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Abstract

Optimal stochastic control problems have a large number of applications in problems of
economy, finance (see e.g. the portfolio selection problem in a market with risky assets and
non-risky assets, the investment problem and the super-replication price in a model with
uncertain volatility), and management of energy. These are typical situations in where we are
faced to a dynamical system which evolves under some conditions of uncertainty, and where
we have to take a decision at every time, to optimize an economical criterion. In particular,
the control variable acts on the state of the system.

Stochastic control problems are historically handled with the Bellman dynamic program-
ming principle, which leads to obtain a characterization of the value function of the opti-
mal control problem as solution of a partial differential equation, said the Hamilton-Jacobi-
Bellman equation. In most cases, the value function is not sufficiently smooth to satisfy the
HJB-equation in the classical sense. It is for this reason that the notion of viscosity solution,
introduced by Crandall and Lions for the deterministic Hamilton-Jacobi-Bellman equation,
has been extended to the second order problem by Lions. The theory of viscosity solutions,
provided an extremely convenient framework for dealing with the lack of smoothness of the
value function of the optimal stochastic control problem.

In some situations, the value function could be smooth : this is the case, for example, of
the Merton portfolio selection problem, for which a classical solution of the correspondent
HJB-equation can be performed.

However, in the general case, the HJB-equation can not be solved explicitly, hence it is
necessary to analyze it numerically. In particular a discretization of the HJB-equation via
Markov chain approximation is considered, and an approximate solution is computed.

It is then necessary to guarantee that the numerical solution is a good approximation of
the viscosity solution, and for this reason a theory of error estimate has been developed. This
theory leads to obtain a theoretical estimate of the differences between the viscosity solution
and the discrete solution.



The thesis is divided in two parts. In the first part we give error estimates for a problem
on stochastic game theory, and stochastic impulse control problem. Both these problems have
some particular difficulties, and classical results on error estimate can not be applied directly.

The second part concerns a study of some algorithms to implement, in particular for two
problems : a stochastic impulse control problem, and a problem with unbounded control.



Introduction

L’objet principal de cette thése est I’étude des approximations numériques de différentes
équations Hamilton-Jacobi-Bellman associées a des probléemes de contréle optimal stochas-
tique.

On considere le probleme de controle optimal suivant :

u(z) = infa(.)eAE[/ooe_Mf(X(t), a(t))dt]

AX (£) = (X (1), a(D))dt + o(X (), alt)) AW, (0.1)

X(0) ==
ou A est I’ensemble des controles admissibles :
A:={a € L>*(0,40) | a(t) € A ae.},

avec A un ensemble de R™. Les fonctions f, b, o sont des fonctions de A x RY dans R, RV,
RNXP regpectivement, et W; est un mouvement Brownien de dimension N.

On considere les hypotheses suivantes sur les coefficients :

(A1) o est une matrice N x P. Il existe une constante K telle que, pour tout o € A,

0%+ [b%1 + [ < K.

(A2) X > sup,{[c°]3 + [b%]1}.
Il est connu (voir [27, 16, 2]) que, sous les hypotheses (A1)-(A2), la fonction valeur du
probleme (0.1) w est solution de viscosité bornée et Lipschtzienne de 1’équation HJB sui-
vante :

ilég LYz, u(x), Du(z), D*u(z)) = 0, (0.2)
e L (z,u(z), Du(z), D*u(z)) = —trla(o, z)D?*u(x)] — b(a, z)Du(x)

+u(z) — fo,x),
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Une solution explicite de (0.2) est treés souvent difficile a detérminer. C’est pour cette
raison qu’il est nécessaire d’introduire un schéma d’approximation : soit h € RY un pas de
discrétisation, considerons

S(h,z,up(z),up) =0, z e RV, (0.3)

ot S: RY x RY x R x Cp(RY) — R est une approximation de (0.2) sur une grille donnée de
pas de discrétisation h. On note u;, € Cy(RY) la solution de (0.3), continue et bornée, qui est
une approximation de u. La formulation abstraite du schéma (0.3) a été introduite par Barles
et Souganidis [5] pour I’étude de la convergence de la solution du schéma vers la solution
de viscosité. Afin de garantir cette convergence, I'opérateur S doit satisfaire les propriétés
suivantes :

(S1) Monotonie : pour tout o > 0, 7 € RN, m > 0, z € RY et pour toutes fonctions

bornées et continues u, v tells que v < v dans RV,

S(h,z,r +m,u+m) > Im+ S(h,z,rv).

(S2) Regularité : pour tout h > 0 et ¢ € Cp(RY), 2 — S(h,z,¢(z),$) est bornée et
continue ; 7 — S(h,x,r,¢) est uniformément continue pour r borné, uniformément en
r e RN,

(S3) 1l existe n,k; >0, i € J C{1,...,n} et une constante K. > 0 telle que, pour tout
h > 0 et 2 dans R, et pour et pour toutes fonctions ¢ € C™(RN) telles que |Di¢|g est
bornée, pour tout ¢ € J, on a :

sup L*(z, D¢) — S(h, z, ¢(x), 9)| < K.Q(),

a€A

ott Q) := Yie s |D'dlohb.

(S4) Stabilité : pour tout h, 'équation (0.3) admet une unique solution u; bornée.

Sous (S1)-(S4), la solution discréte uy converge uniformément, lorsque h — 0, vers la
solution de viscosité u de (0.2), [5].

Les hypotheses (S1)-(S4) ne sont pas tres restréctives et plusieurs schémas connus les
vérifient bien. Citons par exemple, les schémas basés sur les différences finies [17, &], les
méthodes semi-Lagrangiennes [12, 28], et plus généralement les approximations par Chaines
de Markov [20].

Lorsque le probléeme de controle optimal est déterministe, les estimations d’erreur sont
(généralement) de l'ordre de hz [19]. L’analyse de 'erreur dans le cas du controle stochastique
est plus délicate. Elle utilise des techniques de perturbations des équations HJB, des résultats
précis sur la stabilité des solutions de viscosité. La théorie de I'analyse de l'erreur a été
introduite par Krylov [23, 24, 25], Barles et Jakobsen [3, 4].

On donne maintenant un apercu des techniques existantes pour obtenir ’estimation d’er-
reur.



Borne supérieure de u — u;, Pour obtenir une borne supérieure, une technique a été
introduite par Krylov [23] pour les équations a coefficients constants, et ensuite elle a été
étendue au cas des coefficients bornés et Lipschitziens par Barles et Jakobsen [1]. On consideére
I’équation HJB perturbée, associée a (0.2) :

sup L%z 4 e,u (), Duf (z), D*us(z)) = 0,
acA le|<e

et soit u® I'unique solution de viscosité bornée et lipschtzienne. Par des techniques de viscosité,
il est possible de montrer que |u—u®| < Ce, ou C est une constante qui dépend de K introduit
dans (A1), de X et des constantes de Lipschitz de u et de u®. Ce résultat est ’application d’une
estimation plus générale : si on considere deux équations HJB avec coefficients respectivement
a,b, f et @,b, f, avec solution de viscosité u et @, respectivement, on arrive & donner une
estimation de v — @ en fonction de a — @, b — b, f — f et des constantes de Lipschitz de u et
@. On montre ensuite que u® est une sous-solution de viscosité de (0.2), et on la régularise
par convolution en utilisant un noyau régularisant p.. On obtient une fonction u. = u *
pe réguliere. En utilisant la propriété de convexité de 1'équation (0.2), on montre qu’une
combinaison convexe de sous-solutions de (0.2) est encore une sous-solution de (0.2). On peut
alors voir u. comme limite de combinaison convexe des u®, et donc u. est une sous-solution
de viscosité de (0.2). De plus, comme elle est réguliere, elle est aussi sous-solution au sens
classique. En appliquant I’hypothese de consistance (S3) & u., on arrive & construire une sous-
solution du schéma qui dépend de e. Ensuite, en appliquant un principe de comparaison pour
solution discrétes et en optimisant par rapport a € on arrive au résultat. Avec cette méthode,
pour le schéma des Différences Finies une estimation de 'ordre de h'/2 a été obtenue, i.e.

u—up < C’hl/2,

pour tout € RV, ot C est une constante qui dépend de K, K. et \.

Borné inférieure La borne inférieure est plus difficile a obtenir. La premiere idée a été
introduite par Krylov [23] pour les équations avec coefficients constants, et ensuite elle a été
étendue par Barles et Jakobsen pour les équations avec seulement la matrice a® constante.
Cette technique est une approche symétrique a celle utilisée pour obtenir la borne supérieure.
On perturbe le schéma et on obtient I’équation

sup S(h,x + e,uf(x),u;) =0, x¢€ RN,

le|<e
On régularise uj par convolution et avec I’hypothese de consistance on arrive a construire
une sous-solution de I’équation (0.2). Finalement, avec le Principe de Comparaison pour
solution de viscosité on peut conclure. Cette approche n’aboutit pas pour toutes les équations.
Neanmoins, elle permet de traiter le cas ou la matrice a est constante, auquel cas on obtient
une borne de I'ordre de h'/?7 pour le schéma des Différences Finies [23].

Récemment Krylov [25] a réussi a étendre cette approche & des équations avec coefficients

bornés et lipschitziens, mais seulement pour des schémas de discrétisation particuliers, dans



lesquels la diffusion se décompose selon des directions précises avec des coefficients lipschit-
ziens. Pour ce genre de schéma il a obtenu le méme résultat que pour la borne supérieure,
avec une erreur de l'ordre de h'/2. C’est le meilleur résultat obtenu jusqu’a maintenant.

Une autre méthode plus générale a été introduite par Barles et Jakobsen [3], pour les
équations avec coefficients bornés et Lipschtziens. Au lieu de perturber le schéma pour
construir une sous-solution de (0.2), ils introduisent un ”switching system” qui approche
I’équation HJB :

min{max{ sup L*(x, Dv;(x));vi(x) — min{v;(xz) + k}} =0,
acA; 7

pour x € RV et i € {1,... M}, A; C A. IIs considérent la solution de viscosité de ce systéme,
v = (v1,...,vp), et ils montrent que pour chaque i, v; converge vers u, solution de (0.2),
quand k — 0. A l'aide de ce systéme ils construisent une suite de sur-solutions de HJB qu’ils
régularisent, et avec la consistance ils arrivent & obtenir une sur-solution du schéma. Avec
cette technique, une borne de l'ordre de h'/® a été obtenue, pour le schéma des différences
finies.

Dans le chapitre 1 et 2 de la these, on a étendu les résultats existants sur les estimations
d’erreur a d’autre type de problemes, en particulier les deux problemes suivants :

— Un probléme a deux joueurs,

— Un probleme de controle impulsionnel,

Le chapitre 3 est consacré a ’étude numérique d’un probléme de contréle impulsionnel.
On présente 2 algorithmes pour le résoudre, et on fait une comparaison numérique entre
ces deux méthodes. Dans toute cette partie de la these, on a travaillé avec un ensemble de
controles compact.

On s’est ensuite intéressé a des problemes de controle optimal stochastique, avec controle
non borné. Cette étude fait I'objet du Chapitre 4. En particulier, on a étudié un probléme
de controle optimal provenant de la finance, associé & un modele de ”pricing” des options
dit de sur-couverture. On a considéré 1’équation HJB provenant de ce probleme et on I'a
ensuite discrétisée, avce le schéma des Différences Finies Généralisées. Finalement on a montré
I'existence et I'unicité de la solution discrete, et sa convergence vers la solution de viscosité
d’une équation HJB.

Chapitre 1. Le probleme a deux joueurs

Cette partie de la these a fait ’'objet de Iarticle
e J.F. Bonnans, S. Maroso, H. Zidani, Error estimates for stochastic differential games :
the adverse stopping case, IMA J. Numerical Analysis, 26 : 188-212, 2006. [7]

On considere un jeu a somme nulle, et deux joueurs A et B qui peuvent agir de la fonction

suivante :
— A dispose d’un ensemble de controle A, et son objectif est de minimiser le gain ;

10



— B ne dispose pas de controles, mais il peut uniquement arréter le jeu, tout en essayant
de maximiser le gain.
En terme de controle optimal, le probleme s’écrit sous la forme suivante

ule) = sup, inf AE[fJ =M F(X (1), o)) dt 1 e=>Tp(r)

d)i(;f) b(X (1), a(t))dt + o (X (t), a(t))dW:
X(0

ou A est ensemble des controles a(+), qui sont & valeurs dans un compact A C RM 4, f, b,
o, sont des fonctions de A x RN dans R, RY, RVXF respectivement, bornées et lipschtziennes,
et Wy est un mouvement Brownien de dimension N. La fonction ¢ représente le paiement
que les joueurs recoivent quand le jeu est arrété. L’équation HJB de type Isaac associée a ce
probléme est la suivante :

(0.4)

min{sup LY(x,u(x), Du(z), D*u(z));u(z) — (x)} = 0. (0.5)
a€cA
Sous les hypotheses (A1)-(A2), (0.5) admet une unique solution de viscosité, qu’on denotera
u. On consideére maintenant une approximation de (0.5), qui s’écrit :

min{S(h, z, up(x), up); up(x) — Y(x)} =0, zeRY, (0.6)

ou h est le pas de discrétisation, et .S est une approximation consistante, monotone et uni-
formément continue de sup,c 4 L®. On montre qu’il existe une unique solution de (0.6) wuy,
continue et bornée, qui est I'approximation de u. Les schémas typiques qu’on considere sont
les Différences Finies [20], les Différences Finies Généralisées [3, 10] et les approximations par
Chaines de Markov [20].

On s’intéresse maintenant & donner une borne supérieure et une borne inférieure de ||u —
up|. La difficulté principale ici, consiste dans le fait qu’on n’a plus une équation convexe et
donc on ne peut pas appliquer directement les méthodes introduites par Krylov [24], Barles
et Jakobsen [/, 3]. On arrive a contourner cette difficulté en combinant ces méthodes avec
une séparations des domaines qu’on va expliquer.

Borne supérieure de u — up. La borne supérieure est plus facile & obtenir que la borné
inférieure. En utilisant les idées présentées par Krylov [23], on introduit I’équation perturbée
suivante :

min{ s‘u|1j<> LYz 4 e,uf(z)), Duf (x), D*uf (z));uf(z) —(x)} =0, xR,

et on note u® 'unique solution de viscosité bornée et Lipschitzienne de cette équation. En
régularisant u® par convolution, on obtient une fonction u., et on arrive a montrer qu’il existe
une constante R qui dépend de ¢, telle que

min{S(h, z,u.(r) — R,us — R);uc(z) — R—(x)} <0, VazeRY. (0.7)

11



Donc on peut conclure que u. — R est une sous-solution du schéma, et avec le principe de
comparaison discret on conclut.
La partie plus délicate est la démonstration de (0.7), pour laquelle il faut introduire
I’ensemble suivant :
X(u) = {z € R [u(z) = ¢(x)}.

Ensuite on étudie les cas séparément :
(a) Pour les x € X (uf), on a u®(z) = 9(x), et en régularisant on obtient u.(z) — Ce <
(x), ou C dépend des constantes de Lipschitz de v et de u®.
(b) Pour les z ¢ X (u®), on applique la méthode standard [1], qui utilise la consistance et
les propriétés de la fonction régularisée, et on arrive au résultat.
Le résultat final est le suivant :

Theorem .1. Sous les hypothéses (A1)-(A2) et (S1)-(S4), on a
uw—u, < ChY,
ou £ = minjec j{k;/i}, et C dépend seulement de \, K, K, et Cy. O
On rappelle que les k; et K, viennent de ’hypothese de consistance (S3), K et A viennent
de (A1)-(A2), et Cy est la constante de Lipschitz de .

La borne inférieure de u — u;, La borne inférieure est plus compliquée a obtenir, et
on ne peut pas appliquer une technique symétrique. A la place d’une sur-solution réguliere,
on construit une suite de sur-solutions locales régulieres, comme dans [3]. En particulier on
introduit le ”switching system” suivant :

min{max{L" (z, Dv;(z)); v;(x) — 1;1;1;1{1)](3:) + k}}vi(x) —(x)} =0,

pour z € RN et i € 7T = {1,...,M}. On montre que ce systéme a une unique solution de
viscosité v = (v1,...,vas) et on donne aussi un taux de convergence de v vers u. En particulier
on a le résultat suivant :

Theorem .2. Pour tout i € T et pour tout x € RY on a
0<y,—u< C'k:l/g,
ou, C dépend de X et K définies en (A1). O
La perturbation du ”switching-system” conduit a I’équation suivante :
min{maX{‘i?;Lai (@ + e, Dvi(2)); vi () — min{uj(2) + k}};vi () —v(@)} =0,
pour tout i € Z et z € RN, et on dénote v° = (vi,...,v};) la solution de viscosité. On

régularise v® par convolution, on obtient la fonction v. qui est une sur-solution locale de
sup, L%(x,v:(z), Dv (), D®v.(x)) > 0.
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Pour arriver a I'estimation d’erreur, on doit alors considérer les 2 ensembles suivants :
X :={z eRVu,(z) =v(x)}; Y :={zecRY|S(h,z,up(z), up) =0}

Pour les x € Y, on applique la méthode introduite par Barles et Jakobsen : on applique
I’hypothese de consistance a la sur-solution v, et on obtient une sur-solution du schéma.
Enfin, le principe de comparaison discret nous permet de conclure. Pour les z € X, il est
suffisant de noter que uy(x) = ¥ (x) < u(z), pour tout .

En combinant ces deux résultat on a

Theorem .3. Sous les hypothéses (A1), (A2) et (S1)-(S3), et en supposant que le schéma a
une unique solution uy, dans Cp i (RY), on a que

up —u < ChY, VzeRY,

ot ¢ = mine j{k;/(3i —2)} et C dépend de \, K et K.. O

Dans ce chapitre de la these on fait aussi une étude des différents schémas numériques et on
donne les conditions sous lesquelles un schéma peut donner la meilleure estimation d’erreur.
Cette étude reste d’ailleurs valable pour les approximations de toutes les équations HJB.

Chapitre 2. Le probleme de contrdle impulsionnel

Cette partie de la these fait 'objet de l'article

e J.F. Bonnans, S. Maroso, H. Zidani, Error estimates for a stochastic impulse control
problem, & paraiitre dans Applied Mathematics and Optimization, version finale ac-
ceptée en mars 2006. [(]

Le probleme de controle optimal impulsionnel est le suivant

+oo

+o00
u(z) = infaea { ; A (Xy)e tdt + Z(k‘ + c(&i))e_ei}
i=1

dX, = b2(X,)dt + o®(X,)dW,, - t €]0;, i (0.8)
X+ = Xyp- + &, i €N
onx()

ou #; est une suite de temps d’arrét, & sont les impulsions et ¢ est un cout de transaction.
L’équation HJB associée a ce probleme est donc

max{zt;g L%z, u(z), Du(z), D*u(z)); u(z) — Mu(z)} =0, z € RY, (P)

ol Mu(x) =k + infgeRf{u(x +&) +c(8)},
k>0, c:RY >Ry, (0.9)
c(0) =0, c(&1+&) < (&) + (o).
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Soit u 'unique solution de viscosité bornée et Lipschitzienne de (P).

