCHING SYSTEM

all i ∈ I, which implies (3.7).

CASE B : For all y ∈ B(x̃, 2ε), we have that Iε(y) = ∅. We claim that, for all e ∈ B(0, ε),
(vε1(· − e), . . . , vεM (· − e)) is a viscosity sub-solution of the following system

max
{
Lαi(x,Dwi(x));wi(x) − min

j 6=i
{wj(x) + k}

}
= 0, x ∈ B(x̃, ε). (3.14)

Fix e1 ∈ B(0, ε) and i ∈ I. Let ϕ ∈ C2(RN ) be such that vεi (· − e1) − ϕ(·) has a local
maximum xe1 in the ball B(x̃, ε). Then vεi (·) − ϕ(· + e1) has a local maximum at xe1 − e1.
Since xe1 −e1 ∈ B(x̃, 2ε), we have that vεi (xe1 −e1) > ψ(xe1 −e1), and since vε is the viscosity
solution of (3.3), we obtain

max

{
sup
|e|≤ε

Lαi(xe1 − e1 + e, vεi (xe1 − e1),Dϕ(xe1),D
2ϕ(xe1));

vεi (xe1 − e1) − min
j 6=i

{vεj (xe1 − e1) + k}
}

≤ 0.

Taking e = e1, we obtain
{
Lαi(xe1 , v

ε
i (xe1 − e1),Dϕ(xe1),D

2ϕ(xe1)) ≤ 0,
vεi (xe1 − e1) − min

j 6=i
{vεj (xe1 − e1) + k} ≤ 0.

This being true for an arbitrary e1 ∈ B(0, ε) and i ∈ I, we obtain that, for all |e| ≤ ε,
(vε1(· − e), . . . , vεM (· − e)) is a viscosity sub-solution of (3.14). Applying [2, Lemma A.3 and
Lemma 2.7], since viε(·) is limit of convex combination of vεi (· − e), for e ∈ B(0, ε), then
(v1ε(·), . . . , vMε(·)) is a viscosity sub-solution of (3.14). Moreover, since it is a smooth function,
it is a sub-solution of (3.14) in the classical sense, and we have

Lαi(x̃,Dviε(x̃)) ≤ 0, ∀ i ∈ I. (3.15)

We know that |vεi (y) − vεj (y)| ≤ k for all i, j ∈ I and y ∈ B(x̃, ε). Consequently

Dnviε(x̃) −Dnvjε(x̃) ≤
Ck

εn
, ∀n ≥ 1,

where C depends only on ρ defined in (2.1). It follows that

Lαi(x̃,Dvjε(x̃)) − Lαi(x̃,Dviε(x̃)) ≤ Ck

ε2
, ∀ i, j ∈ I.

Combining with (3.15), we get Lαi(x̃,Dvjε(x̃)) ≤ Ck/ε2, for all i and j in I, for some C
depending on ρ and K, and hence, supα L

α(x̃,Dviε(x̃)) ≤ Ck/ε2 for all i in I. Using assump-
tion (A1), we have that for all i in I, supα L

α(x̃,Dviε(x̃) − Ck/(λε2)) ≤ 0. Therefore (3.7)
also holds in this case.2
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Theorem I.8. For every i ∈ I and for all x ∈ R
N we have

0 ≤ vi − u ≤ Ck1/3, (3.16)

where C depends only on λ and K from (A1).

Proof. a) We prove the first inequality of (3.16). Let w = (u, . . . , u) be the vector whose
M components are equal to u. We claim that w is a viscosity sub-solution of (3.1). Let
ϕ ∈ C2(RN ) be such that u − ϕ has a local maximum at x0 ∈ R

N . Since u is a viscosity
sub-solution of (1.1), either u(x0) ≤ ψ(x0), or supα L

α(x0, u(x0),Dϕ(x0),D
2ϕ(x0)) ≤ 0. If

the latter holds, then

Lαi(x0, u(x0),Dϕ(x0),D
2ϕ(x0)) ≤ 0, ∀ i ∈ I.

Combining both cases, we obtain

min

{
max

(
Lαi(x0, u(x0),Dϕ(x0),D

2ϕ(x0));u(x0) − min
j 6=i

{u(x0) + k}
)

;

u(x0) − ψ(x0)

}
≤ 0, ∀ i ∈ I.

Therefore w is a viscosity sub-solution of (3.1). By the comparison principle (Lemma I.20),
the first inequality of (3.16) holds.
b) We now prove the second inequality in (3.16). By Lemma I.7 and Proposition I.2, we have
that viε−R ≤ u, for all i ∈ I, and x ∈ R

N , where R satisfies (3.6). Applying (3.5) and (3.4),
we obtain

vi − u ≤ |vi − vεi | + |vεi − viε| + |viε − u| ≤ C

(
k

ε2
+ ε+ k

)
, ∀ i ∈ I, ∀ x ∈ R

N ,

where C depends on K, λ, maxi[v
ε
i ]1, [ψ]1. Minimizing with respect to ε, we obtain the desi-

red upper bound, with ε = k1/3. 2

Remark I.9. We obtain the same estimate that in the case of only one player, (see [1,
Theorem 2.3]), by extending the same methods.

4 Bounds on u − uh

We state in this section our main results : the upper and lower bounds on u− uh.
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4.1 Upper bound on u − uh

Perturb the equation (1.1) so as to obtain

min

{
sup
α,|e|≤ε

Lα(x+ e,Duε(x));uε(x) − ψ(x)

}
= 0, x ∈ R

N . (4.1)

Under assumptions (A1) and(A2), by Proposition I.2, (4.1) has a unique viscosity solution
uε ∈ Cb,l(R

N ). In view of Theorem I.22, we have that |u − uε| ≤ Cε, for some C depending
on λ, K and [ψ]1. Define the contact domain of uε as

X(uε) := {x ∈ R
N |uε(x) = ψ(x)}.

Let uε be the mollification of uε, defined as in (2.2). Since uε is a Lipschitz function, uniformly
w.r.t ε > 0 sufficiently small, (2.3) implies

|uε(x) − uε(x)| ≤ [uε]1ε, (4.2)

where [uε]1 remains bounded.

Theorem I.10. Assume that (A1), (A2), (S1)-(S3) hold and let the approximation scheme
(1.2) have a unique solution uh in Cb(R

N ). Then, for sufficiently small h > 0, we have

u− uh ≤ Ch`, ∀ x ∈ R
N , (4.3)

where ` := mini∈J{ki/i}, C depends only on λ, K, [ψ]1 and Kc, the constants ki and KC

being defined in (S3).

Proof. We claim that

min{S(h, x, uε(x) −R1, uε −R1);uε(x) −R1 − ψ(x)} ≤ 0, ∀ x ∈ R
N , (4.4)

for some R1 > 0 of the form R1 := λ−1Q(uε) + Cε, where Q(·) was defined in (S3) and
C depends only on [ψ]1 and [uε]1. Indeed, we will prove a slightly stronger result : for any
x ∈ R

N , one at least of the following two statements holds :

uε(x) − Cε ≤ ψ(x), (4.5a)

S(h, x, uε(x) −KCλ
−1Q(uε), uε −KCλ

−1Q(uε)) ≤ 0. (4.5b)

Fix an x̃ ∈ R
N . We have the following alternative :

CASE A : There exists y ∈ B(x̃, 2ε) such that y ∈ X(uε), i.e. uε(y) = ψ(y). Since uε

and ψ are uniformly Lipschitz, for some C depending only on [ψ]1 and [uε]1, we obtain (4.5a)
at point x = x̃.
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CASE B : One has X(uε) ∩ B(x̃, 2ε) = ∅. We claim that uε(· − e) is, for all e ∈ B(0, ε),
a viscosity sub-solution of

sup
α
Lα(x,Dw(x)) = 0, x ∈ B(x̃, ε). (4.6)

Fix e1 ∈ B(x̃, ε), and let ϕ ∈ C2(RN ) be such that uε(· − e1) − ϕ(·) has a local maximum
at a point xe1 ∈ B(x̃, ε). Then uε(·) − ϕ(· + e1) has a local maximum at xe1 − e1. Since
xe1 − e1 ∈ B(x̃, 2ε), and hence, xe1 − e1 /∈ X(uε), we have, whenever |e| ≤ ε,

sup
α,|e|≤ε

Lα(xe1 − e1 + e, uε(xe1 − e1),Dϕ(xe1),D
2ϕ(xe1)) ≤ 0.

Taking e = e1, we have

sup
α
Lα(xe1 , u

ε(xe1 − e1),Dϕ(xe1),D
2ϕ(xe1)) ≤ 0.

This proves our claim that uε(·−e1) is a viscosity sub-solution of (4.6). Since e1 is an arbitrary
point of B(0, ε), uε(·−e) is a viscosity sub-solution of (4.6), for all |e| ≤ ε. Since uε(·) is a C∞

function, and it is limit of convex combination of uε(· − e) (see [2, Lemma A.3 and Lemma
2.7]), hence, applying ([2, Lemma 2.7]), we can say that uε(·) is a sub-solution of (4.6) in the
classical sense. This implies

sup
α
Lα(x̃,Duε(x̃)) ≤ 0. (4.7)

By consistency, S(h, x̃, uε(x̃), uε) ≤ KCQ(uε). Applying (S1) with u = v = uε(x̃)−KCλ
−1Q(uε)

and m = KCλ
−1Q(uε), we obtain (4.5b) at point x = x̃.

Combining cases A and B, we obtain (4.4). So uε−R1 is a sub-solution of (1.2). By Theorem
I.4, uε−R1 ≤ uh, i.e., u−uh ≤ KCλ

−1Q(uε)+Cε, where C depends on [uε]1 and [ψ]1. Using
Q(uε) =

∑
i∈J |Diuε|hki , and (2.4), we obtain Q(uε) ≤ C

∑
i∈J ε

1−ihki . The result follows by

setting ε = maxi∈J hki/i. 2

4.2 Lower bound on u − uh

We perturb the switching system (3.1) as follows

min{max( inf
|e|≤ε

Lαi(x+ e,Dvεi (x)); vεi (x) − min
j 6=i

{vεj (x) + k}); vεi (x) − ψ(x)} = 0, (4.8)

for all i ∈ I and x ∈ R
N . By Lemma I.20, this system has a unique viscosity solution

vε = (vε1, . . . , v
ε
M ) in Cb,l(R

N )M . Consider vε, the mollification of vε, defined as in (2.2). Since
vε is a Lipschitz function, uniformly w.r.t. ε > 0 sufficiently small, applying Theorem I.21
and (2.3) we have

|vi − vεi | ≤ Cε, |vεi − viε| ≤ max
i

[vεi ]1ε, (4.9)

where C depends on λ,K and [ψ]1, and maxi[v
ε
i ]1 remains bounded.
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Lemma I.11. Let x0 ∈ R
N , i0 ∈ arg minj∈I vjε(x0), and assume that

ε ≤ (12sup
i

[vεi ]1)
−1k. (4.10)

Then the following statements hold

vεi0(y) < vεj (y) + k, for all j ∈ I, and y ∈ B(x0, 2ε), (4.11)

sup
α
Lα(x0,Dvi0ε(x0)) ≥ 0. (4.12)

Proof. We follow the method of ([1, Lemma 3.4]).
a) Let us prove (4.11). Since i0 ∈ arg minj∈I vjε(x0),

vi0ε(x0) − min
j 6=i0

{vjε(x0) + k} = max
j 6=i0

{vi0ε(x0) − vjε(x0) − k} ≤ −k. (4.13)

Since for every i, vεi is Lipschitz, we apply (2.3) and we have that

vεi0(x0) − min
j 6=i0

{vεj (x0) + k} ≤ −k + 2εmax
i

[vεi ]1,

and, for all y ∈ B(x0, 2ε),

vεi0(y) − min
j 6=i0

{vεj (y) + k} ≤ −k + 4max
i

[vεi ]1(ε+ |x0 − y|) < −k + 12εmax
i

[vεi ]1.

Taking ε ≤ (12maxi[v
ε
i ]1)

−1k, we obtain (4.11).
b) We prove (4.12). We claim that vεi0(· − e) is, for all |e| ≤ ε, a viscosity super-solution of

Lαi0 (x,Dw(x)) = 0, x ∈ B(x0, ε). (4.14)

Fix e1 ∈ B(0, ε), and let ϕ ∈ C2(RN ) be such that vεi0(· − e1) − ϕ(·) has a local minimum at
xe1 ∈ B(x0, ε). Then vεi0(·) − ϕ(· + e1) has a local minimum at xe1 − e1 ∈ B(x0, 2ε). Since
vε(·) is a viscosity solution of (4.8), and vεi0(x0)−minj 6=i0{vεj (x0)+ k} ≤ 0 by (4.11), we have
that

inf
|e|≤ε

Lαi0 (xe1 − e1 + e, vεi0(xe1 − e1),Dϕ(xe1),D
2ϕ(xe1)) ≥ 0, ∀ |e| ≤ ε.

In particular, for e = e1, we obtain that vεi0(·−e1) is a viscosity super-solution of (4.14). Since
e1 is an arbitrary point in B(0, ε), we obtain that vεi0(· − e) is, for all e ∈ B(0, ε), a viscosity
super-solution of (4.14). Being a limit of convex combinations of vεi0(· − e), and a smooth
function, vi0ε(·) is a classical super-solution on (4.14), and hence Lαi0 (x0,Dvi0ε(x0)) ≥ 0 ;
relation (4.12) follows.2

Define the two following sets :

X := {x ∈ R
N |uh(x) = ψ(x)}; Y := {x ∈ R

N |S(h, x, uh, [uh]x) = 0}.
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Proposition I.12. Under assumptions (A1), (A2) and (S1)-(S3), and assuming that (1.2)
has a unique solution uh in Cb(R

N ), we have that, if x ∈ Y , the following holds :

uh(x) − u(x) ≤ Ch`, (4.15)

where ` := mini∈J{ki/(3i − 2)} and C depends only on λ, K and Kc.

Proof. Consider the switching system (4.8), its solution vε = (vε1, . . . , v
ε
M ) and mollifica-

tion vε = (v1ε, . . . , vMε). Let w(y) := mini viε(y). Define

m := sup
y∈Y

{uh(y) − w(y)} = sup
i∈I,y∈Y

{uh(y) − viε(y)}. (4.16)

Let φ(y) := (1 + |y|2)1/2. An approximation of m is, for k > 0, given by

mk := sup
y∈Y

{uh(y) − w(y) − kφ(y)}. (4.17)

Since uh and w are bounded, φ is coercive and Y is a closed set, the supremum in (4.17) is
attained at some point x0 ∈ Y . By the definition of w, we also have

x0 ∈ arg max
y∈Y

{uh(y) − vi0ε(y) − kφ(y)}, (4.18)

when i0 ∈ arg minj∈I vjε(x0). In particular,

mk ≥ uh(y) − vi0ε(y) − kφ(y), for all y ∈ Y. (4.19)

Let ε be such that (4.10) holds. Applying Lemma I.11, and since the first and the second order
derivatives of φ are bounded, we have supα L

α(x0,D(vi0ε+kφ)(x0)) ≥ −Ck. Combining with
(S1), (S3), (4.17) and x0 ∈ Y , we get

−Ck −KCQ(vi0ε + kφ) ≤ S(h, x0, (vi0ε + kφ)(x0), vi0ε + kφ)
≤ S(h, x0, uh(x0) −mk, uh −mk)
≤ −λmk + S(h, x0, uh(x0), uh) = −λmk.

We obtain λmk ≤ KCQ(vi0ε + kφ) + Ck. Passing to the limit in k, we get

m ≤ KCQ(vi0ε). (4.20)

In conclusion, we can say that for x ∈ Y and for every i ∈ I,

sup
y∈Y

{uh(y) − u(y)} ≤ m+ sup
y∈Y

{w(y) − u(y)}

≤ m+ sup
y∈Y

{w(y) − viε(y)} + sup
y∈Y

{viε(y) − vεi (y)}

+sup
y∈Y

{vεi (y) − vi(y)} + sup
y∈Y

{vi(y) − u(y)}. (4.21)
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Applying (4.9), (3.16), and the fact that w(y) ≤ viε(y) for all i ∈ I, we obtain

sup
y∈Y

{uh(y) − u(y)} ≤ m+ Cε+ Ck1/3. (4.22)

where C depends on K,λ, [ψ]1 and maxi[v
ε
i ]1. Using (4.20), we obtain

u− uh ≤ KCQ(vi0ε) + Cε+ Ck1/3, ∀ x ∈ Y.

The result follows by setting ε = maxi∈J h
3ki

3i−2 and k = (12 supi[v
ε
i ]1)ε. 2

Theorem I.13. Under assumptions (A1), (A2) and (S1)-(S3), and assuming that (1.2) has
a unique solution uh in Cb,l(R

N ), we have that

uh − u ≤ Ch`, ∀ x ∈ R
N , (4.23)

where ` = mini∈J{ki/(3i − 2)} and C depends only on λ, K and Kc.

Proof. If x ∈ X we have that uh(x) = ψ(x) ≤ u(x), therefore (4.23) holds. If x ∈ Y ,
then by Theorem I.12, we have that uh(x) − u(x) ≤ Ch`. Since X ∪ Y = R

N , the conclusion
follows. 2

4.3 Extension to the case of a compact control set

In this section we show that our results extend to the case of a precompact set of
controls. We endow the set of controls with the distance d(α,α′) := |Φα − Φα′ |0, where
Φα := (aα, bα, cα, fα). We suppose that supα∈A |Φα|1 < +∞. Precompactness of A is equiva-
lent to the following condition :

(A3) for every δ > 0, there are M ∈ N and {αi}Mi=1 ⊂ A, such that

sup
α∈A

inf
1≤i≤M

(|σα − σαi |0 + |bα − bαi |0 + |cα − cαi |0 + |fα − fαi |0) ≤ δ.

Consider the viscosity solution u of

min{sup
α∈A

Lα(x,Du(x));u(x) − ψ(x)} = 0, x ∈ R
N .

Existence, unicity and Lipschitzness of u are proved in [13, Lemma A.1]. Fix δ and consider
wδ the viscosity solution of

min{ sup
i∈IM

Lαi(x,Dwδ(x));wδ(x) − ψ(x)} = 0, x ∈ R
N ,

where IM := {1, . . . ,M}, M given by (A3). As in ([1, Lemma 3.3]), we can show, by adapting
the methods, that

|u− wδ|0 ≤ Cδ, (4.24)
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5. SPECIFIC APPROXIMATION SCHEMES

where C depends only on K and λ. If we note uh the approximation of u and wh,δ the approxi-
mation of wδ, then we have uh ≤ wh,δ, and wh,δ −wδ ≤ Chγ̄ , where γ̄ = mini∈J{ki/(3i− 2)},
ki given by (S3). From the proof of Proposition I.12, we can see that C is independent of the
size of IM . Then we have that

− Chγ ≤ uh − u ≤ uh − wh,δ + wh,δ − w + w − u ≤ Chγ̄ + C1δ, (4.25)

where γ = mini∈J{ki/i}, γ̄ = mini∈J{ki/(3i − 2)}, ki given by (S3). All constants being
independent of the size of IM , then we can choose δ of the order of hγ̄ and we obtain the
same result as in Theorem I.13.

Remark I.14. It may happen that only wh,δ is actually computed, and in that case it is
useful to estimate u−wh,δ. Since |u− wδ| ≤ Cδ, it follows from previous discussion that

−C(δ + hγ) ≤ wh,δ − u ≤ C(δ + hγ̄).

5 Specific approximation schemes

In this section we apply our previous results to some specific monotone discretization
schemes.

5.1 Finite differences, one dimensional problem

Let x be in R, φ in Cn(R), h in R and define

δ±φ(x) =
φ(x± h) − φ(x)

h
, ∆φ(x) =

φ(x+ h) − 2φ(x) + φ(x− h)

h2
.

In particular, by a Taylor expansion, we obtain

|δ±φ(x) −Dφ(x)| ≤ 1

2
h|D2φ|, |∆hφ(x) −D2φ(x)| ≤ 1

12
h2|D4φ|.

Consider the finite difference scheme in R :

S(h, x, r, φ) :=

= sup
α

{−aα(x)∆φ(x) − bα+(x)δ+φ(x) + bα−(x)δ−φ(x) + cα(x)r − fα(x)}, (5.1)

where bα+(x) = max(bα(x), 0), and bα−(x) = max(−bα(x), 0). For the consistency hypothesis
(S3), we obtain, from the above Taylor expansion, Q(φ) = |D2φ|h+ |D4φ|h2, i.e. k2 = 1 and
k4 = 2. Then, by (4.3) and (4.23), we have

− Ch1/5 ≤ u− uh ≤ Ch1/2. (5.2)
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5. SPECIFIC APPROXIMATION SCHEMES

Remark I.15. Consider a general scheme S : R
+ × R

N × R × Cb(R
N ) → R, which satisfies

(S1), (S2) and (S3), for some ki > 0, i ∈ J . To obtain equal or better estimate than (5.2) we
must have :

min
i∈J

ki
i
≥ 1

2
, min

i∈J
ki

3i− 2
≥ 1

5
. (5.3)

In particular, the ki which give an equal or better estimate than (5.2) are

(i) ki ≥ i/2, for i ≤ 4; (ii) ki ≥ (3i − 2)/5, for i ≥ 4. (5.4)

Indeed, let i ≤ 4. If ki ≥ i/2, then we have also ki ≥ (3i − 2)/5. Moreover, if i > 4, we have
ki ≥ (3i − 2)/5 and also ki ≥ i/2. Hence we obtain (5.3).
If the inequalities in (5.4) are strictly satisfied, then also the inequalities in (5.3) are strictly
satisfied and we obtain a better estimate.

5.2 Markov chain approximation

The scheme (5.1) may be viewed as a particular Markov chain approximation of (1.1). We
consider now a general Markov chain approximation of (1.1) in a regular grid, and we want to
find conditions on the probabilities of transition to obtain estimate as in (5.2). We consider
a discretization step h ∈ R and a regular grid of discretization Gh. With the coordinate
k = (k1, . . . , kN ) in Z

N , is associated the point xk ∈ R
N of the form xk := (k1h, . . . , kNh). Let

{Xh
q , q ≥ 0} the states of the Markov chain at time q, with transition probabilities p(xk, y|α),

α being the control value. Let ∆th be an interpolation interval satisfying ∆th → 0 as h→ 0,
and let E

h,α
k,q be the conditional expectation of Xh

q+1, given {Xh
q = xk} and the control value

α. A possible adaptation for the cost function to this Markov chain is the following :

W h(x, α) = ∆th
[∑

q≥0

fα(Xh
q )(1 + cα(x)∆th)−q−1

]
.

Applying the dynamic programmic principle for the controlled chain {Xh
q , q ≥ 0}, at state

xk ∈ Gh, we obtain the following relation :

uh(xk) = max{inf
α

(
1

1 + cα(xk)∆th
(∑

y

p(xk, y|α)uh(y) + fα(xk)∆t
h
)
);ψ(xk)}. (5.5)

Since 1 + cα(xk)∆t
h ≥ 0 for all α, (5.5) may be written in the form (1.2), with

S(h, xk, r, φ) = sup
α

{
− 1

∆th

∑

y

p(xk, y|α)φ(y) − fα(xk) +
1

∆th
r + cα(xk)r

}
. (5.6)

With the above definition for S, the assumptions (S1) and (S2) are satisfied. Suppose that
(S3) is satisfied and we want to look for simple conditions on the probabilities p(xk, y) and
on the ki defined in (S3), under which we obtain equal or better estimate than (5.2). We note
Px,y =

∑
y p(x, y|α). Using remark I.15, we obtain the following :
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5. SPECIFIC APPROXIMATION SCHEMES

Theorem I.16. Let S defined as in (5.6). Suppose that (S3) is satisfied for some ki, i ∈ J .

(i) We have an equal or better estimate than (5.2) if and only if

(a1) ‖ 1

∆th
Px,y(x− y) − bα(x)‖ = KCh

k1 ,

(b1) ‖ 1

2∆th
Px,y(y − x)2 − aα(x)‖ = KCh

k2,

(c1) ‖ 1

i!∆th
Px,y(y − x)i‖ = KCh

ki , for i = 3, 4,

with

k1 ≥ 1

2
, k2 ≥ 1, k3 ≥ 3

2
, k4 ≥ 2. (5.7)

(ii) Moreover we have a better lower bound if and only if, in addition, k4 satisfies strictly
(5.7).

(iii) We have a better upper bound if and only if all the inequalities in (5.7) are strictly
satisfied.

Proof. We give the proof for N = 1, the general case follows immediately. Fix x ∈ R, and
let φ ∈ Cn(R), such that Diφ is bounded for i = 1, . . . , n. Set ∆φ := |supα L

α(x,Dφ(x)) −
S(h, x, φ(x), φ)|. An upper bound of ∆φ is

|sup
α

(
− tr[aα(x)D2φ(x)] − bα(x)Dφ(x) +

1

∆th

∑

y

p(x, y|α)(φ(y) − φ(x))

)
|

From the Taylor expansion of φ(y) up to order 4, we deduce that

∆φ ≤ ∆φ
1 + ∆φ

2 + ∆φ
3 + ∆φ

4 , (5.8)

where

∆φ
1 : = sup

α
| − bα(x)Dφ(x) +

1

∆th
Px,yDφ(x)(y − x)|,

∆φ
2 : = sup

α
| − tr[aα(x)D2φ(x)] +

1

2∆th
Px,yD

2φ(x)(y − x)2|,

∆φ
3 : = sup

α
| 1

3!∆th
Px,yD

3φ(x)(y − x)3|,

∆φ
4 : = sup

α
| 1

4!∆th
Px,yD

4φ(c)(y − x)3|,

where c ∈ [x, y] if y ≥ x, c ∈ [y, x] otherwise. Suppose now that conditions (a1)-(d1) and (5.7)
are satisfied. Then J = {1, 2, 3, 4}, and applying remark I.15, we obtain the result. Moreover,
if k4 > 2, then ki/(3i − 2) > 1/5 for all i. Hence we obtain a strictly better lower bound.
Since ki/i ≥ 1/2 for all i in J , if all ki satisfy strictly (5.7), we have a better upper bound.
Suppose now that we have a better or equal estimate than (5.2). Then we have

∆φ ≤ KC

∑

i∈J
|Diφ|hki , (5.9)
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5. SPECIFIC APPROXIMATION SCHEMES

with mini∈J ki/i ≥ 1/2 and mini∈J ki/(3i − 2) ≥ 1/5, and here J = {1, 2, 3, 4}. From (5.9),
(5.8) and remark I.17, we have that (a1)-(d1) are satisfied with ki as in (5.7). If the lower
bound is strictly bigger that 1/5, since ki/(3i − 2) > 1/5 for i = 1, 2, 3, then we must have
k4 > 2. If the upper bound is strictly bigger than 1/2, since ki ≥ i/2 for all i, then we must
have ki > i/2 for all i.2

Remark I.17. (i) We have that conditions (a1) and (b1) imply the consistence in the sense
of Kushner (see [16]), i.e.

‖E(y − x) − bα(x)∆th‖ ≤ ∆thr1, ‖Cov(y) − 2aα(x)‖ ≤ ∆thr2.

In [16] we have ri = o(1), for i = 1, 2. Our error estimate need the more restrictive conditions
r1 = hk1 and r2 = hk2 + ∆thh2k1 + ∆th.
(ii) We remark that to obtain (a1)-(d1), we use the inequality

∆φ
i ≤ |Diφ| · ‖E(y − x)i − ai‖, (5.10)

for some ai and for all φ. This inequality is sharp, since ‖E(y − x)i − ai‖ is the optimal
constant for which we have this upper bound (for any function φ). Indeed, let B an i-linear
symmetric form. The optimal constant C for which

|Diφ(x)B| ≤ C|Diφ|, ∀φ ∈ Cn(RN ) such that Diφ is bounded ∀ i,

is C = |B|. Indeed, we may identify ai and E(y − x)i with i-linear symmetric forms, and the
above display reduces to the Cauchy-Schwarz inequality for i-linear symmetric forms. (iii) Let
∆φ := |

∑4
i=1D

iφ(x)E(y − x)i − aiDiφ(x)|, for some ai. We have that the optimal constants
Ci such that

∆ ≤
4∑

i=1

Ci|Diφ(E(y − x)i − ai)|, ∀φ ∈ Cn(RN ) such that Diφ is bounded ∀ i,

are Ci = 1, for all i.

5.3 A counter example

We give here an example of a finite difference scheme for which the ki do not satisfy
conditions given in remark I.15, and we will show that we obtain a estimate worse than (5.2).
Consider the following equation

sup
α

{− tr[aα(x)D2u(x)] + cα(x)u(x) − fα(x)} = 0, x ∈ R
2, (5.11)

with

bα(x) = 0, aα(x) =

(
1 0
0 2

)
, ∀ x, α.
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Let h the discretization step and ∆th the interpolation interval. We consider the following
probabilities of transition :

p(x, x− he2|α) =
1

2
; p(x, x± he1 + he2|α) =

1

4
.

In particular, if we choose ∆th = 1
4h

2, we have that these probabilities verify

E(y − x) =
1

2

(
0
−h

)
+

1

4

(
h
h

)
+

1

4

(
−h
h

)
=

(
0
0

)
,

and

E(y − x)2 =
1

2

(
0 0
0 h2

)
+

1

4

(
h2 h2

h2 h2

)
+

1

4

(
h2 −h2

−h2 h2

)

= ∆th
(

1 0
0 2

)
.

We have that

∑

y

p(x, y)

h2
D3φ(x)(y − x)3

=
∑

y

p(x, y)

h2

[ 3∑

i=0

∂3φ

∂xi1∂x
3−i
2

(x)(y1 − x1)
i(y2 − x2)

3−i
]

= −1

2

∂3φ

∂x3
2

(x)h +
1

4

(
∂3φ

∂x3
1

(x)h+
∂3φ

∂x2
1x2

(x)h+
∂3φ

∂x1x2
2

(x)h+
∂3φ

∂x3
2

(x)h

)

+
1

4

(
− ∂3φ

∂x3
1

(x)h +
∂3φ

∂x2
1x2

(x)h − ∂3φ

∂x1x2
2

(x)h+
∂3φ

∂x3
2

(x)h

)

=
1

2

∂3φ

∂x2
1x2

(x)h.

Hence we can write (S3) in the following way

|sup
α
Lα(x, φ(x),Dφ(x),D2φ(x)) − S(x, h, φ(x), φ)| ≤

1

2
| ∂3φ

∂x2
1∂x2

(x)|h +

(
1

2
|∂

4φ

∂x4
1

(x)| + 1

2
| ∂4φ

∂x2
1∂x

2
2

|(x) + |∂
4φ

∂x4
2

|(x)
)
h2.

So, we have k3 = 1 and k4 = 2, and by applying Theorem I.10 and Theorem I.13 we obtain

− Ch1/7 ≤ u− uh ≤ Ch1/3. (5.12)
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5.4 The generalized finite differences scheme

We consider the generalized finite differences scheme defined in [6]. Let ϕ = {ϕk} be a
real valued function over Z

N . Let ξ ∈ Z
N and consider the finite difference operator

∆ξϕk := ϕk+ξ + ϕk−ξ − 2ϕk.

In φ belongs to C2(RN ), and ϕk := φ(xk) for all k, then we have

∆ξϕk := φ(xk+ξ) + φ(xk−ξ) − 2φ(xk).

Then we consider

(Dkuh(xk))i =





uh(xk+ei
) − uh(xk)

h
if bαi (xk) ≥ 0,

uh(xk) − uh(xk−ei
)

h
if bαi (xk) ≤ 0.

Let S be a finite set of Z\{0} containing {e1, . . . , eN}. We consider the following probabilities
of transition

pα(xk, xk|α) = 1 − ∆th
N∑

i=1

( |bαi (xk)|
h

+ 2
∑

ξ∈S
αk,ξ

)
,

pα(xk, xk ± eih|α) = ∆th
(
bα±i (xk)

h
+ αk,ei

)
,

pα(xk, xk + ξh|α) = ∆thαk,ξ for ξ ∈ S, ξ 6= ei,
pα(xk, y|α) = 0 for y /∈ xk+S .

Then we can write (5.6) in the following way :

S(h, xk, r, φ) = sup
α

{
−
∑

ξ∈S
αk,ξ∆ξφ(xk) − bα(xk)Dkφ(xk) + cα(xk)r − fα(xk)

}
. (5.13)

We make the strong consistency hypothesis on the matrix

aα(x) =
∑

i,j

h2ξiξjαk,ξeie
T
j , ∀ k ∈ Z

N .

The scheme defined in (5.13) satisfies (S1) et (S2). We consider a function φ ∈ C2(RN ). By
applying a Taylor expansion, we obtain

(S3) |sup
α∈A

Lα(x, φ,Dφ,D2φ) − S(x, h, φ(x), φ)| ≤

sup
α∈A

|bα|0|D2φ|0h+ sup
α∈A

|σα|20|D4φ|0h2.

So we can say that k2 = 1 and k4 = 2. Applying Theorems I.10 and I.13, we obtain the same
estimate as in the case of one player (see [1]).

Theorem I.18. Assume (A1)-(A4), (S1)-(S3). If u and uh are solution of (1.1) and (1.2),
with S defined as in (5.13), then for h sufficiently small we obtain

−Ch1/5 ≤ u− uh ≤ Ch1/2. 2
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Appendix

6 Well-posedness of the switching system

In this appendix we prove the well-posedness of the switching system (3.1), for k ≥ 0,
under assumptions (A1) and (A2) on the coefficients (stated in Section 2). Well-posedness
of the original equation (1.1) is given in [13, lemma A.1]. Let us start by stating a technical
lemma which is an easy extension of ([1, Lemma A.2]) :

Lemma I.19. Let v be a bounded and continuous sub-solution on (3.1) and v̄ be a bounded
and continuous super-solution of another equation (3.1), where Lα is replaced by L̄α, satisfying
the same assumptions with coefficients (σ̄α, b̄α, c̄α, f̄α). Let g ∈ C2(RN × R

N). Consider

m := sup
i,x,y

{vi(x) − v̄i(y) − g(x, y)},

and suppose that the “sup” is attained at some point (i0, x0, y0). Set

A := {i ∈ I|(i, x0, y0) realizes the sup}; I(x0) := {i ∈ I|vi(x0) ≤ ψ(x0)}.

If A ∩ I(x0) = ∅, then there exists i ∈ A such that

v̄i(y0) < min
j 6=i

{v̄j(y0) + k}. (6.1)

Proof. We proceed by contradiction. Let j in A. If (6.1) does not hold, there exists ` ∈ I
such that

v̄j(y0) ≥ v̄l(y0) + k. (6.2)

Since A ∩ I(x0) = ∅, then for all i ∈ A,

max{Lαi(x0, vi(x0),Dxg(x0, y0),D
2
xxg(x0, y0)); vi(x0) − min

j 6=i
{vj(x0) + k}} ≤ 0.

Hence we obtain vj(x0) ≤ vl(x0) + k, and then with (6.2),

vj(x0) − v̄j(y0) ≤ vl(x0) − v̄l(y0). (6.3)

Therefore l ∈ A, and equality holds in (6.3). Then v̄j(y0) = v̄l(y0) + k. Since A is a finite set,
this proves that there exists a finite sequence j1, . . . , jK ∈ A such that v̄ji(y0) = v̄ji+1(y0) + k
for i = 1, . . . ,K − 1, and j1 = jK . So we obtain

0 =

K−1∑

i=1

(v̄ji(y0) − v̄ji+1(y0)) = (K − 1)k > 0,

and we have a contradiction. Therefore (6.1) holds. 2

Now we can state the following lemma about comparison, existence, uniqueness and the
bounds on the solution v = (v1, . . . , vM ) of (3.1). This is an easy extension of ([1, Theorem
A.1]).
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Lemma I.20. Under assumptions (A1) and (A2), the following statements hold :
(a) If v and w are respectively sub-solution and super-solution of (3.1), such that vi, wi ∈
Cb(R

N ) for all i ∈ I, then v ≤ w in R
N .

(b) There exists a unique viscosity solution v of (3.1), such that vi ∈ Cb,l(R
N ) for all

i ∈ I. This solution satisfies

max
i

|vi|0 ≤ max

{
λ−1sup

α
|fα|0; |ψ|0

}
, (6.4)

max
i

[vi]1 ≤ max

{
sup
i,α

[cα]1|vi|0 + [fα]1
λ− [σα]21 − [bα]1

; [ψ]1

}
. (6.5)

Proof. (a) This is a consequence of the comparison principle [11, Theorem 3.1]. Indeed,
in [11], the comparison principle is proved for the Dirichlet problem on a bounded domain.
To extend the result to an unbounded domain, we have only to modify the test functions of
[11] in the standard way. (b) Existence and uniqueness follow from the comparison principle
(a). Let M := max{supα λ

−1|fα|0; |ψ|0}. It is easy to see that M and −M are respectively
super and sub-solution of (3.1). Hence, by the comparison principle (a) we obtain the bound
on maxi |vi|0.
To obtain the bound on maxi[vi]1, we set

m := sup
i,x,y

φi(x, y) := sup
i,x,y

{vi(x) − vi(y) − L|x− y| − ε(|x|2 + |y|2)},

where L > 0. If, by setting

L := max

{
sup
i,α

{
[cα]1|vi|0 + [fα]1
λ− [σα]21 − [bα]1

}
; [ψ]1

}
,

we can conclude that m ≤ 0, then, sending ε to 0, we have done. Assume that the supremum
is attained at a point (i0, x0, y0). If x0 = y0, then m ≤ 0, and, sending ε to 0 we have the
result. If not, since L|x−y| is smooth at x0, y0, we can apply a doubling of variables argument.
Set

P0 :=

[
I − (x0 − y0)

|x0 − y0|

(
x0 − y0

|x0 − y0|

)T]
, Λ :=

(
P0 −P0

−P0 P0

)
.

Define the following sets :

A := {i ∈ I|(i, x0, y0) realizes the sup}, I(x0) := {i ∈ I|vi(x0) ≤ ψ(x0)}.

The maximum principle for semi-continuous functions (see [8]), and the definition of viscosity
solutions imply that, for i ∈ A, there exist X,Y ∈ SN such that

min{max(Lαi(x0, vi(x0), px,X); vi(x0) − min
j 6=i

{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,

min{max(Lαi(y0, vi(y0), py, Y ); vi(y0) − min
j 6=i

{vj(y0) + k}); vi(y0) − ψ(y0)} ≥ 0,
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where px = L (x0−y0)
|x0−y0| + 2εx0, py = L (x0−y0)

|x0−y0| − 2εy0, and

(
X 0
0 −Y

)
≤ L

|x0 − y0|
Λ + 2ε

(
I 0
0 I

)
.

CASE 1 : There exists i ∈ A ∩ I(x0), i.e., vi(x0) ≤ ψ(x0). Since v̄i(y0) ≥ ψ(y0), for all i ∈ A,
we have

vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|.
CASE 2 : The set A ∩ I(x0) is empty. Then

max{Lαi(x0, vi(x0), px,X); vi(x0) − min
j 6=i

{vj(x0) + k}} ≤ 0, ∀ i ∈ A. (6.6)

Since max{Lαi0 (y0, vi0(y0), py, Y ); vi0(y0) − minj 6=i0{vj(y0) + k}} ≥ 0, applying Lemma I.19,
we obtain

Lαi0 (x0, vi0(x0), px,X) ≤ 0 ≤ Lαi0 (y0, vi0(y0), py, Y ).

Since P0 is a projection, and hence, is nonexpansive, we have that

(
σα(x0)
σα(y0)

)T
Λ

(
σα(x0)
σα(y0)

)
= (σα(x0) − σα(y0))P0 (σα(x0) − σα(y0))

≤ |σα(x0) − σα(y0)|2.

Now we can proceed as in the standard situation (see [1, Theorem A.1]).
Combining cases 1 and 2 we obtain the result.2

By using ([2, Theorem A.1]), we prove the following theorem.

Theorem I.21. Let v and v̄ be solutions of (3.1) with coefficients σ, b, c, f and σ̄, b̄, c̄, f̄
respectively. Suppose that assumptions (A1), (A2) are satisfied for both sets of coefficients
with the same λ, and maxi |vi|1 + maxi |v̄i|1 ≤M <∞. Then

λmax
i

|vi − v̄i|0 ≤M
(
sup
α

{|σα − σ̄α|0 + |bα − b̄α|0 + |cα − c̄α|0 + |fα − f̄α|0}
)
,

where M depends on K, supi |vi|0, supi |v̄i|0.

Proof. We set

m := sup
i,x,y

φi(x, y) := sup
i,x,y

{vi(x) − v̄i(y) − δ|x − y|2 − ε(|x|2 + |y|2)},

where δ > 0 and ε > 0. The “sup” is attained at a point (i, x0, y0), so

m = vi(x0) − v̄i(y0) − δ|x0 − y0|2 − ε(|x0|2 + |y0|2).
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Let
A := {i ∈ I|(i, x0, y0) realize the sup}, I(x0) := {i ∈ I|vi(x0) ≤ ψ(x0)}.

The maximum principle for semi-continuous functions (see [8]), and the definition of viscosity
solutions imply that, for i ∈ A, there exist X,Y ∈ SN such that

min{max(Lαi(x0, vi(x0), px,X); vi(x0) − min
j 6=i

{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,

min{max(Lαi(y0, v̄i(y0), py, Y ); v̄i(y0) − min
j 6=i

{v̄j(y0) + k}); v̄i(y0) − ψ(y0)} ≥ 0,

where px = 2δ(x0 − y0) + 2εx0, py = 2δ(x0 − y0) − 2εy0, and there exists ` > 0 such that
(
X 0
0 −Y

)
≤ `δ

(
I −I
−I I

)
+ `ε

(
I 0
0 I

)
+ O(k).

We have to study two different cases.
CASE 1 : If there exists i ∈ A ∩ I(x0), then vi(x0) ≤ ψ(x0). Since v̄i(y0) ≥ ψ(y0), then we
have

vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|.
CASE 2 : If A ∩ I(x0) = ∅, then

max{Lαi(x0, vi(x0), px,X); vi(x0) − min
j 6=i

{vj(x0) + k}} ≤ 0, ∀ i ∈ A. (6.7)

Since, max{Lαi0 (y0, v̄i0(y0), py, Y ); v̄i0(y0)−minj 6=i0{v̄j(y0) + k}} ≥ 0, applying Lemma I.19,
we obtain

Lαi0 (x0, vi0(x0), px,X) ≤ 0 ≤ L̄αi0 (y0, v̄i0(y0), py, Y ),

and then
0 ≤ − tr[āαi0 (y0)Y ] + tr[aαi0 (x0)X] − b̄αi0 (y0)py + bαi0 (x0)px+

c̄αi0 (y0)v̄i0(y0) − cαi0 (x0)vi0(x0) − f̄αi0 (y0) + fαi0 (x0)

=: (I) + (II) + (III) + (IV ).

As in [2], we analyze each term separately :

(I) = tr[aαi0 (x0)X] − tr[āαi0 (y0)Y ]
≤ 2`δ{|σαi0 (x0) − σ̄αi0 (x0)|2 + |σ̄αi0 (x0) − σ̄αi0 (y0)|2}

+`ε{|σαi0 (x0)|2 + |σ̄αi0 (y0)|2},
(II) = (bαi0 (x0) − b̄αi0 (y0))(x0 − y0)

≤ 2|bαi0 (x0) − b̄αi0 (x0)|2 + 2|x0 − y0|2
+|b̄αi0 (x0) − b̄αi0 (y0)| |x0 − y0|,

(III) = c̄αi0 (y0)ū(y0) − cαi0 (x0)u(x0)
≤ |u(x0)| |cαi0 (x0) − c̄αi0 (x0)| + |ū(y0)| |c̄αi0 (x0) − c̄αi0 (y0)|

−λm,
(IV ) = fαi0 (x0) − f̄αi0 (y0)

≤ |fαi0 (x0) − f̄αi0 (x0)| + |f̄αi0 (x0) − f̄αi0 (y0)| |x0 − y0|.

52



6. WELL-POSEDNESS OF THE SWITCHING SYSTEM

Hence we obtain
λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |bαi0 − b̄αi0 |20}+
+{|vi0 |0|c̄αi0 − cαi0 |0 + |fαi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄αi0 ]1 + 2}|x0 − y0|2+

{|v̄i0 |0[c̄αi0 ]1 + [f̄αi0 ]1}|x0 − y0| + Cε(1 + |x0| + |y0|).
We sum the bounds obtained in the two cases to have a general bound of m. So we obtain

λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |bαi0 − b̄αi0 |20}+

+{|vi0 |0|c̄αi0 − cαi0 |0 + |fαi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄αi0 ]1 + 2}|x0 − y0|2+

{|v̄i0 |0[c̄αi0 ]1 + [f̄αi0 ]1 + λ[ψ]1}|x0 − y0| + Cε(1 + |x0|2 + |y0|2).
We set k1 := {2`[σ̄αi0 ]21 + 2[b̄αi0 ]1 + 4}, k2 := {|v̄i0 |0[c̄αi0 ]1 + [f̄αi0 ]1 +λ[ψ]1}. From now on we
proceed as in ([2, Theorem A.1]). Noting that 2φ(x0, y0) ≥ φ(x0, x0) + φ(y0, y0), we have

|x0 − y0| ≤ Cδ−1, (6.8)

where C depends K. The inequality (6.8) implies that

|x0 − y0|2 ≤ Cδ−2, (6.9)

where C depends on K. So we obtain

λm ≤ {|vi0 |0|c̄αi0 − cαi0 |0 + |fαi0 − f̄αi0 |0}+

+2`δ{|σαi0 − σ̄αi0 |20 + |bαi0 − b̄αi0 |20} + C(k1 + k2)δ
−1 +Cε(1 + |x0|2 + |y0|2).

We know that vi0(x) − v̄i0(x) − 2ε|x|2 ≤ m, and so

vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄αi0 − cαi0 |0 + |fαi0 − f̄αi0 |0}+

+2`δ{|σαi0 − σ̄αi0 |20 + |bαi0 − b̄αi0 |20} + C(k1 + k2)δ
−1 + 2ε|x|2 + Cε(1 + |x0|2 + |y0|2).

This inequality holds for all δ, and hence we minimize with respect to δ, by noting that for
l > 0,

min
δ>0

(lδ + Cδ−1) = Cl1/2.

Hence, by sending ε to zero, we obtain

vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄αi0 − cαi0 |0 + |fαi0 − f̄αi0 |0}+

C{|σαi0 − σ̄αi0 |20 + |bαi0 − b̄αi0 |20}1/2,

where C depends on K, |vi0 |0, |v̄i0 |0 and [ψ]1. Since (s2 + t2)1/2 ≤ |s| + |t|, we can conclude.
2

Similarly we have the following result.
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Theorem I.22. Let u and ū be solutions of (1.1) with coefficients σ, b, c, f and σ̄, b̄, c̄, f̄
respectively. Suppose that assumptions (A1), (A2) are satisfied for both sets of coefficients
with the same λ, and max |u|1 + max |ū|1 ≤M <∞. Then

λmax|u− ū|0 ≤M
(
sup
α

{|σα − σ̄α|0 + |bα − b̄α|0 + |cα − c̄α|0 + |fα − f̄α|0}
)
,

where M depends on K, sup |u|0, sup |ū|0. 2
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1. INTRODUCTION

Error estimates for a stochastic
impulse control problem 1

Abstract
We obtain error bounds for monotone approximation schemes of a stochastic impulse

control problem. This is an extension of the theory for error estimates for the Hamilton-
Jacobi-Bellman equation.

We obtain almost the same estimate on the rate of convergence as in the equation without
impulsions [3], [2].

1 Introduction

The aim of this paper is to give error bounds for approximation schemes of the impulse
control problem. More precisely we consider the following equation

max{ sup
αi∈A

Lαi(x,Du);u(x) −Mu(x)} = 0, x ∈ R
N , (P )

where
Lαi(x,Du(x)) = Lαi(x, u(x),Du(x),D2u(x)),
Lαi(x, r, p,X) = −tr[aαi(x)X] − bαi(x)p + cαi(x)r − fαi(x).

and 



Mu(x) := k + infξ∈RN
+
{u(x+ ξ) + c(ξ)},

k > 0, c : R
N
+ → R+,

c(0) = 0, c(ξ1 + ξ2) ≤ c(ξ1) + c(ξ2).

(1.1)

Here A = {α1, . . . , αM} denotes the set of controls, assumed to be finite. The coefficients
(aαi , bαi , cαi , fαi) are, for each αi ∈ A, bounded and Lipschitz functions R

N → SN × R
N ×

R×R, where SN denotes the set of N ×N symmetric matrices. Under classical assumptions,
(P ) has a unique bounded viscosity solution, denoted u. The regularity of u depends on
the properties of the coefficients a, b, c, f . We refer to [14, 15], for existence, uniqueness and
regularity of u.

Then we consider monotone approximation schemes of (P ), of the following form :

max{S(h, x, uh(x), uh);uh(x) −Muh(x)} = 0, x ∈ R
N , (S)

where S : R
N
+ × R

N × R ×Cb(R
N ) → R is a consistent, monotonic and uniformly continuous

approximation of supαi∈A Lαi(x,Du(x)) (see section 2). We will denote uh ∈ Cb(R
N ) the

solution of (S), which is the approximation of u, and h ∈ R
N the mesh size. This abstract

notations was introduced by Barles and Souganidis [4] to display clearly the monotonicity of

1Joint work with F. Bonnans and H. Zidani. To appear in Applied Math. Optimiz. Revised version accepted

in March 2006.
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the scheme : S(h, x, r, v) is non decreasing in r and non increasing in v. Typical approxima-
tion schemes that we will consider are Classical Finite Differences [21], Generalized Finite
Differences [6, 7], and Markov Chain Approximations [21].

Results on convergence rates for monotone approximation schemes of the corresponding
equation without impulses are known ; i.e., for the following equation :

sup
αi∈A

Lαi(x,Du(x)) = 0, x ∈ R
N , (1.2)

and the related scheme
S(h, x, uh(x), uh) = 0, x ∈ R

N . (1.2 bis)

Error estimates for this equation have been obtained by Krylov [19, 20], and these results were
extended by Barles and Jakobsen [3, 2]. Moreover, results on convergence rate for monotone
approximation schemes of a particular Isaac equation have been obtained by the authors [5],
and by Jakobsen [17, 16].

Using the method introduced by Ishii [15], to prove the existence of a unique viscosity
solution of (P ), we approach (P ) by a sequence of cascade problems (Pn), n ≥ 1,

max{sup
αi

Lαi(x,Du(x));u(x) −Mun−1(x)} = 0, x ∈ R
N , (Pn)

where u0 is solution of (1.2). Let un be the viscosity solution of (Pn). In the same way we
approach (S) by a sequence of cascade schemes (Sn), n ≥ 1,

max{S(h, x, uh(x), uh);uh(x) −Muh(n−1)(x)} = 0, x ∈ R
N , (Sn)

where uh0 is solution of (1.2 bis). Let uhn denote the solution of (Sn).
Using the methods introduced by Barles and Jakobsen [2], upper and lower bounds of

un − uhn, for all n < +∞, are obtained. The upper estimate of un − uhn is easier to obtain
than the lower. The proof involves a “Krylov regularization” of (Pn), i.e. the perturbed
equation

max

{
sup

αi,|e|≤ε
Lαi(x+ e),Duεn(x));uεn(x) −Mun−1(x)

}
= 0,

and its viscosity solution uεn. A regularization of uεn by convolution gives an approximate
smooth sub-solution of (Pn), denoted unε, which is also an approximate sub-solution of (Sn).
So, by using the consistency property, we obtain the upper bound of un−uhn, after choosing
an optimal parameter of regularization. Then, we consider u − uh and we do the following
decomposition

sup
x

(u(x) − uh(x)) ≤ sup
x

(u(x) − un(x)) + sup
x

(un(x) − uhn(x))

+ sup
x

(uhn(x) − uh(x)),
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for all n in N. Choosing the optimal n, we obtain the result. In particular we have that
n ∼ | ln h|.

To obtain the lower estimate, we start by giving lower bound of un − uhn, for n ∈ N. We
introduce the following switching system approximating (Pn) :

max{Lαi(x,Dvni (x)); vni (x) − min
j 6=i

{vnj (x) + `}; vni (x) −Mun−1(x)} = 0, (1.3)

for x ∈ R
N , and i ∈ I = {1, . . . ,M}, ` ≥ 0. For literature on the switching systems, see

[8, 11, 12, 13]. We consider the viscosity solution vn = (vn1 , . . . , v
n
M ) of this system, and give

an estimate of the rate of convergence of vn to un. Then we consider a perturbed system

max{ inf
|e|≤ε

Lαi(x+ e,Dwnεi (x));wnεi (x) − min
j 6=i

{wnεj (x) + `}; (1.4)

wnεi (x) −Mun−1(x)} = 0,

for all i ∈ I and x ∈ R
N , and its viscosity solution wnε = (wnε1 , . . . , w

nε
M ). We regularize wnε

by convolution obtaining wnε, and this function allows to build a local super-solution of (Pn).
Then, by applying the consistency and the monotonicity of the scheme, we obtain the lower
bound of un − uhn. Finally, since

sup
x

(uh(x) − u(x)) ≤ sup
x

(uh(x) − uhn(x)) + sup
x

(uhn(x) − un(x))

+ sup
x

(un(x) − u(x)),

choosing the optimal n, we obtain the result. With our result, we can prove an upper bound
of |h|1/2| ln h| and a lower bound of |h|1/5| lnh| for classical finite differences scheme and for
generalized finite differences scheme. Observe that, in the case without impulsions, the results
of [3, 2] give an upper bound of |h|1/2 and a lower bound of |h|1/5 for classical finite differences
scheme and for generalized finite differences scheme. Therefore for impulse control problems
we obtain very close estimates.

The paper is organized as follows : Section 2 introduces notations and states the main
result. Section 3 introduces the cascade approximations of (P ) and (S). Section 4 obtains
upper bound of un − uhn, for all n < +∞, whereas Section 5 gives lower bound of un − uhn,
for all n < +∞. Section 6 is devoted to the proof of the main theorem. Finally the Appendix
gives some auxiliary theorems which are used throughout the paper.

2 Notations and main result

We start by introducing some notations used in the article. By | · | we mean the standard
Euclidean norm in any R

M type space. In particular, if X ∈ SN , then |X|2 = tr(XX>),
where X> is the transpose of X, i.e. |X| is the Frobenius norm. If g is a bounded function
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from R
N into either R,RM , or the space of N × P matrices, we set |g|0 := supx∈RN |g(x)|. If

g is also Lipschitz continuous, we set

[g]1 := sup
x,y∈RN

x 6=y

|g(x) − g(y)|
|x− y| , |g|1 := |g|0 + [g]1.

We denote by ≤ the component wise ordering in R
N , and by � the ordering in the sense of

positive semidefinite matrices in S(N). The space Cb(R
N ) (resp. Cb,l(R

N )) will denote the
space of continuous and bounded functions (resp. bounded and Lipschitz functions) from R

N

to R.
Given g ∈ Cb,l(R

N )M , M ≥ 1, we denote by Lg an upper bound of the Lipschitz constant
of g, Lg ≥ maxi=1,...,M [gi]1.

We will use a sequence of mollifiers (ρε)ε defined as follows :

ρε(x) = ε−Nρ(x/ε), (2.1)

where ρ ∈ C∞(RN ),
∫

RN ρ = 1, supp{ρ} ⊆ B̄(0, 1) and ρ ≥ 0. We define the mollification of
g ∈ Cb(R

N ) as follows :

gε(x) :=

∫

RN

g(x− e)ρε(e)de. (2.2)

If g is Lipschitz continuous, then

|g(x) − gε(x)| ≤ Lgε. (2.3)

If g ∈ Cb(R
N ) (resp. Cb,l(R

N )), then we have

|Digε(x)| ≤ Cε−i|g|0,
(
resp. Cε1−i|g|1

)
∀ i = 1, . . . , n. (2.4)

From [15], we have the following properties on M, defined in (1.1).

Proposition II.1. Let u, v : R
N → R. We have :

(1) If u ≤ v in R, then Mu ≤ Mv in R
N .

(2) M(tu+ (1 − t)v) ≥ tMu+ (1 − t)Mv ; t ∈ [0, 1].
(3) M(u+ c) = Mu+ c, for c ∈ R.
(4) |Mu−Mv|0 ≤ |u− v|0 for all u, v ∈ C(RN ). 2

The assumption we use on equation (P ) are as follows :
(A1) For all αi ∈ A, we have aαi = 1

2σ
αiσαiT , where σαi is a N ×P measurable function

of x. There exists a constant K such that, for all αi ∈ A,

cαi ≥ 1 and |σαi |1 + |bαi |1 + |cαi |1 + |fαi |1 ≤ K.

(A2) 1 > supαi
{[σαi ]21 + [bα]1}.
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Assumption (A1) ensures that all equations we will use are well-posed ; assumption (A2)
ensures that all solutions are Lipschitz and bounded. Without assumption (A2), we have that
all solutions are Hölder and bounded. We conjecture that the techniques used in this paper
can be extended to this case. In assumption (A1), we have assumed cαi ≥ 1 for simplicity
of future computations. All our results can be extended to the general case cαi ≥ λ, where
λ > 0. In this case, in assumption (A2) and in all estimates of Lipschitz constants obtained
in the appendix, we have to write min (λ, 1) instead of 1.

Result of [15, Theorem 4.2] gives the existence of a viscosity solution of (P ). Moreover,
generalizing, in the obvious way, the proof of [1, Theorem 3.5], which involves only first order
impulse control problem, we obtain the uniqueness of this viscosity solution. We can then
give the following proposition.

Proposition II.2. Under assumptions (A1-A2), (P ) has a unique viscosity solution u in
Cb,l(R

N ). In particular we have

|u|0 ≤ sup
αi

|fαi |0. 2

Let C ≥ 0 a constant, and consider the following equation :

max{sup
αi

Lαi

C (x,Du);u(x) −Mu(x)} = 0, x ∈ R
N , (PC)

where Lαi

C (x, r, p,X) = Lαi(x, r, p,X) − Ccαi(x). We have then the following lemma, which
is given without proof.

Lemma II.3. Under assumptions (A1-A2), u is a viscosity solution of (P ) if and only if
u+ C is a viscosity solution of (PC).2

Remark II.4. In the sequel we assume that fαi(x) ≥ 0, for all x and αi, since that slightly
simplifies the proofs ; however, using lemma II.3, all our results are easily extended to the
case when f is not nonnegative.

We now state assumptions on the discrete scheme (S), which is an approximation of the
equation (P ) :

(S1) Monotonicity : S(h, x, r +m,u+m) ≥ m+ S(h, x, r, v)
for all h ∈ R

N
+ , r ∈ R, m ≥ 0, x ∈ R

N and u, v in Cb(R
N ) such that u ≤ v in R

N .
(S2) Regularity : for all h ∈ R

N
+ and φ ∈ Cb(R

N ), x 7→ S(h, x, φ(x), φ) is bounded and
continuous ; r 7→ S(h, x, r, φ) is uniformly continuous for bounded r, uniformly with
respect to x ∈ R

N .
(S3) There exist n, ki > 0, i ∈ J ⊆ {1, . . . , n} and a constant Kc > 0 such that for all
h ∈ R

N
+ and x in R

N , and for every smooth φ ∈ Cn(RN ) such that |Diφ|0 is bounded,
for every i ∈ J , the following holds :

∣∣∣∣ sup
αi

Lαi(x,Dφ) − S(h, x, φ(x), φ)

∣∣∣∣ ≤ KcQ(φ),

where Q(φ) :=
∑

i∈J |Diφ|0|h|ki .
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(S4) Suppose now that the scheme S(h, x, uh(x), uh) can be written in the following form

sup
αi

Sαi(h, x, uh(x), uh), (2.5)

as is the case for Finite Differences scheme and Generalized Finite Differences scheme.
(i) Let C ≥ 0 a constant.

If v is solution of max{supαi
Sαi(h, x, v(x), v); v(x) − Mv(x)} = 0, then v + C is

solution of max{supαi
(Sαi(h, x, v(x), v) − Ccαi(x)); v(x) −Mv(x)} = 0.

(ii) If v is solution of

max{sup
αi

Sαi(h, x, v(x), v); v(x) −Mv(x)} = 0, (2.6)

then νv is solution of

max{sup
αi

(Sαi(h, x, νv(x), νv) + (ν − 1)fαi(x)); νv(x) − νMv(x)} = 0, (2.7)

where ν ∈ (0, 1), and fαi defined after equation (P ).

Remark II.5. Assumption (S4(i)) leads us to have 0 as lower bound for every solution
of the cascade schemes. If we don’t assume (S4(i)), we obtain a negative constant as lower
bound ; all our results can be extended to this case, but computations become more complicated.
Assumption (S4(ii)) is useful to prove the uniqueness of the solution of (S).