On a donc que cette équation peut étre vue comme un probléme d’obstacle, ot 'obstacle
dépend aussi de la fonction valeur.

On considére un schéma d’approximation monotone de (P), de la forme suivante :

max{S(h, z,up (), up); up(x) — Mup(z)} =0, = eRY, (S)

ou S est une approximation monotone et consistante de sup, £~

La difficulté principale pour obtenir I'estimation d’erreur vient du fait que la fonction
valeur apparait aussi dans 1"’ obstacle” Mu. Cela pose un probléme aussi pour démontrer
l'unicité de la solution de viscosité de (P), qu’on résout en utilisant les techniques introduites
par Barles [2], pour le I’équation & l'ordre 1.

En utilisant la méthode introduite par Ishii [22] pour démontrer 1’existence d’une solution
de viscosité, on approche (P) par une suite de probleme & cascade (Pn), n > 0, ou dans
chaque probleme on admet seulement un nombre fini d’impulsions.

On consideére le premier probleme, dit le probléme sans impulsions :

sup L% (x, ug(z), Dug(z), D?ug(z)) =0, =z € RV, (Po)

&%)

Sous les hypotheses (A1-A2), cette équation a une unique solution de viscosité ug dans
Cb,l(RN ). Ensuite on considére maintenant le probléme avec une impulsion, dans lequel ’obs-
tacle dépend de ug :

max{sup L% (z, Du(z)); u(z) — Mug(z)} =0, z e RN, (P1)

(&%)

Comme Mug est uniformément continue, sous les hypotheses (A1-A2), il existe une unique
solution de viscosité u; de (P1) dans Cj;(RY). De la méme fagon, pour n = 2,3,-- -, soit
Up € CbJ(RN ) 'unique solution de viscosité du probleme avec n impulsions :

max{sup L% (z, Du(z)); u(z) — Mun_1(x)} =0, =€ RY. (Pn)

Qg

En utilisant les propriétés de 'opérateur M, et la comparaison entre solutions de viscosité,
on obtient que la suite de problemes (P, ), engendre une suite de solutions (uy, ), telle que

0<- <up <+ <up <up <. (0.10)

On suppose maintenant que |uglo > k, et soit pu € (0, 1) tel que pluglo < k.
On a alors montré que
(1 —p"

Uy, — u < ———uplo,
1

pour tout n > 0.
De la méme fagon on approche (S) par une suite a cascade de schémas (Sn), n > 1,

max{S(h, z,up(z), up); un(r) — Mup@p_1y(z)} =0, =€ RV, (Sn)
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Soit up,, la solution de (Sn), continue et bornée. Avec la méme méthode que pour les solutions
de viscosité, on montre que (up, ), forme une suite décroissante de fonctions positives, et de

plus pour tout n > 0,

(L—p)"

Upp — Up, < [upolo-

En adaptant les méthodes introduites par Barles et Jakobsen [3] & notre probléme avec
obstacle, on obtient une borne supérieure et une borne inférieure de u, — up,, pour tout
n < +o0o. En effet, 'extension de ces méthodes dans le cas d’un probléme convexe avec
obstacle fixe est facile.

On a alors le résultat suivant.

Proposition .4. Sous les hypothéses (A1)-(A2) et (S1)-(S4), soient uy, € Cp (RY) lunique
solution de wviscosité de (Pn), et up, € Cp(RYN) l'unique solution de (Sn-impulse), n > 1.
Alors, on a

Un(2) = tpn(z) < Culh|7, (En)

ot
Cp=Cp + Ck, (0.11)

7 = mini{k;/i}, et C est une constante qui dépend de K défini dans (A1), de X\ et des
constantes de Lipschitz de u,,.

En général on obtient que, pour tout n > 1, u, — up, < Cp|h|[7. On pose
Dy_1:=0Cy, —Cp1.
La suite des C), est croissante, mais on arrive a montrer que D,, < Dy, et de plus :
C, < Cy+nDy.
On peut alors donner une estimation de la borne supérieure de u — uy. Comme

sup (up(z) — u(x)) < sup (up(z) — upp(x)) + sup (upp(x) — up(z))

+ sup (un(z) — u(z)),

en choisissant le n optimal, on obtient le résultat.
Ce résultat s’applique au schéma des différences finies classiques, aux différences finies
généralisées et a tous les schémas du type chaines de Markov.
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La borne inférieure Pour la borne inférieure on analyse d’abord ’erreur entre wu,, et up,,
pour tout n < oo, en utilisant la technique du ”switching system” introduite dans [3]. Dans
le cas d’un nombre fini d’impulsions on a alors le résultat suivant :

Proposition .5. Sous les hypothéses (A1)-(A2) et (51)-(54), soit u, € Cp 1 (RY) la solution
de viscosité de (Pn) et soit up, € Cp (RN) la solution de (Sn), n > 1. Alors on a

Upn(T) — up(z) < C,|h[Y, VzeRY, (En)
C,=0C, 1 +C5, (0.12)
7 = ming{k;/(3i — 2)}, et C dépend de K, de X et de la constante de Lipschitz de uy,.
En général on obtient que, pour tout n > 1, up, — uy, < C,|h[Z. On pose

Qn—l ::Q C

n ~ Zn—1-
La suite des C,, est croissante, mais on arrive a montrer que D,, < D, et de plus :
Finalement, comme

sup (un(z) = u(x)) < sup (un (@) = wnn (@) + 8P (U (z) — 1 (2))

+ sup (up(z) — u(z)),
xr
en choisissant le n optimal, on a le résultat.

Theorem .6. Sous les hypothéses (A1-A2) et (S1-S4), soit u € Cp (RY) lunique solution
de viscosité de (P), et uj, € Co(RYN) l'unique solution de (S). On a alors la borne suivante :

— C|h|2 <u—uyp < CR|, (0.13)

ot C est une constante borné qui dépend de K défini dans (A1), et de la vitesse de convergence
de u, et upy,.

Chapitre 3. Un algorithme pour la résolution d’un probléeme de contréle
impulsionnel

Dans ce chapitre on présente une approche pour la résolution numérique du probleme de
controle impulsionnel présenté dans le chapitre précédent. Cet algorithmes se base sur I'ap-
proche théorique de la cascade qu’on a étudié dans le chapitre précédent, et sur 'algorithme
de Howard.

On donne aussi quelques résultats sur 1’algorithme de Howard (connu aussi sous le nom
d’iterations sur les politiques). Plus précisement, on propose une preuve simple et directe
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pour la convergence surlinéaire, et on prouve que cet algorithme est exactement équivalent a
la méthode Primal-Dual étudiée dans [21].
Rappelons ici le probleme qu’on souhaite étudier :

max{zlelg L%z, u(x), Du(z), D*u(z)); u(z) — Mu(z)} =0, z € RY, (0.14)

oll Mu(x) =k + infgeRf{u(x + &)+ (&)},
k>0, c:RY >Ry, (0.15)
c(0) =0, (&1 +&) < c(ér) +e(&2)

Une méthode possible de calculer la solution de (0.14) est de discrétiser 'espace des états
R en introduisant une grille discréte réguliere Oy, € RY. On denote avec N;y; le nombre fini
de points dans la grille. La discrétisation de (0.14) sur cette grille, peut étre generalement
interprétée comme un probleme de controle impulsionnel pour le contréle optimal d’une
chaine de Markov ; voir [10, 15, 20, 26] et le références dans ces articles. Soient L, et My, les
discrétisations des operateurs £ et M respectivement. Alors I’équation discrete s’écrit comme
suit :

max{ sup (L3V4 — f(a)); Vi, — MpV,} = 0. (0.16)

acANtot

En particulier £} est une matrice de dimension Nyo; X Niyot, Vi, MpVy et f(a) sont des
vecteurs de dimension Nyy;. Une politique pour cette équation discrete est une application
O, — A; on dénote avec ANt ’ensemble des politiques. L’operateur L est supposé, pour
une politique donnée «, linéaire, et tel que L5V} > 0 implique V}, > 0. On suppose aussi que
les éléments non diagonaux de la matrice £§ sont non positifs, et que si V}, est constant, alors
LyVy, = AV,

L’étude numérique du probléme (0.16) est liée a la résolution du probléme de I'obstacle,
formulé comme suit :

max{ sup (LyV, — f(@));AVh — ¢} =0, (0.17)

a€ANtot

ou l'obstacle ¥ est un vecteur de dimension Nyy;. Le probleme (0.16) peut étre donc vu comme
un probleme d’obstacle dans lequel 'obstacle dépend de la solution Vj.
Un probléme plus simple a résoudre est 'équation HJB standard (sans obstacle)

sup (LZVh — f(a)) =0. (0.18)

acANtot

Pour les problemes en horizon infini, le probleme d’obstacle peut étre réduit au probleme
standard. On a alors le résultat suivant :
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Lemma .7. On considére un controle ayps ¢ A. On pose A=AuU {aops}, et on définit L, f
par

(LSVi)i = (L9Va)i,  si i € A,
(LSVR)i = (AVh)i, s @i = Quobs
(f@))i=(fla))i  si ;€A
(f ()i = i, i Q= Qops
Alors le probléme d’obstacle (0.17) est équivalent au probleme standard (0.18), avec donnés

A, Ly et f. O

Dans la litterature, ’équation de Bellman associée au probleme de controle optimal d’une
chaine de Markov & été étudié par de nombreux auteurs, (voir, par exemple [26], [20], [15]).
(0.18) peut s’écrire aussi sous la forme

Vi, =0 inf (Vi +At(A\V, — LSVi + f(@))),
a€ANtot

ot At est un pas de temps fictif, et 5 := (1 + AA#)~! est le taux d’actualisation discret. Si
At > 0 est suffisament petit, en vue des hypotheses qu’on a fait sur £7, la matrice M;* définie
by MpVy, = Vi, + At(AVy, — LV},) a des coefficients non-negatifs, et la somme sur chaque ligne
est égale a 1. Donc pour chaque politique o, M;* est la matrice de transition d’une chaine de
Markov.

La réformulation par point fixe de (0.18) est la base des deux principaux algotithmes, les
itérations sur les valeurs

Vit = Binf{MRVE + f(a)},

et les itérations sur les politiques (di & Howard), qui consiste, pour une politique o & I'étape
k, a résoudre le systeme linéaire :

LI = flak) =0,
ce qui revient a résoudre I’équation :
k+1 ktrk+1 k
Vit = BME VT 4 f(@b).
Vient ensuite une étape de mise a jour de la politique en utilisant la formule
o € argmax{LYVE + f(a)},

qui est équivalent a
ol € argmin{ MPVF + f(a)}.

On s’est intéressé, dans ce chapitre, a étudier la vitesse de convergence de 'algorithme de
Howard pour le probleme (0.18). On montre que, dans le cas ou A est un ensemble fini tel
que card(A) = p, algorithme de Howard converge en un nombre fini d’itérations, borné par
p™V. De plus il est connu (voir par exemple [9]) que si A est un ensemble dénombrable, alors
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cet algorithme a une convergence linéaire. On démontre dans ce chapitre la convergcence
surlinéaire de I’algorithme de Howard dans le cas ou A est un ensemble compact. Ce résultat
a été prouvé dans [30, 31] pour des problemes particuliers et sous des hypotheses particuliéres.
On donne dans ce chapitre une preuve qui nous semble claire et simple de ce résultat dans
un cadre général.

Si on réecrit (0.18) sous la forme

max (A(a)z — f(a)) =0, (0.19)

acANtot
avec A(a) = Lf, on a le résultat suivant.

Theorem .8. Soit A un ensemble non vide et compact, et A: AN — RNXN_f. AN L RN,
des fonctions continue telles que A(a) est monotone pour tout c. Alors (0.19) a une unique

solution x*, et l'algorithme de Howard converge sur-linéairement, i.e. klim 2F = z* and
— 00

ux’fﬂ—x*u=o(uxk—x*u), quand k — .

Comme le probleme d’ostacle (0.17) peut s’écrire comme un probléme standard (0.18), on
peut appliquer les mémes méthodes pour le résoudre. En particulier on considere I'algorithme
de Howard appliqué au probleme

max (M Vy, — b; MoV, — ) = 0, (0.20)

ou les matrices M; sont monotones de dimension Ny X Nyg(ie. M;X > 0 = X > 0),
i=1,2, Vi, b et ¢ sont vecteurs dans RNt et V}, est la solution du probléme. Au fai, on a
que (0.20) n’est rien d’autre que une discrétisation de (0.17) Dans la litterature, pour résoudre
(0.17), des différentes méthodes sont utilisées, et on considére en particulier la méthode des
Contraintes Actives (voir [21]). On démontre dans ce chapitre 1’équivalence entre la méthode
de contraintes actives et l'algorithme de Howard pour le probleme d’obstacle.
Le probleme
max{ sup {L7V} — f(a)); V), — MpVi} =0, (0.21)
acANtot

est une sorte de probleme d’obstacle dans lequel 'obstacle dépend de la fonction valeur.
Tenant compte de I'idée de cascade introduite dans le chapitre précédent, on propose I’algo-
rithme de résolution suivant :

Un algorithme de type Cascade implemantable
Data A,L¢, f(a), M, une suite m,, de nombre entiers positifs, «, politique initiale;
k:=0.
Init Faire my itérations de 'algorithme de Howard pour résoudre (Sp); le résultat est
une estimation supérieure Vi de Viyp.
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Loop Pour k =1,2,..., on définit le probleme (avec incounnue Vj,,)

ae{Ang«lxaoi}}Nmt{(ﬁth" + £(0); Vin = MVin-1y} = 0.
Faire m,, itérations de l’algorithme de Howard pour résoudre le probleme d’obstacle
(Sn); la politique initiale est la derniere obtenue dans la derniére étape de 'itération
précédente. Le résultat est une estimation supérieure th de V.

End

Sion prends m,, = +oo dans ’algorithme, on recouvre la cascade. Une autre choix extreme
est de choisir m,, = 1, pour tout n, c.a.d. mettre a jour la valeur apres impulsion apres chaque
itération. Comme démontré dans le théoreme suivant, ce dernier est en effect la cas le plus
efficient et moins cotteaux.

Dans le théoreme, on utilise un conteur ¢, pour conter le nombre de fois qu’on passe par
I’algorithme de Howard, i.e. il est le nombre totale d’iterations sur les politiques qui a été
fait. Par example, a I'iteration i de 'algorithme de Howard pour l'itération k de l'algorithme
totale, on aura

Theorem .9. Soit £ le conteur total des iterations sur les politiques. La valeur correspondente
qu’on denotera Vy, est une fonction decroissante de la suite m,,. En d’autres termes, si le cout
du calcul d’une impulsion est negligeable par rapport au cotit des iterations sur les politiques,
la convergence va plus vite quand le calcul de limpulsion est fait moin souvent.

On conclut le chapitre par des résultats numériques ot on teste lefficacité des deux
approches, avec m, = +o0o et m,, = 1.

Chapitre 4. Approximation numérique d’un probléme de sur-replication
avec contraintes gamma

Le dernier chapitre de la these est consacré a ’étude de "approximation numérique d’un
probleme de controle stochastique non borné, associé en particulier a un modele de ”pricing”
des options, dit probleme de sur-couverture [29, 32, 33].

Dans un marché financier, ou on a un actif risqué et un actif non risqué, on s’intéresse a
étudier le plus petit capital initial nécessaire pour couvrir un certain prix donné. Plusieurs
auteurs ont travaillé sur ce probleme dans des cas différents et avec différentes contraintes :
par exemple [18, 32] pour des problémes en dimension 1, [ 1] pour des problémes en dimension
2, et [33, 14] pour des problemes en dimension générale d. Dans tous ces articles, les auteurs
montrent que le prix de sur-replication est solution de viscosité d’une équation HJB, avec
conditions au bord et condition finale.

Dans ce chapitre on étudie numériquement une équation HJB qui provient d’un probleme
de sur-couverture en dimension 2. On discrétise ’équation HJB en utilisant le schéma des
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Différences Finies Généralisées [, 10], et on étudie l'existence et l'unicité de la solution
discrete. Finalement on démontre la convergence de la solution numérique vers la solution de
viscosité.

En particulier, on considére ’équation HJB qui provient du probleme de sur-couverture
en dimension 2 introduit par [11] :

I(t, z,y) = (:g[e)uE [g (tify(T)ﬂ ) (0.23)

T
U = {(p,¢) & valeurs dans [—1,1] x (0, +00) et Fy-mesurable | / ¢ dt < 400},
0

g est le payoff, et le processus (X,f ﬁy, Y;p xgy) est un processus positif en dimension 2 qui évolue

en suivant le systeme dynamique stochastique :

dXt[jf,y(S) = o(s, nf)f(s))XZf,y(S)dWsl7 s e (t,7T) (0.24a)
AV (s) = —pu(s, Y75 (s))ds + ()Y (s)dW2, s e (t,T) (0.24b)
(AW, dW2) = p(s),  aese(tT) (0.24c)
X050 =2, YO8 (1) =y, (0.24d)

ott W} et W2 sont des mouvements Browiniens, et o est la volatilité.
Les variables X% et Y/ f décrivent deux actifs dans un marché financier. Le premier

t,x,y
actif X7

try est risqué, et le deuxieme Y/ f est un actif tel que son prix est lié a X’ £y

t,z,y
travers la volatilité o(t, Ytp yg) On suppose que les coefficients p et o satisfaient les hypotheses
suivantes :

(A1) 0 : [0,T] xR — R est une fonction positive, telle que 0% est Lipschitzienne.

Pour tout t € [0,T], o(t,0) = 0 (typiquement o(t,y) = \/¥).

(A2) p:(0,T) x RT — RT est une fonction positive, Lipschtzienne, et telle que

w(t,0) = 0 pour tout ¢ € [0, 7.
Pour obtenir une fonction valeur ¢ bornée et Lipschitzienne on va supposer que g est une
fonction telle que

(A3) g est bornée et Lipschtienne. Soit My > 0 telle que : ||g]|cc < Mp.
(A4) La fonction f : z — g (e®) est Lipschtzienne.

(A5) g € C3(RT — R). Les fonctions z — z¢'(z) et * — x%¢” () sont bornées.

Si maintenant on considére I’'Hamiltonien associé a ce probléme, on a, pour ¢t € [0,T), z,y €
(07 00)27 p= (p17p2) € R2 et Q € M27

o @i= it Sl gl ) Q).