Example II.6. An example of a numerical scheme which satisfies these assumptions is the
standard Finite Difference Scheme when N = 1, defined as :

S(h, x, r, φ) := sup
αi∈A

{
− aαi(x)

[
φ(x+ h) − 2r + φ(x− h)

h2

]

−bαi
+ (x)

[
φ(x+ h) − r

h

]
+ bαi

− (x)

[
φ(x− h) − r

h

]
+ cαi(x)r − fαi(x)

}
, (2.8)

where bαi
+ (x) := max(bαi(x), 0), bαi

− (x) := max(−bαi(x), 0). Clearly assumptions (S1), (S2),
and (S4) are satisfied. For the consistency hypothesis (S3), we obtain, from a Taylor expan-
sion,

Q(φ) = |D2φ|h+ |D4φ|h2, (2.9)

i.e.n = 4, J = {2, 4}, k2 = 1 and k4 = 2.

We set, J being defined in (S3) :

γ̄ := min
i∈J

{
ki
i

}
, γ := min

i∈J

{
ki

3i− 2

}
. (2.10)

We explain briefly how we obtain our main result. In the following we build sequences Pn
and Sn, n ≥ 0, of equation of type (Pn) and (Sn) respectively, which approximate (P ) and
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3. THE CASCADE APPROXIMATIONS

(S). Then we have that the sequence of viscosity solutions un of (Pn), n ≥ 0, converges to u,
and the sequence of solution uhn of (Sn), n ≥ 0, converges to uh. We will give these rates of
convergence. Finally, for each n we give an upper and a lower bound of un− uhn, and we use
these bounds to obtain (2.11).

We state now our main result.

Theorem II.7. Assume that (A1-A2) and (S1-S4) hold, and let u ∈ Cb,l(R
N ) be the unique

viscosity solution of (P ). Then (S) has a unique solution uh ∈ Cb(R
N ). Moreover, for h small

enough, the following two bounds hold :

− C|h|γ | lnh| ≤ u− uh ≤ C|h|γ̄ | lnh|, (2.11)

where C is a bounded constant, which depends on K defined in (A1), on k, and on the rates
of convergence of un and uhn.

Consider now the finite difference scheme given in example II.6. We have the following
result :

Corollary II.8. Let u the solution of (P ), for N = 1, and let uh the solution of (S), with S
defined as in (2.8). The following two bounds hold :

− C|h|1/5| lnh| ≤ u− uh ≤ C|h|1/2| lnh|, (2.12)

where C is a bounded constant, which depends on K defined in (A1), and on the rates of
convergence of un and uhn.

Proof. Applying (2.9), we obtain γ = 1/5 and γ̄ = 1/2. Then we can use the precedent
theorem to obtain the result. 2

Remark II.9. Corollary II.8 can be extended to the Finite Differences scheme in dimension
N > 1 [21], and to the Generalized Finite Differences scheme in dimension N ≥ 1 [6, 7].
The bounds that we obtain are the same as (2.12), where now h is the vector of space steps
along each component of x.

3 The cascade approximations

In this section we present the approximations of (P ) and (S), and we study their main
properties.

3.1 Cascade for the HJB equation

We approach equation (P ) by a sequence of obstacle problems, and use the same methods
as in [15, Proof of theorem 4.2], to prove that the solutions of the sequence of equations
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3. THE CASCADE APPROXIMATIONS

converge to the solution of (P ). By remark II.4, we have that u ≡ 0 is a viscosity sub-solution
of (P ). Consider the following problem :

sup
αi

Lαi(x,Du(x)) = 0, x ∈ R
N . (P0)

Under assumptions (A1-A2), this equation has a unique viscosity solution u0 in Cb,l(R
N ).

Since u ≡ 0 is a viscosity sub-solution of (P0), the comparison principle (see [15, Theorem
3.3]) implies 0 ≤ u0. Consider the following problem :

max{sup
αi

Lαi(x,Du(x));u(x) −Mu0(x)} = 0, x ∈ R
N . (P1)

Since Mu0 is uniformly continuous, under assumptions (A1-A2), there exists a unique vis-
cosity solution u1 of (P1) in Cb,l(R

N ). Similarly, for n = 2, 3, · · · , let un ∈ Cb,l(R
N ) be the

unique viscosity solution of

max{sup
αi

Lαi(x,Du(x));u(x) −Mun−1(x)} = 0, x ∈ R
N . (Pn)

It is easy to check that u1 is a viscosity sub-solution of (P0). By the comparison principle,
u1 ≤ u0. Moreover, u ≡ 0 is a sub-solution of (P1) in R

N , and then 0 ≤ u1 ≤ u0 in R
N . By

point (1) of Proposition II.1, Mu1 ≤ Mu0, then we can say that u2 is a viscosity sub-solution
of (P1), and also u2 ≤ u1 in R

N . By induction over n, we obtain :

0 ≤ · · · ≤ un ≤ · · · ≤ u2 ≤ u1 ≤ u0. (3.1)

We can see that, if |u0|0 ≤ k, then u is a viscosity solution of (P ) and then we refer to [3],
[2] for error estimates. Suppose now that |u0|0 > k, and let µ ∈ (0, 1) such that µ|u0|0 < k.

Theorem II.10. We have that, for all n,

un − un+1 ≤ (1 − µ)n|u0|0. (3.2)

Proof : Let n ∈ N, and θn ∈ (0, 1] be such that

un − un+1 ≤ θnun, in R
N . (3.3)

By (3.1), this holds at least for θn = 1. Rewriting (3.3) as (1 − θn)un ≤ un+1, and using
proposition II.1, get

(1 − θn)Mun + θnk ≤ (1 − θn)Mun + θnM0 ≤ M[(1 − θn)un] ≤ Mun+1. (3.4)

We now prove that
(1 − θn + µθn)un+1 ≤ un+2, (3.4a)
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3. THE CASCADE APPROXIMATIONS

where un+2 is the viscosity solution of (Pn+2). Since un+1 is the viscosity solution of (Pn+1),
and fαi(x) ≥ 0, for all x and for all αi, we have that (1 − θn + µθn)un+1 is a viscosity sub-
solution of supαi

Lαi(x,Dv(x)) = 0. Moreover, by the construction of the sequence (3.1), and
by (3.4), we have

(1 − θn + µθn)un+1 ≤ (1 − θn)un+1 + µθn|u0|0, (3.5a)

Mun+1 ≥ (1 − θn)Mun + θnk. (3.5b)

Taking the difference between (3.5a) and (3.5b), and knowing that un+1 is the viscosity
solution of (Pn), we have

(1 − θn + µθn)un+1 −Mun+1

≤ (1 − θn)un+1 + µθn|u0|0 − (1 − θn)Mun − θnk

≤ (1 − θn)un+1 + θnk − (1 − θn)Mun − θnk ≤ 0.

So we can say that (1− θn + µθn)un+1 is a viscosity sub-solution of (Pn+2). The comparison
principle implies (3.4a), or equivalently

un+1 − un+2 ≤ θn(1 − µ)un+1. (3.6)

As in [15, Proof of theorem 4.2], by the inequalities u0 −u1 ≤ u0 in R
N , we obtain u1 −u2 ≤

(1 − µ)u1 in R
N . Then we can take θ1 = 1 − µ and we obtain u2 − u3 ≤ (1 − µ)2u2, and by

induction we have

un+1 − un+2 ≤ (1 − µ)n+1un+1 ≤ (1 − µ)n+1|u0|0. 2 (3.7)

By (3.1) and (3.2), we can find a function u ∈ C(RN ), such that |un − u|0 → 0, when
n → +∞. Proposition II.1 and the stability of solutions imply that u is a viscosity solution
of (P ). Then we can say that un converges to u, the unique viscosity solution of (P ), when
n → +∞. We want to estimate an upper bound of un − u for an arbitrary n. By (3.2) and
since (1 − µ) < 1, we obtain that, for all n ≥ 0,

un − u ≤
+∞∑

i=n

(1 − µ)i|u0|0 =
(1 − µ)n

1 − (1 − µ)
|u0|0 =

(1 − µ)n

µ
|u0|0. (3.8)

3.2 Cascade for the numerical scheme

As we have done for the equation (P ), we will approach (S) by a sequence of equations
(Sn). This kind of approach has been already used for numerical study of the impulse control
problem, see in particular [9].

In all the paper we suppose that every equation (Sn) has at least one solution uhn ∈ CbRN .
We give now a useful lemma to obtain the uniqueness of uhn, for all n. Consider the equation

max{S(h, x, φ(x), φ);φ(x) − ψ(x)} = 0, x ∈ R
N , (3.9)
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3. THE CASCADE APPROXIMATIONS

where ψ ∈ Cb(R
N ). We say that a function φ ∈ Cb(RN ) is a sub-solution (resp. super-solution)

of (3.9) if

max{S(h, x, φ(x), φ);φ(x) − ψ(x)} ≤ 0, (resp ≥ 0), for all x ∈ R
N .

Lemma II.11. Let S satisfy (S1)-(S4), and u and v respectively sub and super-solution of
(3.9). Then

u(x) ≤ v(x), for all x ∈ R
N . 2

The proof is a particular case of proof of Proposition II.14 where we take g = 0.
Let uh0 ∈ Cb(R

N ) be a solution of

S(h, x, uh(x), uh) = 0, x ∈ R
N . (S0)

By Lemma II.11, uh0 is unique. Since Muh0 is bounded and continuous, by the same reason,
there exists a unique solution uh1 ∈ Cb(RN ) of

max{S(h, x, uh(x), uh);uh(x) −Muh0(x)} = 0, x ∈ R
N . (3.10)

For n = 2, 3, · · · , we denote uhn the unique continuous and bounded solution of

max{S(h, x, uh(x), uh);uh(x) −Muh(n−1)(x)} = 0, x ∈ R
N . (Sn)

The function uh1 is a sub-solution of (S0), and then uh1 ≤ uh0 in R
N . Using remark II.4

and assumption (S4), we verify that uh ≡ 0 is a sub-solution of (3.10) in R
N , and then we

have 0 ≤ uh1 ≤ uh0 in R
N . Proposition II.1 implies that 0 ≤ Muh1 ≤ Muh0, then uh2 is a

sub-solution of (3.10), and hence uh2 ≤ uh1 in R
N . By induction on n, we obtain

0 ≤ · · · ≤ uhn ≤ · · · ≤ uh2 ≤ uh1 ≤ uh0. (3.11)

As in subsection 3.1, we suppose that |u0|0 > k. Then, since uh0 → u0 uniformly, we have
also |uh0|0 > k and we can choose µ ∈ (0, 1) such that µ|u0|0 < k, and µ|uh0|0 < k.

Theorem II.12. For all n and for h small enough, we have

uhn − uh(n+1) ≤ (1 − µ)n|uh0|0. (3.12)

Proof : We use the same methods as in theorem II.10, taking some θn. The unique
difference is that we have to show that (1 − θn − µθn)uh(n+1) is a sub-solution of (Sn+2),
which can be written

max{S(h, x, uh(x), uh);uh(x) −Muh(n+1)(x)} = 0, x ∈ R
N .

With the monotonicity of S, we obtain the result. 2

Proposition II.13. Under assumptions (S1)-(S4), there exists a solution of the equation
(S).
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Proof : By (3.11) and (3.12), we can find a function uh ∈ Cb(RN ), such that |uhn−uh|0 →
+∞, when n→ +∞. Proposition II.1 and the stability of solutions implies that uh is a solution
of (S). 2

We can prove a comparison principle for (S), with S written as in (2.5), and hence the
uniqueness of its solution.

Proposition II.14. Let S satisfy (S1)-(S4). Let u, v be the solutions of

max{sup
αi

Sαi(h, x, u(x), u);u(x) − ψ1(x)} = 0, x ∈ R
N , (3.13)

and
max{sup

αi

(Sαi(h, x, v(x), v) + g(x)); v(x) − ψ2(x)} = 0, x ∈ R
N , (3.14)

where ψ1, ψ2 and g are elements of Cb(R
N ). Then,

|u− v|0 ≤ max{|g|0; |ψ1 − ψ2|0}. (3.15)

Proof. Since u and v are solutions of (3.13) and (3.14) respectively, we have that

max{sup
αi

Sαi(h, x, u(x), u);u(x) − ψ1(x)} ≤ 0,

max{sup
αi

(Sαi(h, x, v(x), v) + g(x)); v(x) − ψ2(x)} ≥ 0,

for all x in R
N . Since max{A;B} − max{C;D} ≤ max{A − C;B − D}, (3.13) and (3.14)

imply
0 ≤ max{sup

αi

(Sαi(h, x, v(x), v) + g(x)) − sup
αi

S(h, x, u(x), u);

v(x) − ψ2(x) − (u(x) − ψ1(x))}.
Hence we have the two following cases.
a) u(x) − v(x) ≤ ψ1(x) − ψ2(x), which implies u(x) − v(x) ≤ |ψ1 − ψ2|0.
b) supαi

Sαi(h, x, u(x), u) ≤ 0, and supαi
(Sαi(h, x, v(x), v) + g(x)) ≥ 0.

Then supαi
Sαi(h, x, v(x), v) + |g|0 ≥ 0, and applying the monotonicity, supαi

S(h, x, v(x) +
|g|0, v + |g|0) ≥ 0. By [3, Theorem 2.1], obtain u(x) − v(x) ≤ |g|0.

Combining the two cases we have

sup
x

(u(x) − v(x)) ≤ max{sup
x
g(x); sup

x
|ψ1(x) − ψ2(x)|}.

On the other hand, we have

max{sup
αi

Sαi(h, x, u(x), u);u(x) − ψ1(x)} ≥ 0,

max{sup
αi

(Sαi(h, x, v(x), v) + g(x)); v(x) − ψ2(x)} ≤ 0,
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for all x in R
N . We have the two following cases.

a) v(x) − u(x) ≤ ψ2(x) − ψ1(x), which implies u(x) − v(x) ≥ −|ψ1 − ψ2|0.
b) supαi

Sαi(h, x, u(x), u) ≥ 0, and supαi
(Sαi(h, x, v(x), v) + g(x)) ≤ 0. Since g is a positive

function, we have supαi
S(h, x, v(x), v) ≤ 0, and by [3, Theorem 2.1], u(x) − v(x) ≥ 0, which

implies u(x) − v(x) ≥ −|g|0. 2

We can give now the uniqueness result.

Proposition II.15. Under assumptions (S1)-(S4), (S) has a unique solution uh ∈ Cb(R
N ).

Proof. Let uh and vh be solutions of (S). By (S5), νuh is a solution of

max{sup
αi

(Sαi(h, x, νuh(x), uh) + (ν − 1)fαi(x)); νuh(x) − νMuh(x)} = 0, x ∈ R
N ,

for ν ∈ (0, 1). Apply Proposition II.14 to obtain

|νuh − vh|0 ≤ max{|(ν − 1)fαi |0; |νMuh −Mvh|0}.

By [1, Theorem 3.5], we know that |νMuh −Mvh|0 < |νuh − vh|0, and hence |νuh − vh|0 ≤
|(ν − 1)f |0. Letting ν go to 1, we have the result. 2

We have proved that uhn converges to the solution uh of (S), for n → +∞, and by
Proposition II.15 this solution is unique. Moreover we have

uhn − uh ≤
+∞∑

i=n

(1 − µ)i|uh0|0 =
(1 − µ)n

µ
|uh0|0. (3.16)

4 The upper bound for the cascade problems

In this section we will use the methods of [3], [2], to obtain an upper bound of un − uhn,
for all n. We start with the case n = 0, and then we will study the general case n ≥ 1. Finally,
we will use these estimates to obtain the upper bound of u− uh.

4.1 Problem without impulses

Consider the problem (P0) and its viscosity solution u0 ∈ Cb,l(R
N ). Let

Lu0 := sup
αi

[cαi ]1|u0|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

.

We recall here the result of [18, Lemma A.1].

Lemma II.16. Lu0 is an upper bound of the Lipschitz constant of u0. 2
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Consider the scheme (S0) and its solution uh0 ∈ Cb(R
N ). We recall that Lαi and S satisfy

assumptions (A1-A2) and (S1-S4). An upper bound of u0 − uh0 has been obtained in [3].
Here we need to rewrite some ideas of this paper, in order to detail constants which appear
in various proofs. The auxiliary equation (see [19])

sup
αi∈A,|e|≤ε

Lαi(x+ e,Duε0(x)) = 0, x ∈ R
N , (P0P )

has a unique viscosity solution uε0 ∈ Cb,l(R
N ). Let u0ε the mollification of uε0, defined as in

(2.2). We give now a lemma useful in the sequel. We recall that γ̄ is defined in (2.10).

Lemma II.17. Let g ∈ Cb,l(R
N ), and its mollification gε. Set ε = |h|γ̄ . Then, J being defined

in (S3),
Q(gε) ≤ |J |Kc|g|1|h|γ̄ . (4.1)

Proof : Using (2.4), get

Q(gε) = Kc|g|1
∑

i∈J
ε1−i|h|ki = Kc|g|1

∑

i∈J
|h|γ̄(1−i)+ki .

Since, by (2.10) γ̄(1 − i) + ki ≥ γ̄, for all i ∈ J , we obtain the result. 2

We recall here the result of [2, Proposition 3.2], where we detail some constants.

Proposition II.18. Let u0 ∈ Cb,l(R
N ) the viscosity solution of (P0), and uh0 ∈ Cb,l(R

N ) the
solution of (S0). Then we have

u0(x) − uh0(x) ≤ C̄0|h|γ̄ , ∀ x ∈ R
N , (Ē0)

C̄0 := |J |Kc|uε0|1 +R, (4.2)

where R depends only on the constant K of assumption (A1).

Proof : In [3] the authors verify that u0ε is a classical sub-solution of (P0). By the
consistency hypothesis (S3), (2.4) and lemma II.17, for ε = |h|γ̄ ,

S(h, x, u0ε(x), u0ε) ≤ Q(u0ε) ≤ |J |Kc|uε0|1|h|γ̄ , x ∈ R
N .

Monotonicity implies that u0ε − |J |Kc|uε0|1|h|γ̄ ≤ uh0. By [3, Lemma A.1], we have that
|u0 − u0ε| ≤ Rε, where R depends only on K defined in (A1). So we have the result. 2

4.2 Problem with n impulses, n ≥ 1

Consider now the problem with n impulses (Pn), for n ≥ 1, and its viscosity solution
un ∈ Cb,l(R

N ). We generalize here the method of [3], by introducing the perturbed equation

max

{
sup

αi,|e|≤ε
Lαi(x+ e),Duεn(x));uεn(x) −Mun−1(x)

}
= 0, (PnP )

whose unique viscosity solution in Cb,l(R
N ) is denoted uεn. We recall that, for the problem

without impulses, uε0 is the solution of (P0P ). The next result, proved in the appendix, gives
upper bounds of Lipschitz constants of un and uεn.
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Lemma II.19. Let un and uεn denote the viscosity solutions of (Pn) and (PnP ) respectively,
for n ≥ 1. Then, upper bounds of Lipschitz constants of un and uεn are

Lun = Lu0 , (4.3)

Luε
n

= max
(
Lu0; sup

αi

[cαi ]1|uεn|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

)
. 2 (4.4)

Using the same methods as for sequence (3.1), we can show that

0 ≤ · · · ≤ uεn ≤ · · · ≤ uε2 ≤ uε1. (4.5)

Combining with (4.4), get

0 ≤ · · · ≤ Luε
n
≤ · · · ≤ Luε

2
≤ Luε

1
. (4.6)

The following result is proved in the appendix.

Proposition II.20. Let un and uεn be the viscosity solutions of (Pn) and (PnP ) respectively,
and Aun,uε

n
be defined in (8.1). Then

|un − uεn|0 ≤ Aun,uε
n
ε.

Relations (4.6), (8.1), (3.1) and (4.4) imply the following result.

Lemma II.21. 0 ≤ · · · ≤ Aun,uε
n
≤ · · · ≤ Au2,uε

2
≤ Au1,uε

1
. 2

Proof : This follows from the expression of coefficients Aui,uε
i
, i = 1, . . . , n, given in (8.1),

combined with lemma II.19 and relation (4.6). 2

We can give now the error estimate of the upper bound. We recall that C̄0 was defined in
(4.2).

Proposition II.22. Let un ∈ Cb,l(R
N ) be the unique viscosity solution of (Pn), and uhn ∈

Cb(R
N ) the unique solution of (Sn), n ≥ 1. Then we have

un(x) − uhn(x) ≤ C̄n|h|γ̄ , (Ēn)

C̄n = C̄n−1 +Aun,uε
n

+ Luε
n

+ Lu0 . (4.7)

Proof : For all n ∈ N and ε > 0, we denote by unε the mollification of uεn. We prove
the proposition by induction over n. Take n = 1. We show that u1ε − C̄0|h|γ̄ − Lu0ε is a
sub-solution of (3.10). Applying the classical methods (see [3, 2, 5]), we have that u1ε −Lu0ε
is a classical sub-solution of (P1). Using the consistency hypothesis (S3), proposition II.18,
the equality Q(u1ε − Lu0ε) = Q(u1ε), and the monotonicity of S, obtain

{
S(h, x, u1ε(x) − Lu0ε−Q(u1ε), u1ε − Lu0ε−Q(u1ε)) ≤ 0
u1ε(x) − Lu0ε− C̄0|h|γ̄ ≤ Muh0(x).
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We deduce that u1ε(x) − Lu0ε − max{C̄0|h|γ̄ , Q(u1ε)} is sub-solution of (S1). We now set
ε = |h|γ̄ . By lemma II.17, and by (4.5), (4.6) and (4.2), we obtain,

Q(uε1) ≤ |J |Kc|uε1|1|h|γ̄ ≤ |J |Kc|uε0|1|h|γ̄ ≤ C̄0|h|γ̄ .

Then max{C̄0|h|γ̄ , Q(u1ε)} = C̄0|h|γ̄ , which implies u1ε(x) − C̄0|h|γ̄ − Lu0ε ≤ uh1(x), for all
x. Hence, with (2.3) and proposition II.20,

u1(x) − uh1(x) = u1(x) − uε1(x) + uε1(x) − u1ε(x) + u1ε(x) − uh1(x)

≤ Au1,uε
1
ε+ Luε

1
ε+ Lu0ε+ C̄0|h|γ̄

= (Au1,uε
1
+ Luε

1
+ Lu0 + C̄0)|h|γ̄ .

We obtain that (4.7) holds for n = 1.
Now we suppose the proposition true for n−1. The same methods as before, the assump-

tion of induction and lemma II.19 give us the result. 2

So we have obtained that, for all n ≥ 1, un − uhn ≤ C̄n|h|γ̄ . We set

D̄n−1 := C̄n − C̄n−1 = Aun,uε
n

+ Luε
n

+ Lu0.

Lemma II.21 and relation (4.6) imply that D̄n ≤ D̄0, and hence, by (4.7) :

C̄n ≤ C̄0 + nD̄0. (4.8)

5 The lower bound for the cascade problems

In this section we will use the methods of [3, 2], to obtain a lower bound of un − uhn, for
all n. We start with the case n = 0, and then we will study the general case n ≥ 1. Finally,
we will use these estimates to obtain the lower bound of u− uh.

5.1 Problem without impulses

Consider problem (P0) of solution u0 ∈ Cb,l(R
N ), and the scheme (S0) of solution uh0 ∈

Cb(R
N ). We recall that Lαi and S satisfy assumptions (A1-A2) and (S1-S4). A lower bound

of u0 − uh0 has been obtained in [3]. Here we need to rewrite some parts of this paper, in
order to give explicit bounds of constants appearing in various proofs. Consider the following
switching system, which approaches (P0),

max{Lαi(x,Dv0
i (x)); v

0
i (x) − min

j 6=i
{v0
j (x) + `}} = 0, (SS0)

for x ∈ R
N , i ∈ I = {1, . . . ,M}, and ` > 0. Let v0 = (v0

1 , . . . , v
0
M ) be the unique viscosity

solution of (SS0), v
0 ∈ Cb,l(R

N )M . By remark II.4, we have that (0, . . . , 0) is a viscosity
sub-solution of (SS0), hence 0 ≤ v0

i (x), for all i ∈ I and x ∈ R
N .

For every i, v0
i converges to u0, when ` → 0. We rewrite here the result of [2, Theorem

2.3], which give this rate of convergence.
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Lemma II.23. Let u0 and v0 be the viscosity solutions of (P0) and (SS0) respectively. Then,
for all i, we have

0 ≤ v0
i − u0 ≤ C`1/3, (H0)

where C depends only on K, defined in (A1). 2

Error Estimate

Consider the following perturbation of the switching system (SS0) :

max

{
inf
|e|≤ε

Lαi(x+ e,Dwε0i (x));wε0i (x) − min
j 6=i

{wε0j (x) + `}
}

= 0. (SS0P )

We denote by w0ε = (w0ε
1 , . . . , w

0ε
M ) the unique viscosity solution of (SS0P ) in Cb,l(R

N )M .
We have 0 ≤ w0ε

i (x), for all i and for all x.
The following result is proved in the appendix.

Lemma II.24. Let v0 and w0ε be the viscosity solutions of (SS0) and (SS0P ) respectively.
Then, maxi |v0

i − w0ε
i |0 ≤ εAv0,w0ε , where Av0,w0ε is defined in (8.1). 2

Consider γ defined in (2.10). We have the following result.

Lemma II.25. Given g ∈ Cb,l(R
N ), its mollification gε, and ε = |h|3γ , we have that, for J

defined in (S3),
Q(gε) ≤ |J |Kc|g|1|h|γ . (5.1)

Proof : By (2.4), we know that

Q(gε) = Kc|g|1
∑

i∈J
ε1−i|h|ki = Kc|g|1

∑

i∈J
|h|3(1−i)γ+ki .

Since 3(1 − i)γ + ki ≥ γ, for all i ∈ J , we obtain the result. 2

We recall here [2, Lemma 3.4], which gives some auxiliary results to obtain the error
estimate.

Lemma II.26. Assume (A1), (A2), let w0
εi = ρε ∗ w0ε

i , for i ∈ I. Moreover assume that
ε ≤ (4 supi[w

0ε
i ]1)

−1`. Then, for every x ∈ R
N , if j = argmini∈Iw

0
εi(x), then

Lαj (x,w0
εj(x),Dw

0
εj(x),D

2w0
εj(x)) ≥ 0. 2

We recall now the result of [2, Theorem 3.5], where we detail some constants.

Proposition II.27. Let u0 ∈ Cb,l(R
N ) be the viscosity solution of (P0) and uh0 ∈ Cb,l(R

N )
the solution of (S0). Then, we have

uh0(x) − u0(x) ≤ C0|h|γ , ∀ x ∈ R
N , (E0)

C0 = |J |Kc|w0ε|1 +R, (5.2)

where R depends only on K defined in (A1), and J is defined in (S3).
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Proof : We recall the ideas of [2, Theorem 3.5]. We set

m := sup
y∈RN

{uh0(y) − g0(y)},

where g0 = mini∈I w0
εi. We now set ε = |h|3γ . Computations of [2, Theorem 3.5], combined

with lemma II.25 and lemma II.26, give

m ≤ |J |Kc|wε0i |1|h|γ , (5.3)

where J is defined in (S3). Applying lemma II.23, lemma II.24, and (5.3), we have that, for
all i ∈ I,

sup
x

(uh0(x) − u0(x)) ≤ m+ sup
x

(w0
εi(x) − w0ε

i (x)) + sup
x

(w0ε
i (x) − v0

i (x))

+ sup
x

(v0
i (x) − u0(x))

≤ |J |Kc|wε0i |1
∑

i∈J
ε1−i|h|ki + Cε+Av0,w0εε+ C`1/3,

where C depends only on K defined in (A1). In agreement with lemma II.26, ` = 4εLw0ε =
4|h|3γLw0ε , where Lw0ε is an upper bound of the Lipschitz constant of w0ε. By lemma II.25,
we have

sup
x

(uh0(x) − u0(x)) ≤ R0[2|h|3γ + |h|γ ] + |J |Kc|w0ε
0 |1|h|γ ,

where R0 depends only on K defined in (A1). Setting R = 3R0, we obtain the result. 2

5.2 Problem with n impulses, n ≥ 1

We generalize here the methods of [3]. Consider problem (Pn) and its solution un ∈
Cb,l(R

N ), defined in section 3.1. We know that Lu0 is an upper bound of the Lipschitz constant
of un, for all n.

Then consider the scheme (Sn) of solution uhn ∈ Cb(R
N ), defined in section 3.2. We

recall that Lαi and S satisfy assumptions (A1-A2), (S1-S4). Consider the following switching
system which approach (Pn) :

max{Lαi(x,Dvni (x)); vni (x) − min
j 6=i

{vnj (x) + `}; vni (x) −Mun−1(x)} = 0, (SSn)

for x ∈ R
N and i ∈ I = {1, . . . ,M}. Under assumptions (A1-A2), (SSn) has a unique viscosity

solution vn = (vn1 , . . . , v
n
M ) ∈ Cb,l(R

N )M . By remark II.4, it is easy to see that (0, . . . , 0) is a
viscosity sub-solution of (SSn), and that vn is a viscosity sub-solution of (SS(n−1)), for all n.
We can build, then the following sequence

0 ≤ · · · ≤ vni (x) ≤ · · · ≤ v1
i (x) ≤ v0

i (x),

for all i, and for all x.
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Convergence of the switching system

Using the same methods as in [2, Theorem 2.3], we introduce an auxiliary switching
system

max{sup
|e|≤ε

Lαi(x+ e,Dvnεi (x)); vnεi (x) − min
j 6=i

{vnεj (x) + `}; vnεi (x) −Mun−1(x)}, (5.4)

and denote by vnε = (vnε1 , . . . , vnεM ) its viscosity solution in Cb,l(R
N )M . As before, we have

that n 7→ vnεi (x) is non-increasing, for all i and for all x. Let vnεi = ρε ∗ vnεi, for all i ∈ I.
We can give now the following result about the convergence.

Proposition II.28. Let un and vn be the solutions of (Pn) and (SSn) respectively. Then,
for all i, we have

0 ≤ vni − un ≤ Hvn,vnε`1/3, (Hn)

where Hvn,vnε is defined in (8.1).

Proof : We start by giving the proof for n = 1. Consider w = (u1, . . . , u1) (a vector with
M components equal to u1). Then, for every i, we have :





Lαi(x,Du1(x)) ≤ 0
u1(x) ≤ u1(x) + `
u1(x) ≤ Mu0(x)

⇒ u1 is a sub-solution of (SS1) ⇒ u1(x) ≤ v1
i (x),

for all x ∈ R
N , i ∈ I. We show that, for all i, v1

iε − C`ε−2 − Lu0ε is a sub-solution of (P1),
where

C = Cρ` sup
αi

(|σαi |0 + |bαi |0 + |cαi |0). (5.5)

With classical methods (see [3], [2], [5]), we have that v1
iε is, for all i, a sub-solution, in

the classical sense, of
Lαi(x,Dv(x)) = 0, ∀ x ∈ R

N . (5.6)

The definition of switching system implies that |v1ε
i − v1ε

j | ≤ `, for all i, j. Combining with
(2.4), we obtain

|Lαi(x,Dv1
εj(x)) − Lαi(x,Dv1

εi(x))| ≤
C`

ε2
,∀ i, j ∈ I, et ∀ x ∈ R

N .