(&p)ER+ x[-1,1]
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ou la matrice de covariance a est donnée par :

2 2
e = (el "6

On voit bien que ’Hamiltonien est une minimization sur un ensemble de contréles non bornés,
et donc il peut ne pas étre fini. La premiere difficulté est alors que le Hamiltonien associé a
(0.23) peut ne pas étre borné, et on n’est pas capable de traiter numériquement ce type de
problemes. De facon formelle, on a que ¥ satisfait ’équation suivante :
01 9
o +H (t,a:,y,Dﬁ,D 19) =0 (t,z,y) €(0,T) x (0,+00) x (0,+00).

Dans la littérature, les problémes avec controle non borné ont été étudiés, par exemple, par [1],
[13] et d’autres. Dans tous ces cas, les auteurs ont décidé de tronquer ’ensemble des controles
pour se ramener a un ensemble de controles bornés et donc simplifier 'analyse numérique.
Dans ce chapitre on ne tronque pas ’ensemble des controles, car on trouve une formulation
particuliere pour I’équation HJB, et cette formulation nous permet de contourner la difficulté
du controle non borné avec d’autres techniques. On démontré au fait le résultat suivant :

Theorem .10. Pourt € [0,T), x,y € R", sous les hypothéses (A1)-(A2), la fonction valeur
¥ est une solution de viscosité discontinue de :

A_ (J(t7 x? y? 8t/l'9(t7 x? y)7 Dﬁ(t7 ':U7 y)7 D2Q9(t7 x? y))) = 07 (0'25)

ou

99 89 _ 1.2 29%9 1 529
J(t, z,y,r,p,Q) = ot +M(t,y)a_y —50°(ty)r G —ga(t,y):paway
) 9y 20 b . _l (t )x 82/§ _1(92_/& ,
29\LY Ox0y 2 9y?
et A=(J) représente la plus petite valeur propre de la matrice J. De plus, 9 est une sur-

solution de wviscosité discontinue de
———>0. (0.26)

On démontre d’abord que 9 est une solution de viscosité discontinue, et ensuite, grace
au principe de comparaison pour solution de viscosité, on démontre que ¥ est Lipschtzienne,
quand les hypotheses (A3-5) sont vérifiées.

L’équation (0.25) n’est pas facile a traiter numériquement. Cependant, a partir des calculs
standards d’algebre, on réecrit la plus petite valeur propre sous la forme suivante :

A=(J)= min olJa,

a% +o¢%=1

ol a € R?, et on a alors :
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Corollary .11. Sous les hypotheéses (A1)-(A3), la fonction valeur 9 est une solution de
viscosité de l’équation HJB :

2
(T (Bt - bt s ot w)e g (o)) _
o 1 929 _19% =
a?4a2=1 | \2 50 (L y)T 55, 5 577 o)
(0.27)

On a donc transformé le probleme de départ en un probléeme équivalent avec controle
borné et maintenant une analyse numérique est possible. Pour cette équation, des conditions
au bord et un principe d’'unicité ont été prouvés dans [I1]. En particulier, les conditions au
bord sont les suivantes :

I(T,z,y) = g(z), ¥ (2,y) € (0,00)
I(t,z,0) = g(z), V(t,x)€[0,T) x (0,00)2.

On discrétise ’équation HJB (0.27) par le schéma des différences finies généralisées et on
obtient :

t+ At — —o(t —h
Sp(t,a;,y,r,qﬁ) = min {—a%qﬁ( Aty T—i—a%uT o2,y = h)
oel-i-a%:l At h (0 28)
5 Z Fia t ‘Tay) [¢(t7x_§1h7y_§2h) _2T+¢(t7x+§1huy+§2h):|}7
&eS( Y)
pour (t,z,y) € [0,T) x (0,00)?, ot
S(IL', y) = Sp avec p = min(pmaxa (‘T/h~|7 (y/h—‘)v (029)
Sp = {(&,62) € Z x Nymax(|&1];&2) < p; (|&1], &2) irreductible }, (0.30)
Z 7?17&2(t7x>y)££—r = aZ(alonytv:an)’ (031)
£eS(zy)
et a” est la projection de la matrice a” sur C(S,), a” = a/h?.
Finalement, ’équation discrete qu’on va résoudre est la suivante :
SP(t,x,y,vp(t,x,y),vp) =0, (0.32a)
pour (¢,z,y) € [0,T) x (0,00)?, avec conditions au bord :
on(T,2,y) = g(x), ¥ (2,y) € [0,00)%,, (0.32b)
vp(t,z,0) = g(z), YV (t,z) € [0,T] x [0, 00), (0.32¢)
vn(t,0,y) = g(0), V (t,y) € [0,T] x [0, 00). (0.32d)

On démontre que ce schéma est monotone, stable et consistant, au sens des définitions sui-
vantes :
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(S1) Monotonie : S?(t,x,y,r,u) > SP(t,x,y,r,v),
pour tout r € R, z,y € R*, u,v € C([0,T] x [0, 00)?) tels que u < v dans [0, T] x [0, 00)?.

(S2) Stabilité : Pour tout p = (h, At, pmax) € (R%) x (0,T) x N*, il existe une solution
borné vpde (0.32).

(S3) Consistance : Il existe une constante C; > 0, telle que, pour tout ¢ € C™([0,T] x
[0,00)2), n > 4, avec dérivées bornées,

: 09 1)) 1
209 2 00 1 P2
min { aj 5 (t,z,y) + al,uay (t,z,y) 2tr[a D (b(t,x,y)]}

2 2
aj+os

—Sp(t,ﬂj‘,y, Qb(t,ﬂ?,y),QS)‘
< C1(107ploAt + p|Dyoloh) + 16v2pp,q, lall| D*@loh® + e, (t, =, y)| D*¢lo,

(0.33)

ol ay est la projection de a dans C(S,), pour p = min(pmaz, [x/h], [y/h]), et ep(t, z,y)
est 'erreur de projection tel que e, = ||a — ay|| et p = pmaz, et €, = CK (z,y)h? sinon,
oi1 C dépend de la constante de Lipschitz de o2, et K(x,y) > 0, pour tout z, .
On introduit I’ensemble A de controles associés aux points (x;, y;)i>0, j>1 par : B:= {a=
(1,00),0% + % =1} et
A= (BN,

Alors le schéma peut s’écrire sous la forme abstraite suivante :
Trouver X := vy(t,.,.) € RNN" borné, tel que

min <A(w)X - b(w)) =0, (0.34)

weA

oit A(w) est un operateur linéaire dans RNN" et b(w) est un vecteur de RNN" | qui sont
précisés dans le Chapitre 4.

En appliquant I'algorithme de Howard et des résultats sur les systémes linéaires en di-
mension infinie on arrive a montrer le théoréeme suivant :

Proposition .12. Il existe une unique solution bornée X au probleme

gleig(A(w)X —b(w)) =0.

On conclut le chapitre en montrant que, sous les hypotheses (A1-5), on peut appliquer
le théoreme de convergence introduit par Barles et Souganidis [5], et démontrer donc que
vy, — 9, pour h — 0.
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CHAPITRE 1

Error estimate for stochastic
differential games : the adverse
stopping case
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1. INTRODUCTION

Error estimates for stochastic differential games :
the adverse stopping case !

Abstract

We obtain error bounds for monotone approximation schemes of a particular Isaacs equa-
tion. This is an extension of the theory for estimating errors for the Hamilton-Jacobi-Bellman
equation.

To obtain the upper error bound, we consider the “Krylov regularization” of the Isaacs
equation to build an approximate sub-solution of the scheme. To get the lower error bound
we extend the method of Barles and Jakobsen [1] which consists in introducing a switching
system whose solutions are local super-solutions of the Isaacs equation.

keywords : Isaacs equation, Hamilton-Jacobi-Bellman equation, stochastic differential games,
finite differences, error estimates.

1 Introduction

The aim of this paper is to give error bounds for approximation schemes of a particular
non convex Isaacs equation. More precisely we consider the following equation

min{sup L*(z, Du(z));u(x) —¢(z)} =0, r €RY, (1.1)
acA
where
L9(z, Du(z)) = L*(z,u(z), Du(z), D*u(x)),
L, t,p, X) = —trla®(@)X] = b(z)p + ()t — f*(2).
Here A = {aq,...,ap} denotes the set of controls, assumed to be finite; the case of a

compact set will be dealt with in Section 4.3. The coefficients (a®,b®,c®, f¢) are, for each
a € A, bounded and Lipschitz functions RY — SV xRN x R xR, where SV denotes the set of
N x N symmetric matrices ; 1 is a bounded Lipschitz function from R” into R. Under classical
assumptions, (1.1) has a unique bounded viscosity solution, denoted u. The regularity of u
depends on the properties of the coefficients a, b, ¢, f.

This problem is a particular case of stochastic differential games, called the adverse stopping
case. In fact, we can note that in (1.1) we have two players, A and B. Player A has a set of
controls and wants to minimize the gain. Player B can only decide to stop the game with the
objective of maximizing the gain.

Then we consider monotone approximation schemes of (1.1), of the following form :

min{S(h, z,up(z), up); up(z) — P(x)} =0, z e RY, (1.2)

!Joint work with F. Bonnans and H. Zidani.
IMA Journal of Numerical Analysis, 26 : 188-212,2006.
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1. INTRODUCTION

where S is a consistent, monotonic and uniformly continuous approximation of sup,c 4 L*.
We will note uy, € Cyp(R™) the solution of (1.2), which is the approximation of u, and h the
mesh size. This abstract notations was introduced by Barles and Souganidis [3] to display
clearly the monotonicity of the scheme : S(h, 2,7, v) is non decreasing in r and non increasing
in v. Typical approximation schemes that we will consider are Classical Finite Differences
(Kushner and Dupuis [16]), Generalized Finite Differences [5, 6], and Markov Chain Approxi-
mations [16].

Until now, results on convergence rates for monotone approximation schemes of the equa-
tion with one player have been obtained ; i.e. for the following equation :

sup L*(z, Du(x)) = 0, r e RY, (1.3)
acA

and the scheme
S(h,z,up(z),up) =0, zeRY. (1.4)

Error estimates for this equation have been obtained by Krylov [14, 15], and these results
were extended by Barles and Jakobsen [2, 1]. Error estimates for a stochastic impulse control
problem was recently obtained by the authors [1]. During the redactions of this paper we
learned that also Jakobsen was working on the convergence rate for monotone approximations
of (1.1). In [13] he obtained error estimates in the case of finite differences scheme with matrix
a independent of z, using a penalization approach, and in [12] he obtained error estimates in
the one dimensional case but for general Isaacs equations.

By using the methods introduced by Barles and Jakobsen [!], we give convergence rate for
monotonic approximation schemes of the two players equation. The upper estimate of u — uy,
is easier to obtain than the lower. The proof involves a “Krylov regularization” of (1.1), i.e.
the perturbed equation

min{ sup L%(z + e, Duf(z));uf(z) —(z)} =0, =z eRY, (1.5)
a,le|<e

and its viscosity solution u®. A regularization of u® by convolution gives an approximate
smooth sub-solution of (1.1), denoted u. which is also an approximate sub-solution of (1.2).
So, by using the consistency property, we obtain the upper bound, after choosing an optimal
parameter of regularization. Unfortunately we can’t proceed in a similar way to build a
smooth super-solution of (1.1) which would lead to the lower estimate on u — uy. Instead of
a smooth super-solution we build a sequence of local smooth super-solution. In particular we
introduce the following switching system which approximates (1.1)

min{max{L (2, Doi(a))svi(@) — min{oy () + K} b i) — v(@}h =0, (10
JF

for z € RN, and i € T = {1,..., M}. For literature on the switching systems, see Capuzzo-

Dolcetta and Evans [7], Evans and Friedman [9], Ishii and Koike [10, 11]. We consider the
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2. WELL-POSEDNESS OF THE ISAACS EQUATION AND OF THE SCHEME

viscosity solution v = (vy,...,vas) of this system, and give an estimate of the rate of conver-
gence of v to u. Then we consider a perturbed system

min{max{‘illajaLai (x + e, Dvi(x));vi () — I;n;]la{vj(:n) + Ek} i (x) —¢(x)} =0, (1.7)
for all i € 7 and z € RY, and its viscosity solution denoted v® = (vf,...,v5;). We regularize
v® by convolution obtaining v, and this function allows to build a local super-solution of
(1.1). Then by applying the consistency and the monotonicity of the scheme we obtain the
desired bound. With our result, we can prove an upper bound of 2'/2 and a lower bound of
h1/5 for classical finite differences scheme and for generalized finite differences scheme.

The paper is organized as follows : in Section 2 we introduce the assumptions on equation

(1.1) and scheme (1.2). In Section 3 we obtain the rate of convergence of the solution v of
(1.6) to u. In the first part of Section 4 we obtain an upper bound of u — up, and in the
second part of this section we use the rate obtained in Section 3 for giving the lower bound of
u—uyp. In Section 5 we apply our results to the generalized finite difference scheme taken from
[6], and studies conditions under which a general Markov chain approximation give better
estimates than this scheme. Finally in the Appendix we give some auxiliary theorems which
are used throughout the paper.
We conclude this introduction with some notations. In the sequel C' is a positive constant
independent on parameters € and h. By | - | we mean the standard Euclidean norm in any
RM type space. In particular, if X € SV, then X2 = tr(XXT), where X T is the transpose
of X, i.e. | X| is the Frobenius norm. If g is a bounded function from R¥ into either R, R
or the space of N x P matrices, we set

lglo := sup |g(x)].

z€RN
If ¢ is also Lipschitz continuous, we set
l9(z) —9(y)|
lgh = sup Ty lg]1 := lglo + [g]1-
z,yER
Ty

We denote by < the component wise ordering in R, and by < the ordering in the sense of
positive semidefinite matrices in S(N). The space Cp(RY) (resp. Cp (RY)) will denote the
space of continuous and bounded functions (resp. bounded and Lipschitz functions) from RY
to R.

2 Well-posedness of the Isaacs equation and of the scheme

Throughout this paper, we suppose that the following assumptions are satisfied :
(A1) There exist A\, K such that, for all 2 € R and a € A, we have that a®(z) =
$0°(2)(c%(z))T, where 0®(z) is, for each z, a N x P matrix, and

c“>A>0; lo% + |61 + |1 + | [ < K,
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2. WELL-POSEDNESS OF THE ISAACS EQUATION AND OF THE SCHEME

(A2) X > sup,{[c®]1 + [b*]1}-

Definition I.1. The function u € C(RY) is called a viscosity sub-solution (resp. super-
solution) of (1.1) if, for every x € RY,

min{sup L7 (2, u(w), Dp(a). D2p(@)); ule) = ¥(@)} S0, (resp. = 0),

for each ¢ € C?(RY) such that u — ¢ has a local mazimum (resp. a local minimum) at x.
Finally we call u a viscosity solution of (1.1) if it is both a sub-solution and a super-solution.

We refer to [13, Lemma A.1] for the proof of the following result.

Proposition 1.2. Assume (A1) and (A2). Then the following statements hold :
(i) If uy and ug are respectively viscosity sub-solution and viscosity super-solution of (1.1),
uy,up € Cp(RY), then uy < ug in RV,
(ii) There exists an unique viscosity solution u of (1.1), in the space Cj (RY). O

Consider the scheme (1.2), with h > 0 and S : R* x RV x R x C3(RY) — R. We make
the following assumptions :
(S1) Monotonicity : for all h > 0, r € RN, m >0, 2 € RY and bounded and continuous
functions u, v such that u < v in RY,

S(hyz,r +m,u+m) > Im+ S(h,z,rv).

(S2) Regularity : for all A > 0 and ¢ € Cy(RY), 2 +— S(h,z,¢(x),¢) is bounded and
continuous ; r +— S(h,z, 7, ¢) is uniformly continuous for bounded r, uniformly with
respect to x € R,

(S3) There exist n,k; >0, i € J C {1,...,n} and a constant K. > 0 such that for all
h > 0 and z in RV, and for every smooth ¢ € C"(R") such that |Di¢|y is bounded,
for every i € J, the following holds :

\SgpL“(w,D¢) = S(h,z,9(x), )| < K.Q(o),

where Q(¢) := > | Dig|ohti.

Remark 1.3. (S1) and (S2) imply that S is decreasing w.r.t. v (take m = 0), and increasing
w.r.t. r (take v=u+m).

In the following, we say that a function v € Cy(RY) is a sub-solution (resp. super-solution)
to the scheme (1.2) if

min{S(h, z,v(z),v);v(z) —P(x)} <0, (resp. >0), forall zeRY,

Under assumptions (S1) and (S2), we have the existence of a comparison principle for bounded
continuous solutions of (1.2); i.e.
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Theorem 1.4. Let uy (resp. vy ) be a bounded, continuous sub-solution (resp. super-solution)
of (1.2). Then we have up(z) < vy(x), for all x € RV,

Proof. The proofis an easy extension of [2, Lemma 2.3]. We assume that m := sup, (up(z)—
vp(z)) > 0 and obtain a contradiction. Let {z,}, be a sequence in RY such that &,
up(xy) —vp(zy) converges to m as n — oo. Then 6,, > 0 for large enough n. By using the no-
tion of sub and super-solution, and the fact that min(A, B) —min(C, D) > min(A—C, B— D),
we get

0 > min{S(h, xn, up(zy), up) — S(h, xn, vp(zn), vp); un () — va(zn)}-

Since up(xy) — vp(xy) = 6, > 0, by using (S1), we have

0 > S(h,:vn,uh(xn) ) (h xmvh(xn)avh)
> S(h,zp,vp(zn) + 0, vp + m) — S(h, 2y, vp(xy), vp)
> S(h,xp,vp(xn) + myvp +m) +w(m — 6,) — S(hy xp, vp(xn), vp)
> Am+w(m — 6y),

where w(t) — 0 when ¢t — 0T is given by (S2). Letting n — oo yields m < 0 which is a
contradiction. O

In all the sequel we will use a sequence of mollifiers (p.). defined as follows :

pe(a) = e Np(a/e), (2.1)

where p € C®°(RY), [onp =1, supp{p} C B(0,1) and p > 0. If g is a continuous function
of RN to R, then we define the molhﬁcatlon of g as follows :

g:(x) = / g(x — e)pe(e)de. (2.2)
RN
Moreover, if g is a Lipschitz function, then

l9(2) — g-(2)| < elgh- (2.3)

If g € C](RY) (resp. C’gfl(RN)), then

|Dlg€(x)| < Ce_i|g|07 (resp. 061_i|g|0)7 Vi= 17 s, N (24)

3 Switching system

Consider the following switching system approximation of (1.1) :

min { max (Lo‘i (¢, Dvi()); vi(x) — minfo;(x) + k:}> Jvi() — W)} =0, (3.1
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3. SWITCHING SYSTEM

fori € T =1{1,...,M} and € R". In particular we have an equation for every control. A
viscosity solution theory for the switching system can be found in [10], [L1], [L7]. We recall
here the definition of viscosity solution for a general switching system of the form :

Fi(z,v, Dv;, D*v;) = 0, i=1,...,M, (3.2)
where F; : RN x RM x RN x SV - R.