Since v1
εi is a sub-solution of (5.6), this implies

Lαi(x,Dv1
εj(x)) ≤

C`

ε2
, ∀i, j, and ∀ x ∈ R

N . (5.6a)

Consequently v1
εi − C`ε−2 is a classical sub-solution of supαi

Lαi(x,Dw(x)) = 0. Moreover,
by the definition of the auxiliary system, we have that v1ε

i (x) −Mu0(x) ≤ 0, for all i ∈ I,
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and for all x ∈ R
N . Let uε0 be the mollification of u0, defined as in (2.2). Then, we have

v1
εi(x) −Mu0ε(x) ≤ 0, which implies v1

εi(x) −Mu0(x) ≤ Lu0ε, and also

v1
εi(x) − Lu0ε− C`ε−2 −Mu0(x) ≤ 0, ∀ x ∈ R

N .

Hence, for all x ∈ R
N , we have

{
supαi

Lαi(x,D(v1
εi −C`ε−2)(x)) ≤ Lu0ε,

v1
εi(x) −Mu0(x) ≤ Lu0ε+ C`ε−2.

So v1
εi−Lu0ε−C`ε−2 is a viscosity sub-solution of (P1), and we have v1

εi(x)−Lu0ε−C`ε−2 ≤
u1(x), for all x ∈ R

N . Finally we obtain

v1
i (x) − u1(x) ≤

Cρ`

ε2
sup
αi

(|σαi |0 + |bαi |0 + |cαi |0) + (Lu0 + Lv1ε +Av1,v1ε)ε,

for all x in R
N . Minimizing with respect to ε, obtain

v1
i (x) − u1(x) ≤ Hv1,v1ε`1/3.

The result for n > 1 can be proved similarly, using Lun−1 = Lu0 as an upper bound of the
Lipschitz constant of un−1. 2

Error Estimates

Consider the following perturbed switching system which approaches (Pn),

max{ inf
|e|≤ε

Lαi(x+ e,Dwnεi (x));wnεi (x) − min
j 6=i

{wnεj (x) + `};

wnεi (x) −Mun−1(x)} = 0, (SSnP )

and its unique viscosity solution wnε ∈ Cb,l(R
N )M . As before, we can prove that 0 ≤ · · · ≤

wnεi (x) ≤ · · · ≤ w1ε
i (x) ≤ w0ε

i (x), for all i and x. Let gn := vn, vnε, wnε. Then, we set

Lgn := max

(
sup
i

[cαi ]1|gni |0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

;Lu0

)
. (5.7)

We have the following results, which are showed in the appendix.

Lemma II.29. Let gn := vn, vnε, wnε. Then maxi[g
n
i ]1 ≤ Lgn . 2

Lemma II.30. Let vn, vnε and wnε be the viscosity solutions of (SSn), (5.4) and (SSnP )
respectively. Then, we have

max
i

|vni − vnεi |0 ≤ Avn,vnεε, max
i

|vni − wnεi |0 ≤ Avn,wnεε,

where Avn,vnε and Avn,wnε are defined in (8.1). 2
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The following result in proved in theorems II.34 and II.37.

Lemma II.31. Let gi := vi, viε, wiε, and let Lgi be defined as in (5.7). Then

Lgn ≤ · · · ≤ Lg2 ≤ Lg1,

Avn,wnε ≤ · · · ≤ Av1,w1ε ≤ Av0,w0ε ,

Avn,vnε ≤ · · · ≤ Av1,v1ε ≤ Av0,v0ε . 2.

We can give now the lower bound.

Proposition II.32. Let un ∈ Cb,l(R
N ) the viscosity solution of (Pn) and let uhn ∈ Cb,l(R

N )
the solution of (Sn), n ≥ 1. Then we have

uhn(x) − un(x) ≤ Cn|h|γ , ∀ x ∈ R
N , (En)

Cn = Cn−1 + 12Lwnε + 4Lu0 +Avn,wnε +Hvn,vnε(6Lwnε)1/3. (5.8)

Proof : The proof is by induction over n. Let n = 1, and let

m := sup
y∈RN

{uh1(y) − g(y)}, (5.9)

where g = mini∈I w1
εi. For η ≥ 0, let

mη := sup
y∈RN

{uh1(y) − g(y) − ηφ(y)},

where η > 0 is a small constant, and φ(x) = (1 + |x|2)1/2. Let x0 be such that mη =
uh1(x0) − g(x0) − ηφ(x0). Then we have also mη = uh1(x0) − w1

εi0
(x0) − ηφ(x0), where

w1
εi0

(x0) = minj∈I w1
εj(x0). After some computations (see [2, Theorem 3.4]), we can say that,

if ε ≤ (6Lw1ε)−1`, then

w1ε
i0 (y) − min

j 6=i0
{w1ε

j (y) + `} < 0, ∀ y ∈ B(x0, 2ε). (5.10)

Then, equation i0 in the system (SS1P ) becomes

max{ inf
|e|≤ε

Lαi0 (y + e,Dw1ε
i0 (y));w1ε

i0 (y) −Mu0(y)} = 0, y ∈ B(x0, 2ε). (5.11)

We have to study two cases.
CASE 1 : There exists x̄ ∈ B(x0, 2ε) such that

w1ε
i0 (x̄) = Mu0(x̄), i.e. w1ε

i0 (x̄) = k + inf
ξ
{u0(x̄+ ξ) + c(ξ)}.

Then, for all y ∈ B(x0, 2ε),

wε1i0 (y) + 4(Lw1ε + Lu0)ε ≥ k + inf
ξ
{u0(y + ξ) + c(ξ)}.
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Consider now Muh0(y)−Mu0(y). By proposition II.27, we have that Mu0(y) ≥ Muh0(y)−
C0|h|γ . Then, we obtain

wε1i0 (y) + 4(Lw1ε + Lu0)ε+ C0|h|γ ≥ k + inf
ξ
{uh0(y + ξ) + c(ξ)}, ∀ y ∈ B(x0, 2ε).

Since uh1(y) ≤ k + infξ{uh0(y + ξ) + c(ξ)}, for all y ∈ B(x0, 2ε), hence

uh1(x0) −w1
εi0(x0) ≤ 4(Lw1ε + Lu0)ε+ C0|h|γ + Lw1εε = (5Lw1ε + 4Lu0)ε+ C0|h|γ ,

which implies
mη ≤ (5Lw1ε + 4Lu0)ε+C0|h|γ − ηφ(x). (5.12)

CASE 2 : For all y ∈ B(x0, 2ε), we have

w1ε
i0 (y) <Mu0(y).

The classical methods (see [2], [5]) imply that

sup
αi

Lαi(x0,Dw1
εi0(x0)) ≥ 0.

We can apply the consistency hypothesis, to obtain

−Cη ≤ S(h, x0, (w
1
εi0 + ηφ)(x0)), w

1
εi0 + ηφ) +Q(w1

εi0 + ηφ)

⇒ S(h, x0, (w
1
εi0 + ηφ)(x0), w

1
εi0 + ηφ) ≥ −Q(w1

εi0) +O(lη).

Monotonicity implies that

S(h, x0, (w
1
εi0

+ ηφ)(x0), w
1
εi0

+ ηφ) ≤ S(h, x0, uh1(x0) −mη, uh1 −mη)

≤ −mη + S(h, x0, uh1(x0), uh1)
≤ −mη.

The last inequality follows from the definition of (S1). Then, we have

mη ≤ Q(w1
εi0) +O(η). (5.13)

CONCLUSION :
By (5.12) and (5.13), we obtain that

mη ≤ max

{
(5Lw1ε + 4Lu0)ε+ C0|h|γ − ηφ(x);Q(w1

εi0) +O(η)

}
.

We set ε = |h|3γ . Then, if η goes to 0, we can conclude that

m ≤ max

{
(5Lw1ε + 4Lu0)ε+C0|h|γ ;Kc|w1ε|1

∑

i∈J
ε1−i|h|ki

}
.
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Hence
uh1 − u1 = uh1 − w1

εi + w1
εi − u1

≤ m+ w1
εi − w1ε

i +w1ε
i − v1

i + v1
i − u1

≤ max

{
(5Lw1ε + 4Lu0)ε+ C0|h|γ ;Kc|w1ε|1

∑

i∈J
ε1−i|h|ki

}

+`+ Lw1εε+Av1,w1εε+Hv1,v1ε`1/3.

Setting ` = (6Lw1ε), we obtain

uh1 − u1 ≤ max{(12Lw1ε + 4Lu0)|h|3γ + (C0 +Hv1,v1ε(6Lw1ε)1/3)|h|γ ;

(7Lw1ε)|h|3γ + (|J |Kc|w1ε|1 +Hv1,v1ε(6Lw1ε)1/3)|h|γ}.
Since |J |Kc|w1ε|1 ≤ |J |Kc|w0ε|1 ≤ C0, the maximum is attained by the first term. Then we
have the result.

Suppose now that (En) and (5.8) hold for n−1. The same methods as before, the induction
and the fact that Lun−1 = Lu0 give the result. 2

We set
Dn−1 := Cn − Cn−1 = 12Lwnε + 4Lu0 +Awn +Hn(6Lwnε)1/3. (Dn)

Lemma II.31 implies that
Cn ≤ C0 + nD0. (5.14)

6 Proof of the main result

Before giving the proof of theorem II.7, consider the following result. Let φ : R → R,
φ(x) = νax+ bx+ c, where 0 < a < 1, b ∈ R

+, ν > 0 and c ≥ 0. Let m := minn∈N φ(n). Then
we have the following elementary lemma that we state without proof.

Lemma II.33. (i) φ attains its minimum over R at r := loga

(
− b
ν lna

)
, where −b/ν ln a >

0, since a < 1.
(ii) If − b

ν ln a ≥ 1, then r ≤ 0, and hence m = φ(0) = ν + c.

(iii) If − b
ν ln a < 1, then

m ≤ φ(dre) = adre + bdre ≤ ar+1 + b(r + 1)

= − ab
lna + b

(
loga

(
b

ν ln a

)
+ 1

)
+ c. 2
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Proof of theorem II.7, page 7 We already proved in Propositions II.13 and II.15 that
(S) has a unique solution.

We start by proving the upper bound of (2.11). Consider the following decomposition :

sup
x

(u(x) − uh(x)) ≤ sup
x

(u(x) − un(x)) + sup
x

(un(x) − uhn(x)) (6.1)

+ sup
x

(uhn(x) − uh(x)),

for all n < +∞. Using u− un ≤ 0, un − uhn ≤ C̄n|h|γ̄ , uhn − uh∞ ≤ (1−µ)n

µ |uh0|0, and (4.8),
obtain

sup
x

(u(x) − uh(x)) ≤ (C̄0 + nD̄0)|h|γ̄ +
(1 − µ)n

µ
|uh0|0. (6.1b)

Let φ(n) = (C̄0 + nD̄0)|h|γ̄ + (1−µ)n

µ |uh0|0, and let m := minn∈N φ(n). Applying lemma II.33
and the fact that r ≤ dre ≤ r + 1, we obtain that

• u− uh ≤
(
C̄0 + D̄0

(− ln(1−µ))

)
|h|γ̄ , if − D̄0µ|h|γ̄

|uh0|0 ln(1−µ) ≥ 1 ;

• u− uh ≤
[
− (1−µ)D̄0

ln(1−µ) + C̄0 + D̄0

(
log(1−µ)

(
− µD̄0|h|γ̄

|uh0|0 ln(1−µ)

)
+ 1

)]
|h|γ̄ , otherwise.

Hence we have the result. We prove now the lower bound. Consider the following decompo-
sition :

sup
x

(uh(x) − u(x)) ≤ sup
x

(uh(x) − uhn(x)) + sup
x

(uhn(x) − un(x)) (6.2)

+ sup
x

(un(x) − u(x)),

for all n < +∞. Since uh− uhn ≤ 0, uhn− un ≤ Cn|h|γ , un− u ≤ (1−µ)n

µ |u0|0, and (5.14), we
obtain

uh − u ≤ (1 − µ)n

µ
|u0|0 + C0|h|γ + nD0|h|γ . (6.2b)

Applying lemma II.33, we obtain that

• uh − u ≤
(
C0 +

D0
(− ln(1−µ))

)
|h|γ , if − D0µ|h|γ

|u0|0 ln(1−µ) ≥ 1 ;

• uh − u ≤
[
− (1−µ)D0

ln(1−µ) + C0 +D0

(
log(1−µ)

(
− µD0|h|γ

|u0|0 ln(1−µ)

)
+ 1

)]
|h|γ , otherwise.

Hence we have the result. 2

Appendix

7 The upper bounds of Lipschitz constants

Proof of lemma II.19. We prove this lemma by induction. Let n = 1, and set

mε1 := sup
x,y

φ(x, y) := sup
x,y∈RN

{u1(x) − u1(y) −
δ

2
|x− y|2 − ε1

2
(|x|2 + |y|2)}.
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Let mε1 = φ(x0, y0). By Ishii’s lemma (see [10]), there exist X, Y ∈ SN such that

0 ≤ max{sup
αi

Lαi(y0, u1(y0), py, Y );u1(y0) −Mu0(y0)}

− max{sup
αi

Lαi(x0, u1(x0), px,X);u1(x0) −Mu0(x0)}, (7.1)

where
px = δ(x0 − y0) + ε1x0, py = δ(x0 − y0) − ε1y0, (7.2)
(
X 0
0 −Y

)
≤ δ

(
I −I
−I I

)
+ ε1

(
I 0
0 I

)
. (7.3)

Then, (7.1) implies

0 ≤ max{sup
αi

[Lαi(y0, u1(y0), py, Y ) − Lαi(x0, u1(x0), px,X)];

u1(y0) −Mu0(y0) − u1(x0) −Mu0(x0)}.
We can reduce us to study two different cases.
CASE 1 : u1(y0) −Mu0(y0) − (u1(x0) −Mu0(x0)) ≥ 0.
This last inequality implies that u1(x0) − u1(y0) ≤ Lu0|x0 − y0|. Then we deduce that

mε1 ≤ Lu0|x0 − y0| − δ|x0 − y0|2. (7.4)

Setting r := |x0 − y0|, and noting that maxr(Lu0r − δr2) = L2
u0
/4δ, we obtain

mε1 ≤ L2
u0

4δ
.

Applying [18, Lemma 2.3], for fixed δ, we have that

lim
ε1→0

mε1 = sup
x,y∈RN

{u1(x) − u1(y) − δ|x− y|2} := m,

and hence m ≤ L2
u0
/4δ.

Then we have, by definition of m,

u1(x) − u1(y) ≤
L2
u0

4δ
+ δ|x− y|2, ∀ x, y ∈ R

N .

Use minδ

(
L2

u0
4δ + δ|x− y|2

)
= Lu0|x− y|, to obtain

u1(x) − u1(y) ≤ Lu0|x− y|, ∀ x, y ∈ R
N .
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CASE 2 : supαi
Lαi(y0, u1(y0), py, Y ) − supαi

Lαi(x0, u1(x0), px,X) ≥ 0.
This is the standard case (see [18, Lemma A.1]), and we have that

u1(x) − u1(y) ≤ sup
αi

[cαi ]1|u1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

|x− y|, ∀ x, y,∈ R
N .

In conclusion, we obtain

Lu1 = max

{
Lu0 ; sup

αi

[cαi ]1|u1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

}
.

Since by (3.1) |u1|0 ≤ |u0|0, using the definition of Lu0, we have Lu1 = Lu0 .
We compute now Luε

1
. With the same methods as before, we obtain

Luε
1

= max
(
Lu0 ; sup

αi

[cαi ]1|uε1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

)
.

In this case we have not estimate between |u0|0 and |uε1|0, hence we must give the result in
this form.

Suppose now that lemma is true for n− 1, i.e.

Lun−1 = Lu0, Luε
n−1

= max
(
Lu0; sup

αi

[cαi ]1|uεn−1|0 + [fαi ]1

1 − [σαi ]21 − [bαi ]1

)
.

Applying the same method as before, we can show that

Lun = max
(
Lun−1 ; sup

αi

[cαi ]1|un−1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1

)
.

Induction and definition of (3.1) give the result. The same for Luε
n
. 2

Proof of lemma II.29 : We start by computing Lv1 . We set

mε1 := sup
i,x,y

φi(x, y) := sup
x,y∈RN ,i∈I

{v1
i (x) − v1

i (y) −
δ

2
|x− y|2 +

ε1
2

(|x|2 + |y|2)}.

Let m = φj(x0, y0), i.e. (j, x0, y0) attains the supremum.
Let A := {i ∈ I, (i, x0, y0) attains the supremum}. Then, by [2, Lemma A.2], there exists
i0 ∈ A, such that v1

i0
(y0) < minj 6=i0{v1

j (y0)+l}. Hence we have m = φi0(x0, y0). The definition

of viscosity solution, and Ishii’s lemma imply the existence of X, Y ∈ SN such that

max{Lαi0 (x0, v
1
i0(x0), px,X); v1

i0(x0) − min
j 6=i

{v1
j (x0) + l};

v1
i0(x0) −Mu0(x0)} ≤ 0,

max{Lαi0 (y0, v
1
i0(y0), py,X); v1

i0(y0) −Mu0(y0)} ≥ 0,
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where px, py, X Y satisfy (7.2) and(7.3). Then we can reduce us to study two cases.
CASE 1 : v1

i0
(y0) −Mu0(y0) − (v1

i0
(x0) −Mu0(x0)) ≥ 0.

This last inequality implies that v1
i0

(x0) − v1
i0

(y0) ≤ Lu0|x0 − y0|. From now on, we continue
as the case 1 of the precedent proof, and we have

v1
i (x) − v1

i (y) ≤ Lu0|x− y|, ∀ x, y ∈ R
N , ∀ i ∈ I.

CASE 2 : Lαi0 (y0, v
1
i0

(y0), py, Y ) − Lαi0 (x0, v
1
i0

(x0), px,X) ≥ 0.
This is the standard case (see [2, Lemma A.2]), and we have

v1
i (x) − v1

i (y) ≤ sup
αi,i

[cαi ]1|v1
i |0 + [fαi ]1

1 − [σαi ]21 − [bαi ]1
|x− y|, ∀ x, y,∈ R

N , ∀ i ∈ I.

Then we obtain

Lv1 = max
(
Lu0; sup

αi,i

[cαi ]1|v1
i |0 + [fαi ]1

1 − [σαi ]21 − [bαi ]1

)
.

The same computations lead us to obtain Lv1ε , and Lw1ε . For n > 1, we apply exactly the
same method. We only need to recall that Lun−1 = Lu0 . 2

Theorem II.34. The sequences (Lvn)n, (Lvnε)n, (Lwnε)n are non increasing.

Proof : We prove this theorem for (Lvn)n, the other cases are similar. Using lemma II.29,
and since (vni )n is a decreasing sequence, we obtain that (Lvn)n is decreasing, and then we
have the result. 2

8 Constants Ai

We begin this section by introducing the following notation. Let ψ,ϕ ∈ Cb,l(R
N )M ,M ≥ 1.

We define constants Aψ,ϕ and Hψ,ϕ as follows

Aψ,ϕ :=

√
2k1k

ψ,ϕ
2 + kψ,ϕ3 , Hψ,ϕ :=

3

22/3
h1h

ψ,ϕ
2 , (8.1)

where
k1 = supαi

{[σαi ]21 + [bαi ]1},
kψ,ϕ2 = supαi

{1
4 (Lψ+Lϕ)2(2[σαi ]21 +4+2[bαi ]1)+ 1

2 (Lψ+Lϕ)(|ψ|0 ∧|ϕ|0[cαi ]1 +[fαi ]1 +
Lu0)},
kψ,ϕ3 = supαi

{|ψ|0 ∧ |ϕ|0[cαi ]1 + [fαi ]1}.
h1 :=

(
Cρ supαi

(|σαi |0 + |bαi |0 + |cαi |0)
)1/3

, Cρ depends only on ρ.

hψ,ϕ2 := (Lϕ +Aψ,ϕ + Lu0)
2/3.

We give here an extension of the comparison principle of [3, Lemma A.1].
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Proposition II.35. Let un and vn the viscosity solutions of two equations like (Pn), for
n ≥ 1, with coefficients σ, b, c, f and σ̄, b̄, c̄, f̄ , respectively. Then, we have

sup
x
{un(x) − vn(x)} ≤ (2k1k

un,vn

2 )1/2 + kun,vn

3 ,

where
– k1 = supαi

{|σ̄αi − σαi |20 + |b̄αi − bαi |20},
– kun,vn

2 = supαi
{ (Lun+Lvn)2

4 (2[σαi ]21 +4+2[bαi ]1)+ (Lun+Lvn)
2 (|un|0∧|vn|0[cαi ]1 +[fαi ]1 +

Lu0)},
– kun,vn

3 = supαi
{|un|0 ∧ |vn|0|c̄αi − cαi |0 + |f̄αi − fαi |0}.

Proof. We prove the proposition for n = 1. We apply the same methods as in [3, Theorem
A.1] ; we set

m := sup
x,y

φ(x, y) := sup
x,y

{u1(x) − v1(y) − δ|x − y|2 − ε1(|x|2 + |y|2)}.

Let m = φ(x0, y0). Applying the notion of viscosity solution and Ishii’s lemma, there exist
X,Y ∈ SN such that

0 ≤ max{sup
αi

L̄αi(y0, v1(y0), py, Y ); v1(y0) −Mu0(y0)}

−max{sup
αi

Lαi(x0, u1(x0), px,X);u1(x0) −Mu0(x0)}, (8.2)

where (px, py, X, Y ) satisfy (7.2)-(7.3). Using 2φ(x0, y0) ≥ φ(x0, x0) + φ(y0, y0), obtain

|x0 − y0| ≤
Lu1 + Lv1

2
δ−1. (8.3)

Now we have to study two different cases.
CASE 1 : v1(y0) −Mu0(y0) − (u1(x0) −Mu0(x0)) ≥ 0.
This last inequality implies that u1(x0) − v1(y0) ≤ Lu0|x0 − y0|, and, using (8.3), we have
u1(x0) − v1(y0) ≤ Lu0(Lu1 + Lv1)(2δ)

−1, which implies

m ≤ 1

2
(Lu1 + Lv1)Lu0δ

−1. (8.4)

CASE 2 : supαi
Lαi(y0, v1(y0), py, Y ) − supαi

Lαi(x0, u1(x0), px,X) ≥ 0.
This is the standard case, and we use the same computations as in [3, Theorem A.1], de-
tailing all constants. For the bounds of −tr[āαi(y0)Y − aαi(x0)X], (bαi(x0)px − b̄αi(y0)py),
(c̄αi(y0)v1(y0)−cαi(x0)u1(x0)), (fαi(x0)− f̄αi(y0)), we use the estimates given in [3, Theorem
A.1]. Finally we obtain

m ≤ 2δ sup
αi

{|σ̄αi − σαi |20 + |b̄αi − bαi |20} +
1

δ
sup
αi

{(2[σαi ]21 + 4 + 2[bαi ]1)
(Lv1 + Lu1

2

)2
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+(|u1|0[cαi ]1 +[fαi ]1)
(Lv1+Lu1

2

)
}+supαi

{|v1|0|c̄αi −cαi |0 + |f̄αi −fαi |0}+ ε1(1+ |x0|2 + |y0|2).
If we add the two cases, we have

m ≤ 2k1δ +
k2

δ
+ k3 + ε1k4,

where
– k1 = supαi

{|σ̄αi − σαi |20 + |b̄αi − bαi |20},
– k2 = supαi

{ (Lu1+Lv1)2

4 (2[σαi ]21 + 4 + 2[bαi ]1) +
(Lu1+Lv1 )

2 (|u1|0[cαi ]1 + [fαi ]1 + Lu0)},
– k3 = supαi

{|v1|0|c̄αi − c|0 + |f̄αi − fαi |0},
– k4 = (1 + |x0|2 + |y0|2).
Since minδ{2k1δ + k2

δ } =
√

2k1k2, letting ε1 go to 0, we obtain

m ≤
√

2k1k2 + k3.

Reversing |u1|0 and |v1|0, we have also the symmetric inequality, hence we have the result,
with ku1,v1

i defined as before. For the general case, we have only to recall that Lun−1 = Lu0 ,
for all n.2

Proof of proposition II.20. We apply the precedent proposition, using that |ḡ−g| ≤ [g]1ε,
for g = σ, b, c, f . Then we have the result.2

Consider now the switching systems. We give here an extension of [3, Lemma A.1].

Proposition II.36. Let vn and wn be solutions of two equations (SSn), for n ≥ 1, with
coefficients σ, b, c, f and σ̄, b̄, c̄, f̄ , respectively. Then, we have

sup
x,i

{vni (x) − wni (x)} ≤ (2k1k
vn,wn

2 )1/2 + kv
n,wn

3 ,

where
– k1 = supαi

{|σ̄αi − σαi |20 + |b̄αi − bαi |20},
– kv

n,vn

2 = supαi
{ (Lvn+Lwn )2

4 (2[σαi ]21 + 4 + 2[bαi ]1)

+ (Lun+Lvn )
2 (|vn|0 ∧ |wn|0[cαi ]1 + [fαi ]1 + Lu0)},

– kv
n,wn

3 = supαi
{|vn|0 ∧ |wn|0|c̄αi − cαi |0 + |f̄iα − fαi |0}.

Proof. We prove the proposition for n = 1. We apply the same methods as in [3, Theorem
A.1] ; we set

m := sup
x,y,i

φi(x, y) := sup
x,y,i

{v1
i (x) − w1

i (y) − δ|x− y|2 − ε1(|x|2 + |y|2)}.

Let m = φj(x0, y0), i.e. (j, x0, y0) attains the supremum.
Let A := {i ∈ I, (i, x0, y0) attains the supremum}. Then, by [2, Lemma A.2], there exists
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i0 ∈ A, such that w1
i0

(y0) < minj 6=i0{w1
j (y0) + l}. Applying the notion of viscosity solution,

and Ishii’s lemma, there exist X,Y ∈ SN such that

0 ≤ max{L̄αi0 (y0, w
1
i0(y0), py, Y );w1

i0(y0) −Mu0(y0)}
(8.5)

−max{Lαi0 (x0, v
1
i0(x0), px,X); v1

i0(x0) − min
j 6=i0

{v1
j (x0) + `}; v1

i0(x0) −Mu0(x0)},

where px, py, X and Y satisfy (7.2) and (7.3). Continuing as in proposition II.35, we obtain
the result. 2

Proof of lemma II.30. We apply the precedent theorem, using that |ḡ − g| ≤ [g]1ε, for
g = σ, b, c, f . 2

Theorem II.37. We have that

Avn ≤ · · · ≤ Av2 ≤ Av1 ,

Awn ≤ · · · ≤ Aw2 ≤ Aw1.

Proof : The form of Ag and Lg, g = vi, wi, i ≥ 0, defined in (8.1) and (5.7) respectively,
imply the result. 2

Acknowledgments We thank the referees for their numerous useful remarks that helped to
improve the paper.
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1. INTRODUCTION

An algorithm for a stochastic
impulse control problem

1 Introduction

The aim of this paper is to study an algorithm for solving numerically stochastic control
problems with obstacle, and in particular stochastic impulse control problem with infinite
horizon. For stochastic differential equation with Brownian motion, this amounts to solve a
discounted Hamilton-Jacobi-Bellman equation of the form :

max{sup
α∈A

(LαV (x) − fα(x));V (x) −MV (x)} = 0, x ∈ R
N , (1.1)

where Lα is the HJB operator

Lα(V )(x) =

[
− tr[aα(x)D2V (x)] − bα(x)DV (x) + λV (x)

]
. (1.2)

Here λ is the actualization coefficient. The mapping bα(x), aα(x) and fα(x) represent the drift,
diffusion matrix and running cost, respectively. They are continuous mapping from A× R

N

into R
N , the space Sn of symmetric N × N matrices, and R respectively. The operator M

takes into account the impulse control itself. We assume it to be of the form :

MV (x) = k + inf
ξ
{c(ξ) + V (x+ ξ)}, (1.3)

with {
k > 0, c : R

N
+ → R+,

c(0) = 0, c(ξ1 + ξ2) ≤ c(ξ1) + c(ξ2).

The function c may have value in R∪{+∞} ; then at the point x ∈ R
N , only values of impulse

in the domain of c (set of ξ such that c(ξ) < +∞) are allowed. As proved in [14], the operator
M has the following properties :

(i) If u ≤ v in R, then Mu ≤ Mv in R
N .

(ii) M(tu+ (1 − t)v) ≥ tMu+ (1 − t)Mv, t ∈ [0, 1].
(iii) M(u+ c) = Mu+ c, for all c ∈ R.
(iv) |Mu−Mv|0 ≤ |u− v|0, for all u, v ∈ C(RN ).
A related problem is the obstacle one, in which the equation to be solved is

max{sup
α∈A

(LαV (x) − fα(x));λV (x) − ψ(x)} = 0, (1.4)

where the obstacle ψ is a real function over R
N . The impulse problem may be viewed as an

obstacle problem where the obstacle depends on the solution V .
An even simpler problem is the standard Hamilton-Jacobi-Bellman (HJB) equation (wi-

thout obstacle)
sup
α∈A

(LαV (x) − fα(x)) = 0, x ∈ R
N . (1.5)
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2. DISCRETIZED PROBLEMS

For discounted infinite horizon problems, the obstacle problem can be reduced to the
standard one. The following reduction is obviously well known, altought we have no reference
for it. We skeep the proof since it is elementary.

Lemma III.1. Consider a control αobs /∈ A. Set Â = A ∪ {αobs}, and define L̂α, f̂α by

L̂αV (x) = LαV (x), if α ∈ A,
LαobsV (x) = λV (x),

f̂α(x) = fα(x) if α ∈ A,
f̂αobs(x) = ψ(x).

Then the obstacle problem (1.4) is equivalent to the standard problem (1.5), with data Â, L̂α
and f̂α. 2

In view of this reduction procedure, we see that any algorithm for solving the standard
HJB equation has an immediate extension for obstacle problems. We will look in particular
at the Howard policy iteration algorithm.