Definition 1.5. The function v = (v1,...,vp) € C(RMYM s called a viscosity sub-solution
(resp. super-solution) of (3.2) if, for everyi € T and x € RY,

Fy(z,v(z), Dy(x), D*p(x)) <0, (resp. 2 0),

for each o € C*(RYN) such that v; — ¢ has a local mazimum (resp. a local minimum) at x.
Finally we call v a viscosity solution of (3.2) if it is both a sub-solution and a super-solution.

Lemma 1.20 implies a comparison principle for (3.1), and then the existence of a unique
viscosity solution of (3.1) in Cp (RM)M, denoted v = (v1,...,vpm).
We perturb the system (3.1) and build the following auxiliary system

min{max(‘sip LY (x + e, Dv5 (x)); vi (x) — I;n;]za{vj(:n) + k}); i (x) —(x)} = 0. (3.3)

Lemma 1.20 applied to (3.3), implies the existence of a unique viscosity solution of (3.3),
denoted v® = (v§,...,v5,), in Cp (RV)M. The following lemma is consequence of Theorem
1.21.

Lemma 1.6. Under assumptions (A1) and (A2), we have that
lv; —vf| < Ce, (3.4)

where C' only depends on K, \ and [¢];. O

For every i, let v;. the mollification of v$, defined as in (2.2). Since v§ is a Lipschitz

function, uniformly w.r.t £ > 0 sufficiently small, (2.3) implies
[0 () — vie (2)] < max{vi]ie; (3.5)

Lemma I.20 implies that max;[v5]; remains bounded when ¢ | 0 (this argument will be used
several times in the paper).

Lemma 1.7. The function vie — R is, for all i, sub-solution of equation (1.1), for some

k
where the constant C depends only on K, \ and [{];.
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Proof. Let R satisfy (3.6). We have to prove that, for large enough C,

min{sgp L%z, D(vie(x) — R);vie(z) — R —(x)} <0, VazeRY, (3.7)

for all i € Z. Since v;: € C®(RY), the definition of viscosity sub-solution is equivalent to
the notion of classical sub-solution. Therefore we have to prove that one of the following
statements holds for all 2 € RV :

vie(x) — R <¢(x), VieT, (3.8a)
sup L*(x,D(vie(z) — R)) <0, VieZ. (3.8b)

For every z € RV, set
IF(z):={i € T |v;(x)=1(x)}. (3.9)

Let # € RY. Denote by B(#,2¢) the ball centered on # with radius 2. Then we have the two
following possibilities :

CASE A : There exists y € B(&,2¢) such that I°(y) # @. We claim that (3.8a) holds.
We have v5 (y) = ¥(y), for some ig € I¥(y). Let i ¢ I*(y). The function vf(z) — |z — y|*/e1
has, for sufficiently small €; > 0, a local maximum at a point z. such that |z. —y| < e. Since
v® is the viscosity solution of (3.3), one of the following statements holds :

Vi () < (xe), (3.10a)
N 2 of
max § sup L% (zc + €, v (z), — (2= — y), —);
le|<e €1 €1
vi(xe) — m;n{vj(xs) + k‘}} < 0. (3.10b)
Y
If vf(zz) < 9(x.), since v§ and @ are Lipschitz, we obtain
vi (y) = 9 (y) + (W + max{ui]r)e. (3.11)
Otherwise, with (3.10b), we have
v; (y) < max[vilie + vj (w2) + k < 2max(vi]ie + vy, (y) + k. (3.12)
Since either (3.11) or (3.12) holds, we deduce that

where C depends on [¢]; and max;[vf];. Since y € B(Z,2¢), and ¢ and v{ are Lipschitz, this
implies v (z) < ¢(Z) + k + Ce, for all i € Z. Applying (3.5), we obtain v (Z) < ¥(Z)+ R, for
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all i € Z, which implies (3.7).

CASE B : For all y € B(Z,2¢), we have that I¢(y) = @. We claim that, for all e € B(0,¢),

(vi(- —e),...,v5,(- —e)) is a viscosity sub-solution of the following system
max { L% (z, Dw;(z)); w; (z) — m;n{wj(:n) +k}} =0, ze€B(z,e). (3.14)
J#

Fix e; € B(0,e) and i € . Let » € C?*(RY) be such that v$(- — e;) — ¢(-) has a local
maximum ., in the ball B(Z,¢e). Then v5(-) — ¢(- + e1) has a local maximum at z., — e;.
Since x., —e; € B(Z,2¢), we have that v (z., —e1) > ¢(ze, —e1), and since v° is the viscosity
solution of (3.3), we obtain

e {S?P L (e, — €1+ €, 05 (e, — 1), Dgp(e, ), D*p(e, )
e|<e

V5 (e, —€1) — 1;11;121{11]5(%1 —e1)+ k‘}} <0.

Taking e = e1, we obtain

L (‘Tel ) /Ug:(xel - 61)7 D(p(xel), D290(x61)) <0,
V5 (Te; —€1) — m;}én{vi(:vel —e1) +k} <0.
i

This being true for an arbitrary e; € B(0,¢) and i € Z, we obtain that, for all |e| < e,
(vi(- —e€),...,v3,(- —e)) is a viscosity sub-solution of (3.14). Applying [2, Lemma A.3 and
Lemma 2.7], since vjc(-) is limit of convex combination of v5(- — e), for e € B(0,¢), then
(v1e(), ..., vpre(+)) is a viscosity sub-solution of (3.14). Moreover, since it is a smooth function,
it is a sub-solution of (3.14) in the classical sense, and we have

L% (7, Dvi(7)) <0, VieT. (3.15)
We know that |vf (y) — v5(y)| <k for all i,j € Z and y € B(,¢). Consequently

k
D" () — D"vje (%) < (j—w Vn > 1,

where C' depends only on p defined in (2.1). It follows that

L&, Doy () — L% (&, Doy (7)) < 2

5, Vi,j€TL.
3

Combining with (3.15), we get L% (&, Dv;.(¥)) < Ck/e?, for all i and j in Z, for some C
depending on p and K, and hence, sup, L*(%, Dv;(%)) < Ck/e? for all i in Z. Using assump-
tion (A1), we have that for all i in Z, sup, LY(Z%, Dvi(Z) — Ck/(Xe?)) < 0. Therefore (3.7)
also holds in this case.O
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Theorem 1.8. For everyi € T and for all x € RY we have
0<v—u<CkY3, (3.16)
where C' depends only on X\ and K from (Al).

Proof. a) We prove the first inequality of (3.16). Let w = (u,...,u) be the vector whose
M components are equal to u. We claim that w is a viscosity sub-solution of (3.1). Let
@ € C*(RY) be such that v — ¢ has a local maximum at zq € RY. Since u is a viscosity
sub-solution of (1.1), either u(zg) < ¥(xo), or sup, L¥(xo,u(wo), Dp(xg), D?*¢(x0)) < 0. If
the latter holds, then

L% (z0,u(x0), Dp(w0), D*p(x0)) <0, VieT.

Combining both cases, we obtain

min { max (Lai (20, u(z0), Dp(x0), D*p(x0)); u(z) — I;a;]la{u(:no) + k:}>,

u(xy) — 1/)(:170)} <0, Viel.

Therefore w is a viscosity sub-solution of (3.1). By the comparison principle (Lemma 1.20),
the first inequality of (3.16) holds.

b) We now prove the second inequality in (3.16). By Lemma 1.7 and Proposition 1.2, we have
that v;e — R < u, for all i € Z, and € R, where R satisfies (3.6). Applying (3.5) and (3.4),
we obtain

k
fui—ug\vi—vﬂ—i-]vf—via]—klvia—u\§C<6—2+€+k>, VieZ, VazeRY,

where C' depends on K, A\, max;[v{]1, [¢];. Minimizing with respect to €, we obtain the desi-
red upper bound, with ¢ = £'/3. O

Remark 1.9. We obtain the same estimate that in the case of only one player, (see [I,
Theorem 2.3]), by extending the same methods.

4 Bounds on u — uy

We state in this section our main results : the upper and lower bounds on u — uy,.
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4.1 Upper bound on u — uy
Perturb the equation (1.1) so as to obtain

min{ sup LYz + e, Duf(x));u’(x) — ¢(m)} =0, zcRY. (4.1)

a,le|<e

Under assumptions (A1) and(A2), by Proposition 1.2, (4.1) has a unique viscosity solution
uf € Cpy(RY). In view of Theorem 1.22, we have that |u — uf| < Ce, for some C depending
on A\, K and [¢];. Define the contact domain of u® as

X(w) = {z € RV|u (z) = ¢(2)}.

Let u. be the mollification of u°, defined as in (2.2). Since u° is a Lipschitz function, uniformly
w.r.t € > 0 sufficiently small, (2.3) implies

| (z) — ue(z)] < [uhe, (4.2)

where [uf]; remains bounded.

Theorem 1.10. Assume that (A1), (A2), (S1)-(S3) hold and let the approximation scheme
(1.2) have a unique solution uy in Cy(RN). Then, for sufficiently small h > 0, we have

u—uy < ChY, VazeRY, (4.3)

where £ := min;e j{k;/i}, C depends only on A\, K, []; and K., the constants k; and K¢
being defined in (S3).

Proof. We claim that
min{S(h, z, uc(z) — Ry,uz — Ry);uc(z) — Ry — ¢(x)} <0, VaeRY, (4.4)

for some Ry > 0 of the form Ry := A~'Q(u.) + Ce, where Q(-) was defined in (S3) and
C' depends only on [¢)]; and [uf];. Indeed, we will prove a slightly stronger result : for any
x € RN, one at least of the following two statements holds :

us(x) — Ce < (), (4.5a)
S(h,z,us(z) — KeA1Q(ue), ue — KeA™1Q(us)) < 0. (4.5b)

Fix an & € RYN. We have the following alternative :
CASE A : There exists y € B(Z,2¢) such that y € X(u®), i.e. u®(y) = 9(y). Since u®

and ¢ are uniformly Lipschitz, for some C' depending only on [¢]; and [uf];, we obtain (4.5a)
at point x = x.
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CASE B : One has X (u®) N B(%,2¢) = @. We claim that u®(- — e) is, for all e € B(0,¢),
a viscosity sub-solution of

sup LYz, Dw(z)) =0, =€ B(z,¢). (4.6)

Fix e; € B(Z,¢), and let ¢ € C?(RY) be such that u®(- — e1) — ¢(+) has a local maximum
at a point z., € B(Z,¢). Then u(-) — ¢(- + e1) has a local maximum at z., — e;. Since
Ze, — €1 € B(Z,2¢), and hence, z., —e; ¢ X (u®), we have, whenever |e| < ¢,

sup La($61 —e1+e, ue(xel - 61)7 D‘p($61)7 D290($61)) <0.

a,le|<e
Taking e = e;, we have

SupLa(xel,u€($61 - 61),D@($61),D2(p(l‘61)) <0
o

This proves our claim that u®(-—ej) is a viscosity sub-solution of (4.6). Since e; is an arbitrary
point of B(0,¢), u®(-—e) is a viscosity sub-solution of (4.6), for all |e] < e. Since u.(-) is a C*
function, and it is limit of convex combination of u®(- — e) (see [2, Lemma A.3 and Lemma
2.7]), hence, applying ([2, Lemma 2.7]), we can say that u.(-) is a sub-solution of (4.6) in the
classical sense. This implies
sup L*(z, Du.(z)) < 0. (4.7)
(0%

By consistency, S(h, &, u: (%), u:) < KoQ(u.). Applying (S1) with u = v = u*(Z)— KcA71Q(u)
and m = KcA™'Q(u®), we obtain (4.5b) at point x = .

Combining cases A and B, we obtain (4.4). So u. — R; is a sub-solution of (1.2). By Theorem
L4, ue — Ry < up, ie., u—up < KcA'Q(u.) + Ce, where C depends on [uf]; and [¢];. Using
Quc) = > ;s |Diuc|h¥, and (2.4), we obtain Q(u.) < CY,. ;&' ~*h*i. The result follows by
setting & = max;e s h¥i/. O

4.2 Lower bound on u — uy,

We perturb the switching system (3.1) as follows

min{max( inf L% (z + e, Dv(x)); v; (z) — I;n;]la{v]e(:n) + k}); i (x) —(z)} =0, (4.8)

le|<e !

for all i € 7 and € RY. By Lemma 1.20, this system has a unique viscosity solution
ve = (v5,...,05) in Cp (RM)M. Consider v, the mollification of v°, defined as in (2.2). Since
v® is a Lipschitz function, uniformly w.r.t. ¢ > 0 sufficiently small, applying Theorem .21
and (2.3) we have

lvi —vi| < Ce, |5 —vie| < mlax[fuﬂla, (4.9)

where C' depends on A, K and [¢];, and max;[v5]; remains bounded.
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Lemma I.11. Let zg € RY, iy € argminjez vjc (7o), and assume that

e < (12sqp[v:f]1)_1/<;. (4.10)

Then the following statements hold
v (y) <v5(y) +k,  foralljeT, andy € B(xo,2e), (4.11)
sup L*(zo, Dviye(z0)) > 0. (4.12)

Proof. We follow the method of ([I, Lemma 3.4]).
a) Let us prove (4.11). Since iy € arg minjez v;-(zo),

Vige (o) — gl;ig;{vja(wo) +k} = ?ﬁf{vioa(%) — vje(o) — k} < —k. (4.13)

Since for every i, v§ is Lipschitz, we apply (2.3) and we have that

vi, (z0) — ﬁ&i;g{v;(:no) +k}<—-k+ 2€mzax[vf]1,

and, for all y € B(xg, 2¢),

vg (y) — n;ém{vj(y) + k} < —k + 4max[v]1(e + |zo — y|) < —k + 12emax[vf];.
J7F0 2 %

Taking ¢ < (12max;[v5];) "'k, we obtain (4.11).

b) We prove (4.12). We claim that v; (- — e) is, for all |e| < ¢, a viscosity super-solution of

L% (z, Dw(x)) =0, x € B(zo,¢). (4.14)

Fix e; € B(0,¢), and let ¢ € C?(RY) be such that v5 (- —e1) — () has a local minimum at
Te, € B(wo,e). Then vi (-) — (- + e1) has a local minimum at z., — e; € B(zo,2¢). Since
v®(+) is a viscosity solution of (4.8), and v (z0) — minj.;,{v5(zo) + k} < 0 by (4.11), we have
that
Inf L0 (we, — 1+ e, v} (Te, = e1), Dp(xe,), D*p(2e,)) 2 0, Vel <e.

In particular, for e = e;, we obtain that v (- —e1) is a viscosity super-solution of (4.14). Since
e1 is an arbitrary point in B(0,¢), we obtain that v (- — e) is, for all e € B(0,¢), a viscosity
super-solution of (4.14). Being a limit of convex combinations of v; (- — e), and a smooth
function, v;,.(+) is a classical super-solution on (4.14), and hence L%0(zq, Dv;,-(x0)) > 0;
relation (4.12) follows.O

Define the two following sets :

X ={ze€ RN\uh(x) =¢(z)}; Y:={ze RN]S(h,a:,uh, [up)z) = 0}.
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Proposition 1.12. Under assumptions (A1), (A2) and (S1)-(S3), and assuming that (1.2)
has a unique solution uy in Cy(RN), we have that, if x €Y, the following holds :

up(z) — u(z) < ChY, (4.15)

where £ := min;e y{k;/(3i — 2)} and C depends only on A\, K and K,.

Proof. Consider the switching system (4.8), its solution v® = (vf,...,v5,) and mollifica-
tion ve = (V1e,...,vne). Let w(y) := min; v;e(y). Define
m = sup{up(y) —w(y)} = sup {un(y) —vie(y)}- (4.16)
IS4 i€Z,yeY

Let ¢(y) := (1 + |y[?)'/2. An approximation of m is, for k > 0, given by

my, = sup{up(y) — w(y) — ké(y)}. (4.17)
yey

Since uj, and w are bounded, ¢ is coercive and Y is a closed set, the supremum in (4.17) is
attained at some point x¢ € Y. By the definition of w, we also have

Ty € arg gg{%(y) — Vige(y) — ko(y)}, (4.18)

when iy € arg minjez vje(zo). In particular,
mi > up(y) — vige(y) — kd(y), forall yeY. (4.19)

Let € be such that (4.10) holds. Applying Lemma I.11, and since the first and the second order
derivatives of ¢ are bounded, we have sup, L*(zo, D(vi e +k¢)(zo)) > —Ck. Combining with
(S1), (S3), (4.17) and zp € Y, we get

—Ck — KCQ(Uioe + k¢) S(h7 Zo, (Uioe + k¢) (:EO)) Vige + k¢)
S(h, zg, up(x0) — M, up, — my,)

—Amy, 4+ S(h, o, un(z0), up) = —Amy,.

VARVARVAN

We obtain Amy < KoQ(viye + k¢) + Ck. Passing to the limit in k, we get
m < KoQ(vige)- (4.20)
In conclusion, we can say that for x € Y and for every i € Z,

sup{un(y) —u(y)} < m+sup{w(y) —u(y)}

yey yey
< m+sup{w(y) — vie(y)} + sup{vic(y) — v; (v)}
yey yey
+Zlelg{vf (y) —vi(y)} + 225{”"@) —u(y)}. (4.21)
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Applying (4.9), (3.16), and the fact that w(y) < vi(y) for all i € Z, we obtain

sup{up(y) — u(y)} < m+ Ce+ CEY3, (4.22)
yey

where C' depends on K, A, [¢]; and max;[v$];. Using (4.20), we obtain

u—up < KeQuige) + Ce+ CEY3, Yz eY.

3k;
The result follows by setting € = max;c s h3-2 and k = (12sup;[vf];)e. O

Theorem 1.13. Under assumptions (A1), (A2) and (S1)-(S3), and assuming that (1.2) has
a unique solution uy, in C’bJ(RN), we have that

up —u < ChY, VazeRY, (4.23)
where £ = min;e 7{k;/ (3t — 2)} and C depends only on X\, K and K.

Proof. If x € X we have that uy(z) = () < u(z), therefore (4.23) holds. If z € Y,
then by Theorem 1.12, we have that u(x) — u(z) < Ch*. Since X UY = R the conclusion
follows. O

4.3 Extension to the case of a compact control set

In this section we show that our results extend to the case of a precompact set of
controls. We endow the set of controls with the distance d(a,a’) := |®% — ®*'|g, where
P := (a®,b*,c*, f*). We suppose that sup,c 4 |21 < +00. Precompactness of A is equiva-
lent to the following condition :

(A3) for every § > 0, there are M € N and {a;}M, C A, such that

inf o o pY — pi o o o rag <.
igalglzngM(’U %o+ | o+ [¢* = Yo + | f* = f¥o) <

Consider the viscosity solution u of

min{zleli)1 LYz, Du(z));u(z) — (x)} =0, z e RY.