2 Discretized problems

A possible way of computing solution of (1.1) is to discretize the state space R
N by

introducing a regular discrete grid Oh ∈ R
N . Denote Ntot the (finite) number of points

in the grid. Discretization of (1.1) over such a grid, may generally be interpreted as an
impulse control problem for the optimal control of a Markov chain ; see e.g. [7, 10, 11, 15] and
references therein. Let Lαh and Mh the discretizations of operators Lα and M respectively.
So, the discrete equation reads as follows :

max
{

sup
α∈ANtot

(LαhVh − f(α));Vh −MhVh
}

= 0. (2.1)

In particular Lαh is a matrix of dimension Ntot × Ntot, Vh, MhVh and f(α) are vectors of
dimension Ntot. A policy for this discrete equation is a mapping Oh → A ; we denote by
ANtot the set of policies. The operator Lαh is assumed to be, for a given policy α, linear,
and to satisfy the maximum principle, i.e. LαhVh ≥ 0 implies Vh ≥ 0. We assume also that
non diagonal elements of the matrix Lαh are non positive, and that if Vh is constant, then
LαhVh = λVh. The operator Mh will be detailed later. The main problem in solving equation
(2.1) is that the value function appears in the obstacle, so we present here an algorithm in
which this problem has been avoided.

In the literature, Bellman’s equations associated to optimal control problem of Markov
chain on infinite horizon, with discount factor λ > 0, have been studied for a long time
by many authors (see, for example [15], [11], [10] and the references therein). Typically the
continuous Bellman equation can be written in the form

sup
α∈A

{LαV (x) − fα(x)} = 0, x ∈ R
N , (2.2)
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and the correspondent Markov chain approximation becomes

sup
α∈ANtot

{
LαhVh − f(α)

}
= 0, (2.3)

in the grid Oh, which can also be written as

Vh = β inf
α∈ANtot

(Vh + ∆t(λVh − LαhVh + f(α))),

where ∆t is a so called fictitious time step, and β := (1+λ∆t)−1 is the discrete actualization
coefficient. If ∆t > 0 is small enough, then in view of the hypothesis made on Lαh , the matrix
Mα
h defined by Mα

h Vh = Vh + ∆t(λVh − LαhVh) has non-negative coefficients whose sum over
a row equals to 1. We see that for each policy α, Mα

h is the transition matrix of a Markov
chain.

The fixed point reformulation of (2.2) is the basis of the two main algorithms, the value
iteration

V k+1
h = β inf

α
{Mα

h V
k
h + f(α)},

and the policy iteration (due to Howard), which consists for a policy αk at step k to solve
the linear system

Lαk

h V k+1
h − f(αk) = 0,

which is equivalent to solve

V k+1
h = β(Mαk

h V k+1
h + f(αk)),

and then to update the policy by the formula (where the minimum and the maximum are
taken componentwise)

αk+1 ∈ argmax{LαhV k
h + f(α)},

which is equivalent to
αk+1 ∈ argmin{Mα

h V
k
h + f(α)}.

It is known (see e.g. [6]) that the Howard’s policy iteration algorithm converges faster than
the Value Iteration algorithm. Moreover, in [11], the authors accelerate the value iteration
algorithm, by using Howard’s policy iterations.

Since the obstacle problem (1.4) can be written as a standard problem (1.5), we can
applied the same methods to solve it. In particular we consider Howard policy iteration
algorithm applied to the following problem :

max(M1Vh − b;M2Vh − ψ) = 0, (2.4)

where Mi are monotone matrices of dimension Ntot ×Ntot(i.e. MiX ≥ 0 ⇒ X ≥ 0), i = 1, 2,
Vh, b and ψ are vectors in R

Ntot, and Vh is the solution of the problem. In the litterature,
to solve (2.4), different methods are used, and we look in particular to Primal-Dual active
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set (see [12]). We prove in this paper the equivalence between the Primal-Dual Active Set
algorithm and the Howard policy iteration algorithm.

The problem
max{sup

α∈A
{LαhVh − f(α));Vh −MhVh} = 0,

is a kind of obstacle problem, in which the obstacle depends on the value function. In this
paper we present an approach to solve it numerically, and we give numerical examples.

The approach consists in building a sequence of problems which approximate (2.1), and
solve each problem of this sequence using an Howard policy iteration algorithm. In particular,
we will call this sequence the cascade approximation of (2.1), and we can write it in the
following way : the first problem is

sup
α∈ANtot

(LαhVh0 − f(α)) = 0,

which gives a solution Vh0, and for n > 0, the n-th problem is written as follows

max{ sup
α∈ANtot

(LαhVhn − f(α));Vhn −MhVh(n−1)} = 0, (2.5)

where Vhn is the solution. We note that, we do not have the value function in the obstacle
part, but we have that the obstacle of the n-th problem depends on the solution of the (n−1)-
th problem. We have then a standard obstacle problem and we solve it by Howard algorithm.
In the algorithm that we propose, we consider two possibilities. In the first one, we solve
every problem of the cascade using Howard algorithm, until its convergence, i.e. for the n-th
problem we build a sequence (V k

hn)k, and we iterate Howard algorithm until the convergence
of this sequence. The second possibility consists in doing only one iteration of the Howard
algorithm for every problem of the cascade, until the final convergence. We will see that the
second approach is better than the first, because it gives the solution faster.

The paper is organized as follows. In Section 3 we present the Howard policy iteration
algorithm for control problem, and we give its main properties. In Section 4 we introduce the
obstacle problem, we give Howard algorithm and Primal-Dual Active set algorithm to solve
it, and finally we show the equivalence between the two approaches. In Section 5 we present
the algorithm to solve impulse control problem. Finally, in section 6 we give a numerical
example for which we compare the two ways to apply the algorithm.

Notations We give here some definition we will use in the paper.

Definition III.2. A n × n matrix M is called a P-matrix if all its principal minors are
positive.

Definition III.3. A n × n matrix M is called a M-matrix if it is nonsingular, (Mij) ≤ 0,
for i 6= j, and M−1 ≥ 0.

Definition III.4. (i) A n×n matrix M is monotone if My ≥ 0 ⇒ y ≥ 0, for all y ∈ R
n.

(ii) A n× n matrix M is anti-monotone if My ≥ 0 ⇒ y ≤ 0, for all y ∈ R
n.
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3 Howard algorithm

We recall here the classical Howard policy iteration algorithm to solve

max
α∈AN

(A(α)y − f(α)) = 0, (3.1)

where y ∈ R
N , A is a compact set and it is the set of the controls, A(α) is a matrix N ×N ,

and f(α) ∈ R
N . To apply Howard algorithm, we suppose the following assumption

(A1) For all α ∈ A, the matrix A(α) is monotone, i.e.

∀X ∈ R
n, A(α)X ≥ 0 ⇒ X ≥ 0.

(A2) The functions α→ A(α), and α→ f(α) are continuous.
We give now the Howard policy iteration algorithm.
Howard algorithm
(i) Initialize α0 ∈ AN . Set k = 0.
(ii) Iteration k+1 :

– Solve in yk+1 : A(αk)yk+1 − f(αk) = 0.
– Set αk+1 := argmaxα∈AN (A(α)yk+1 − f(α))

(iii) If yk = yk+1 the stop ; else set k = k + 1 and return to (ii).

Remark III.5. Clearly, since the obstacle problem

max{max
α∈AN

(A(α)y − f(α); y − ψ) = 0, (3.2)

can be reformulated in the standard form

max
α∈{A∪{αobs}}N

(Â(α)y − f̂(α)) = 0,

this algorithm has an immediate extension to problems as (3.2).

3.1 Convergence of the algorihtm

This algorithm satisfies the following proposition.

Proposition III.6. Under assumptions (A1-2), we have the following properties :
(a) yk+1 ≤ yk, for all k ≥ 0.
(b) The sequence (yk)k converges to the solution y of (3.1).
(c) For the problem without obstacle, if A is a finite set, card(A) = p, then the sequence

(yk)k converges in no more than pN iterations.
(d) If at an iteration k we have yki < ψi, for a component i, then we will have yk̄i < ψi,

for all k̄ ≥ k.
(e) For the obstacle problem (3.2), suppose that A is a finite set, card(A) = p, and that
αk+1 ∈ A if maxα∈A(A(α)yk+1 − f(α)) = yk+1 −ψ. Then the sequence (yk)k converges
in at most NpN iterations.
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We recall here the proof of these properties.

Proof.
(a) We have that,

A(αk)yk+1 − f(αk) = 0
= A(αk−1)yk − f(αk−1)
≤ maxα∈A{A(α)yk − f(α)}
≤ A(αk)yk − f(αk).

The monotonicity of the matrix A(α) implies the result.
(b) We note that yk = (A(αk−1))−1f(αk−1), with A(α) always invertible since A(α) is

monotone. Then, we have

||yk|| ≤ max
α∈A

||A−1(α)f(α)||.

We have that ||A−1(α)f(α)|| is a continuous function on A compact, and then it is
bounded. Then we can say that every component of the sequence yk is a decreasing
and bounded sequence, and hence (yk)k converges to some y ∈ R

N .
We define F : R

N → R
N as follows

F (y) = max
α∈A

(A(α)y − f(α)). (3.3)

We note that ||F (y)−F (z)||∞ ≤ maxα∈A ||A(α)y−f(α)−(A(α)z−f(α))|| ≤ C||y−z||∞,
where C is a constant. Then F is continuous and F (y) = limk→∞ F (yk). Moreover
(αk) is a sequence in AN compact, then we can extract a sub-sequence (αk

′
)k′ which

converges to a ᾱ. Then we have A(αk
′−1)yk

′ − f(αk
′−1) = 0, for all k′, and passing to

the limit we have A(ᾱ)y − f(ᾱ) = 0. On the other hand,

F (y) = limk→+∞ F (yk
′
)

= limk→+∞(A(αk
′−1)yk

′ − f(αk
′−1))

= A(ᾱ)y − f(ᾱ).

Then F (y) = 0, and y is the solution of (4.1).
(c) Let q = card(AN ) = pN . The set of admissible control is finite and of cardinality
p, and this implies that after p iterations of the Howard algorithm we have to use a
control that we have already used before. Then, there exists k, 0 ≤ k ≤ q − 1, such
that αq = αk. Then we have also yq = yk. Since yk ≥ yk+1 ≥ · · · ≥ yq, we must have
yk = yk+1 = · · · = yq. Finally yq−1 = yq and α = αq gives a solution of problem (3.1).

(d) We have proved that, for every component i, (yki )k is a decreasing sequence. So we

can say that, if at the iteration k, we have yk < ψ, hence yk̄i ≤ yki < ψi, for all k̄ ≥ k.
(e) Form (d) we deduce that, once for a given k the obstacle is not active at some point

of the discretized state space, it will remain inactive. Moreover, when both member are
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active, we choose the obstacle to be inactive. So there are at most N iterations having
the same number of states where the obstacle constraint is active. The results follows.
2

Remark III.7. It is known (see e.g. [6]) that if A is a numerable set, and matrix Mh defined
in the previous section is a transition matrix of a Markov chain, then ||yk+1−y|| ≤ β||yk−y||,
for k → +∞, where 0 < β < 1. The proof of this result is based on a comparison of the Howard
policy iteration algorithm with the Value Iteration algorithm.

Remark III.8. The difficult step for implementing the policy algorithm is to solve linear
system A(αk)yk+1 − f(αk) = 0, especially for large scale problems. In this respect let us
mention the fast multi-grid approach due to [1].

Remark III.9. To obtain the convergence of the Howard algorithm it is important that the
matrix A satisfies monotonicity assumption (or anti-monotonicity assumption). In particular,
for the obstacle problem, we have to ensure that the matrix Â(α) is monotone, for all α.

Remark III.10. Policy iteration algorithm can be applied to solve for shortest path problems
(see e.g. [10]). Given a graph G, and given a node r on this graph, the shortest paths tree
problem consists in finding a spanning tree of G, rooted on r, such that, for all nodes i, the
path from i to r in the spanning tree is a path of minimal weights from i to r. It can be
shown [10] that optimal path problems are nothing but special discrete deterministic Optimal
Control problems.

3.2 Superlinear convergence of the Howard algorithm when A is a compact

set

We have seen in Proposition III.6 that when A is a finite set such that card(A) = p,
Howard algorithm converges in a finite number of iterations, bounded by pN . Moreover, it
is known (see e.g. [6]) that when A is a numerable set, then Howard algorithm has a linear
convergence. We prove in this section the superlinear convergence of the Howard algorithm
when A is a compact set.

This result has been proved in [16], and [17] for particular problems and under particular
assumptions (see Remark III.16 below). We give here a proof, which seems to us clear and
simple, of the superlinear convergence for the generale case.

The key step of this proof is to prove that Howard’s algorithm for problem (3.1) is a
semi-smooth Newton’s method applied to find the zero of the function F defined in (3.3),

F (x) := max
α∈AN

(A(α)x− f(α)).

For k ≥ 0, by definitions of αk+1 and xk, we have

A(αk+1)xk − f(αk+1) = F (xk), and A(αk+1)xk+1 − f(αk+1) = 0.
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Therefore, A(αk+1)(xk − xk+1) = F (xk), and thus

xk+1 = xk −A(αk+1)−1F (xk).

This is as in a semi-smooth Newton’s method, where A(αk+1) plays the role of a derivative
of F at point xk.

In order to prove the superlinear convergence, we shall prove that F is slantly differentiable
in the sense of [12, Definition 1].

Definition III.11 (Slantly differentiability). A function F : R
N → R

N is said slantly
differentiable in an open set U ⊂ R

N if there exists a family of mappings G : U → L(RN ,RN )
such that

F (x+ h) = F (x) +G(x+ h)h+ o(h)

as h→ 0, ∀x ∈ U . G is called a slanting function.

It is then easy to show the local super-linear convergence of the semi-smooth Newton’s
method defined by xk+1 = xk −G(xk)−1F (xk), (see [12, Theorem 1.1]).

In our case, let
α(x) := arg max

α∈AN
(A(α)x − f(α))

Theorem III.12. We assume (A1)-(A2). Then the function F defined by (3.3) is slantly
differentiable, with slanting function G(x) = A(α(x)).

Proof. Consider first the case when A is finite. Let Ax be the set of optimal controls α
associated to x, i.e.

Ax :=
{
α ∈ AN , A(α)x − f(α) = A(α(x))x − f(α(x))

}
.

We note that, for h sufficiently small,

α(x+ h) ∈ Ax. (3.4)

Indeed, if let 1 ≤ i ≤ N and let αi ∈ A be such that
(
A(α)x − f(α)

)
i
<
(
A(α(x))x − f(α(x))

)
i
, (3.5)

then for ||h|| ≤ η small (for some η > 0 independent of i), we still have
(
A(α)(x + h) − f(α)

)
i
<
(
A(α(x))(x + h) − f(α(x))

)
i
. (3.6)

With αi = αi(x) we obtain an equality in (3.6). Hence an optimal maximizer αi = αi(x+ h)
can not satisfy (3.5), which means that it will satisfy (3.5) with the equality sign and thus
that α(x+ h) ∈ Ax.

From this we deduce that, for h sufficiently small, A(α(x+h))x−f(α(x+h)) = A(α(x))x−
f(α(x)), and thus,

F (x+ h) − F (x) −A(α(x+ h))h = 0.

This means that F is slantly differentiable with slanting function G(x) := A(α(x)).
When A is infinite (and compact), (3.4) is not necesserly satisfied. However we have the

following Lemma that we prove later on the paper.
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Lemma III.13. For any x ∈ R
N ,

d(α(x + h), Ax) → 0 as h→ 0.

Now, for any α ∈ Ax, we have, by using the convexity argument,

F (x) +A(α)h ≤ F (x+ h) ≤ F (x) +A(α(x + h))h,

and thus

0 ≥ F (x+ h) − F (x) −A(α(x + h))h ≥ (A(α) −A(α(x + h)))h. (3.7)

Then by Lemma III.13 there exists a sequence αh ∈ Ax such that d(αh, α(x + h)) → 0 as
h→ 0. Thus, by continuity, A(αh)−A(α(x+h)) = o(1) and using α = αh in (3.7) we obtain
the result. 2

Proof of Lemma III.13 First we note that Ax = Ax
1 × · · · × Ax

N where

Ax
i :=

{
αi ∈ A,

(
A(α)x− f(α)

)
i
=
(
A(α(x))x − f(α(x))

)
i

}
.

Hence it suffices to prove that d(αi(x + h),Ax
i ) → 0. Suppose on the contrary that there

exists some δ > 0 and a subsequence hn > 0, hn → 0 such that d(αi(x+hn),Ax
i ) ≥ δ ∀n ≥ 0.

Let Kδ := {αi ∈ A, d(αi,Ax
i ) ≥ δ}, `(αi) := (A(α)x − f(α))i, and

mδ := sup
αi∈Kδ

`(αi).

We note that Kδ is a compact set, hence mδ = `(ᾱi) for some ᾱi ∈ Kδ. In particular ᾱi /∈ Ax
i

and thus mδ = `(ᾱi) < `(αi(x)). On the other hand, αi(x + hn) ∈ Kδ thus `(αi(x + hn)) −
`(αi(x)) ≤ µ where µ := `(ᾱi) − `(αxi ) < 0.

We noticed that F is C-lipschitz, and also we have (F (x+ h) − F (x))i = `(αi(x+ h)) −
`(αi(x))+(A(α(x+h))h)i. Hence `(αi(x+h))−`(αi(x)) ≥ 0, and we obtain a contradiction.2

Theorem III.14. Let A be a non empty compact set, and A : AN → R
N×N , f : AN → R

N ,
be continuous functions satisfying (A1) and (A2). Then (3.1) has a unique solution x∗, and
Howard’s algorithm converges globaly super-linearly, i.e., lim

k→∞
xk = x∗ and

||xk+1 − x∗|| = o

(
||xk − x∗||

)
, as k → ∞.

Proof. Unicity of the solution and the fact that xk ≥ xk+1 do hold as in the case when A
is finite. Since α → A(α)−1 is continous, A−1(α)f(α) is also continous on AN compact, and
thus is bounded. Hence xk is bounded, and we deduce that xk converges to some element x∗ of
R
N . Consider now F defined as in (3.3). We remark that F is C-lipschitz in the ||.||∞ norm,

where C := maxα ||A(α)||∞. In particular, F is continuous and F (x∗) = limk→+∞ F (xk).
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Using exactely the same arguments as in the proof of Proposition III.6 (b), we can prove that
F (x∗) = 0.

There remains to show the super-linear convergence. Let us denote α(x) an optimal control
associated to F (x), i.e.

α(x) := arg max
α∈AN

(A(α)x − f(α)),

Ax :=
{
α ∈ AN , A(α)x− f(α) = A(α(x))x − f(α(x))

}

(i.e the set of optimal controls associated to F (x)).
Now we consider hk := xk−x∗ and note that αk+1 := α(xk) = α(x∗+hk). By the previous

Lemma, for k ≥ 0, there exists αk,∗ ∈ Ax∗ such that

d(αk+1, αk,∗) = d(αx
∗+hk , αk,∗) → 0 as k → ∞. (3.8)

Using the convexity of F (x) and the fact that F (x∗) = 0 we obtain F (xk) ≥ A(αk,∗)(xk−
x∗). (Hence, by monotonicity of A(αk,∗),

xk+1 = xk −A(αk+1)−1F (xk)

≤ xk −A(αk+1)−1A(αk,∗)(xk − x∗)

and thus
0 ≤ xk+1 − x∗ ≤ (I −A(αk+1)−1A(αk,∗))(xk − x∗).

By continuity of A(α) and by (3.8) we obtain I −A(αk+1)−1A(αk,∗) → 0, hence

0 ≤ xk+1 − x∗ ≤ o(xk − x∗).

This concludes the proof. 2

Remark III.15. Note that the proof is strongly dependent on the fact that F is convex.

Remark III.16. In [17] authors analyze convergence of Howard algorithm in a class of
stationary, infinite-horizon Markov decision problem, which are discretized to compute an
approximate solution. Under regularity assumptions on the value function, they proves that for
piecewise linear interpolation, policy iteration algorithm converges superlinearly. The proof is
essentially based on the equivalence between the Howard algorithm and a semi-smooth Newton
method. Moreover, they obtain that the constants involved in this convergence odrer depend
on the grid size of discretization. In [16], a superlinear convergence is proved for Howard
algorithm, but under particular assumptions : it is supposed that the exact value functions are
computed at each policy evaluation step. Furthermore the authors impose a Lipschitz order
condition which is not easily verifiable.

Remark III.17. The result can be generalized to the problem

max
α∈A1×···×AN

(A(α)x − f(α)) = 0.

where Ai are different compact set.

The extension work of Theorem III.14 in infinite dimension is in progress, [4].
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4 Obstacle problems

In this section, we consider a general obstacle problem of the form

max{My − b; y − ψ} = 0, (4.1)

where M is a monotone matrix of dimension N ×N , y ∈ R
N is the solution, b and ψ in R

N .
Obstacle problems come from different problems : for example, in [12] (4.1) is the optimality
system of a linearly constrained quadratic problem.

Following Lemma III.1, we can interpret (4.1) as a control problem (3.1), with the follo-
wing notations :

(i) A = {0, 1},
(ii) Aij(α) = Mij if αi = 0, Aij(α) = δij if αi = 1 ;
(iii) fi(α) = bi if αi = 0, fi(α) = ψi, if αi = 1.

Remark III.18. Applying Proposition III.6, we obtain the following results :
(a) In the case that A = {0, 1}, if we will chose αk+1

i = 0 when (A(0)yk+1 − f(0))i =
(A(1)yk+1 − f(1))i, then the control sequence (αk)k is a decreasing sequence.

(b) In the case that A = {0, 1}, if we will chose αk+1
i = 0 when (A(0)yk+1 − f(0))i =

(A(1)yk+1 − f(1))i, then the algorithm converges in no more than N iterations.
(c) If at an iteration k we have yki < ψi, for a component i, then we will have yk̄i < ψi,

for all k̄ ≥ k.

Remark III.19. Remark III.18(a) implies that if for a component i, αki = 0, then αk+1
i = 0.

We can interpret this fact as follows : if αik = 0, then the obstacle term is not active for
the component i at iteration k. The fact that also αk+1

i = 0 means that the obstacle term
remains not active a iteration k + 1 for the component i. More in general we can say that if
the obstacle becomes inactive at an iteration k, then it will remain always inactive.

4.1 Primal-Dual Active set strategy for obstacle problem

We recall here the obstacle problem

max{My − b; y − ψ} = 0,

where M is a monotone matrix of dimension N ×N , y ∈ R
N is the solution, b and ψ in R

N .
It it well known that, y is solution of (4.1) if and only if there exists λ ∈ R

N such that




My + λ = b
y ≤ ψ, λ ≥ 0
(λ, y − ψ) = 0

(4.2)

The system (4.2) is equivalent to the following system :

{
My + λ = b
C(y, λ) = 0,

(4.3)
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where
C(y, λ) = λ− max(0, λ + c(y − ψ)),

for c > 0, and we can also write that λ = P[0,+∞)(λ+ c(y − ψ)).
Following the ideas developed in [12], we can use C(y, λ) = 0, as a prediction strategy ;

i.e., given a current primal-dual pair (y, λ), the choice for the next active and inactive sets is
given by

I = {i : λi + c(y − ψ)i ≤ 0} and AC = {i : λi + c(y − ψ)i > 0}.

This leads to the following Primal-Dual Active Set Algorithm (see [12]) :

Primal-Dual Active set algorithm
(i) Initialize y0, λ0. Set k = 0.
(ii) Set Ik = {i : λki + c(yk − ψ)i ≤ 0}, ACk = {i : λki + c(yk − ψ)i > 0}.
(iii) Solve

Myk+1 + λk+1 = b,
yk+1 = ψ on ACk, λk+1 = 0 on Ik.

(iv) Stop, or set k = k + 1 and return to (ii).

Remark III.20. In [12], authors prove that the above algorithm can be interpreted as a
semismooth Newton method, and using this property, in [12, Theorem 3.1] they show that
this algorithm converges superlinearly.

Remark III.21. We refer to [2, 3] for application of Primal-Dual active set strategy and
interior point method to solve constrained optimal control problem.

Remark III.18(a) implies that, when we apply Howard algorithm, if at an iteration k the
control which is active is αki = 0, then for the next iterations we do not need to recompute
αk+1
i , because it takes always the value 0. With this property, we can establish the equivalence

between Howard policy iteration algorithm and Primal-Dual Active Set Algorithm.
Moreover, the sets ACk and Ik defined on the Primal-Dual active set algorithm, satisfy :

ACk = {i : λki + c(yk − ψ)i > 0}, and Ik = {i : λki + c(yk − ψ)i ≤ 0}.

Proposition III.22. The following statements are true :
(a) i ∈ ACk ⇒ αki = 1.
(b) i ∈ Ik ⇒ αki = 0.

Proof. (a) Let i ∈ ACk, then λki > −c(yki − ψi). By the definition of the primal dual
active set algorithm, we have

Myk + λk = b,
yk = ψ on ACk−1,
λk = 0 on Ik−1.
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The first equality implies λk = b−Myk for all i, and then, for i ∈ ACk we obtain

(Myk − b)i < c(yki − ψi).

We can choose c = 1, and then (Myk − b)i < yki − ψi, which implies αki = 1.
(b) Let i ∈ Ik, then λki ≤ −c(yki − ψi). By the definition of the primal dual active set

algorithm, we have
Myk + λk = b,
yk = ψ on ACk−1,
λk = 0 on Ik−1.

The first equality implies λk = b−Myk for all i, and then, for i ∈ Ik we obtain

(Myk − b)i ≥ c(yki − ψi).

We can choose c = 1, and then (Myk − b)i ≥ yki − ψi, which implies αki = 0. 2

In Howard algorithm, we start with a control α0, and by proposition III.22 it is equivalent
to give sets I0 = {i : α0

i = 0}, AC0 = {i : α0
i = 1}. Then we compute y1 such that

A(α0)y1 − f(α0) = 0,

and this is equivalent to compute

My1 + λ1 = b
y1 = ψ, on AC0, λ1 = 0 on I0.

Then, the next step of the Howard algorithm is to compute

α1 = argmaxα∈AN {A(α)y1 − f(α)},

and this is equivalent to give sets I1 = {i : α1
i = 0}, AC1 = {i : α1

i = 1}.
Then, in a general step k + 1, we have the following equivalences :
– Solve A(αk)yk+1−f(αk) = 0 in Howard algorithm is equivalent to solveMyk+1+λk+1 =
b, yk+1

i = ψi on ACk, λk+1
i = 0 on Ik, on the Primal-Dual Active set Strategy.

– Compute αk+1 = argmax{A(α)yk+1 − f(α)} in the Howard algorithm is equivalent to
give sets ACk+1 and Ik+1 in the Primal-Dual Active set Algorithm.

Remark III.23. (a) In Howard algorithm, if i is such that αki = 0, for a k, then αk̄i = 0,
for all k̄ ≥ k.

(b) In the Primal-Dual Active set algorithm, if i ∈ Ik, then i ∈ Ik̄, for all k̄ ≥ k.

In the previous remark, (a) and (b) give the same monotonicity property for the two
algorithm, and then we have the equivalence.

Remark III.24. We have shown that for obstacle problem, with monotone matrix M ,
Primal-Dual Active set strategy and Howard algorithm are equivalent. Since Howard al-
gorithm for obstacle problem converges in no more than N iterations, then we can say also
that the Primal Dual Active-Set strategy converges in no more that N iterations.
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Remark III.25. In [12], the Primal-Dual active set algorithm has been written when M is
a P-matrix, i.e. for matrix M such that all its principal minors are positive. Moreover the
authors prove the convergence of the sequence (yk, λk)k, and the monotonicity property of
the algorithm, when M is an M-matrix, i.e. M is non-singular, Mij ≤ 0 for all i 6= j, and
M−1 ≥ 0.

Remark III.26. Until know we do not know if an active set algorithm can be written for
problem as (3.1), and if there is any equivalence between this kind of algorithm and Howard
algorithm for (3.1).

Remark III.27. In [12] Primal-Dual Active set method has been generalized to infinite
dimension, i.e. y ∈ L2(Ω), Ω ∈ R

N , a bounded domain or manifold, with Lipschitz boundary.
Also for this case the authors prove the superlinear convergence.

5 The cascade approach

We now come back to the impulse problem :

max{ sup
α∈ANtot

{LαhVh − f(α));Vh −MhVh} = 0. (5.1)

We may define impulse control problems where the number n of allowed impulse times is
limited. Let us denote by (Sn)n this sequence of problems, and by (Vhn)n the sequence of
associated values. Problem (S0) is the one without impulse control, whereas for problem (Sn),
if an impulse control is chosen, then the relevant value at the new point of the state space is
Vh(n−1). In other words, we may write the sequence of problems as follows :

(S0) supα∈ANtot (LαhVh0 − f(α)) = 0, Vh0 is the solution ;
(S1) max{supα∈ANtot (LαhVh1 − f(α));Vh1 −MhVh0} = 0, Vh1 is the solution ;

...
(Sn) max{supα∈ANtot (LαhVhn − f(α));Vhn −MhVh(n−1)} = 0, Vhn is the solution,

where Lαh is the discretization of the Lα operator, and it is a monotone matrix of dimension
Ntot × Ntot, Ntot is the number of points in the grid Oh. We have that f(α) is a vector in
R
Ntot, and in particular fi(α) = fα(i), i ∈ Oh. Moreover, Vhn, and MhVhn are vectors in

R
Ntot, for all n.

We can say that the first equation is the discretization of the HJB-equation without
obstacle, and for a general problem Sn, the obstacle depends on the solution of the previous
problem Sn−1. Then, we can say that, for each problem Sn, the obstacle is ”fixed”, in the
sense that it does not depend on Vhn.

Since we want to solve it using Howard algorithm, we use the same method as Lemma
III.1 to write the obstacle problem as a control problem. Let αobs a fictitious control, and we
formulate Sn as follows :

max{ max
α∈ANtot

(Lαh(Vhn) − f(α));Vhn − f (n−1)(αobs)} = 0, (5.2)
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where f
(n−1)
i (αobs) = Mh(Vh(n−1))i, for every i. Finally, this problem can be written in the

form
max

α∈{A∪αobs}Ntot

(Ah(α)(Vhn) − bn−1(α)) = 0, (5.3)

where (Ah(α))ij = δij if αi = αobs, (Ah(α))ij = (Lαh)ij if αi ∈ A, bn−1
i (αobs) = fn−1

i (αobs)
and bn−1(α) = fi(α) for all α ∈ A.

Then we can conclude that the matrix associated to the obstacle is the identity matrix,
of dimension Ntot ×Ntot. So this matrix is monotone, invertible and bounded. Look now at
the sequence of solutions (Vhn)n. We will see later on section that every Vhn is a bounded
function.

The idea of the cascade is classical. The following estimates have been obtained in Ishii
[13, 14] for HJB equations with state space equal to R

N , and it turns out that these estimates
also hold in a discrete state space setting, see [5, Theorem 3.2].

Theorem III.28. The sequence (Vhn)n is nonincreasing and bounded, and converges to Vh,
solution of (5.1). Moreover, assume that f is nonnegative. If ‖Vh0‖∞ ≤ k, then Vh0 is solution
of (5.1). Otherwise, for all µ ∈ (0, 1) such that µ ≤ k/‖Vh0‖∞, we have that

max(Vhn − Vh) ≤
(1 − µ)n

µ
|Vh0|∞.2 (5.4)

Remark III.29. (i) Since adding a constant c to f amounts to add c/λ to Vh, assuming that
f is nonnegative is not restrictive. The best estimate is of course obtained for µ = k/‖Vh0‖∞.
(ii) The above estimate is constructive in the sense that the policy algorithm computes an
upper estimate c0 of Vh0, and hence, of ‖Vh0‖∞ whenever f is nonnegative.

So we may assume that such a µ is known when designing of algorithms. In that case
(5.4) guarantees that, for computing Vh with uniform precision ε > 0, it is enough to perform
n iterations, where n is the smallest integer such that (1 − µ)nc0 ≤ µε, i.e., n ≥ log(µε/c −
0)/(log(1 − µ)). This estimate, however, does not take into account the fact that in practice
functions Vhn are only approximately computed.

So let us present an implementable algorithm based on the idea of the cascade. The inner
iterations consists in the policy iterations :

An implementable Cascade type Algorithm
Data A,Ah(α), f(α), M, a sequence mn of positive integer numbers, α, initial policy ;
k := 0.

Init Perform m0 iterations of the policy algorithm for solving (S0) ; the output is the
upper estimate Ṽh0 of Vh0.

Loop For k = 1, 2, . . ., define the problem (with unknown Vhn)

max
α∈{A∪{αobs}}Ntot

{(Ah(αh)Vhn + fα);Vhn −MhṼh(n−1)} = 0.
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perform mn iterations of the policy algorithm for solving the obstacle problem (Sn) ;
the initial policy is the last one obtained in the last step of the previous iteration ; the
output is the upper estimate Ṽhn of Vhn.

End
If we take mn = +∞ in the above algorithm (which then is no more implementable) we

recover the cascade. Another extreme choice is to take mn = 1 for all n, i.e., to update the
values after impulsion after each inner iteration. As shows the following theorem, this is in
fact the most efficient case, if updating the impulse term is cheap.

In the theorem below we use a counter ` be the counter of the inner iterations of the
algorithm. This is the total number of inner iterations (i.e., of policy iterations) that have
been done, i.e., at the inner step i of iteration k, we have

` = i+
k−1∑

j=0

mj . (5.5)

Theorem III.30. Let ` be the counter of the inner iterations of the algorithm. Then the
corresponding value that we will denote Vhn is a nondecreasing function of the sequence mn.
In other words, if the cost of computing the impulse control is negligible w.r.t. the cost of policy
iterations, the convergence is faster when the computation of the impulse control occurs more
often.

Proof. We observe that the solution of a policy iteration for the obstacle problem is a
nonincreasing function of the obstacle itself, i.e., if for a given extended policy α ∈ A∪{αobs},
we denote by V the solution of the equation

Ah(α)V − f(α) = 0, (5.6)

with (in the spirit of lemma III.1)

(Ah(α)V )i = (LαhV )i if αi ∈ A,
(Ah(αobs)V )i = Vi, (f(αobs))i := (MhV )i,

then (as is well-known) V is a nondecreasing function of f , and hence, of the obstacle.
On the other hand, if we reduce mn then we update earlier the impulse term, and so (by

induction) it follows that the values computed in the next iterations will be lower. 2

Remark III.31. The cascade approach has been used also in [9] to solve discrete impulse
control problem. In this paper, every problem of the cascade is solved by applying Howard
algorithm only for the points of the domain in which the obstacle is inactive, and to set the
value function equal to the obstacle in the rest of the domain.

Remark III.32. We refer to [8] for an algorithm to solve general obstacle problems, under
the assumption that the first operator is contractive and the second non-expansive. From the
two operators, a unique operator is built using a partition of the domain. Finally the problem
can be interpreted as a fixed point problem, and Howard policy iteration algorithm is used
to solve it. In this case the policies are the partitions of the domain.
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Control of the precision of the solution We consider the following question : given
ε > 0, is it possible to guarantee that the previous implementable cascade algorithm computes
an approximation of the true solution Vh with precision ε, in the `∞ norm?

Remember that we denote by Vhi, i ∈ N, the solution of the cascade problem. We may
write Vh,i+1 = obs(Vhi), for all i ∈ N, where by obs(f) we denote the solution of the obstacle
problem, the obstacle being f . The first element of the sequence is Vh0, solution of the problem
without obstacle.

We know (see e.g. [6, Prop. 5.6]) that the Howard algorithm, applied to the problem of
computing Vh0, provides a sequence V k

h0 of nonincreasing upper estimates of Vh0, and that
these estimates satisfy (using the `∞ norm ; the contraction coefficient β was introduced in
section 2)

‖V k+1
h0 − Vh0‖ ≤ β‖V k

h0 − Vh0‖. (5.7)

Since V k
h0 ≥ Vh0, it follows that

‖V k+1
h0 − Vh0‖ ≤ βk‖V 0

h0 − Vh0‖ ≤ βk max V 0
h0. (5.8)

We say that V ′ is an ε-upper estimate of V if V ≤ V ′ and sup(V ′ −V ) ≤ ε. By (5.8), for any
ε0 > 0, an ε0-upper estimate Ṽh0 of Vh0 can be computed in K0 iterations, with

k0 ∼ logβ

(
V 0
h0

ε0

)
(5.9)

(here by k ∼ α we mean that k is the smallest integer not less than α).
We can now proceeed by induction. Let εi be a sequence of positive number, and set

en :=
∑

`≤n ε`. Assume that we have computed an en-upper bound of Vhn, denoted Ṽhn. Let

us put V̂h,n+1 := obs(Ṽhn). Since the mapping obs(·) is non expansive and non decreasing, we
have that

Vh,n+1 = obs(Vhn) ≤ V̂h,n+1 = obs(Ṽhn) ≤ Vh,n+1 + en. (5.10)

In other words, V̂h,n+1 is a en-upper bound of Vh,n+1. After k steps of the Howard algorithm,
we obtain (using the estimate of [14] for Vhn − Vh,n+1)

‖V k+1
h,n+1 − V̂h,n+1‖ ≤ βk max (Ṽhn − V̂h,n+1)

≤ βk(en + max(Vhn − Vh,n+1)) ≤ βk(en + (1 − µ)n|Vh0|).
(5.11)

Therefore, we obtain Ṽh,n+1 − V̂h,n+1 ≤ εn+1 is after at most kn+1 Howard iterations, where

kn+1 ∼ logβ

(
en + (1 − µ)n|Vh0|

εn+1

)
, (5.12)

and then Ṽh,n+1 ≤ Vh,n+1 + ek+1.

107



6. NUMERICAL EXAMPLES

On the other hand, given we know by Ishii’s result [13, 14] that

Vh,n − Vh ≤ an :=
(1 − µ)n

µ
. (5.13)

We deduce the following

Theorem III.33. Given ε > 0, let n ∈,N and εi, i ≤ n, be positive numbers such that

ε0 + · · · + εn + an ≤ ε. (5.14)

Then by performing ki iterations of the Howard algorithm at step 1 ≤ i ≤ n, where ki is given
by (5.9) for i = 0, and by (5.12) for 1 ≤ i ≤ n, we obtain an ε-upper bound of Vh.

Remark III.34. Let L be the ratio between the costs of computing the impulse term and a
Howard iteration. It can be greater or less than one, depending on the examples. The total
cost for computing the ε-upper bound of Vh, by the implementable Cascade algorithm, is at
most

Cε := nL+ logβ

(
V 0
h0

ε0

)
+

n−1∑

i=0

logβ

(
ei + (1 − µ)i|Vh0|

εi+1

)
(5.15)

For given n and ε we may minimize this expression w.r.t. ε0, · · · , εn, subject to the equality
constraint ε0 + · · · + εn ≤ ε− an. Setting γ := |Vh0|, we see that

Cε = −
∑

i≤n
log εi +

∑

i≤n
log(ei + (1 − µ)iγ) + constant term (5.16)

By Lagrange’s rule we have that for some Lagrange multiplier λ ≥ 0

− λ =
∂Cε
∂εi

= − 1

εi
+

n∑

j=i

1

ei + (1 − µ)iγ
. (5.17)

This shows in particular that εi should be a decreasing function of i. It is possible to solve
numerically these equations in order to compute the best estimates od the εi for given n, and
then to compute the best n.

6 Numerical Examples

We consider now some numerical examples that we have studied to make a comparison
between the case mn = +∞ for all n, and the case mn = 1 for all n.

Consider the following equation in R
2 :

min(−∆V (x, y) − f(x, y);V (x, y) − γMV (x, y)) = 0,
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where f : R
2 → R and M will be detailed later.

We localize the problem on the domain O = (0, xmax)× (0, ymax), assuming the following
boundary conditions :

V (0, 0) = 0, V (x, 0) = 0, V (0, y) = 0, (6.1)

V (xmax, y) = 0, V (x, ymax) = 0, V (xmax, ymax) = 0. (6.2)

We want to solve the localized problem by using the two algorithms that we have presented
in the previous section.

6.1 The discretization

Let Oh a discretization grid on O. Let Nx, Ny the number of discretization points on the
x and the y axis respectively, and let hx = xmax/(Nx+1), hy = ymax/(Ny +1) the respective
discretization steps. The total number of points in the grid is Ntot = Nx × Ny. We use a
Finite Differences Scheme to approximate Laplacian term :

∆hVh(x, y) = Vh(x+hx,y)−2Vh(x,y)+Vh(x−hx,y)
h2

x
,

+
Vh(x,yh+y)−2Vh(x,y)+Vh(x,y−hy)

h2
y

.

For the points on the boundary we use conditions (6.1), (6.2). For simplicity of notations, we
will denote Oh = {1, . . . , Ntot}.

First Example In this first example we consider γ = 0.5,

f(x, y) = 1, ∀ x, y ∈ O

MV (x, y) =

∫

(0,xmax)×(0,ymax)
u(x, y)dxdy. (6.3)

We have that M verifies the following properties :
• u ≤ v ⇒ Mu ≤ Mv,
• ||Mu−Mv|| ≤ ||u− v||.
For this example, in the case xmax = ymax = 1, we can compute the exact solution which

is :

V (x, y) =
γ

12(1 − γ)
+

1

4
(x(1 − x) + y(1 − y)).

Consider MhVh the discretization of MV :

MhVh =
∑

i∈Oh

(Vh)ihxhy. (6.4)

For the discretization of f , we have fi = 1, for all i = 1, . . . , Ntot.
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Then, the discrete equation can be written as

min{AhVh − f ;Vh −MhVh} = 0, (6.5)

with the boundary conditions, where AhVh = −∆hVh.
In all the sequel, we will note by Howard-1 the algorithm which solves every problem of

the cascade until the convergence of the Howard algorithm, i.e. it solves each (Sn) generating
a sequence (V k

hn)k, and it stops when ||V k
hn − V k+1

hn || ≤ 10−10. Moreover we have a condition
to stop the cascade : ||Vhn − Vh(n+1)|| ≤ 10−8. We denote by Howard-2 the algorithm which
does only one iteration of the Howard algorithm, for every problem of the cascade.

Numerical Results Since we have set some boundary conditions, our solution has a dis-
continuity on the first points of the grid near to the boundary. In fact, we have that on the
boundary Vh = 0, but in the first point of the grid which is at a distance hx from x = 0, or
x = xmax, or at distance hy from y = 0 or y = ymax we have that the value of Vh is different
from zero, and the jump depends on h.

Ntot = Nx ×Ny 1600 = 40 × 40 4900 = 70 × 70
# It. CPU (sec) # It. CPU (sec)

Howard-1 26 × 3 21.93 27 × 3 505.15
Howard-2 32 8.34 36 211.20

Ntot = Nx ×Ny 1600 = 40 × 40 4900 = 70 × 70
Vh − V Vh − V

Howard-1 1.24e− 1 1.18e1
Howard-2 1.24e− 1 1.18e− 1

In Figure III.1 we have the difference between the exact solution and the numerical
solution in the case Ntot = 4900.

Second Example In this second example we consider γ = 0.5,

f(x, y) = 1, ∀ x, y ∈ O,

Mu(x, y) = sup
(x,y)∈O

u(x, y). (6.6)

Also in this case we have an exact solution :

V (x, y) =
γ

8(1 − γ)
+

1

4
(x(1 − x) + y(1 − y)).

Ntot = Nx ×Ny 1600 = 40 × 40 4900 = 70 × 70
# It. CPU (sec) # It. CPU (sec)

Howard-1 30 × 3 22.51 30 × 3 484.48
Howard-2 37 9.25 39 224.59

Ntot = Nx ×Ny 1600 = 40 × 40 4900 = 70 × 70
Vh − V Vh − V

Howard-1 1.26e− 1 1.21e− 1
Howard-2 1.26e− 1 1.21e− 1
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Fig. III.1 – Value function on the first example, for Ntot = 4900.

In the case of Ntot = 4900, the value function is represented by the picture in Figure III.2.
Moreover, in Figure III.3 we have the difference between the exact solution and the numerical
solution in the case Ntot = 4900.

Third example In this third example we consider γ = 0.5

f(x, y) = 3x2 + 5y2, ∀ x, y ∈ O,
Mu(x, y) = sup

(x,y)∈O
u(x, y). (6.7)

Ntot = Nx ×Ny 1600 = 40 × 40 4900 = 70 × 70
# It. CPU (sec) # It. CPU (sec)

Howard-1 31 × 3 23.53 31 × 3 502.45
Howard-2 39 9.48 43 244.06

In the case of Ntot = 4900, the value function is represented by the picture in Figure III.4.
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1. INTRODUCTION

Numerical approximation for super-replication
problem under gamma constraints 1

1 Introduction

In a financial market, consisting in a non-risky asset and some risky assets, people are
interested to study the minimal initial capital needed in order to super-replicate a given
contingent claim, under gamma constraints. Many authors have studied this problem in
different cases and with different constraints : for example, see [12, 17], for problems in
dimension 1, [8] for problems in dimension 2, and [18, 10] for problems in a general dimension
d. In all these papers, the authors characterize the super-replication price as the viscosity
solution of an HJB-equation with terminal and boundary conditions. In a particular case,
the dual formulation of the super-replication problem leads to a standard form of optimal
stochastic control problem [8].

In this paper we study numerically an HJB-equation coming from the super-replication
problem in dimension 2. We discretize the HJB equation using the Generalized Finite Diffe-
rences scheme [6, 7], then we study existence and uniqueness of the discrete solution. Finally
we prove the convergence of the numerical solution to the viscosity solution. In particular,
we are interested on the HJB equation which comes from the two dimensional dual problem
introduced in [8] :

ϑ(t, x, y) = sup
(ρ,ξ)∈U

E

[
g
(
Xρ,ξ
t,x,y(T )

)]
, (1.1)

where (ρ, ξ) are valued in [−1, 1]×(0,∞), the process (Xρ,ξ
t,x,y, Y

ρ,ξ
t,y ) is a 2-dimensional positive

process which evolves according to the stochastic dynamics (2.1), and g is a payoff function.
The main difficulty of the above problem is due to the non-boundness of the control set,
this fact implies that the Hamiltonian associated to (1.1) is not bounded, and numerical
approximation for such a problem becomes more complicate.

In the literature, problems with unbounded control have been studied by many authors
(for example, [1, 9]). In all these cases, the authors decide to truncate the set of controls to
make it bounded. This truncation simplifies the numerical analysis of the problem. However,
there is no theoretical result justifying this truncation.

In this paper we do not truncate the set of controls, because we find a particular form of
our HJB equation which leads us to avoid the difficulty of unbounded control. In fact, our
HJB equation can be reformulated in the following way

Λ−(J(t, x, y,Dϑ(t, x, y),D2ϑ(t, x, y))) = 0,

where J is a symetric matrix differential operator associated to the Hamiltonian, and where
λ−(J) means the smallest eigenvalue of the matrix operator J . J does not depend on the

1Joint work with O. Bokanowski, B. Bruder and H. Zidani
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2. PROBLEM FORMULATION AND PDE

control, but when we look for the first time at this equation, it seems that it is very difficult to
treat. From standard computations on algebra, we rewrite the smallest eigenvalue as follows :

Λ−(J) = min
‖α‖=1

αTJα,

where α ∈ R
2. Then we have transformed our problem into a bounded control problem, and

now the numerical analysis is possible.
The structure of the paper is the following : in Section 2 we present the problem and

the associated HJB-equation. We prove boundary conditions satisfied by the value function,
then the existence, uniqueness and Lipschitz property of the viscosity solution. In Section
3 we consider the discretization of the HJB equation, and recall the main properties of the
Generalized Finite Differences Scheme and we prove the consistency of this scheme. In section
4, we prove existence and uniqueness of a bounded discrete solution, and finally in Section 5
we prove the convergence of the numerical approximation.

2 Problem formulation and PDE

Let (Ω,Ft,P) be a probability space, and T > 0 be a fixed finite time horizon. Let U
denotes the set of all Ft-measurable processes (ρ, ζ) := {(ρ(t), ζ(t)); 0 ≤ t ≤ T} with values
in [−1, 1] × R+ :

U :=
{
(ρ, ζ) valued in [−1, 1] × (0,+∞) and Ft-measurable |

∫ T

0
ζ2
t dt < +∞

}
.

For a given control process (ρ, ζ), and an initial data (t, x, y) ∈ (0, T ) × R
+ × R

+, we

consider the controlled 2-dimensional positive process (Xρ,ζ
t,x,y, Y

ρ,ζ
t,y ) evolving according to the

stochastic dynamics :

dXρ,ζ
t,x,y(s) = σ(s, Y ρ,ζ

t,y (s))Xρ,ζ
t,x,y(s)dW

1
s , s ∈ (t, T ) (2.1a)

dY ρ,ζ
t,y (s) = −µ(s, Y ρ,ζ

t,y (s))ds + ζ(s)Y ρ,ζ
t,y (s)dW 2

s , s ∈ (t, T ) (2.1b)

〈dW 1
s , dW

2
s 〉 = ρ(s), a.e s ∈ (t, T ) (2.1c)

Xρ,ζ
t,x,y(t) = x , Y ρ,ζ

t,y (t) = y, (2.1d)

where W 1
s and W 2

s denote the standard Brownian motion defined on the probability space
(Ω,F ,P). The volatility σ and the cash flow µ satisfy the following assumptions :

(A1) σ : [0, T ] × R → R
+ is a positive function, such that σ2 is Lipschitz. For

every t ∈ [0, T ], σ(t, 0) = 0 (typically σ(t, y) =
√
y).

(A2) µ : (0, T ) × R
+ → R

+ is a positive Lipschitz function, with µ(t, 0) = 0 for
every t ∈ [0, T ].
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2. PROBLEM FORMULATION AND PDE

Assumptions (A1) and (A2) ensure that the stochastic dynamic system (2.1) has a unique
strong solution.

The variables Xρ,ζ
t,x,y and Y ρ,ζ

t,y describe two different assets from a financial market. The

first asset Xρ,ζ
t,x,y is risky, while the second one Y ρ,ζ

t,y distributes an instaneous cash flow

µ(s, Y ρ,ζ
t,y (s)), and its price is linked to the asset Xρ,ζ

t,x,y by the means of volatility σ(s, Y ρ,ζ
t,y (s)).

Remark IV.1. It is important to remark that the evolution of the variable Y ρ,ζ
t,y does not

depend on Xρ,ζ
t,x,y.

Now consider a function g : R
+ → R. Different assumptions will be made on g :

(A3) g is a bounded Lipschitz function. Let M0 > 0 such that : ‖g‖∞ ≤M0.

(A4) The function f : z → g (ez) is Lipschitz continuous.

(A5) g ∈ C2(R+ → R). The functions x→ xg′(x) and x→ x2g′′(x) are bounded.

Consider the following stochastic control problem (Pt,x,y) with its associated value func-
tion ϑ defined by :

ϑ(t, x, y) := sup
(ρ,ζ)∈U

E

[
g
(
Xρ,ζ
t,x,y(T )

)]
. (2.2)

Assumption (A3) leads us to obtain a bounded and Lipschitz value function ϑ of (2.2).
Assumption (A4) will be usefull to prove some boundary conditions satisfied by ϑ (see section
2.1).

This control problem can be interpreted in [8] in the following sense : A trader wants
to sell an European option of terminal payoff g(XT ) without taking any risk. Hence we use
a superreplication framework. The underlying X of the option is a risky asset, for axample
a stock, an index or a mutual fund. Unfortunately, in several cases, the volatility σ of the
underlying X exhibits large random changes across time. Therefore, the Black-Scholes model
fails to capture the risks of the trader. One must then use a model that features stochastic
volatility. It is known that in this framework, the superreplication problem has a trivial
solution (see [12]). For example, if the volatility has no a priori bound, the superreplication
price is the concave envelope of the payoff g(X(T )), and the hedging strategy is static. To
obtain more accurate prices, we introduce another financial asset Y whose price is linked
to the volatility of the underlying X. For example, we can consider a variance swap which
continuously pays the instantaneous variance of X (hence µ(t, Y ) = σ2). For the sake of
simplicity we assume that the price of Y and the volatility of X are driven by a single
common factor (hence σ = σ(t, Y )). If the parameters ζ and ρ of the dynamics of the price Y
were known, and if there were no transaction costs for Y , the super-replication price would

simply be E

[
g
(
Xρ,ζ
t,x,y(T )

)]
. But we face two problems :
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2. PROBLEM FORMULATION AND PDE

• The parameters (ζ, ρ) of the dynamics of Y are likely to be random and difficult to
measure. As there is no a priori bound to these parameters, the super-replication price

is given be the supremum of E

[
g
(
Xρ,ζ
t,x,y(T )

)]
over all adapted processes ζ, ρ (see [14]).

• The asset Y is likely to introduce transaction costs, and hence the trader cannot buy
and sell an infinite amount of asset Y during the period [0, T ]. It is proved in [8]
that the super-replication price of g(X(T )) under the constraint of a finite amount of
transactions involving Y during [0, T ] is given by the value function of problem (2.2).
See also [17, 18] for a similar approach.

Denote by M2 the set of symmetric 2 × 2 matrices. The Hamiltonian function is defined
by : for t ∈ (0, T ), x, y ∈ R

+, p = (p1, p2)
T ∈ R

2, and Q ∈ M2 :

H (t, x, y, p,Q) := inf
(ζ,ρ)∈R+×[−1,1]

{
µ(t, y)p2 −

1

2
tr (a(t, x, y, ζ, ρ) ·Q)

}
, (2.3)

and the covariance matrix a is given by :

a(t, x, y, ζ, ρ) :=

(
σ2(t, y)x2 ρζσ(t, y)x
ρζσ(t, y)x ζ2

)
.

Now we look for a characterization of ϑ as a viscosity solution of an HJB equation. In a
formal way, we get that ϑ satisfies the following PDE :

− ∂ϑ

∂t
+H

(
t, x, y,Dϑ,D2ϑ

)
= 0 (t, x, y) ∈ (0, T ) × (0,+∞) × (0,+∞). (2.4)

However, we will prove in Proposition 2.3 that the precise HJB equation satisfied by ϑ in the
viscosity sens is

Λ−
(
−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)x ∂2ϑ

∂x∂y

−1
2σ(t, y)x ∂2ϑ

∂x∂y −1
2
∂2ϑ
∂y2

)
= 0, (2.5)

where Λ−(A) denotes the smallest eigenvalue of a given symmetric matrix A. We first prove
that ϑ is a discontinuous viscosity solution of (2.5). We will see later on that, under (A1), ϑ is
continuous thanks to a comparison principle, and even Lipschitz continuous when assumptions
(A3)-(A5) hold.

First, it is easy to see that the infimum in (2.3) can only be achieved for ρ = ±1. Hence
denoting ζ as ρζ, one can see that the Hamiltonian can be rewritten as :

H (t, x, y, p,Q) = inf
ζ∈R

{
µ(t, y)p2 −

1

2
tr (a(t, x, y, ζ) ·Q)

}
, (2.6)

where, this time, there is only one control variable ζ taking values on the whole real line, and
the covariance matrix a is defined by :

a(t, x, y, ζ) =

(
σ2(t, y)x2 ζσ(t, y)x
ζσ(t, y)x ζ2

)
.
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2. PROBLEM FORMULATION AND PDE

By elementary techniques, the minimization over ζ, in (2.6) gives :

H(t, x, y, p,Q) = −∞ if Q22 > 0, (2.7a)

or Q22 = 0 and σ(t, y)xQ12 6= 0, (2.7b)

H(t, x, y, p,Q) ∈ R, otherwise. (2.7c)

Remark IV.2. For this particular problem, it is not possible to find a continuous function
G : [0, T ] × R

2 × R
2
+ ×M2 → R such that

H(t, x, y, p,Q) > −∞ ⇔ G(t, x, y, p,Q) ≥ 0.

Hence we can not use arguments introduced in [16] to define a precise notion of solution for
equation (2.4).

For t ∈ (0, T ), x, y ∈ R
+, r ∈ R, p = (p1, p2)

T ∈ R
2 and Q ∈ M2, introduce

J(t, x, y, r, p,Q) :=

(
−r + µ(t, y)p2 − 1

2σ
2(t, y)x2Q11 −1

2σ(t, y)xQ12

−1
2σ(t, y)xQ12 −1

2Q22

)
.

With straightforward computations we obtain the following result.

Lemma 2.1. For t ∈ (0, T ), x, y ∈ R
+, r ∈ R, p = (p1, p2)

T ∈ R
2 and Q ∈ M2, the following

assertions hold :
(i) −r +H(t, x, y, p,Q) ≥ 0 ⇔ Λ−(J(t, x, y, r, p,Q)) ≥ 0.
(ii) −r +H(t, x, y, p,Q) ≥ 0 ⇒ −Q22 ≥ 0.
(iii) −r +H(t, x, y, p,Q) = 0 ⇒ Λ−(J(t, x, y, r, p,Q)) = 0.
(iv) Λ−(J(t, x, y, r, p,Q)) > 0 ⇒ −r +H(t, x, y, p,Q) > 0.

Now, for a function u : [0, T ]×R
+ ×R

+ → R, we define the upper (resp. lower) semicon-
tinuous envelope u∗ (resp. u∗) of u by : for t ∈ [0, T ), x, y ∈ (0,+∞),

u∗(t, x, y) = lim sup
(s,w,z)→(t,x,y)

s≥0,w,z∈(0,+∞)

u(s,w, z),

u∗(t, x, y) = lim inf
(s,w,z)→(t,x,y)

s≥0,w,z∈(0,+∞)

u(s,w, z).

With these definitions, we can give the sens of viscosity solution of (2.5), according to [2, 3, 11].

Definition 2.2. (i) u is a discontinuous viscosity subsolution of (2.5) iff for any (t̂, x̂, ŷ) ∈
[0, T )× (0,+∞)2, and any φ ∈ C2

(
[0, T ) × (0,+∞)2

)
, such that (t̂, x̂, ŷ) is a local maximum

of u∗ − φ :
Λ−(J(t̂, x̂, ŷ), ∂tφ(t̂, x̂, ŷ),Dφ(t̂, x̂, ŷ),D2φ(t̂, x̂, ŷ))) ≤ 0.

(ii) u is a discontinuous viscosity super-solution of (2.5) iff for any (t̂, x̂, ŷ) ∈ [0, T ) ×
(0,+∞)2, and any φ ∈ C2

(
[0, T ) × (0,+∞)2

)
, such that (t̂, x̂, ŷ) is a local minimum of u∗−φ :

Λ−(J(t̂, x̂, ŷ), ∂tφ(t̂, x̂, ŷ),Dφ(t̂, x̂, ŷ),D2φ(t̂, x̂, ŷ))) ≥ 0.

(iii) u is a discontinuous viscosity solution of (2.5) iff it is both sub and a super solution.
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2. PROBLEM FORMULATION AND PDE

Theorem 2.3. Under assumptions (A1)-(A2), the value function ϑ is a viscosity disconti-
nuous solution of (2.5) :

Λ−
(
−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)x ∂2ϑ

∂x∂y

−1
2σ(t, y)x ∂2ϑ

∂x∂y −1
2
∂2ϑ
∂y2

)
= 0.

Moreover ϑ is a discontinuous viscosity super-solution of

− ∂2ϑ

∂y2
≥ 0. (2.8)

Proof. The proof is splitted on two parts : the super-solution property and the sub-
solution property.
(a) Super-solution property. By a classical application of the Dynamic Programming
Principle, as done in [15], we obtain that ϑ(t, x, y) is a viscosity super-solution of

−∂ϑ
∂t

+H(t, x, y,Dϑ,D2ϑ) ≥ 0.

Then, Lemma 2.1(i) implies that also

Λ−(J(t, x, y, ∂tϑ(t, x, y),Dϑ(t, x, y),D2ϑ(t, x, y))) ≥ 0,

and then ϑ is a viscosity super-solution of (2.5). Moreover, from Lemma 2.1, we have

−1
2
∂2ϑ
∂y2

≥ 0, and hence (2.8) is verified.

(b) Sub-solution property. Let ϕ be a smooth function, and let (t̄, x̄, ȳ) be a strict maxi-
mizer of ϑ∗ − ϕ, such that

0 = (ϑ∗ − ϕ)(t̄, x̄, ȳ).

Suppose that (t̄, x̄, ȳ) belongs to the set M(ϕ) defined by :

M(ϕ) = {(t, x, y) ∈ [0, T )×(0,+∞)2 : Λ−(J(t, x, y, ∂tϕ(t, x, y),Dϕ(t, x, y),D2ϕ(t, x, y))) > 0}

Since M(ϕ) is an open set, then there exists η > 0 such that

[0 ∧ (t̄− η), t̄+ η] ×Bη(x̄, ȳ) ⊂ M(ϕ),

where Bη(x̄, ȳ) denotes the closed ball centered in (x̄, ȳ) and with radius η. From Lemma
2.1(iii), if (t, x, y) ∈ M(ϕ), then

−∂ϕ
∂t

(t, x, y) +H(t, x, y,Dϕ(t, x, y),D2ϕ(t, x, y)) > 0.