Existence, unicity and Lipschitzness of u are proved in [13, Lemma A.1]. Fix § and consider
wg the viscosity solution of

min{ sup LY (z, Dws(z)); ws(z) — (x)} =0, r e RY,

i€L N

where Ty :={1,..., M}, M given by (A3). As in ([I, Lemma 3.3]), we can show, by adapting
the methods, that
lu —w;slo < C0, (4.24)
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where C' depends only on K and A. If we note uy, the approximation of v and wy, s the approxi-
mation of wy, then we have uj, < wy, 5, and w5 —ws < ChY, where ¥ = min;e 7 {k;/(3i — 2)},
k; given by (S3). From the proof of Proposition 1.12, we can see that C' is independent of the
size of Zps. Then we have that

—Ch”’guh—u§uh—wh,g—kwh,g—w—i—w—uSCh:’—FClé, (4.25)

where v = mingej{k;/i}, ¥ = min;es{k;/(3i — 2)}, k; given by (S3). All constants being
independent of the size of Zys, then we can choose J of the order of A7 and we obtain the
same result as in Theorem 1.13.

Remark I.14. It may happen that only wy s is actually computed, and in that case it is
useful to estimate u — wy, 5. Since |u — ws| < C4, it follows from previous discussion that

—CE+h) <wps—u< C(S+ A7),

5 Specific approximation schemes

In this section we apply our previous results to some specific monotone discretization
schemes.

5.1 Finite differences, one dimensional problem

Let  be in R, ¢ in C™(R), h in R and define

¢(z £ h) — ¢(x)

¢(x +h) = 2¢(x) + ¢p(x — h)
- : :

h2

drp(z) = Ap(z) =

In particular, by a Taylor expansion, we obtain

526(x) — Do(x)| < SHID*], |Audle) — D*o(w)] < Th? D).

Consider the finite difference scheme in R :
S(h7 ':U7 T? ¢) =

= sup{—a®(2)A¢(w) — b3.(2)d+ $(z) + b= (2)0-¢(x) + *(@)r — f(2)}, (5.1)
where b (z) = max(b*(x),0), and b () = max(—b*(z),0). For the consistency hypothesis

(S3), we obtain, from the above Taylor expansion, Q(¢) = |D%¢|h + |D*¢|h?, i.e. ko = 1 and
k4 = 2. Then, by (4.3) and (4.23), we have

— ChM® < u—uy < ChV2, (5.2)
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Remark 1.15. Consider a general scheme S : RT x RNV x R x C,(RY) — R, which satisfies
(S1), (S2) and (S3), for some k; > 0, i € J. To obtain equal or better estimate than (5.2) we
must have : ) ) ) )

L> ) min—— > . :
ie) i — 2 ersi-2°-5 (5:3)

In particular, the k; which give an equal or better estimate than (5.2) are

() ki >i/2, fori<4; (i) k > (3i—2)/5, fori> 4. (5.4)

Indeed, leti < 4. If k; > /2, then we have also k; > (3i —2)/5. Moreover, if i > 4, we have
k; > (3i —2)/5 and also k; > i/2. Hence we obtain (5.3).

If the inequalities in (5.4) are strictly satisfied, then also the inequalities in (5.3) are strictly
satisfied and we obtain a better estimate.

5.2 Markov chain approximation

The scheme (5.1) may be viewed as a particular Markov chain approximation of (1.1). We
consider now a general Markov chain approximation of (1.1) in a regular grid, and we want to
find conditions on the probabilities of transition to obtain estimate as in (5.2). We consider
a discretization step h € R and a regular grid of discretization G". With the coordinate
k= (ki,...,ky)in ZV, is associated the point x;, € RY of the form zy, := (k1h,...,kxh). Let
{Xg, g > 0} the states of the Markov chain at time ¢, with transition probabilities p(z, y|a),
a being the control value. Let At" be an interpolation interval satisfying At" — 0 as h — 0,
and let Ezqo‘ be the conditional expectation of Xgﬁrl, given {Xg = 1z} and the control value
a. A possible adaptation for the cost function to this Markov chain is the following :

Whiz,a) = Ath [Zfa(xg)u + ¢ (z) At "I
q>0

Applying the dynamic programmic principle for the controlled chain {Xé‘,q > 0}, at state
x € G, we obtain the following relation :

up(zx) = max{inf( L

o W(Zp(wmyla)uh(y) + ) A )i ()} (5.5)

Since 1 + ¢®(z)At" > 0 for all a, (5.5) may be written in the form (1.2), with
S(hy a7, 6) = supd = <o plon, yla)oly) — 2w + 5o+ o) (5.
Ty T, @) = SUD A y p(x, yla) oy @) + gt T @) g .

With the above definition for S, the assumptions (S1) and (S2) are satisfied. Suppose that
(S3) is satisfied and we want to look for simple conditions on the probabilities p(xg,y) and
on the k; defined in (S3), under which we obtain equal or better estimate than (5.2). We note
Pyy =>_, p(z,yla). Using remark 1.15, we obtain the following :
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Theorem 1.16. Let S defined as in (5.6). Suppose that (S3) is satisfied for some k;,i € J.

(i) We have an equal or better estimate than (5.2) if and only if
1 (6%
(01) g eyl —9) — (@) = Keh,
1 2 « _ ko
(01) | garPraly — 2)? — ()| = Kb,

1
(c1) 575 A P.y(y — 2)'|| = Kch™, fori= 3,4,
with . ;
k1 > o ke > 1, k3 > 3 ky > 2. (5.7)

(ii) Moreover we have a better lower bound if and only if, in addition, k4 satisfies strictly

(5.7).
(i1i) We have a better upper bound if and only if all the inequalities in (5.7) are strictly
satisfied.

Proof. We give the proof for N = 1, the general case follows immediately. Fix x € R, and
let ¢ € C™(R), such that D¢ is bounded for i = 1,...,n. Set A? := |sup, L®(z, Dp(x)) —
S(h,z,6(z),¢)|. An upper bound of A? is

sup -~ tla®(@)D26()] - 1*(2) Do) 3 P00 - o(a))

From the Taylor expansion of ¢(y) up to order 4, we deduce that

A? < AY+ A+ AG + A, (5.8)
where
AP = sup| =¥ ()Do(a) + 5 rPay D)y — o),
af: = sup|—tr[aa<x>D2¢<x>]+ﬁm,y1)2¢<x><y—:c>2|,
A7 = suplzs Ath s Pay D)y — 2)°),
Af: = S‘;P‘4'Ath Poy D)y — )%,

where ¢ € [x,y] if y > x, ¢ € [y, x| otherwise. Suppose now that conditions (al)-(d1) and (5.7)
are satisfied. Then J = {1, 2, 3,4}, and applying remark 1.15, we obtain the result. Moreover,
if k4 > 2, then k;/(3i —2) > 1/5 for all i. Hence we obtain a strictly better lower bound.
Since k;/i > 1/2 for all 4 in J, if all k; satisfy strictly (5.7), we have a better upper bound.
Suppose now that we have a better or equal estimate than (5.2). Then we have

A? < KoY | Dl (5.9)
ieJ
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with min;ey k;/i > 1/2 and min;e s k; /(31 —2) > 1/5, and here J = {1,2,3,4}. From (5.9),
(5.8) and remark 1.17, we have that (al)-(d1) are satisfied with k; as in (5.7). If the lower
bound is strictly bigger that 1/5, since k;/(3i — 2) > 1/5 for ¢ = 1,2,3, then we must have
k4 > 2. If the upper bound is strictly bigger than 1/2, since k; > i/2 for all i, then we must
have k; > i/2 for all 7.0

Remark 1.17. (i) We have that conditions (al) and (b1) imply the consistence in the sense
of Kushner (see [10]), i.e.

IE(y — x) — bo‘(:E)AthH < Athrl, [Cov(y) — 2a%(x)|| < Atlry.

In [16] we have r; = o(1), fori = 1,2. Our error estimate need the more restrictive conditions
r1 = h¥ and ry = h*2 + AthhR - AP,
(ii) We remark that to obtain (al)-(d1), we use the inequality

A? < D'l |E(y — z)' — d'l], (5.10)

for some a' and for all ¢. This inequality is sharp, since |E(y — )" — a'|| is the optimal
constant for which we have this upper bound (for any function ¢). Indeed, let B an i-linear
symmetric form. The optimal constant C for which

|Dip(z)B| < C|D'¢|, Yo € C"(RY) such that D¢ is bounded ¥ i,

is C' = |B|. Indeed, we may identify a* and E(y — x)* with i-linear symmetric forms, and the
above display reduces to the Cauchy-Schwarz inequality for i-linear symmetric forms. (iii) Let
A? = ’Z?:l Dig(x)E(y — 2)" — a’Di¢(z)|, for some a*. We have that the optimal constants
C; such that

4
A< ZC’AD%(E(@/ —z)' —ah)|, Vo € C(RY) such that D¢ is bounded ¥ i,
i=1

are C; = 1, for all i.

5.3 A counter example

We give here an example of a finite difference scheme for which the k; do not satisfy
conditions given in remark 1.15, and we will show that we obtain a estimate worse than (5.2).
Consider the following equation

sgp{— tr[a®(z)D*u(x)] + ¢ (z)u(z) — f¥(x)} =0, =z cR? (5.11)

with
z)=0,a"(x) = 0 2 ) Yz, a.
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Let h the discretization step and At the interpolation interval. We consider the following
probabilities of transition :

1 1
p(z,z — hegla) = 3 p(x,x £+ hey + hesla) = T

In particular, if we choose At" = ihQ, we have that these probabilities verify

w-n-3(5)+5(2)+3(3)-(2)

and

5 1/0 0 1/ h? h? 1/ K> —h?
Bly—=" = 5{ 0 n2 ) a\nz n2 ) T2\ Zp2 w2

We have that
S P B )y - 2
Yy

>
— Yy [23; aa ;ﬂ (€)n — 1) (2~ 22"
; >
i (s s S S
F a<3 ; SOt g 5w+ a—x%(x)h>
= 3527

Hence we can write (S3) in the following way

rsgpL‘X(a:,¢<x>,D¢><x>,D2¢><x>> — S(z, h, d(z),¢)| <

3 4 4 4
LT (1 00+ 1122 1@y + |2 ¢\<x>)h2.

2/ 00700 21527 315020031 * 5
So, we have k3 = 1 and k4 = 2, and by applying Theorem 1.10 and Theorem 1.13 we obtain

— ChYT < u—wy < CHY3, (5.12)
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5.4 The generalized finite differences scheme

We consider the generalized finite differences scheme defined in [0]. Let ¢ = {pr} be a
real valued function over ZV. Let ¢ € Z" and consider the finite difference operator

Aepr = Plte + Pr—g — 20k
In ¢ belongs to C?(R™), and ¢}, := ¢(x,) for all k, then we have
Agpr = ¢(Tpre) + O(Th—g) — 20(wk).
Then we consider
up(Thte,) — un(Tp)

if bf'(zx) >0,
(Drup(xr))i = up(zr) — up(Tp—c;)
h

Let S be a finite set of Z\ {0} containing {ey,...,ex}. We consider the following probabilities

of transition
S (165 ()|
« _ h 1
pY(xp, xpla) =1 — At ;:1< h + 2 E ak@),

N £es
b
(o itlo) = A0 (P oy ),
P (ap, 2 + Ehla) = Athage  for £ €S, € # e,
p*(zk,yla) =0 fory ¢ zpys.
Then we can write (5.6) in the following way :

S(h.au,0) = supd — S aweBedln) ¥ (@) Do) + an)r - £ ). (513

@ ces

if b () < 0.

We make the strong consistency hypothesis on the matrix
a®(x) = th&fjozk,geie?, VEkezV.
i7j
The scheme defined in (5.13) satisfies (S1) et (S2). We consider a function ¢ € C2(R"V). By
applying a Taylor expansion, we obtain

(S3) |s1€13 L*(x,¢,D¢, D*¢) — S(x,h,p(x),$)| <

sup|b®[o| D?*¢loh + sup|o® (5| D*¢loh?.
acA acA

So we can say that ky = 1 and k4 = 2. Applying Theorems 1.10 and 1.13, we obtain the same
estimate as in the case of one player (see [1]).

Theorem 1.18. Assume (A1)-(A4), (S1)-(S3). If w and uy, are solution of (1.1) and (1.2),
with S defined as in (5.13), then for h sufficiently small we obtain

—Ch'5 <y — up, < Cch?2. O
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Appendix
6 Well-posedness of the switching system

In this appendix we prove the well-posedness of the switching system (3.1), for k& > 0,
under assumptions (Al) and (A2) on the coefficients (stated in Section 2). Well-posedness
of the original equation (1.1) is given in [13, lemma A.1]. Let us start by stating a technical
lemma which is an easy extension of ([!, Lemma A.2]) :

Lemma 1.19. Let v be a bounded and continuous sub-solution on (3.1) and v be a bounded
and continuous super-solution of another equation (3.1), where L* is replaced by L*, satisfying
the same assumptions with coefficients (%,b%,e, f¢). Let g € C2(RY x RY). Consider

m = sup{vi(z) — vi(y) — g(=, )},

Ziwiy

and suppose that the “sup” is attained at some point (ig, xo,yo). Set
A = {i € Z|(i, z0,y0) realizes the sup}; I(xzo) := {i € T|vi(zo) < P(x0)}.
If An1(xg) = @, then there exists i € A such that
v;(yo) < ga;ril{ﬁj(yo) +k}. (6.1)

Proof. We proceed by contradiction. Let j in A. If (6.1) does not hold, there exists £ € T
such that

0;(y0) = vi(yo) + k- (6.2)
Since AN I(xp) = &, then for all i € A,

max{ L (0, vi(%0), Dag(20, Y0), D2,9(x0, 40)); vi(20) — ?;?{Uj(iﬂo) +k}} <0.
Hence we obtain v;(xg) < vi(xo) + k, and then with (6.2),

vj(z0) — vj(yo) < vi(z0) — Vi(Yo)- (6.3)

Therefore [ € A, and equality holds in (6.3). Then v;(yo) = 0;(yo) + k. Since A is a finite set,
this proves that there exists a finite sequence ji, ..., jx € A such that v;,(yo) = v;,,, (vo) +k
fori=1,...,K —1, and j; = jx. So we obtain

K—1

0= Z (ﬁji (ZJO) - ﬁjwrl (yO)) = (K - 1)k7 >0,

i=1
and we have a contradiction. Therefore (6.1) holds. O
Now we can state the following lemma about comparison, existence, uniqueness and the
bounds on the solution v = (vq,...,var) of (3.1). This is an easy extension of ([I, Theorem

A]).
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6. WELL-POSEDNESS OF THE SWITCHING SYSTEM

Lemma 1.20. Under assumptions (A1) and (A2), the following statements hold :
(a) If v and w are respectively sub-solution and super-solution of (3.1), such that v;, w; €
Co(RN) for alli € T, then v < w in RN,
(b) There exists a unique viscosity solution v of (3.1), such that v; € Cp(RY) for all
i € L. This solution satisfies

max|vi|p < max {)\_lsup]fa\o; ]1/1\0}, (6.4)
[¢*1lvilo + [f*]a
mlax[fu i < max {Sil’loll))\ (oo = b, [¥]1 (6.5)
Proof. (a) This is a consequence of the comparison principle [11, Theorem 3.1]. Indeed,
in [11], the comparison principle is proved for the Dirichlet problem on a bounded domain.

To extend the result to an unbounded domain, we have only to modify the test functions of
[11] in the standard way. (b) Existence and uniqueness follow from the comparison principle
(a). Let M := max{sup, A~ f%|o; |¢|o}. It is easy to see that M and —M are respectively
super and sub-solution of (3.1). Hence, by the comparison principle (a) we obtain the bound
on max; |vjlo.

To obtain the bound on max;[v;]1, we set

m = sup ¢;(z,y) := sup{vi(z) — v;(y) — Lz — y| — e(|z[* + |y[})},

Z7‘r7y 7‘7:B7y

where L > 0. If, by setting

[ lvilo + [N

L= max {sup { R LU,

we can conclude that m < 0, then, sending € to 0, we have done. Assume that the supremum
is attained at a point (i, zo,¥o). If o = yo, then m < 0, and, sending € to 0 we have the
result. If not, since L|x—y| is smooth at ¢, 39, we can apply a doubling of variables argument.

Set .
(xo—y0)<$o—yo> } ( Py —P0>
Py:= |- , A= .
’ [ lzo — ol \ |70 — ol - R

Define the following sets :

A :={i € Z|(i, 0, yo) realizes the sup}, I(xg) := {i € T|vi(zo) < ¥(xo)}-

The maximum principle for semi-continuous functions (see [8]), and the definition of viscosity
solutions imply that, for i € A, there exist X,Y € SV such that

min{max(L* (o, vi(20), Pz, X); vi(w0) — I;fl;liﬂ{vj(iﬂo) +k});vi(zo) — ¥(z0)} <0,
min{max(L" (yo,vi(y0), Py, Y ); vi(yo) — I;?l;?{vj(yo) + k});vi(yo) — ¥ (vo)} > 0,

50



6. WELL-POSEDNESS OF THE SWITCHING SYSTEM

(zo—y0)
[zo—yol

X 0 L I 0
< T A4 .
<0 —Y>_|m0—y0| +5<0 1>

CASE 1 : There exists i € AN 1I(xp), i.e., vi(zg) < P(xg). Since v;(yo) > ¥ (yo), for all i € A,
we have

(zo—yo)
[zo—yol

where p, = L + 2exo, py = L — 2eyp, and

vi(zo) — Vi(yo) < ¥(xo0) — ¥(yo) < [Yl1lzo — wol-
CASE 2 : The set AN I(zp) is empty. Then

max{ L (xg,v;(z0), Pz, X); vi(x0) — maién{vj(xo) +k}} <0, VieA (6.6)
JF

Since max{L0 (yo, vi,(40), Py, Y ); viy (o) — minj2;o{v;(yo) + k}} > 0, applying Lemma 1.19,
we obtain

L% (3307 Vig (330)71)%7 X) < 0 < L%o (y07 Vig (y0)7py7 Y)

Since P, is a projection, and hence, is nonexpansive, we have that

*(x T o%*(x
(el ) a( Zafm) ) = o) = o) R o) — 0" ()
< 10"(w0) — o ()P

Now we can proceed as in the standard situation (see [!, Theorem A.1}).
Combining cases 1 and 2 we obtain the result.0

By using ([2, Theorem A.1]), we prove the following theorem.