Using the Dynamic Programming Principle and the same arguments that in [16, Lemma 3.1],
we get that :

sup
∂p([0∧(t̄−η),t̄+η]×Bη(x̄,ȳ))

(ϑ− ϕ) = max
[0∧(t̄−η),t̄+η]×Bη(x̄,ȳ)

(ϑ∗ − ϕ), (2.9)
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2. PROBLEM FORMULATION AND PDE

where ∂p([t1, t2] × Bη(x̄, ȳ)) is the forward parabolic boundary of [t1, t2] × B̄η(x̄, ȳ), i.e.
∂p([t1, t2]×Bη(x̄, ȳ)) = [t1, t2]×∂Bη(x̄, ȳ)∪{t2}×Bη(x̄, ȳ). However, since (t̄, x̄, ȳ) is a strict
maximizer of ϑ∗ −ϕ, equality (2.9) leads to a contradiction. Therefore, (t̄, x̄, ȳ) /∈ M(ϕ), and
the result follows. 2

In our paper, we are interested by the numerical approximation of the value function ϑ.
Although equation (2.5) has a rigorous meaning, the formulation with the smallest eigenvalue
might seem to be more complicated than the setting of (2.4). Of course, one can be tempted
to modify the hamiltonian in the following way : for ζmax > 0, replace H by

H̃(t, x, y, p,Q) = min
ζ∈[−ζmax,ζmax]

{
µ(t, y)p2 −

1

2
tr(a(t, x, y, ζ) ·Q)

}
,

and then deal with (2.4) with H̃ instead of H. However, the choice of ζmax, guaranteeing
a good approximation of H, does not appear obvious to us. To avoid these difficulties, we
first give an equivalent HJB equation satisfied by ϑ and which is formulated with bounded
controls. More precisely, we have :

Corollary IV.3. Under assumptions (A1)-(A3), the value function ϑ is a viscosity solution
of the HJB equation :

inf
α2

1+α2
2=1

{(
α1

α2

)T (−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)x ∂2ϑ

∂x∂y

−1
2σ(t, y)x ∂2ϑ

∂x∂y −1
2
∂2ϑ
∂y2

)(
α1

α2

)}
= 0.

(2.10)

Proof. Simple to obtain from Theorem 2.3. 2

Remark IV.4. Equation (2.5) can be reformulated as follows,

Λ−
(
−∂ϑ
∂t + µ(t, y)∂ϑ∂y − 1

2σ
2(t, y)x2 ∂2ϑ

∂x2 −1
2σ(t, y)xη(t, y) ∂2ϑ

∂x∂y

−1
2σ(t, y)xη(t, y) ∂2ϑ

∂x∂y −1
2η

2(t, y)∂
2ϑ
∂y2

)
= 0,

where η(t, y) : [0, T ] × (0,+∞) → (0,+∞) is any strictly positive function. It is easy to see
that changing the positive function η(t, y) into another positive function, does not change the
sign of the operator in (2.5), for fixed (t, x, y,Dϑ,D2ϑ).

In particular, when we will deal with the discretization of (2.10), we will use η(t, y) =
min(1; y).

2.1 Boundary conditions. Uniqueness result

Unlike in most similar parabolic problems, here we do not only need a terminal condition
to obtain the uniqueness, but also a border conditions when y tends to zero. Another boundary
condition is hidden by the fact that we only consider bounded solutions, which is, intuitively,
equivalent to Neumann conditions near infinity.
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Lemma 2.4. Under assumptions (A1)-(A3), the value function ϑ is bounded and satisfies
the following conditions on the boundaries x = 0 and y = 0 :

lim
(t′,x′,y′)→(t,x,0)

ϑ(t′, x′, y′) = ϑ(t, x, 0) = g(x),∀ (t, x) ∈ [0, T ] × R
∗
+ (2.11a)

lim
(t′,x′,y′)→(t,0,y)

ϑ(t′, x′, y′) = ϑ(t, 0, y) = g(0),∀ (t, y) ∈ [0, T ] × R
∗
+ (2.11b)

and the terminal condition of the equation for t = T is :

lim
(t′,x′,y′)→(T,x,y)

ϑ(t′, x′, y′) = ϑ(T, x, y) = g(x) for all (x, y) ∈ (R∗
+)2. (2.11c)

Proof. The statements (2.11a)-(2.11c) are proved in [8, lemma 5.6]. The proof is based
on the assumptions (A1) and (A2) of σ and µ, and on the continuity and boundedness of g
(see (A3)).

Now to prove statement (2.11b), we first give a representation of ϑ(t, x, y) using Doleans
integral. Indeed, for every (t, x, y), we have :

Xρ,ζ
t,x,y = xZζ,ρy , where Zζ,ρy := e

R T

t
σ(s,Y ρ,ζ

t,y (s)dW 1
s + 1

2

R T

t
(σ(s,Y ρ,ζ

t,y (s)))2ds.

Therefore,

ϑ(t, x, y) = E

[
g(Xρ,ζ

t,x,y)(T )

]
= E

[
g

(
xZζ,ρy

)]
. (2.12)

We conclude that statements (2.11b) holds. 2

We recall here the uniqueness result, proved in [8, Lemma 4.3, Proposition 4.4, Proposition
4.6].

Theorem 2.5. [8, Proposition 4.4] Assume (A1)-(A3). Suppose that u is an upper semi-
continuous viscosity sub-solution of (2.5) bounded from above, and w a lower semi-continuous
viscosity super-solution of (2.5) bounded from below. If, furthermore,

u(T, x, y) ≤ g(x) ≤ w(T, x, y),
u(t, x, 0) ≤ g(x) ≤ w(t, x, 0),

(2.13)

then u(t, x, y) ≤ w(t, x, y), for all (t, x, y) ∈ [0, T ] × R
2
+. In particular, the solution of (2.5)

in the viscosity sense with boundary conditions (2.11a) and (2.11c) is unique.

We recall here the main ideas of the proof.
Proof. Suppose that u and w are respectively sub- and super-solution of (2.5), and that they
both satisfy the limit conditions (2.11a), (2.11b) and (2.11c). A classical argument (see [4])
to prove uniqueness for equation as (2.5), consists in building a strict viscosity super-solution
of (2.5) wε, depending on the super-solution and on a parameter ε. Moreover wε must to be
such that, when the parameter ε goes to zero, wε tends to w. Then with classical arguments
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[11], a comparison principle between the strict super-solution and the sub-solution can be
obtained, and sending ε to zero we have the desired comparison principle.

In our particular case, for any ε > 0, we build

wε = w + ε((T − t) + ln(1 + y)).

From [8, Lemma 4.3], wε is a strict viscosity super-solution of (2.5), bounded from below
and such that conditions (2.13) are satisfied. Then we can apply [8, Proposition 4.6] which is
a comparison principle between a strict viscosity super-solution and a viscosity sub-solution,
and we obtain

wε ≥ u,

for all (t, x, y) ∈ [0, T ] × R
2
+. Sending ε to zero, we have the result. 2

Since the boundedness property of ϑ would be tricky to manipulate numerically, in the
following proposition we give some growth properties of the value function which are a sort
of Neumann conditions at infinity. These conditions will guide us toward an implementable
scheme.

Proposition IV.5. Assume that (A1)-(A4) are satisfied. Then the following holds :
(i) For any a > 0, the function :

h1
t,y : x→ ϑ(t, x+ a, y) − ϑ(t, x, y)

converges to zero, uniformly in (t, y), when x→ +∞.
(ii) The function ;

h2
t,x : y → ϑ(t, x, y + a) − ϑ(t, x, y)

converges to zero, uniformly in (t, x), when y → +∞.

Proof. (i) Let (t, x, y) ∈ (0, T ) × R
+ × R

+. As in (2.12), we have :

ϑ(t, x, y) = sup
ζ,ρ

E

[
g
(
Xρ,ζ
t,x,y(T )

)]
= sup

ζ,ρ
E

[
g
(
xZζ,ρy

)]
. (2.14)

By assumption (A3), the function f : z → g(ez) is Lipschitz continuous on R. Then, for
x′ ∈ R

+, we get :

ϑ(t, x, y) − ϑ(t, x′, y) = sup
ζ,ρ

E

(
g
(
xZζ,ρy

))
− sup

ζ,ρ
E

(
g
(
x′Zζ,ρy

))

≤ sup
ζ,ρ

{
E

(
g
(
xZζ,ρy

))
− E

(
g
(
x′Zζ,ρy

))}

≤ sup
ζ,ρ

{
E

[
f
(
ln(x) + ln

(
Zζ,ρy

))
− f

(
ln(x′) + ln

(
Zζ,ρy

))]}
,

and using the Lipschitz property of f , it yields to :

ϑ(t, x, y) − ϑ(t, x′, y) ≤ K
∣∣ln(x) − ln(x′)

∣∣ .
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Therefore we get that

∣∣h1
t,y(x)

∣∣ ≤ K

∣∣∣∣ln
(
x+ a

x

)∣∣∣∣→ 0 as x→ +∞ uniformly in (t, y). (2.15)

To prove assertion (ii), we recall that by Theorem 2.3, ϑ is a supersolution of

−∂
2ϑ

∂y2
= 0.

Then, from [12], we deduce that the function ϑ is concave w.r.t. y. That is, for each (t, x),
ϑ(t, x, ·) is a concave function. Moreover, from (A3), ϑ is bounded and ‖ϑ‖∞ ≤ M0 (where
the constant M0 > 0 is the same as in (A3)). Therefore, for any λ, the function

h2
t,x : y → ϑ(t, x, y + λ) − ϑ(t, x, y)

is decreasing. Considering that ϑ(t, x, nλ + y0) = ϑ(t, x, y0) +
∑n

i=1 h
2
t,x(iλ + y0). Hence, it

follows that :

ϑ(t, x, nλ+ y0) ≥ ϑ(t, x, y0) +

n∑

i=1

h2
t,x(nλ+ y0)

which gives :

h2
t,x(nλ+ y0) ≤

2M

n

and we get convergence of h2
t,x(y) to 0, which is uniform in (t, x). 2

2.2 Lipschitz property

Here we establish the Lipschitz property of the value function ϑ.

Proposition IV.6. Under assumptions (A1)-(A4), we have :
(i) The value function ϑ is Lipschitz w.r.t. x.
(ii) ϑ is Lipschitz w.r.t. y.

Proof. (i)As in the proof of proposition IV.5, we consider the representation of ϑ using
Doleans exponential :

ϑ(t, x, y) = sup
ζ,ρ

E

(
g(Xζ,ρ

t,x,y)
)

= sup
ζ,ρ

E

[
g
(
xZζ,ρy

)]
∀t ∈ (0, T ), x, y ∈ R

+, (2.16)

where Zζ,ρy = e
R T
t
σ(s,Y ρ,ζ

t,y (s)dW 1
s + 1

2

R T
t

(σ(s,Y ρ,ζ
t,y (s)))2ds.

Then, for t ∈ (0, T ), x, x′, y ∈ R
+ we have :

∣∣ϑ(t, x, y) − ϑ(t, x′, y)
∣∣ ≤ sup

ζ,ρ
E

[
g
(
xZζ,ρy

)
− g

(
xZζ,ρy

)]
.
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As g is Lipschitz of constant K, we get :

∣∣ϑ(t, x, y) − ϑ(t, x′, y)
∣∣ ≤ sup

ζ,ρ
E

∣∣∣K(x− x′)Zζ,ρy

∣∣∣ ≤ K|x− x′| sup
ζ,ρ

E

(
Zζ,ρy

)
.

Therefore, using the fact that the Doleans exponential is a positive local martingale, and
hence a super-martingale, which implies that for any control (ζ, ρ) ∈ U :

E

(
e
R T

t
σζ,ρ

u dWu+ 1
2

R T

t
(σu)ζ,ρ)2du

)
≤ 1,

and then taking the supremum leads to :
∣∣ϑ(t, x, y) − ϑ(t, x′, y)

∣∣ ≤ K|x− x′|

Which proves that ϑ is Lipschitz w.r.t. x with the same constant as g.
(ii) Now we treat the Lipschitz property of ϑ w.r.t. y.
First,we recall that ϑ is concave w.r.t. y. Furthermore, as g is bounded, we immediately

get that ϑ shares the same bound. Hence, it is sufficient to prove that ϑ is Lipschitz near the
boundary y = 0.

Recall that by (2.11a), we know that ϑ(t, x, 0) = g(x) for all (t, x) ∈ (0, T ) × (0,+∞).
Let (t, x, y) ∈ [0, T ] × (0,+∞)2, with y > 0. For any control (ζ, ρ) ∈ U , we have :

Y ρ,ζ
t,y (s) = y +

∫ s

t
−µ(τ, Y ρ,ζ

t,y (τ))dτ +

∫ s

t
ζ(τ)Y ρ,ζ

t,y τ dW
2
τ .

Furthermore, by a comparison argument for SDEs, we get, for any τ ∈ [t, T ] :

Y ρ,ζ
t,y (τ) ≥ 0.

Using the positivity of µ, we get :

0 ≤ Y ρ,ζ
t,y (s) ≤ y +

∫ s

t
Y ρ,ζ
t,y (τ)dW 2

τ .

Hence, the quantity above is a super-martingale and we get :

E

[
Y ρ,ζ
t,y (s)

]
≤ y. (2.17)

Now, applying Itô’s formula on g(Xρ,ζ
t,x,y) :

g(Xρ,ζ
t,x,y(s)) = g(x) +

∫ s

t
g′(Xρ,ζ

t,x,y(τ))dX
ρ,ζ
t,x,y(τ) +

1

2

∫ s

t
g′′(Xρ,ζ

t,x,y(τ))
〈
dXρ,ζ

t,x,y(τ), dX
ρ,ζ
t,x,y(τ)

〉

= g(x) +

∫ s

t
g′(Xρ,ζ

t,x,y(τ))dX
ρ,ζ
t,x,y(τ) +

1

2

∫ s

t

(
Xρ,ζ
t,x,y(τ)

)2
g′′(Xρ,ζ

t,x,y(τ))σ
2(Y ρ,ζ

t,y (τ))dτ.
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Since Xρ,ζ
t,x,y is a locale martingale, there exists a sequence (sn)n, with sn → ∞ such that :

E

(∫ sn∧T

t
g′(Xρ,ζ

t,x,y(u))dX
ρ,ζ
t,x,y(u)

)
= 0.

Using (2.17), the Lipschitz property of σ2, and the boundedness of x 7−→ x2g′′(x), it yields :
there exists a constant C > 0, such that :

∣∣∣E
(
g(Xρ,ζ

t,x,y(sn ∧ T )) − g(x)
)∣∣∣ ≤

∫ sn∧T

t
Cy dτ

Finally, as g is bounded, we conclude with Fatou’s lemma that :

E

(
g(Xρ,ζ

t,x,y(T )) − g(x)
)
≤ C(T − t)y,

and since the constant C is independent of ρ, ζ, we obtain :

|ϑ(t, x, y) − ϑ(t, x, 0)| ≤ sup
(ρ,ζ)∈U

{
|E
(
g(Xρ,ζ

t,x,y(T )) − g(x)
)
|
}

≤ CTy.

Hence, as ϑ is concave w.r.t. y and bounded, it is Lipschitz with respect to y. 2

3 Approximation Scheme

Now we want to approximate the (unique) bounded solution of the following Hamilton-
Jacobi-Bellman equation :

min
α2

1+α
2
2=1

{
− α2

1

∂ϑ

∂t
(t, x, y) + µ(t, y)α2

1

∂ϑ

∂y
(t, x, y) − 1

2
tr[a(α1, α2, t, x, y)D

2ϑ(t, x, y)]

}
= 0,

(3.1)
with boundary conditions (2.11a), (2.11b), (2.11c), where µ is a positive Lipschitz function,
and the diffusion matrix a is defined as follows :

a(α1, α2, t, x, y) :=

(
α2

1σ
2(t, y)x2 α1α2σ(t, y)η(t, y)x

α1α2η(t, y)σ(t, y)x η2(t, y)α2
2

)

=

(
α1σ(t, y)x
η(t, y)α2

)(
α1σ(t, y)x
α2η(t, y)

)T

,

(3.2)

where we will use η(t, y) = min(1; y), in agreement with remark IV.4. From now on we will
write only a instead of a(α1, α2, t, x, y), and µ instead of µ(t, y), we omit all the dependences.
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3. APPROXIMATION SCHEME

We can easily see that a is not a dominant diagonal matrix2, in fact we can not ensure
that

α2η ≥ α1σx, ∀ (t, x, y) ∈ [0, T ) × [0,+∞)2, and ∀ α2
1 + α2

2 = 1.

This fact implies that we can not choose the classical finite differences (FD) scheme to approxi-
mate equation (3.1), we shall use the generalized finite differences (GFD) scheme introduced
in [6].

Consider a regular grid Gh of discretization of R
2
+, with discretization steps h = (h1, h2) :

Gh :=

{
(xi, yj), xi := ih1, yj := jh2, i, j ∈ N × N

}
,

and consider a discretization time step ∆t. On the grid Gh, the derivative on time is approxi-
mated by an implicit Euler scheme, and for the first derivative in y we use a finite difference
approximation. The main idea of the Generalized Finite Differences scheme is to approximate
the diffusion term a ·D2φ by a linear combination of elementary diffusions pointing towards
grid points. More precisely, for ξ = (ξ1, ξ2) ∈ Z

2, associate the second order finite difference
operator (for x, y ∈ R) :

∆ξφ(t, x, y) = φ(t, x+ ξ1h1, y + ξ2h2) + φ(t, x− ξ1h1, y − ξ2h2) − 2φ(t, x, y),

where ∆ξ is an elementary diffusion in the direction ξ. By a Taylor expansion, we know that

∆ξφ(t, x, y) =

2∑

i,j=1

hihjξiξjφxixj
+ o(||h2||),

where x1 = x and x2 = y.
Following ([6, 7]), we introduce a set S ⊆ Z

2 \ 0, which contains {e1, e2}. We will specify
later how we choose this set. We approximate the second order term a · D2φ by a linear
combination of elementary diffusions along ξ, with ξ ∈ S :

a ·D2φ ∼=
∑

ξ∈S
γα1,α2

ξ ∆ξφ,

where the γα1,α2

ξ are coefficients which will be specified later.

For a given set S, the scheme takes the following form :

vh(T, x, y) = g(x) = vh(t, x, 0), vh(t, 0, y) = g(0), (3.3)

min
α2

1+α2
2=1

{−α2
1δtvh(t, x, y) − α2

1µδyvh(t, x, y) −
1

2

∑

ξ∈S
γα1,α2

ξ ∆ξvh(t, x, y)} = 0, (3.4)

2We recall that a matrix X of dimension N × N is diagonal dominant if

Xii ≥
X
i6=j

|Xij |, ∀ i = 1, . . . , N.
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for t < T − ∆t, with

δtvh(t, x, y) =
vh(t+ ∆t, x, y) − vh(t, x, y)

∆t
,

δyvh(t, x, y) =
vh(t, x, y − h2) − vh(t, x, y)

h2
.

It is shown in [6, 7] that the above scheme is consistent if we choose a set S and variables
γα1,α2

ξ such that : for all α1, α2, t, x, y

γα1,α2

ξ ≥ 0, ∀ ξ ∈ S, and
∑

ξ∈S
γα1,α2

ξ ξξT = ah, (3.5)

where ah denotes the scaled matrix, ah = {aij/(hihj)}. Assertion (3.5) means that ah belongs
to the cone generated by {ξξT; ξ ∈ S},

C(S) =




∑

ξ∈S
γξξξ

T, γ ∈ R
|S|
+



 .

A natural choice for S is the following :

S = Sp = {(ξ1, ξ2) ∈ Z × N;max(|ξ1|; ξ2) ≤ p; (|ξ1|, ξ2) irreducible},

for p ≥ 1, and the correspondent cones C(Sp). These cones have the following property :

C(S1) ⊂ C(S2) ⊂ · · · ⊂ C(Sp) ⊂ · · · ⊂ M#
+ ,

where M#
+ denotes the set of symmetric positive matrices. Unfortunately, even for a big

order p >> 1, the matrix ah does not satisfy necessarly the strong consistency (3.5).
Moreover ah is a rank one matrix and it is degenerated. This fact implies two possibilities :

• The direction of diffusion

(
α1σx
α2η

)
points toward a point of the grid. This situation

happens if the slope is a rational number r/q (with r ∈ Z and q ∈ N
∗). Then we consider the

vector ξr,q = (r q)T, and we can write

ah = γα1,α2

ξr,q
ξr,qξ

T

r,q.

• The second possibility is that the direction of the diffusion

(
α1σx
α2η

)
has a real slope. In

this case, we approximate ah by its projection in one of the cones C(Sp), the order p being
the order of neighbouring points allowed to enter in the scheme (of course, this order depends
on where we are situated on the grid and on the direction of the diffusion).
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a

(a) (b) (c)

Fig. IV.1 – (a) Symmetric semi-definite positive matrix with trace equal to 1 and cone of
diagonal dominant matrix. (b) Cone C(S1), a is on the border of the semi-definite positive
matrix. (c) Cone C(S2).

Remark IV.7. As we can see in Figure 1(b), matrix ah belongs to the border of the cone

M#
+ (the cone of symmetric semi-definite positive matrices), and then there exist two vectors

ξp′,q′ and ξp”,q” on Sp, such that we can project ah on the hyperplane generated by ξp′,q′ξ
T

p′,q′

and ξp”,q”ξ
T

p”,q”. Then, we can write the projection of ah as follows :

ahp = γα1,α2

ξp′,q′
ξp′,q′ξ

T

p′,q′ + γα1,α2

ξp”,q”
ξp”,q”ξ

T

p”,q”, (3.6)

where γα1,α2

ξ are positive coefficients, and moreover

γα1,α2

ξp′,q′
+ γα1,α2

ξp”,q”
≤ tr(ahp).

As studied in [6], the generation of the directions ξp′,q′ and ξp”,q”, can be performed (in effective
way) in O(p) operations, by using Stern-Brocot algorithm [13].

Remark IV.8. The choice of the order p depends on where we are situated on the grid. For
instance, if we consider a point (x, y) in the middle of the grid, and we want to discretize
a ·D2φ(t, x, y), we can follow the direction of diffusion and choose the biggest order of discre-
tization p, because more p is bigger and better is the approximation of the scaled covariance
matrix ah. On the other hand, if we consider a point (x, y) near to the boundary, it can of-
ten happen that following the direction of the diffusion, we involve in the discretization some
points which are out of the grid. In this case the choice of p is not free, and we refer to the
Appendix for a detailed discussion of this case.

Remark IV.9. In all the decompositions, the coefficients γα1,α2

ξ and also the vectors ξ are
in terms of (t, x, y). Sometimes, for simplicity of notations we do no specify this dependence.
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Error projection for scaled covariance matrices. From now on, by dre we denote the
smallest integer greater than the real r, and for a symmetric matrix b of dimension 2 we use
the Frobenius norm ‖b‖ = (

∑
i,j=1,2 b

2
ij)

1/2. Let pmax the maximum order that we can consider

for the discretization, and let us consider the projection b′ of a general matrix b ∈ M#
+ on a

hyperplane of C(Spmax) spanned by ξξT and ξ′(ξ′)T . As proved in [6, (17)], we have

‖b− b′‖ ≤ (1 − cos(ξ̂, ξ′))
√

2

√
1 + cos2(ξ̂, ξ′)

‖b‖. (3.7)

From this inequality and [6, Lemma 6.1], the projection error will be εp||b||, where

εp =

√
p2
max + 1 − pmax√
2
√

2p2
max + 1

≤ 1

4
p−2
max. (3.8)

Moreover, the error projection is guaranteed to be at most equal to ε (for any ε > 0), if we
choose pmax ≥ pε, where

pε :=

⌈√
1 − ε2 − ε

2
√
ε
√

1 − ε2

⌉
. (3.9)

In particular, if we aim at having a projection error of the order of h, then we have to choose
pmax such that

pmax ≥
⌈ √

1 − h2 − h

2
√
h
√

1 − h2

⌉
.

(Some examples : If h ≤ 10−1 then pmax ≥ 2. If h ≤ 10−3 then pmax ≥ 16, and if h ≤ 10−5

then pmax ≥ 159.)

3.1 The discrete equation

From now on, we fix h1 = h2 = h, the space step size3. Let pmax ∈ N be the maximal
order of grid points allowed to enter in the scheme, and ∆t be the time step size. Set ρ =
(pmax, h,∆t), and define the scheme Sρ (given in a general setting) as follows : let φ : [0, T ]×
R

+ × R
+ → R :

Sρ(t, x, y, r, φ) = min
α2

1+α
2
2=1

{
− α2

1

φ(t+ ∆t, x, y) − r

∆t
+ α2

1µ
r − φ(t, x, y − h)

h

−1

2

∑

ξ∈S(x,y)

γα1,α2

ξ (t, x, y)
[
φ(t, x− ξ1h, y − ξ2h) − 2r + φ(t, x+ ξ1h, y + ξ2h)

]}
,

(3.10a)

for (t, x, y) ∈ [0, T ) × (0,∞)2, where

S(x, y) := Sp with p = min(pmax, dx/he, dy/he), (3.10b)∑

ξ∈S(x,y)

γα1,α2

ξ (t, x, y)ξξT = ahp(α1, α2, t, x, y), (3.10c)

3We set h1 = h2 = h to simplify the analysis.
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the projection of the scaled covariance matrix ah on C(Sp) (ah = a/h2). In particular, p = pmax
if x − pmaxh ≥ 0 and y − pmaxh ≥ 0 (points in the interior of the domain), otherwise
p = min(dx/he, dy/he) (points near to the boundary).

Now the discrete scheme for (3.1) is :

Sρ(t, x, y, vh(t, x, y), vh) = 0, (3.11a)

for (t, x, y) ∈ [0, T ) × (0,∞)2, and with the boundary conditions :

vh(T, x, y) = g(x), ∀ (x, y) ∈ [0,∞)2, (3.11b)

vh(t, x, 0) = g(x), ∀ (t, x) ∈ [0, T ] × [0,∞), (3.11c)

vh(t, 0, y) = g(0), ∀ (t, y) ∈ [0, T ] × [0,∞). (3.11d)

(the solution vh will stand for an approximation of the value function ϑ).

Remark IV.10. It is clear that if pmax is not linked to the step size h, then (3.11) is a
discrete scheme for the HJB equation with the covariance matrix ap instead of a, where ap is
the projection of a on the cone C(Sp).

min
α2

1+α2
2

{
− α2

1

∂φ

∂t
(t, x, y) + α2

1µ
∂φ

∂y
(t, x, y) − 1

2
tr[apD

2φ(t, x, y)]

}
= 0. (3.12)

In what follows (subsection 3.2, and section 4), we will prove that the scheme (3.11)
satisfies the following properties :

(S1) Monotonicity : Sρ(t, x, y, r, u) ≥ Sρ(t, x, y, r, v),
for all r ∈ R, x, y ∈ R

∗
+, u, v ∈ C([0, T ] × [0,∞)2) such that u ≤ v in [0, T ] × [0,∞)2.

(S2) Stability : For all ρ = (h,∆t, pmax) ∈ (R∗
+) × (0, T ) × N

∗, there exists a bounded
solution vh of (3.11).

(S3) Consistency : There exists a constant C1 > 0 such that, for every φ ∈ Cn([0, T ] ×
[0,∞)2), n ≥ 4, with bounded derivatives,

∣∣∣∣ min
α2

1+α2
2

{
− α2

1

∂φ

∂t
(t, x, y) + α2

1µ
∂φ

∂y
(t, x, y) − 1

2
tr[a ·D2φ(t, x, y)]

}

−Sρ(t, x, y, φ(t, x, y), φ)

∣∣∣∣
≤ C1(|∂2

t φ|0∆t+ µ|D2
yφ|0h) + 16

√
2p2
max‖a‖|D4φ|0h2 + εp(t, x, y)|D2φ|0,

(3.13)

where ap is the projection of a on C(Sp), for p = min(pmax, dx/he, dy/he), and εp(t, x, y)
is the projection error such that εp = ||a − ap|| if p = pmax, and εp = CK(x, y)h2

otherwise, where C depends on the Lipschitz constant of σ2, and K(x, y) ≥ 0, for all
x, y.
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3.2 The consistency property

We start by proving the consistency property (S3). Consider a function φ ∈ Cn([0, T ] ×
[0,+∞)2), with bounded derivatives and compute (first) the difference term :

∣∣∣∣ min
α2

1+α2
2

{
− α2

1

∂φ

∂t
(t, x, y) + α2

1µ
∂φ

∂y
(t, x, y) − 1

2
tr[ap ·D2φ(t, x, y)]

}

−Sρ(t, x, y, φ(t, x, y), φ)

∣∣∣∣,
(3.14)

for the HJB-equation with the matrix ap instead of a. For the derivatives on t and on y we
just apply a Taylor development to obtain the bound terms |∂2

t φ|0∆t and µ|D2
yφ|0h. Consider

now the diffusion term : by a Taylor development, we get (for ξ ∈ S) :

D2φ(hξ, hξ) − ∆ξφ ≤ 2h4
∑4

k=0 ξ
k
1ξ

4−k
2

∂4φ
∂xk∂y4−k ,

≤ 4h4||ξ||4|D4φ|0,

whereD4φ =
∑4

k=0
∂4φ

∂xk
1∂x

4−k
2

, and the last inequality follows from the fact that
∑4

k=0 ξ
k
1ξ

4−k
2 ≤

2||ξ||4. Moreover, from (3.6), we can deduce that

0 ≤ γα1,α2

ξ ≤
tr(ahp)

‖ξ‖2
,

for every ξ which appear in the decomposition of ahp . Then, for the global diffusion term we
obtain

tr[apD
2φ(t, x, y)] −

∑

ξ∈S
γα1,α2

ξ ∆ξφ(t, x, y) ≤ 2tr(ahp)|D4φ|0h4
∑

ξ∈S ‖ξ‖2

≤ 8tr(ahp)|D4φ|0h4p2
max

≤ 8tr(ap)|D4φ|0h2p2
max

where the last inequality follows from the fact that ξi ≤ pmax, for i = 1, 2. We are now looking
for a bound of tr(ap) which depends on (t, x, y). It is easy to see that tr(ap) ≤

√
2‖ap‖, and

moreover, by (3.7), we can show that

‖ap‖ ≤ 2‖a‖, (3.15)

where ‖a‖ depends on t, x, y.
Therefore, we obtain

tr[apD
2φ(t, x, y)] −

∑

ξ∈S
γα1,α2

ξ ∆ξφ(t, x, y) ≤ 16
√

2‖a‖|D4φ|0h2p2
max.

Then we can conclude that

(3.14) ≤ C1(|∂2
t φ|0∆t+ µ|D2

yφ|0h) + 16
√

2p2
max‖a‖|D4φ|0h2. (3.16)

On the other hand,
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4. EXISTENCE OF THE NUMERICAL SOLUTION

• For the points (x, y) such that x− pmaxh ≥ 0, and y − pmaxh ≥ 0,
∣∣∣∣tr[a ·D2φ(t, x, y)] − tr[ap ·D2φ(t, x, y)]

∣∣∣∣ ≤
√

2‖a− ap‖|D2φ|0.

Let us note that to obtain an error ‖a− ap‖ depending on the space step h, we should
choose a suitable value pmax as in (3.9).

• For the points such that x < pmaxh or y < pmaxh, using the definition (3.2) of a, and
the Lipschitz property of σ2, one gets

||a|| ≤ C(x2y + y2 + xy),

where C depends on α1,α2 and on the Lipschitz constant of σ2. Moreover, since we
know that p = min(dx/he, dy/he), then x, y ≤ K(x, y)p · h, for a convenient integer
K(x, y) = max(dx/he, dy/he)+1. Hence ||a|| ≤ CK(x, y)p2h2. Then this estimate with
(3.8) yields to :

∣∣∣∣tr[a ·D2φ(t, x, y)] − tr[ap ·D2φ(t, x, y)]

∣∣∣∣ ≤ ‖a− ap‖|D2φ|0
≤ 1

4p2
||a|| · |D2φ|0

≤ CK(x, y)|D2φ|0h2.

This concludes the consistency property (S3), with εp(t, x, y) = ||a − ap|| if p = pmax, and
εp(t, x, y) = CK(x, y)h2 if p = min(dx/he, dy/he).

Proposition IV.11. Suppose that
(a) pmax = o( 1

h),
(b) there exists C > 0 such that pmax ≥ C√

h
,

then ∣∣∣∣ min
α2

1+α2
2

{
− α2

1

∂φ

∂t
(t, x, y) + α2

1µ
∂φ

∂y
(t, x, y) − 1

2
tr[a ·D2φ(t, x, y)]

}

−Sρ(t, x, y, φ(t, x, y), φ)

∣∣∣∣ = O(h) +O(∆t).

for all (t, x, y) ∈ [0, T ] × (R∗
+)2.

Proof. The proof follows from the explicit form of the consistency property (S3).2

Remark IV.12. In the case when the direction of diffusion points toward a point of the grid,
the consistency remains the same, except for the error of projection which will be zero.

4 Existence of the numerical solution

In this section we prove the well-posedness of the implicit scheme (3.11a) with boundary
conditions (3.11b), (3.11c) and (3.11d), and show that it satisfies the required monotony and
stability properties (S1)-(S2).
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4. EXISTENCE OF THE NUMERICAL SOLUTION

We recall that the grid is Gh = {(xi, yj), i, j ≥ 0} ⊂ R
2
+, where xi := ih, yj := jh.

We first start to initialize the scheme by

vh(T, x, y) := g(x), (x, y) ∈ Gh.

Then, given vh(t+ ∆t, .) for some time t, we need to find vh(t, x, y) for (x, y) ∈ Gh such that

min
α2

1+α2
2=1

{
α2

1

vh(t, x, y) − vh(t+ ∆t, x, y)

∆t
+ α2

1µ(t, y)
vh(t, x, y) − vh(t, x, y − h)

h

−1

2

∑

ξ∈S
γα1,α2

ξ ∆ξvh(t, x, y)

}
= 0, ∀(x, y) ∈ Gh, y > 0, (4.1)

and with the following ”boundary conditions” :

vh(t, x, 0) = g(x), ∀ x ∈ hN (4.2)

vh(t, ., .) bounded (4.3)

The scheme in abstract form. Since for all (x, y) ∈ Gh with y > 0, an optimal control
(α1, α2) must be found, we introduce B̄ := {α = (α1, α2), α

2
1 + α2

2 = 1} and

A := (B̄)N×N
∗

the set of controls associated to the grid mesh (xi, yj)i≥0, j≥1.
The scheme can then be expressed in the following abstract form :

find X := vh(t, ., .) ∈ R
N×N

∗

, bounded, such that

min
w∈A

(
A(w)X − b(w)

)
= 0, (4.4)

where A(w) is a linear operator on R
N×N

∗

, and b(w) is a vector of R
N×N

∗

, and are made
precise below.

Definition of the matrix A(w) and vector b(w) : Let X = (Xij)i≥0, j≥1, (resp. w =
(αij)i≥0, j≥1, with αij = (αij,1, αij,2)) be values (resp. controls) corresponding to the mesh
points (xi, yj) of Gh. Then

• A(w) is an infinite matrix determined by ∀X, ∀i ≥ 0, ∀j ≥ 1,

(A(w)X)ij :=
α2
ij,1

∆t
Xij + α2

ij,1µ(t, yj)
1

h
(Xij − (1 − κj−1)Xi,j−1)

+
1

2

∑

ξ=(ξ1,ξ2)∈S
γ
αij

ξ (−(1 − κj−ξ2)Xi−ξ1,j−ξ2 + 2Xij −Xi+ξ1,j+ξ2)

where κk := 1 if k = 0 and κk := 0 if k 6= 0.
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4. EXISTENCE OF THE NUMERICAL SOLUTION

• b(w) is defined by

bi,j(w) :=
α2
ij,1

∆t
vh(t+ ∆t, xi, yj) + α2

ij,1

µ(t, yj)

h
κj−1g(xi) (4.5)

+
1

2

∑

ξ=(ξ1,ξ2)∈S
γ
αij

ξ κj−ξ2g(xi−ξ1)

where vh(t + ∆t, x, y) is the solution at the previous time step and is assumed to be
bounded.

We shall also denote

δij(w) :=
α2
ij,1

∆t
+
α2
ij,1

h
µ(t, yj)κj−1 +

1

2

∑

ξ=(ξ1,ξ2)∈S
γ
αij

ξ κj−ξ2 .

Remark IV.13. The matrix A(w) is δ(w)-diagonal dominant in the following sense :

A(i,j),(i,j)(w) = δij(w) +
∑

(k,`)6=(i,j)

|A(i,j),(k,`)(w)|.

Remark IV.14. Note that in the case no border points y = 0 are involved (i.e. when j >
pmax), we have the more simple expressions :

(A(w)X)ij :=
α2
ij,1

∆t
Xij +

α2
ij,1

h
µ(t, yj)(Xij −Xi,j−1)

+
1

2

∑

ξ=(ξ1,ξ2)∈S
γ
αij

ξ (−Xi−ξ1,j−ξ2 + 2Xij −Xi+ξ1,j+ξ2),

and

bi,j(w) :=
α2
ij,1

∆t
vh(t+ ∆t, xi, yj), δij(w) :=

α2
ij,1

∆t
.

Remark IV.15. Note that on the boundary x = 0, if we assume that vh(t+ ∆t, 0, y) = g(0)
then the scheme reads

min
α2

1+α2
2=1

{
α2

1

vh(t, 0, y) − g(0)

∆t
+ α2

1µ(t, y)
vh(t, 0, y) − vh(t, 0, y − h)

h

+
1

2
α2

2(−vh(t, 0, y − h) + 2vh(t, 0, y) − vh(t, 0, y + h))

}
= 0, ∀y ∈ hN

∗ (4.6)

and with vh(t, 0, 0) = g(0). One can show that vh(t, 0, y) = const := g(0) is the only bounded
solution of (4.6) (using the results of Lemma 6.1, Proposition IV.21 and Proposition IV.23).
Hence by recursion we see that vh(t, 0, y) = g(0) for all t and y ∈ hN. In order to simplify
the presentation of A(w) and b(w) we have preferred not to add this knowledge in a boundary
condition at x = 0.
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4. EXISTENCE OF THE NUMERICAL SOLUTION

Preliminary results. In order to find a solution of (4.4), we first consider the linear system

A(w)X = b(w),

for a given w ∈ A. For expository reasons, some specific results for such systems have been
postponed to the appendix. We can check that (A(w), b(w)) satisfy all the assumptions of
Proposition IV.22. In particular, we can check that the matrix A(w) is monotone, in the sense
that if X = (Xi,j)i≥0,j≥1 is bounded (or bounded from below) and such that

∀i ≥ 0, ∀j ≥ 1, δij(w) = 0 ⇒ (A(w)X)ij = 0, (4.7)

then
A(w)X ≥ 0 ⇒ X ≥ 0.

Here (4.7) is equivalent to

∀i ≥ 0, j ≥ 1, αij,1 = 0 ⇒ −Xi,j−1 + 2Xij −Xi,j+1 = 0.

Since b(w) satisfies δij(w) = 0 ⇒ bi,j(w) = 0, and that

max
i,j;δij(w)>0

|bij(w)|
δij(w)

≤ max(||vh(t+ ∆t, ., .)||∞, ||g||∞),

we also obtain by Proposition IV.22 (ii) that there exists a unique bounded X such that
A(w)X = b(w), and satisfying furthermore

||X||∞ := max
i≥0,j≥1

|Xij | ≤ max(||vh(t+ ∆t, ., .)||∞, ||g||∞).

Howard algorithm We can now consider the following Howard algorithm for solving (4.4).
Let w0 ∈ A be a given initial control value
Iterate for k ≥ 0,
• Find Xk bounded, such that A(wk)Xk = b(wk).
• wk+1 := argminw∈A(A(w)Xk − b(w)).

In the second step note that the minimization is done component by component, since
(A(w)Xk − b(w))ij depends only of the control αij ; the minimum is also well defined since
the control set B̄ for αij is compact.

Then we have the following result, whose proof is postponed to the appendix.

Proposition IV.16. There exists a unique bounded solution X to the problem

min
w∈A

(A(w)X − b(w)) = 0,

and the sequence Xk converges pointwisely towards X, i.e., limk→∞Xk
ij = Xij ∀i, j ≥ 0.
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5. CONVERGENCE

Stability and monotonicity. First, the convergence proved in the previous proposition
leads also to the bound ||vh(t, .)||∞ = ||X||∞ ≤ max(||vh(t + ∆t, .)||∞, ||g||∞). Hence by
recursion we obtain ||vh(t, .)||∞ ≤ ||g||∞, which shows the stability of the scheme.

Then, the monotonicity is also obtained directly from the definition of the scheme.

Remark IV.17. Note that we have the following stronger monotonicity result : if v1
h(t+∆t)

and v1
h(t+ ∆t) are two bounded vectors defined on the grid, and X1 and X2 denotes the two

corresponding solutions of (4.4), then

v1
h(t+ ∆t, .) ≤ v2

h(t+ ∆t, .) ⇒ X1 ≤ X2.

To see this, let us denote bq(w), for q = 1, 2, the vectors corresponding to vqh(t+∆t) as defined
in (4.6). We note that b1(w) ≤ b2(w), ∀w ∈ A. Let w1 be an optimal control for X1. Then

A(w1)X1 − b1(w1) = 0 = min
w∈A

(A(w)X2 − b2(w))

≤ A(w1)X2 − b2(w1)

≤ A(w1)X2 − b1(w1),

and thus A(w1)(X2 −X1) ≥ 0. By the monotonicity property of A(w1) and the fact that if
δij(w

1) = 0 then b2ij(w
1) − b1ij(w

1) = 0, we conclude to X1 ≤ X2.

Remark IV.18. Note that since we deal with an implicit scheme, the stability and monoto-
nicity results are obtained inconditionnaly with respect to the mesh sizes h and ∆t > 0, as
expected.

5 Convergence

Since the scheme is monotone, stable and consistent, we can use the same arguments
as in [5, Theorem 2.1] to conclude the convergence of vh toward ϑ, taking into account the
comparison principle Theorem 2.5.

In order to prove this convergence, we first note that the following type of discrete com-
parison principle holds for the scheme.

Lemma 5.1. Let Y = Yh,∆t(t, x, y) be defined on (x, y) ∈ Gh and for T − t ∈ ∆tN. Suppose
that Y is a super-solution of the scheme (resp sub-solution of the scheme), in the following
sense :
(i) ∀ t+ ∆t ≤ T , (x, y) ∈ Gh, y > 0, Sρ(t, x, y, Y (t, x, y), Y ) ≥ 0
(resp. Sρ(t, x, y, Y (t, x, y)) ≤ 0),
(ii) ∀ (x, y) ∈ Gh, Y (T, x, y) ≥ g(x) (resp Y (T, x, y) ≤ g(x)),
(iii) ∀ t ≤ T , (x, y) ∈ Gh, Y (t, x, 0) ≥ g(x) (resp Y (t, x, 0) ≤ g(x)),
(iv) Y (t, x, y) is bounded from below (resp. from above).
Then Y ≥ vh (resp Y ≤ vh), where vh = vh(t, x, y) are the scheme values.
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Proof. Indeed the proof can be obtained by recursion (using Y (t+ ∆t, .) ≥ vh(t+ ∆t, .)
to show that Y (t, .) ≥ vh(t, .)) following the same arguments as in Remark IV.17. In order to
conclude from A(w1)(Y (t, .) − vh(t, .)) ≥ 0 to Y (t, .) − vh(t, .) ≥ 0 (for a given control w1),
we use the fact that Y (t, .)− vh(t, .) is bounded from below and Prop IV.22 1). The proof for
the sub-solution is similar. 2

We can give now the convergence result.

Theorem 5.2. We assume (A1)-(A3) and that g is C2-regular and such that −x2g′′(x) be
bounded from below. Suppose also that (pmaxh) satisfies the assumptions of Proposition IV.11.
Then the scheme solution vh converges locally uniformly to ϑ when h,∆t → 0.

Proof. In the following when we denote h → 0 we also mean that ∆t → 0. Let v̄ and v
be defined by

v(t, x, y) = lim sup
h,∆t→0,(t′,x′,y′)→(t,x,y)

vh(t
′, x′, y′),

v(t, x, y) = lim inf
h,∆t→0,(t′,x′,y′)→(t,x,y)

vh(t
′, x′, y′),

(The function vh(t, x, y) defined for (x, y) in the grid Gh and for T − t = n∆t can be extended
to [T, 0] × R

+ × R
+ by a P0 interpolation.) As in [5, Theorem 2.1], using properties (S1-S3)

of the scheme, we can prove that v̄ and v are respectively bounded viscosity sub- and super-
solution of (3.1). If the following inequalities hold :

v(T, x, y) ≤ g(x) ≤ v(T, x, y) (5.1)

v(t, x, 0) ≤ g(x) ≤ v(t, x, 0) (5.2)

then, by the comparison principle (Theorem 2.5) we obtain v ≤ v, hence v = v and the
convergence of vh towards the unique viscosity solution of HJB, i.e. ϑ.

Now let us prove the claims (5.1) and (5.2).
Step 1 : v(T, x, y) ≥ g(x), and v(t, x, 0) ≥ g(x).

Considering Y (t, x, y) = g(x), we see that Y is a sub-solution of the scheme (3.10) (in the
sense of Lemma 5.1). Hence vh ≥ Y and we deduce the two inequalities v(T, x, y) ≥ g(x) and
v(t, x, 0) ≥ g(x).

Step 2 : v̄(T, x, y) ≤ g(x), and v̄(t, x, 0) ≤ g(x).
Let C ≥ 0 and L ≥ 0 be some constants such that −1

2x
2g′′(x) ≥ −C and σ2(t, y) ≤ Ly. Let

K be a constant such that K ≥ CL, fix an arbitrary ε > 0 and, for t ∈ [0, T ], let

Y (t, x, y) := K (T − t) (y + min(1; y)) + g(x).

Note that −1
2x

2 1
h2 (−g(x − ξ1h) + 2g(x) − g(x + ξ1h)) = −1

2x
2ξ21g”(θx,h) ≥ −C (for some

θx,h ∈ [x − ξ1h, x + ξ1h]). Then we can deduce that Sρ(t, x, y, Y (t, x, y), Y ) ≥ 0, Y satisfies
the assumptions (i)-(iv) of Lemma 5.1, and thus Y ≥ vh. In particular,

v(T, x, y) = lim sup
h→0,(t′,x′,y′)→(T,x,y)

vh(t
′, x′, y′) ≤ lim sup

h→0,(t′,x′,y′)→(T,x,y)
Y (t, x, y) ≤ g(x).

We prove that v(t, x, 0) ≤ g(x) in the same way. 2
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6. PROPERTIES OF SOME INFINITE LINEAR SYSTEM

Appendix

6 Properties of some infinite linear system

In this section we give some basic results for solving some specific infinite matrix system
that are involved in our scheme.

Notations. We say that A = (aij)1≤i,j , i, j ∈ N
∗, with aij ∈ R is an infinite matrix if

{j ≥ 1, aij 6= 0} is finite ∀i ≥ 1. If X = (xi)i≥1 then we denote (AX)i =
∑

j≥1 aijxj. We also
denote X ≥ 0 if xi ≥ 0, ∀i ≥ 1.

The following Lemma generalizes the monotony property of M -matrices.

Lemma 6.1 (monotony). Let A = (aij)1≤i,j be a real infinite matrix such that
(i) For all i ≥ 1, ∃δi ≥ 0, aii = δi +

∑
j 6=i |aij |,

(ii) aij ≤ 0 ∀i 6= j,
(iii) δ1 > 0,
(iv) ∀i ≥ 1,

∑
j j aij ≥ 0.

(v) ∀i ≥ 2, if δi = 0 then ∃qi > 0 such that (AX)i = qi(−xi−1 + 2xi − xi+1).
Then A is monotone in the following sense : if X = (xi)i≥1 is bounded from below and such
that ∀i ≥ 1, δi = 0 ⇒ (AX)i = 0, then

AX ≥ 0 ⇒ X ≥ 0.

Remark IV.19. Note that from Lemma 6.1 we deduce the uniqueness of bounded solutions
of AX = b for any b such that δi = 0 ⇒ bi = 0.

Proof of Lemma 6.1. Let m = mini≥1 xi.
Step 1. We first assume that there exists i ≥ 1 such that m = xi. Then

0 ≤ aiixi +
∑

j 6=i
aijxj = δixi +

∑

j 6=i
|aij |(xi − xj) ≤ δixi

If δi > 0, then xi ≥ 0. In the case δi = 0, by assumption (v) we obtain that m = xi = xi−1 =
xi+1. In particular the minimum m is also reached by xi−1. Since δ1 > 0, by a recursion
argument we will arrive at a point j such that δj > 0 and thus xj ≥ 0.

Step 2. In the general case we consider Y = (yi) with yi := xi + ε i for some ε > 0. We
note that yi → +∞, hence i → yi has a minimum. Also, (AY )i = (AX)i + ε

∑
j j aij ≥ 0.

Hence AY ≥ 0 and Y ≥ 0 by Step 1. Since this is true for any ε > 0, we conclude that X ≥ 0.
2

Remark IV.20. Note that in Lemma 6.1 we can relax the assumption (xi) bounded from
below by lim infi→∞

xi

i ≥ 0.

Proposition IV.21 (Existence of solutions for linear systems). We consider A, an infinite
matrix, such that
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6. PROPERTIES OF SOME INFINITE LINEAR SYSTEM

(i) ∀i ≥ 1, ∃δi ≥ 0, aii = δi +
∑

j 6=i |aij |,
(ii) δ1 > 0.
(iii) ∀i ≥ 2, if δi = 0 then ∃qi > 0, such that (AX)i = qi(−xi−1 + 2xi − xi+1).
Let also b = (bi)i≥1 be such that

∀i, δi = 0 ⇒ bi = 0, and max
k≥1, δk 6=0

|bk|
δk

<∞.

Then there exists a unique X, in the space of bounded sequences, such that AX = b, and
furthermore we have

max
k≥1

|xk| ≤ max
k≥1, δk 6=0

|bk|
δk
.

Proof. We look for solutions x(n) = (x
(n)
1 , . . . , x

(n)
n )T ∈ R

n of the first n linear equations

of AX = b, and set also x
(n)
k := 0, ∀k > n. (Dirichlet type boundary conditions on the right

border). This leads to solve the finite dimensional system

A(n)x(n) = b(n) (6.1)

where A(n) := (aij)1≤i,j≤n and b(n) := (b1, . . . , bn)
T ,

Lemma 6.2. There exists a unique x(n) solution of (6.1) and furthermore it satisfies the
inequality

max
1≤k≤n

|x(n)
k | ≤ max

1≤k≤n, δk 6=0

|bk|
δk
. (6.2)

Proof of Lemma 6.2. Suppose that x(n) exists, and let i be such that |x(n)
i | = max1≤j≤n |x(n)

j |.
Note that we still have ∀1 ≤ i ≤ n, a

(n)
ii = δi +

∑
j 6=i |a

(n)
ij |. If δi > 0,

|bi| ≥ |a(n)
ii x

(n)
i | −

∑

j 6=i
|a(n)
ij ||x(n)

j | ≥ δi|x(n)
i |

thus |x(n)
i | ≤ |bi|

δi
. If δi = 0, we consider

i0 := sup{k < i, δk > 0}.

(i0 exists since δ1 > 0). Then −x(n)
k−1 + 2x

(n)
k − x

(n)
k+1 = bk/qk = 0 for k = i0 + 1, . . . , i, and

x
(n)
k+1 − x

(n)
k = const = c0 for k = i0, . . . , i. But x

(n)
i is an extremum of x

(n)
i−1, x

(n)
i and x

(n)
i+1.

This implies that x
(n)
i−1 = x

(n)
i = x

(n)
i+1, and thus c0 = 0 and x

(n)
i0

= x
(n)
i is also an extremum.

Since δi0 > 0, we can estimate |x(n)
i0

| as before. This implies the invertibility of A(n), and thus

the uniqueness of x(n). 2

Now we shall prove that the sequence X(n) = (x(n), 0, 0, . . . )T , which satisfies already

||X(n)||∞ ≤ C := maxδk 6=0
|bk|
δk
, converges pointwisely towards a solution X of the problem.
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We first suppose that b ≥ 0. We can see that A(n) is still a monotone matrix (following the
proof of Lemma 6.1). Hence x(n) ≥ 0. Now we consider x(n+1) and for i ≤ n we see that

(
A(n)x(n+1)

)
i
= bi − ai,n+1x

(n+1)
n+1 ≥ bi =

(
A(n)x(n)

)
i
.

Hence we obtain that

(x
(n+1)
1 , . . . , x(n+1)

n )T ≥ (x
(n)
1 , . . . , x(n)

n )T ,

and in particular X(n) ≤ X(n+1). Since ||X||∞ ≤ C, we obtain the (pointwise) convergence
of X(n) towards some vector X such that ||X||∞ ≤ C. In the general case, we can decompose
b = b+ − b− with b+ = max(b, 0), b− = max(−b, 0), and proceed in the same way. We obtain
the pointwise convergence of X(n) = X(n),+ −X(n),− towards some X, with X(n),± ≥ 0 and
||X(n),±||∞ ≤ C, hence also ||X||∞ ≤ C.

Since {j, a
(n)
ij 6= 0} is finite, for any given i we can pass to the limit n → ∞ in

∑
j≥1 a

(n)
ij x

(n)
j = bi, and obtain (AX)i = bi. 2

Case of infinite 2d matrices. We say that the set of real numbers A = (A(i,j),(k,`))1≤i,j,k,`
is an infinite 2d matrix if {(k, `), A(i,j),(k,l) 6= 0} is finite ∀i, j ≥ 1 (A is also an ”infinite”
tensor). If X = (Xi,j)i,j≥1 then we denote (AX)i,j =

∑
k,`≥1A(i,j),(k,`)Xk,`. We also denote

X ≥ 0 if Xi,j ≥ 0, ∀i, j.
The previous results can be easily generalized to infinite 2d matrices. We state here the

results without proof.

Proposition IV.22. Let A = (A(i,j),(k,`))1≤i,j,k,` be an infinite 2d matrix such that
(i) For all i, j ≥ 1, A(i,j),(i,j) = δij +

∑
(k,`)6=(i,j) |A(i,j),(k,`)| with δij ≥ 0,

(ii) A(i,j),(k,`) ≤ 0 ∀(i, j) 6= (k, `),
(iii) δi1 > 0, ∀i ≥ 1,
(iv) ∀i, j ≥ 1,

∑
(k,`)(k + `)A(i,j),(k,`) ≥ 0,

(v) ∀i ≥ 1, ∀j ≥ 2, if δij = 0 then ∃qij > 0 such that

(AX)ij = qij(−Xi,j−1 + 2Xi,j −Xi,j+1).

1) Then A is monotone in the following sense : if X = (Xi,j)i,j≥1 is bounded from below and
such that ∀i, j ≥ 1, δi,j = 0 ⇒ (AX)i,j = 0, then

AX ≥ 0 ⇒ X ≥ 0.

2) If b = (bij)i,j≥1 is such that δij = 0 ⇒ bi,j = 0, and max
i,j≥1, δij>0

|bij|
δij

<∞,

then there is a unique bounded X such that AX = b, and furthermore

max
i,j≥1

|Xij | ≤ max
i,j≥1, δij>0

|bij |
δij

.
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7. CONVERGENCE OF THE HOWARD ALGORITHM

7 Convergence of the Howard algorithm

In this section we prove the following result.

Proposition IV.23. Let S be a compact set, and A := SN, the set of infinite sequences of
S. For all w ∈ A, let A(w) := (aij(w))i,j≥1 be an infinite matrix, and b(w) := (bi(w))i≥1. We
assume furthermore that
(i) If w = (wi)i≥1, aij(w) depends only of wi, and also bi(w) depends only of wi, and this
dependence is continuous.
(ii) ∀i, supw∈A

(
Card{j, aij(w) 6= 0}

)
<∞.

(iii) (monotony) For all w ∈ A and X bounded,

A(w)X ≥ 0 ⇒ X ≥ 0.

(iv) ∃C ≥ 0, ∀w ∈ A, ∃X solution of A(w)X = b(w) and such that

||X||∞ ≤ C.

Then
(i) there exists a unique bounded solution X to the problem

min
w∈A

(A(w)X − b(w)) = 0. (7.1)

(ii) the Howard algorithm as defined in section 4 converges pointwisely towards X.

Remark IV.24. Proposition IV.23 can then be adapted in order to prove Proposition IV.16.
The proof is left to the reader.

Proof. Let us first check the uniqueness. Let X and Y be two solutions, and let w̄ be an
optimal control associated to Y . Then

A(w̄)Y − b(w̄) = 0

= min
w∈A

(A(w)X − b(w))

≤ A(w̄)X − b(w̄).

Hence A(w̄)(Y −X) ≤ 0 and thus Y ≤ X using the monotony property. We can prove Y ≥ X
in the same way, hence X = Y which proves uniqueness.

The existence now is obtained by considering the sequence Xk and controls wk as in the
Howard algorithm of section 4.

We first remark that for all k ≥ 0, Xk ≤ Xk+1, because

A(wk+1)Xk+1 − b(wk+1) = 0

= A(wk)Xk − b(wk)

≥ min
w

(A(w)Xk − b(w))

≥ A(wk+1)Xk − b(wk+1)
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and using the monotony of A(wk+1). Also, Xk is bounded. Hence Xk converges pointwisely
towards some bounded X. It remains to show that X satisfies (7.1).

Let Fi(X) be the i-th component of minw∈A(A(w)X − b(w)), i.e.

Fi(X) = min
w∈A

(A(w)X − b(w))i

For a given i, since (A(w)X)i involves only a finite number of matrix continuous coefficients
(aij(w))j≤jmax , we obtain that limk→∞ Fi(X

k) = Fi(X). Also by compactness of S, by a diago-
nal extraction argument, there exists a subsequence of (wk)k≥0, denoted wφk , that converges
pointwisely towards some w ∈ A.

Passing to the limit in (A(wφk )Xφk − b(wφk))i = 0, we obtain (A(w)X − b(w))i = 0. On
the other hand,

Fi(X) = lim
k→∞

Fi(X
φk−1)

= lim
k→∞

(
A(wφk)Xφk − b(wφk)

)

i

=
(
A(w)X − b(w)

)
i

Hence Fi(X) = 0, ∀i, which concludes the proof. 2

8 Points on the boundary

We present in this section another way to consider the point near to the boundary in
the discretization of the second order term. Consider the grid points that are close to the
boundaries x = 0, y = 0. Fixes an order pmax, for theses points, the discretization of the
second order term could involve some author points which are out of the grid.

Then we modify the expression of the elementary diffusion. Let us explain this modifica-
tion on a simple example drawn in the following picture

6

-x

y

•(x, y)

• (x+ ξ1, y + ξ2)

•
(x− ξ, y − ξ2)

*

�

The direction of the diffusion (the vector →) points toward a grid points (x±ξ1h1, y±ξ2h2)
in the neighborhood of order 2. However, (x − ξ1h1, y − ξ2h2) is out of the grid, which is
delimited by the positive part of the x-axis and the positive part of the y-axis.
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Introduce a parameter θ1 ∈ [0, 1] and the associated point (x − θ1ξ1h1, y − θ1ξ2h2). The
real θ1 is chosen in such a way that the point (x − θ1ξ1h1, y − θ1ξ2h2) is on the diffusion
direction and belonging to the y-axis (the intersection between the y-axis and the vector
formed by (x, y) and (x − ξ1h1, y − ξ2h2)). Although (x − θ1ξ1h1, y − θ1ξ2h2) is not a grid
point, we will use it in the scheme, because the function vh is known on the axis x = 0. The
elementary diffusion becomes

∆ξ,θφ(x, y) =
φ(x+ θ1ξ1h1, y + θ1ξ2h2) + φ(x− θ1ξ1h1, y − θ1ξ2h2) − φ(x, y)

θ2
1

, (8.1)

where θ1 ∈ [0, 1] is chosen such that (x− θ1ξ1h1, y − θ1ξ2h2) and (x+ θ1ξ1h1, y + θ1ξ2h2) are
in the domain [0,+∞)2.

6

-x

y

(x, y)

• (x+ ξ1h1, y + ξ2h2)

•
(x− ξ1h1, y − ξ2h2)

*

�
• (x− θ1ξ1h1, y − θ1ξ2h2)

• (x+ θ1ξ1h1, y + θ1ξ2h2)

•

In general case, for ξ is in the stencil Spmax and (x, y) in the grid Gh, if the points
(x±ξ1h1, y±ξ2h2) should be used in the approximation of the covariance matrix and if thery
are out of the domain [0,+∞)2, then we modify the elementary diffusion ∆ξ by :

∆ξ,θφ(x, y) =
θ2φ(x+ θ1ξ1, y + θ1ξ2) + θ1φ(x− θ2ξ1, y − θ2ξ2) − 2(θ1 + θ2)φ(x, y)

θ1θ2(θ1 + θ2)
,

where θ1, θ2 ∈ [0, 1] are such that (x+ θ1ξ1h1, y + θ1ξ2h2) and (x− θ2ξ1h1, y − θ2ξ2h2) are in
the domain.

Therefore, the scheme (3.4) should be written :

vh(T, x, y) = g(x) = vh(t, x, 0), vh(t, 0, y) = g(0), (8.2)

min
α2

1+α
2
2=1

{−α2
1δtvh(t, x, y) − α2

1µδyvh(t, x, y) −
1

2

∑

ξ∈S
γα1,α2

ξ ∆ξ,θvh(t, x, y)} = 0, (8.3)

for t < T − ∆t.
This scheme satisfies consistency property, in the sense of Proposition IV.11.
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