Theorem 1.21. Let v and v be solutions of (3.1) with coefficients o, b, ¢, f and &, b, &, f
respectively. Suppose that assumptions (A1), (A2) are satisfied for both sets of coefficients
with the same A, and max; |v;|1 + max; |0;|1 < M < oo. Then

Amax|v; — U;]p < M(sup{\aa — %o + [b* — b%|o + |e* — &¥o + | f* — ]M\o}),
? a
where M depends on K, sup; |v;|o, sup; |Uio-
Proof. We set

m = sup ¢;(x,y) = sup{v;(z) — v;(y) — 8|z — y[* — e(j=[> + [y[})},

Z7x7y Z7x7y

where § > 0 and € > 0. The “sup” is attained at a point (i, g, yo), SO

m = vi(z0) — 0;(yo) — 8|0 — yo|* — e(|zo|* + |yol?)-
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6. WELL-POSEDNESS OF THE SWITCHING SYSTEM

Let
A = {i € Z|(i, x0, yo) realize the sup}, I(zg):= {i € Z|vi(zo) < ¥(x0)}.

The maximum principle for semi-continuous functions (see [8]), and the definition of viscosity
solutions imply that, for i € A, there exist X,Y € SV such that

min{max (L% (xg,v;(x0), Pz, X); vi(zo) — I?;?{Uj(‘/po) + k});vi(zo) — ¥(x0)} <0,

min{max(L" (yo, %i(y0), Py, Y ); 0i(yo) — I;?l;?{@j(yo) + k});i(yo) — ¥ (vo)} > 0,

where p, = 26(xzo — yo) + 2ex0, py = 20(x0 — yo) — 2eyo, and there exists £ > 0 such that

<‘§ o ) gea( ! I[>+€e<é ?>+(9(1<;).
We have to study two different cases.
CASE 1 : If there exists i € AN I(xg), then v;(xg) < ¥(xg). Since v;(yo) > ¥(yo), then we
have
vi(zo) — Vi(yo) < ¥(xo) — ¥(yo) < [Yl1lzo — wol-
CASE 2 : If AN I(zp) = &, then

max (L (w0, vi(z0). pe X)svi(wo) = min{vy(w) + K}} <0, VieA  (6)
Y

Since, max{ L% (yo, Vi, (Y0), Py, Y ); Vio (Yo) — minj;,{v;(yo0) + k}} > 0, applying Lemma 1.19,
we obtain

L%0 (20, vy (20), Pa, X) < 0 < LY (yo, Tio (o), y, Y,
and then )

0 < —tr[a®o(yo)Y] + tr[ao (xo) X] — b%0 (yo)py + b¥0 (x0)ps+
&0 (y0) Vi (Y0) — ™0 (wo)vig (z0) — F0 (yo) + [0 (o)
= (I)+ D)+ 1)+ (IV).

As in [2], we analyze each term separately :

(1) tr[a®o (zg) X] — tr[a“o (yo)Y]

205{ |00 () — 5% (o) |* + |5%0 (x0) — 5% (yo)[*}
+le{|o%0 (x0)[* + [7%0 (yo)[*},

(%0 (z9) — 0% (yo)) (0 — Yo)

2[b%o0 () — b%o () |? + 2|ao — yo?

+[6%0 (20) — b0 (yo)| [zo — yol,

¢ (yo)u(yo) — o (zo)u(zo)

ol e an) = o )]+ ()] 6% () = o)
fe(x0) — fY% (yo) ) )

| fY0 (x0) — fY0(20)] + [ f%0 (20) — f*0 (yo)| lzo — yol-

IA I IA I IA I

IA I
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6. WELL-POSEDNESS OF THE SWITCHING SYSTEM

Hence we obtain )
Am < 206{|0%0 — %03 4 b0 — b0 |3} +

+{Jviglole¥o — oo + | f¥0 — fFof}4
+26{¢[5%0 ]} + [b™0]1 + 2}|wo — yol*+
{IBiglo[c*0]1 + [f*0 1 }ao — yo| + Ce(1 + |wo| + [yol)-
We sum the bounds obtained in the two cases to have a general bound of m. So we obtain
Am < 205{|o%0 — %0 | + |b%0 — b0 |31+
+{[viglole¥io — oo 4 | f¥0 — fYolg}+
+26{¢[5%0 ]} + [b™0]1 + 2}|zo — yol*+
{IDiolole™]1 + [f*0 )1 + Al Hao — yol + Ce(L + |zol® + |yol?).

We set ky 1= {20[¢%0]2 +2[b%0 ]y +4}, ko = {|Diy|o[c¥0]1 + [f*0]1 + A[1]1}. From now on we
proceed as in ([2, Theorem A.1]). Noting that 2¢(zo, yo) > ¢(xo, z0) + ¢(yo,yo), we have

|20 — yo| < C67, (6.8)
where C' depends K. The inequality (6.8) implies that
|0 — yol* < C62, (6.9)
where C depends on K. So we obtain
Am < {Jviglole®o — oo 4 [ f¥0 — fUo o1+
+205{|o%0 — %0 [§ 4 [b%0 — b0 |3} + C(ky + k)6 ™" + Ce(1 + |zo|* + [yol?).
We know that v;,(z) — 9, (x) — 2¢|z|> < m, and so
Vig () = Big (&) < {Jviglole™o — oo + | %0 — f¥oo}+
+205{|o%0 — 5% [§ + [b%0 — b0 [} 4+ C(k1 + k)0~ + 2e]xf* + Ce(1 + |0l + [yol*)-

This inequality holds for all §, and hence we minimize with respect to J, by noting that for
>0,

min(l6 + C6~) = C1'/2,
6>0

Hence, by sending € to zero, we obtain
Vig () — Big () < {[vig o]0 — oo + | f¥0 — fio[g}+
Cfloo — 3%} + b0 — G )12

where C' depends on K, |vi,)o, [T, |o and [¢)];. Since (s + t2)1/2 < |s| + |t|, we can conclude.
O

Similarly we have the following result.
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Theorem 1.22. Let u and @ be solutions of (1.1) with coefficients o, b, ¢, f and &, b, ¢, f
respectively. Suppose that assumptions (A1), (A2) are satisfied for both sets of coefficients
with the same A, and max |u|; + max |u|; < M < co. Then

Amax|u — o < M (sup{|o® — 7%o + b7 — %o + [c* — o + | f* — f*|o}),
(6%

where M depends on K, sup |ulg, sup |u]p. O
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the one improving the proof of Lemma I.20.
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1. INTRODUCTION

Error estimates for a stochastic
impulse control problem !

Abstract
We obtain error bounds for monotone approximation schemes of a stochastic impulse
control problem. This is an extension of the theory for error estimates for the Hamilton-
Jacobi-Bellman equation.
We obtain almost the same estimate on the rate of convergence as in the equation without
impulsions [3], [2].

1 Introduction

The aim of this paper is to give error bounds for approximation schemes of the impulse
control problem. More precisely we consider the following equation

max{ sup L% (z, Du);u(z) — Mu(z)} =0, z € RY, (P)
aiE.A
where
L%(z, Du(x)) = L%(z,u(z), Du(z), D*u(z)),
LY (z,r,p,X) = —tr[a®(x)X]—b%(z)p + ¥ (z)r — fY(x).
and
Mu(z) =k + infgeRf{u(x +&) +c§)},
k>0, c:RY —>R,, (1.1)
c(0) =0, (&1 +&) < c(ér) +ce(&2)-
Here A = {ai,...,an} denotes the set of controls, assumed to be finite. The coefficients

(%, b ¢, f%) are, for each o € A, bounded and Lipschitz functions RY — S¥ x RV x
R x R, where SV denotes the set of N x N symmetric matrices. Under classical assumptions,
(P) has a unique bounded viscosity solution, denoted u. The regularity of u depends on
the properties of the coefficients a, b, ¢, f. We refer to [14, 15], for existence, uniqueness and
regularity of u.

Then we consider monotone approximation schemes of (P), of the following form :

max{S(h, z,up (), up); up(x) — Mup(z)} =0, = eRY, (S)

where S : RY x RY x R x C,(RY) — R is a consistent, monotonic and uniformly continuous
approximation of sup,,c4 L% (z,Du(z)) (see section 2). We will denote uj € Cp(RY) the
solution of (S), which is the approximation of u, and h € R the mesh size. This abstract
notations was introduced by Barles and Souganidis [1] to display clearly the monotonicity of

1Joint work with F. Bonnans and H. Zidani. To appear in Applied Math. Optimiz. Revised version accepted
in March 2006.
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the scheme : S(h,x,r,v) is non decreasing in r and non increasing in v. Typical approxima-
tion schemes that we will consider are Classical Finite Differences [21], Generalized Finite
Differences [0, 7], and Markov Chain Approximations [21].

Results on convergence rates for monotone approximation schemes of the corresponding
equation without impulses are known ; i.e., for the following equation :

sup LY (x, Du(z)) =0, z e RV, (1.2)

aiE.A
and the related scheme

S(h,x,up(x),up) =0, z e RY. (1.2 bis)
Error estimates for this equation have been obtained by Krylov [19, 20], and these results were
extended by Barles and Jakobsen [3, 2]. Moreover, results on convergence rate for monotone

approximation schemes of a particular Isaac equation have been obtained by the authors [5],
and by Jakobsen [17, 16].

Using the method introduced by Ishii [15], to prove the existence of a unique viscosity
solution of (P), we approach (P) by a sequence of cascade problems (P,), n > 1,

max{sup L% (z, Du(z)); u(z) — Mu,_1(z)} =0, = cRY, (P)

a;

where ug is solution of (1.2). Let u, be the viscosity solution of (P,). In the same way we
approach (S) by a sequence of cascade schemes (S,,), n > 1,

max{S(h, z,up (), up); up(r) — Mupp_1y(z)} =0, =€ RV, (Sn)

where up( is solution of (1.2 bis). Let uy,, denote the solution of (S,,).

Using the methods introduced by Barles and Jakobsen [2], upper and lower bounds of
Uy, — Upn, for all n < 400, are obtained. The upper estimate of u, — uy, is easier to obtain
than the lower. The proof involves a “Krylov regularization” of (FP,), i.e. the perturbed
equation

max { sup L% (z + e), Dus,(z)); uy, (x) — ./\/lun_l(x)} =0,
a,le|<e

and its viscosity solution uf,. A regularization of uf, by convolution gives an approximate
smooth sub-solution of (P,), denoted uy,, which is also an approximate sub-solution of (S,,).
So, by using the consistency property, we obtain the upper bound of wu,, — up,, after choosing
an optimal parameter of regularization. Then, we consider u© — u; and we do the following
decomposition

sup (u(z) — up(x)) < sup(u(x) — up(x)) + sup (up(z) — upp(x))

T x T

+ sup (unn(x) — up(x)),
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for all n in N. Choosing the optimal n, we obtain the result. In particular we have that
n~ |lnh|.

To obtain the lower estimate, we start by giving lower bound of u,, — uy,, for n € N. We
introduce the following switching system approximating (F,,) :

max{ L7 (@, Do} (a))sof () = minuj (@) + (0] (@) = Muga(@)} =0, (13)
JFi
forz € RNV, and i € T = {1,...,M}, ¢ > 0. For literature on the switching systems, see

[8, 11, 12, 13]. We consider the viscosity solution v" = (v7,...,v};) of this system, and give
an estimate of the rate of convergence of v" to u,. Then we consider a perturbed system

mase{ inf L (a + e, Duf(x); uf* (x) ~ min{uff(a) + ¢} (1.4)
el<e VE)

wi“(x) — Mup_1(x)} =0,
for all i € 7 and = € RY, and its viscosity solution w™ = (wie, ..., whf). We regularize w"*

by convolution obtaining wy,., and this function allows to build a local super-solution of (P,).
Then, by applying the consistency and the monotonicity of the scheme, we obtain the lower
bound of u,, — up,. Finally, since

sup (un(z) — u(x)) < sup (up () — tnn(2)) + sup (unn(z) = un(2))

+sup (un(2) — u()),

choosing the optimal n, we obtain the result. With our result, we can prove an upper bound
of |h|/?|In h| and a lower bound of |h|'/3|In h| for classical finite differences scheme and for
generalized finite differences scheme. Observe that, in the case without impulsions, the results
of [3, 2] give an upper bound of |h|'/? and a lower bound of |h|'/® for classical finite differences
scheme and for generalized finite differences scheme. Therefore for impulse control problems
we obtain very close estimates.

The paper is organized as follows : Section 2 introduces notations and states the main
result. Section 3 introduces the cascade approximations of (P) and (S). Section 4 obtains
upper bound of u,, — up,, for all n < 400, whereas Section 5 gives lower bound of w,, — upn,,
for all n < +o00. Section 6 is devoted to the proof of the main theorem. Finally the Appendix
gives some auxiliary theorems which are used throughout the paper.

2 Notations and main result

We start by introducing some notations used in the article. By |- | we mean the standard
Euclidean norm in any RM type space. In particular, if X € SV, then |X|> = tr(XX ),
where X T is the transpose of X, i.e. |X| is the Frobenius norm. If g is a bounded function
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from R¥ into either R, R or the space of N x P matrices, we set |g|o := sup,cgpn |g(®)]. If
g is also Lipschitz continuous, we set

g\r) —g\y
gh = sup WELZIDL gy il + [,
z,yER
Ay

We denote by < the component wise ordering in R, and by =< the ordering in the sense of
positive semidefinite matrices in S(N). The space Cp(RY) (resp. Cp (RY)) will denote the
space of continuous and bounded functions (resp. bounded and Lipschitz functions) from RY

to R.
Given g € C’b,l(RN)M, M > 1, we denote by L, an upper bound of the Lipschitz constant

of g, Ly > max;=1,.. m[gil1-
We will use a sequence of mollifiers (p¢). defined as follows :

pe(a) = e Vp(a/e), (2.1)

where p € C®°(RY), [onp =1, supp{p} C B(0,1) and p > 0. We define the mollification of
g € Cy(RY) as follows :

ge(x) := / g(x — e)pc(e)de. (2.2)
RN
If ¢ is Lipschitz continuous, then
9(2) — ge(x)| < Lge. (2.3)
If g € Cp(RY) (resp. Cp (RY)), then we have
|D'g.(z)| < Ce "glo, (resp. Ce'"[gly) Vi=1,...,n. (2.4)
From [15], we have the following properties on M, defined in (1.1).

Proposition II.1. Let u,v : RY — R. We have :
(1) If u <wv in R, then Mu < Mv in RV,
(2) M(tu+ (1 —t)v) >tMu+ (1 —t)Mwv; t € |0,1].
(3) M(u+c¢)=Mu+c, forceR.
(4) |Mu — Muvlg < |u—vlg for all u,v € C(RN). O

The assumption we use on equation (P) are as follows :
(A1) For all ; € A, we have a® = %JaiaaiT, where 0% is a N x P measurable function
of z. There exists a constant K such that, for all o; € A,

¢ >1 and |o%|; 4+ [bY|1 + |c¥ |1 + | fY]1 < K.

(A2) 1> sup,, {[o*]} + [b°]1}.
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Assumption (A1) ensures that all equations we will use are well-posed ; assumption (A2)
ensures that all solutions are Lipschitz and bounded. Without assumption (A2), we have that
all solutions are Holder and bounded. We conjecture that the techniques used in this paper
can be extended to this case. In assumption (Al), we have assumed ¢® > 1 for simplicity
of future computations. All our results can be extended to the general case ¢* > X, where
A > 0. In this case, in assumption (A2) and in all estimates of Lipschitz constants obtained
in the appendix, we have to write min (), 1) instead of 1.

Result of [15, Theorem 4.2] gives the existence of a viscosity solution of (P). Moreover,
generalizing, in the obvious way, the proof of [, Theorem 3.5], which involves only first order
impulse control problem, we obtain the uniqueness of this viscosity solution. We can then
give the following proposition.

Proposition I1.2. Under assumptions (A1-A2), (P) has a unique viscosity solution w in
Cyp (RY). In particular we have
lulp < sup |f*|o. O

a;
Let C' > 0 a constant, and consider the following equation :

max{sup L% (z, Du); u(z) — Mu(z)} =0, z € RY, (Po)
@
where L/ (z,r,p, X) = L% (x,r,p, X) — Cc®(z). We have then the following lemma, which
is given without proof.

Lemma I1.3. Under assumptions (A1-A2), u is a viscosity solution of (P) if and only if
u+ C is a viscosity solution of (Pc).0

Remark I1.4. In the sequel we assume that f%(x) > 0, for all x and «;, since that slightly
simplifies the proofs ; however, using lemma I1.3, all our results are easily extended to the
case when f is not nonnegative.

We now state assumptions on the discrete scheme (), which is an approximation of the

equation (P) :

(S1) Monotonicity : S(h,x,r + m,u+m) > m+ S(h,x,r,v)
for all h € ]Rﬂ\r[, rcR,m>0,z€RY and u,v in Cp(RY) such that u < v in RV,

(S2) Regularity : for all h € RY and ¢ € Co(RY), z — S(h,z,é(z),¢) is bounded and
continuous ; r +— S(h,z, 7, ¢) is uniformly continuous for bounded r, uniformly with
respect to x € R,

(S3) There exist n,k; >0, i € J C {1,...,n} and a constant K. > 0 such that for all
h € RY and z in RY, and for every smooth ¢ € C"(R¥) such that |D¢|o is bounded,
for every i € J, the following holds :

sup L% (z,D¢) = S(h,z, (), 9)| < KcQ(o),
where Q(¢) = ;¢ s [D'¢lo[hl*.
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(S4) Suppose now that the scheme S(h, z, up(x),up) can be written in the following form

sup SV (h, x, up (x), up), (2.5)
as is the case for Finite Differences scheme and Generalized Finite Differences scheme.
(i) Let C > 0 a constant.

If v is solution of max{sup,, S (h,z,v(z),v);v(x) — Mv(z)} = 0, then v + C is
solution of max{sup,, (S (h,z,v(z),v) — Cc*(x));v(x) — Muv(z)} = 0.
(ii) If v is solution of

max{sup SV (h, z,v(z),v);v(z) — Mv(z)} =0, (2.6)

a;
then vv is solution of

max{sup(S“ (h,z,vv(x),vv) + (v — 1) f%(z)); vv(x) — vMuv(x)} =0, (2.7)

where v € (0,1), and f* defined after equation (P).

Remark I1.5. Assumption (S4(i)) leads us to have 0 as lower bound for every solution
of the cascade schemes. If we don’t assume (S4(i)), we obtain a negative constant as lower
bound ; all our results can be extended to this case, but computations become more complicated.
Assumption (S4(ii)) is useful to prove the uniqueness of the solution of (S).

Example I1.6. An example of a numerical scheme which satisfies these assumptions is the
standard Finite Difference Scheme when N =1, defined as :

{ _ aai(x)[¢($+h) —2r + ¢(z — h)]

S(h,x,r, ¢) := sup 2

%] cA

—b% () [%} + % () [%} + i (z)r — f (m)}, (2.8)

where bY (x) := max(b™ (x),0), b¥(x) := max(—b*(x),0). Clearly assumptions (S1), (S2),
and (S4) are satisfied. For the consistency hypothesis (S3), we obtain, from a Taylor expan-
sion,

Q(¢) = |D*¢lh + |D*|h?, (2.9)
iem =4, J={2,4}, ko =1 and ky = 2.
We set, J being defined in (S3) :

7::%1}1{7}, 1:z1}é1}1{3i_2}. (2.10)

We explain briefly how we obtain our main result. In the following we build sequences P,
and Sp, n > 0, of equation of type (P,) and (S,,) respectively, which approximate (P) and
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(S). Then we have that the sequence of viscosity solutions u,, of (P,), n > 0, converges to u,
and the sequence of solution up, of (Sy), n > 0, converges to uy,. We will give these rates of
convergence. Finally, for each n we give an upper and a lower bound of u,, — up,, and we use
these bounds to obtain (2.11).

We state now our main result.

Theorem I1.7. Assume that (A1-A2) and (S1-S4) hold, and let u € Cy (RY) be the unique
viscosity solution of (P). Then (S) has a unique solution uy € Cy(RY). Moreover, for h small
enough, the following two bounds hold :

— C|h|YInh| < u—wup < CJh|7|In k), (2.11)

where C' is a bounded constant, which depends on K defined in (A1), on k, and on the rates
of convergence of u, and up,.

Consider now the finite difference scheme given in example I1.6. We have the following
result :

Corollary II.8. Let u the solution of (P), for N =1, and let uy, the solution of (S), with S
defined as in (2.8). The following two bounds hold :

— C|hY?|Inh| < u—up < C|h|V?|1Inh|, (2.12)

where C' is a bounded constant, which depends on K defined in (A1), and on the rates of
convergence of Uy, and upy,.

Proof. Applying (2.9), we obtain v = 1/5 and 4 = 1/2. Then we can use the precedent
theorem to obtain the result. O

Remark I1.9. Corollary I1.8 can be extended to the Finite Differences scheme in dimension
N > 1 [21], and to the Generalized Finite Differences scheme in dimension N > 1 [0, 7].
The bounds that we obtain are the same as (2.12), where now h is the vector of space steps
along each component of x.

3 The cascade approximations

In this section we present the approximations of (P) and (5), and we study their main
properties.

3.1 Cascade for the HJB equation

We approach equation (P) by a sequence of obstacle problems, and use the same methods
as in [15, Proof of theorem 4.2], to prove that the solutions of the sequence of equations
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converge to the solution of (P). By remark I1.4, we have that u = 0 is a viscosity sub-solution
of (P). Consider the following problem :

sup LY (z, Du(z)) =0, xeRN. (Py)

(&7

Under assumptions (A1-A2), this equation has a unique viscosity solution ug in Cj(RY).
Since u = 0 is a viscosity sub-solution of (F), the comparison principle (see [15, Theorem
3.3]) implies 0 < ug. Consider the following problem :

max{sup L% (z, Du(z)); u(z) — Mug(z)} =0, 2z <RV, (P)

(73

Since Muyg is uniformly continuous, under assumptions (A1-A2), there exists a unique vis-
cosity solution uy of (P;) in Cpy(RY). Similarly, for n = 2,3,---, let u, € Cp;(RY) be the
unique viscosity solution of

max{sup L (z, Du(z)); u(x) — Mu,_1(z)} =0, xcRYN. (Pn)

Qg

It is easy to check that uj is a viscosity sub-solution of (). By the comparison principle,
uy1 < ug. Moreover, u = 0 is a sub-solution of (P;) in R, and then 0 < u; < ug in RY. By
point (1) of Proposition II.1, Mu; < Muy, then we can say that us is a viscosity sub-solution
of (P1), and also us < uj in RY. By induction over n, we obtain :

0< - <up < <ug <up < uy. (3.1)

We can see that, if |ug|lg < k, then u is a viscosity solution of (P) and then we refer to [3],
[2] for error estimates. Suppose now that |uglg > k, and let p € (0, 1) such that p|uplo < k.

Theorem I1.10. We have that, for all n,
Un — Un1 < (1 — )" uolo. (3:2)
Proof : Let n € N, and 6,, € (0, 1] be such that
Up — Upa1 < Optly, in RY. (3.3)

By (3.1), this holds at least for #,, = 1. Rewriting (3.3) as (1 — 0,,)u, < up+1, and using
proposition II.1, get

(1 = 0,) My + 0,k < (1 = 0,) Muy, + 0, MO < M[(1 = 0,)un] < Mty (3.4)

We now prove that
(1 =60, + pbp)tnt1 < Upto, (3.4a)
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where w12 is the viscosity solution of (P, t2). Since u,41 is the viscosity solution of (P,+1),
and f%(z) > 0, for all  and for all «;, we have that (1 — 6,, + pub,)un,+1 is a viscosity sub-
solution of sup,, L% (x, Dv(z)) = 0. Moreover, by the construction of the sequence (3.1), and
by (3.4), we have

(1= 0n + pbn)uns1 < (1 = On)upir + pbpfuolo, (3.5a)
Muyy1 > (1 — 0,) Muy, + 0,k. (3.5b)

Taking the difference between (3.5a) and (3.5b), and knowing that w1 is the viscosity
solution of (P,), we have
(1 —0p + /Len)un+1 — Muy g1

< (1 — 9n)un+1 + ,u@n‘U()‘() — (1 — Hn)Mun — an
< (1 =0p)upt1 + Ok — (1 — 0p) Mu,, — 0,k <O0.

So we can say that (1 — 6,, + p6y,)up+1 is a viscosity sub-solution of (P,42). The comparison
principle implies (3.4a), or equivalently

Unt1 — Unt2 < Op(1 — ) tpgq. (3.6)

As in [15, Proof of theorem 4.2], by the inequalities ug —u; < ug in RY, we obtain u; —up <
(1 — pw)uy in RN, Then we can take ; = 1 — pu and we obtain us — uz < (1 — p)%uz, and by
induction we have

Ung1 = tnya < (1= p)" My < (1= )" Huglo. O (3.7)

By (3.1) and (3.2), we can find a function u € C(R"), such that |u, — u|p — 0, when
n — +oo. Proposition II.1 and the stability of solutions imply that w is a viscosity solution
of (P). Then we can say that u, converges to u, the unique viscosity solution of (P), when
n — +o0o. We want to estimate an upper bound of u, — u for an arbitrary n. By (3.2) and
since (1 — u) < 1, we obtain that, for all n > 0,

(L—p)"

U —u<+oo(1—u)i‘uO’0_7’11,0‘0—7(1_“)”
n < E = =
P 1—(1—p) p

”u,olo. (38)

3.2 Cascade for the numerical scheme

As we have done for the equation (P), we will approach (S) by a sequence of equations
(Sy). This kind of approach has been already used for numerical study of the impulse control
problem, see in particular [9].

In all the paper we suppose that every equation (S,,) has at least one solution uy,, € C,R™Y.
We give now a useful lemma to obtain the uniqueness of uy,,, for all n. Consider the equation

max{S(h, z,6(z), ¢); p(x) —b(x)} =0, = eRY, (3.9)
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where ¢ € Cy(RY). We say that a function ¢ € C,(R”) is a sub-solution (resp. super-solution)
of (3.9) if

max{S(h, ,¢(x), ¢); p(x) — (x)} <0, (vesp >0), forall zecRY.

Lemma II.11. Let S satisfy (S1)-(S4), and w and v respectively sub and super-solution of
(3.9). Then
u(x) <wv(z), foralzecRY., O

The proof is a particular case of proof of Proposition I1.14 where we take g = 0.
Let upg € Cp(RY) be a solution of

S(h,z,up(z),up) =0, z¢cRY. (So)

By Lemma I1.11, upg is unique. Since Muy,g is bounded and continuous, by the same reason,
there exists a unique solution uy; € Cb(]RN ) of

max{S(h, z,up (), up); up(z) — Mupo(z)} =0, =RV, (3.10)
For n =2,3,---, we denote up,, the unique continuous and bounded solution of
max{S(h, z,up(z), un); up(z) — Mupm-1)(z)} =0, =z € RY. (Sn)

The function up; is a sub-solution of (Sy), and then up; < upg in RY. Using remark 1.4
and assumption (S4), we verify that u; = 0 is a sub-solution of (3.10) in RY, and then we
have 0 < up; < upo in RY. Proposition II.1 implies that 0 < Mup; < Mupg, then uys is a
sub-solution of (3.10), and hence uys < up; in RY. By induction on n, we obtain

0< - <upp < <upg < upp < upp. (3.11)

As in subsection 3.1, we suppose that |uglg > k. Then, since upg — ug uniformly, we have
also |upolo > k and we can choose p € (0,1) such that pluglo < k, and plupglo < k.

Theorem I1.12. For all n and for h small enough, we have
Uhn — Un(nt1) < (1 — p)"[unolo- (3.12)

Proof : We use the same methods as in theorem II.10, taking some 6,. The unique
difference is that we have to show that (1 — 6, — pu6,)up(,41) is a sub-solution of (Sy2),
which can be written

max{S(h, , up(x), up); un(r) — Mupgy ()} =0, zeRY.
With the monotonicity of S, we obtain the result. O

Proposition I1.13. Under assumptions (S1)-(S4), there exists a solution of the equation

(s).
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Proof : By (3.11) and (3.12), we can find a function u;, € C,(RY), such that |u, —up|o —
400, when n — +o0o. Proposition I1.1 and the stability of solutions implies that wy, is a solution
of (S). O

We can prove a comparison principle for (S), with S written as in (2.5), and hence the
uniqueness of its solution.

Proposition I1.14. Let S satisfy (S1)-(S4). Let u, v be the solutions of

max{sup S (h, z,u(x), u); u(x) — 1 (z)} =0, z € RY, (3.13)

(23

and
max{sup(S* (h,z,v(z),v) + g(x));v(x) —P2(x)} =0, x € RV, (3.14)

Qg

where Y1, 1o and g are elements of C,(RN). Then,

lu — o < max{|glo; |11 — ¥2lo}- (3.15)

Proof. Since v and v are solutions of (3.13) and (3.14) respectively, we have that

max{sup SV (h, z,u(x),u);u(z) — 1 (x)} <0,

max{sup(S5* (h, z, v(z),v) + g(x)); v(z) — a(x)} = 0,

(&7

for all z in RY. Since max{4; B} — max{C; D} < max{A — C;B — D}, (3.13) and (3.14)
imply
0 < max{sup(S (h, z,v(x),v) + g(x)) — sup S(h, 2, u(z), w);

v(z) — P2(x) — (u(z) — ¥1(x))}
Hence we have the two following cases.
a) u(z) —v(x) < P1(x) — Po(z), which implies u(x) — v(z) < |1h1 — ao.
b) sup,, S (h,z,u(r),u) <0, and sup,, (S (h,z,v(z),v) + g(z)) > 0.
Then sup,,, S*(h,z,v(x),v) + |glo > 0, and applying the monotonicity, sup,, S(h,z,v(z) +
lglo, v + |glo) > 0. By [3, Theorem 2.1], obtain u(x) — v(z) < |g|o.
Combining the two cases we have

sup (u(z) —v(z)) < maX{Slip 9(z); sup [P1(x) — a2(x)|}-

T

On the other hand, we have

max{sup SV (h, z,u(z),u); u(x) —1(x)} >0,

Qg

max{sup(S5“ (h, z, v(x),v) + g(x)); v(z) — a(x)} <0,

(&%)
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for all z in RY. We have the two following cases.
a) v(z) —u(x) < o(x) — 1 (x), which implies u(x) — v(x) > =11 — 2.
b) sup,, S (h,z,u(zx),u) > 0, and sup,, (5% (h,z,v(z),v) + g(x)) < 0. Since g is a positive
function, we have sup,,, S(h,z,v(z),v) <0, and by [3, Theorem 2.1], u(x) — v(z) > 0, which
implies u(x) — v(z) > —|glo. O

We can give now the uniqueness result.

Proposition 11.15. Under assumptions (S1)-(S4), (S) has a unique solution uy, € Cy(RY).

Proof. Let uy and v, be solutions of (S). By (S5), vuy, is a solution of

max{sup(S% (h, z, vup(z),up) + (v — 1) f%(x)); vup (z) — vMup(z)} =0, = € RY,

a;
for v € (0,1). Apply Proposition I1.14 to obtain
[vup — vplo < max{|(v — 1) f*o; [vMup — Muylo}.

By [l, Theorem 3.5], we know that |vMup — Mug|o < |vup — vplo, and hence |vu, — vpg <
|(v — 1) f|o. Letting v go to 1, we have the result. O

We have proved that wp, converges to the solution uy of (S), for n — 400, and by
Proposition I1.15 this solution is unique. Moreover we have

+oo
. 1— )"
Uphn — Up < Z(l — )" |unolo = %’Uho\o- (3.16)

4 The upper bound for the cascade problems

In this section we will use the methods of [3], [2], to obtain an upper bound of wu,, — up,,
for all n. We start with the case n = 0, and then we will study the general case n > 1. Finally,
we will use these estimates to obtain the upper bound of u — uy,.

4.1 Problem without impulses

Consider the problem (P) and its viscosity solution ug € Cj,;(RY). Let

[c® 1 |uolo + [f*]1
L,, :=sup .
B e e e

We recall here the result of [18, Lemma A.1].

Lemma I1.16. L, is an upper bound of the Lipschitz constant of ug. O
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Consider the scheme (Sp) and its solution upg € Cy(RY). We recall that L® and S satisfy
assumptions (A1-A2) and (S1-S4). An upper bound of uy — upg has been obtained in [3].
Here we need to rewrite some ideas of this paper, in order to detail constants which appear

in various proofs. The auxiliary equation (see [19])
sup L% (x + e, Dug(z)) =0, z e RY, (PyP)
Cl{,;E.A,'e‘SE

has a unique viscosity solution uf € C’bvl(RN ). Let ug. the mollification of uf), defined as in
(2.2). We give now a lemma useful in the sequel. We recall that 7 is defined in (2.10).

Lemma I1.17. Let g € Cy (RY), and its mollification ge. Set € = |h|7. Then, J being defined
in (S3), i
Q(ge) < |J|Kclglulh|™. (4.1)
Proof : Using (2.4), get
Q(ge) = Kelgh D e A" = Kelgli Y [p0 0k,
icJ ieJ
Since, by (2.10) (1 — i) + k; > 7, for all i € J, we obtain the result. O
We recall here the result of [2, Proposition 3.2], where we detail some constants.

Proposition I1.18. Let ug € C’bJ(RN) the viscosity solution of (Py), and upg € C’b,l(RN) the
solution of (Sp). Then we have

ug(x) — upg(w) < Co|h|?, Vae RY, (Eo)
éo = \J\Kc\ugh + R, (4.2)
where R depends only on the constant K of assumption (Al).

Proof : In [3] the authors verify that ug. is a classical sub-solution of (F). By the
consistency hypothesis (S3), (2.4) and lemma I1.17, for € = |h|7,

S(h7x7u05(x)7u05) < Q(UOE) < ‘J‘Kc‘ughlhﬁ7 T € RN

Monotonicity implies that uge — |J|Kc|u§|1|h|]" < wupo. By [3, Lemma A.1], we have that

|ug — woe| < Re, where R depends only on K defined in (Al). So we have the result. O

4.2 Problem with n impulses, n > 1

Consider now the problem with n impulses (P,), for n > 1, and its viscosity solution
Uy, € Cp (RY). We generalize here the method of [3], by introducing the perturbed equation

m{ sup Lai<x+e>,m;<x>>;uz<x>—Mun_1<x>}:o, (P,P)
a,le|<e

whose unique viscosity solution in Cj,;(RY) is denoted ug,. We recall that, for the problem
without impulses, uf is the solution of (PyP). The next result, proved in the appendix, gives
upper bounds of Lipschitz constants of u,, and us,.
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4. THE UPPER BOUND FOR THE CASCADE PROBLEMS

Lemma I1.19. Let u,, and uf, denote the viscosity solutions of (P, ) and (P, P) respectively,
for n > 1. Then, upper bounds of Lipschitz constants of u, and ug, are

Ly, = Ly,, (4.3)

[ ]afuplo + [f*]x
Lye = max ( Ly, ; sup : — ).
e T

O (4.4)
Using the same methods as for sequence (3.1), we can show that
0<---<u
Combining with (4.4), get
0<---<1L,
The following result is proved in the appendix.

Proposition I1.20. Let u, and uf, be the viscosity solutions of (P, ) and (P, P) respectively,
and Ay, e be defined in (8.1). Then

”U,n - U’;L’O < Aunvufle’
Relations (4.6), (8.1), (3.1) and (4.4) imply the following result.
Lemma I1.21. 0 <. <Ay, ue < < Ayyug < Ayyug. O

Proof : This follows from the expression of coefficients Ay, v¢, i = 1,...,n, given in (8.1),
combined with lemma I1.19 and relation (4.6). O

We can give now the error estimate of the upper bound. We recall that Cy was defined in
(4.2).

Proposition I1.22. Let u, € Cy (RY) be the unique viscosity solution of (P,), and up, €
Cy(RN) the unique solution of (S, ), n > 1. Then we have

un(x) - uhn(x) < C7’n|h|;y7 (En)
C?n = 7n—1 + Aun,u; + Lufl + LUO‘ (47)

Proof : For all n € N and € > 0, we denote by u,. the mollification of uf,. We prove
the proposition by induction over n. Take n = 1. We show that u;. — Colhﬁ — Ly,€ is a
sub-solution of (3.10). Applying the classical methods (see [3, 2, 5]), we have that wie — Ly,€
is a classical sub-solution of (Pj). Using the consistency hypothesis (S3), proposition I1.18,
the equality Q(uie — Ly €) = Q(u1e), and the monotonicity of S, obtain

S(h,z,u1e(z) — Luge — Q(u1e), ure — Luge — Q(ure)) <0
ute(x) — Lyye — Colh|T < Mupo(z).
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

We deduce that uje(x) — Ly e — max{Co|h|7,Q(u1c)} is sub-solution of (S7). We now set
e = |h|7. By lemma II.17, and by (4.5), (4.6) and (4.2), we obtain,

Q(uf) < |J|Kclul1|h]” < |J|Kclug|1|h]” < Colh]".
Then max{Cy|h|7,Q(u1c)} = Co|h|7, which implies ui.(z) — Co|h|T — Lyye < upi(x), for all
x. Hence, with (2.3) and proposition 11.20,
u () — upi(z) = ui(z) — ui(z) + ui(z) — wre(x) + uie(x) — upi(x)
< Auy g€+ Luse + Lyge + Co|h]
= (Auyus + Lus + Luy + Co)|A".

We obtain that (4.7) holds for n = 1.
Now we suppose the proposition true for n — 1. The same methods as before, the assump-
tion of induction and lemma I1.19 give us the result. O

So we have obtained that, for all n > 1, u, — up, < Cp|h|7. We set
Dy :=Cp — Cpo1 = Aupug, + Lug + Ly,
Lemma I1.21 and relation (4.6) imply that D,, < Dy, and hence, by (4.7) :
Cn < Co+nDy. (4.8)

5 The lower bound for the cascade problems

In this section we will use the methods of [3, 2], to obtain a lower bound of w,, — up,, for
all n. We start with the case n = 0, and then we will study the general case n > 1. Finally,
we will use these estimates to obtain the lower bound of u — wuy,.

5.1 Problem without impulses

Consider problem (P) of solution ug € Cp;(RY), and the scheme (Sp) of solution ug €
Cy(RY). We recall that L® and S satisfy assumptions (A1-A2) and (S1-S4). A lower bound
of ug — upg has been obtained in [3]. Here we need to rewrite some parts of this paper, in
order to give explicit bounds of constants appearing in various proofs. Consider the following
switching system, which approaches (F),

max{ L (z, Dv; (2)); v} (x) — 1%1{@?(17) +L3} =0, (550)

forx e RN, ieZ={1,...,M}, and £ > 0. Let v° = (v,...,0Y,) be the unique viscosity
solution of (SSp), v* € Cp (RV)M. By remark 114, we have that (0,...,0) is a viscosity
sub-solution of (S5p), hence 0 < v)(z), for all i € Z and x € RV,

For every 1, U? converges to ug, when ¢ — 0. We rewrite here the result of [2, Theorem
2.3], which give this rate of convergence.
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Lemma I1.23. Let ug and v° be the viscosity solutions of (Py) and (SSy) respectively. Then,
for all i, we have
0 <) —ug < COV/3, (Hop)

where C' depends only on K, defined in (A1). O

Error Estimate

Consider the following perturbation of the switching system (55p) :

max{ |i1‘1<f LY (z + e, Dw (x)); w® () — m;lién{w;(](x) + 5}} =0. (SSoP)
el<e jF#i
We denote by w’ = (w,... ,wgf[) the unique viscosity solution of (SSyP) in C’bvl(RN W,

We have 0 < wY¢(z), for all i and for all z.
The following result is proved in the appendix.

Lemma I1.24. Let v° and w be the viscosity solutions of (SSy) and (SSoP) respectively.
Then, max; |v) — w|o < €A 0, where Ao e is defined in (8.1). O

Consider v defined in (2.10). We have the following result.

Lemma I1.25. Given g € Cy (RY), its mollification ge, and ¢ = |h|*Y, we have that, for J
defined in (S3),
Q(ge) < [J[Kelgl|h[™ (5.1)
Proof : By (2.4), we know that
Qge) = Kelgli Y e AN = Kelghy Y [h0-92 7,
icJ icJ
Since 3(1 — i)y + k; > v, for all i € J, we obtain the result. O

We recall here [2, Lemma 3.4], which gives some auxiliary results to obtain the error
estimate.

Lemma I1.26. Assume (A1), (A2), let w°% = p. x wd, for i € I. Moreover assume that

€ < (4sup;[wl€]y) L. Then, for every x € RN, if j = argmin;czwl (), then

Laj(ﬂj,ng(l‘),Dng($),D2ij($)) >0. O
We recall now the result of [2, Theorem 3.5], where we detail some constants.

Proposition I1.27. Let ug € Cb,l(RN) be the viscosity solution of (Py) and upg € Cb,l(]RN)
the solution of (So). Then, we have

uno(z) — uo(z) < Colh2, Ve RY, (E)

Cy = |J|Ke[w*)1 + R, (5.2)
where R depends only on K defined in (A1), and J is defined in (S3).
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Proof : We recall the ideas of [2, Theorem 3.5]. We set

m = sup {uno(y) — 90(y)},
yERN
where go = min;er w’. We now set € = |h[*?. Computations of [2, Theorem 3.5], combined
with lemma I1.25 and lemma I1.26, give

m < |J|[Ke|wi®1|h|2, (5:3)

where J is defined in (S3). Applying lemma I1.23, lemma I1.24, and (5.3), we have that, for
allt € Z,

sup (uno(w) — uo(e)) < m + sup (uly(w) = uf* (@) + sup (uf(x) = ! (z)

+sup (07 () — uo(x))

< |T|KJwi®)y Y e TR+ Cet Ay yoce + CEV3,
i€J
where C depends only on K defined in (Al). In agreement with lemma I1.26, ¢ = 4eL, 0. =
4]h\31Lwoe, where L, is an upper bound of the Lipschitz constant of w". By lemma II.25,

we have
sup (upo(x) — uo(x)) < Ro[2|h[*Y + [R[Y] 4 [J| K |wi 1 |h]7,

T

where Ry depends only on K defined in (Al). Setting R = 3Ry, we obtain the result. O

5.2 Problem with n impulses, n > 1

We generalize here the methods of [3]. Consider problem (P,) and its solution u, €
C’b,l(RN ), defined in section 3.1. We know that L, is an upper bound of the Lipschitz constant
of uy, for all n.

Then consider the scheme (S,) of solution wuy, € Cu(RY), defined in section 3.2. We
recall that L® and S satisfy assumptions (A1-A2), (S1-S4). Consider the following switching
system which approach (P,) :

ma{ L (. Do} (x))sof () — min{of () + v (x) — Moy (2)} = 0, (S5n)

forz € RN andi € T = {1,..., M}. Under assumptions (A1-A2), (SS,) has a unique viscosity
solution v™ = (v},...,v%,) € Cp (RV)M. By remark I1.4, it is easy to see that (0,...,0) is a
viscosity sub-solution of (S5,), and that v™ is a viscosity sub-solution of (SS(,_1)), for all n.
We can build, then the following sequence

0<-- <of(x) < <vj(z) <o),

(2

for all ¢, and for all x.
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Convergence of the switching system

Using the same methods as in [2, Theorem 2.3], we introduce an auxiliary switching
System

max{sup LY (z + e, Dv}**(x)); v (z) — mén{v;“(x) + 030 (x) — Mup—1(2)}, (5.4)
le|<e 37

and denote by v"¢ = (vP€, ..., v¢) its viscosity solution in Cp (RY)M. As before, we have
that n — v[“(x) is non-increasing, for all ¢ and for all z. Let v’ = p. * v%, for all i € Z.
We can give now the following result about the convergence.

Proposition II.28. Let u, and v™ be the solutions of (P,) and (SS,) respectively. Then,
for all i, we have
0<v—u, < Hv”,vmel/g: (Hn)

where Hyn yne is defined in (8.1).

Proof : We start by giving the proof for n = 1. Consider w = (u1,...,u;) (a vector with
M components equal to u). Then, for every i, we have :

LY (xz,Dui(z)) <0
ur(r) <wup(z) +€ = uy is a sub-solution of (SS1) = uy(x) < v} (x),
w1 (z) < Mug(x)

for all z € RY, i € Z. We show that, for all 4, vile — Cle? — Ly,e€ is a sub-solution of (P),
where

C = Cpﬁsup(\aai\o + %o + |c* o). (5.5)

With classical methods (see [3], [2], [7]), we have that v} is, for all i, a sub-solution, in
the classical sense, of

L% (2, Du(z)) =0, Vo € RV, (5.6)

The definition of switching system implies that |v}¢ — vjl-E] < ¢, for all i,j. Combining with
(2.4), we obtain

\Lai(az,Dvelj(a:)) — L% (z, Dvk ()] < %,V i,jeT, et VaecRY.

1

Since v,; is a sub-solution of (5.6), this implies

¢
L (a;,Dvelj(a:)) < ot Vi,j, and V z € RY. (5.6a)

e’

Consequently v}; — Cle™? is a classical sub-solution of sup,, L% (z, Dw(z)) = 0. Moreover,
by the definition of the auxiliary system, we have that v}¢(z) — Mug(z) < 0, for all i € Z,
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

and for all z € RY. Let u, be the mollification of ug, defined as in (2.2). Then, we have
vl (z) — Muge(z) < 0, which implies v);(z) — Mug(z) < Ly,€, and also
vh () — Lyge — Cle™ — Mug(x) <0, Vz € RV,

Hence, for all z € RY, we have

sup,, L% (z, D(vY; — Cle™?)(z)) < Ly,e,
v (z) — Mug(x) < Lyye + Cle™2.

So vk, — Lyye — Cle=2 is a viscosity sub-solution of (P1), and we have v’;(z) — Ly e — Cle 2 <
up(z), for all z € RY. Finally we obtain

Cyl _ . .
vi (x) —u(2) < —EZ sup(|o® o + [0 o + [¢™*|0) + (Lug + Lyte + Ay p1e e,
o

for all z in RY. Minimizing with respect to €, obtain
vi(z) —ui(z) < Hvl7vle€1/3.

The result for n > 1 can be proved similarly, using L,,, , = L, as an upper bound of the
Lipschitz constant of u,_1. O

Error Estimates

Consider the following perturbed switching system which approaches (P,),

mase{ inf L (x + e, Duf(a); wf* (x) ~ min{uff(a) + ¢}
e|<e VE

wi(z) — Mup_1(z)} =0, (SS,P)

and its unique viscosity solution w™¢ € C’bvl(RN YM . As before, we can prove that 0 < --- <
wl(x) < -+ < wi(z) < wl(z), for all i and x. Let g" := v™, v, w". Then, we set
[c™]algi' o + [F]1 .

Ly := max <sup : ——: Ly, > (5.7)
g T

We have the following results, which are showed in the appendix.
Lemma II1.29. Let g" :=o", v"¢, w". Then max;[g]'l < Lgn. O

Lemma I1.30. Let v", v™ and w™ be the viscosity solutions of (SSy), (5.4) and (SS,P)
respectively. Then, we have

max [v]' — v lg < Aynynee,  max [v] — wio < Ayn ynee,
(2 (]
where Ayn yne and Ayn e are defined in (8.1). O
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

The following result in proved in theorems I1.34 and I1.37.
Lemma I1.31. Let ¢' := o%, v, w', and let Ly be defined as in (5.7). Then
Ly <--- < ng < Lgl,
Avn’wnsé---SA SA

Avn’vne é e S Avl,v15 S AvOmOs. 0.

vl’wls UO’wOE,

We can give now the lower bound.

Proposition I1.32. Let u,, € Cy,;(RY) the viscosity solution of (P,) and let up, € Cpi(RN)
the solution of (Sy,), n > 1. Then we have

Upn(T) — up(z) < C,|h[Y, VzeRY, (E,)
C,, = Cq 4 12Lyne + 4Ly, + Ayn yne + Hyn yne (6 Lygne )73, (5.8)
Proof : The proof is by induction over n. Let n = 1, and let

m = sup {un1(y) — 9(y)}, (5.9)
yERN

where g = min;e7 weli. For n > 0, let

My = sup {un1(y) — 9(y) —nd(y)},

where 77 > 0 is a small constant, and ¢(z) = (1 + |z[?)'/2. Let 2 be such that m, =

up1(xo) — g(xo) — nP(xp). Then we have also m, = upi(zo) — welio (xo) — no(xg), where

w;, (z0) = minjer wslj (x0). After some computations (see [2, Theorem 3.4]), we can say that,
if € < (6Lye)~ 14, then

wlloﬁ(y) — min{w}e(y) +/0} <0, Vyée B(xg,?2e). (5.10)

J#i0
Then, equation ig in the system (SS;P) becomes

max{ inf Lo (y + e, Dw}f (y)); wic (y) — Mug(y)} =0,y € B(ao, 2€). (5.11)

We have to study two cases.
CASE 1 : There exists € B(xg, 2¢) such that

wi(Z) = Mug(z), e wi(z)=k+ irgf{uo(aé + &) +c(§)}-

Then, for all y € B(xg, 2¢),

wig (9) + A(Lure + Lug)e > b+ int{uo(y +€) + ()}
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5. THE LOWER BOUND FOR THE CASCADE PROBLEMS

Consider now Muyg(y) — Mug(y). By proposition I1.27, we have that Mug(y) > Mupg(y) —
Cy|h|2. Then, we obtain

Wiy (y) + 4(Lypte + Lug)e + Col |2 > & + mf{uno(y + &) + ()}, Yy € Blo, 26).

Since up1(y) < k4 infe{upo(y + &) + c(§)}, for all y € B(wo, 2¢), hence
up1(xo) — welio (x0) < 4(Lyre + Lyg)e + Colh|L + Lyrce = (5Ly1e + 4Ly, )e + Cplh|L,

which implies
My < (5Ly1e + 4Ly, )e + Colh|2 — no(z). (5.12)

CASE 2 : For all y € B(xo, 2¢), we have
wl(y) < Muo(y).
The classical methods (see [2], [5]) imply that

sup L% (xg, Dw); (x0)) > 0.

€10
@i
We can apply the consistency hypothesis, to obtain
—Cn < S(h, o, (wh, +n¢)(x0)), Wiy +19) + Q(we, + nd)

Monotonicity implies that
S(h,zo, up1(xo) — My, up1 — my)

—my + S(h, 2o, up1(20), up1)
—my].

S(hv o, (welio + 77¢)($0), welio + 77¢)

VARVATAY

The last inequality follows from the definition of (S1). Then, we have
my < Qwey) +O(n). (5.13)

CONCLUSION :
By (5.12) and (5.13), we obtain that

e { (L + ALuge + Colt2 — 1ofa): Q) + O
We set € = |h[*?. Then, if 17 goes to 0, we can conclude that

m < max {(5Lw16 + 4Ly )e + Col |2 Kolw'ely ) el—iyh\ki}.
ieJ
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Hence
1 1
Upl — UL = Up] — We; + We; — UL

<mA4wh —wi+wi — v} +of —

< max {(5Lw16 +4Lug)e + Col 2 Kolw' [ ) el_i]h\ki}
ieJ

+0+ Lyice + Avl’wlse + Hvl’vlegl/g.
Setting ¢ = (6Lw!¢), we obtain

upy — w1 < max{(12L1c + 4Lu0)]h\31 + (Cy + Hv1vv1e(6Lw1e)1/3)]h\l;

(TLye) |W)*2 + (|| K| + Hyr e (6Lye) )| R[2}.

Since |J| K |Jw'€|; < |J|K:|w’|; < Cy, the maximum is attained by the first term. Then we
have the result.

Suppose now that (E,,) and (5.8) hold for n—1. The same methods as before, the induction
and the fact that L,,, , = Ly, give the result. O

We set

D, :=C, —C, | =12Lync + 4Ly, + Ayn + Hy(6Lyne )3, (D,)

10

Lemma I1.31 implies that
C, <Cy+nD,. (5.14)

6 Proof of the main result

Before giving the proof of theorem I1.7, consider the following result. Let ¢ : R — R,
d(z) =va®* +br+c, where 0 <a <1,b€RT, v>0andc > 0. Let m := min,en ¢(n). Then
we have the following elementary lemma that we state without proof.

Lemma II.33. (i) ¢ attains its minimum over R at r := log, <_TI;1¢1>’ where —=b/vIna >

0, since a < 1.
(i) If ——t— > 1, then r <0, and hence m = ¢(0) = v + c.

vina —

(iii) If ——2— < 1, then

vina

m < ¢([r]) = alT +0[r] <a™ +b(r +1)
—a—b+b<10ga(L)+1>+c. O

Ina vina
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Proof of theorem 11.7, page 7 We already proved in Propositions 11.13 and I1.15 that
(S) has a unique solution.
We start by proving the upper bound of (2.11). Consider the following decomposition :
sup (u(z) — up(x)) < sup (u(z) — up(z)) + sup (un () — upy(x)) (6.1)
xT x

xT

+sup (upn () — up(2)),

xT

for all n < +oo. Using u — up, <0, Uy — Unp < Culh|7, Unp — Unoo < (l_u“)n lunolo, and (4.8),

obtain <
sup (u(z) — up(x)) < (Co +nDo)|h|” + %

T

|[upolo- (6.1b)
Let ¢(n) = (Co + nDy)|h| 4 d=w" u |uh0|0, and let m := min, ey ¢(n). Applying lemma 11.33
and the fact that » < [r] <r + 1, we obtain that

_ D 5~ . Dopl|h|7 .
o u—up < <Co+ﬁ>’hh, lf—%ZL

In(1—p) [unolo In(1—p)
Hence we have the result. We prove now the lower bound. Consider the following decompo-
sition :

o u—uy < [— (1) Do +Cy+ D(](log(l_u) ( — M) + 1)] |h|7, otherwise.

sup (up(z) — u(x)) < sup (up(z) — upp(x)) + sup (upp(z) — up(z)) (6.2)

x x x

+sup (un(2) — u()),

for all n < +o0. Since up, — upy < 0, Upy — up < C, |12, up —u < |u0|0, and (5.14), w

obtain ) .
up —u < %]uo\o + Cy|h[Z + nDg|h|2. (6.2b)

Applying lemma 11.33, we obtain that

: Dy plh|2 .
® up —u< (CO + ERi) >|h|l> if — o = 1

In(1-p) [uolo In(1—4)
Hence we have the result. O

o up —u< [— (L-mDo | Co+ Qo<log(1_u) < - M) + 1>} |h|2, otherwise.

Appendix
7 The upper bounds of Lipschitz constants

Proof of lemma I1.19. We prove this lemma by induction. Let n = 1, and set

1) €1
Me, :=sup ¢(x,y) := sup {ur(z) —ui(y) — 5’37 —y)* - 5(\95’2 + [y*)}-
z,y z,y€RN
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Let me, = ¢(w0,yo). By Ishii’s lemma (see [10]), there exist X, Y € SV such that

0 < max{sup L (yo, u1(%0), Py, Y ); u1(y0) — Muo(yo)}

Qg

— max{sup L% (zg, u1(x0), pz, X); u1(x0) — Mug(xo)},
a;
where
Pz = 0(x0 — Yo) + €120, Py = 0(To — Yo) — €1Yo0,

(0 S )=o) ralo )

0 < max{sup[L“ (yo, u1(Y0), Py, Y) — LY (20, u1(20), Pz, X))

Qg

u1(yo) — Muo(yo) — u1(zo) — Mug(wo)}-

We can reduce us to study two different cases.
CASE 1 : u1(yo) — Muo(yo) — (u1(zo) — Mug(zo)) > 0.

Then, (7.1) implies

This last inequality implies that uj(xo) — u1(yo) < Luyg|zo — yo|- Then we deduce that

Mey S Luo’$0 - yO’ - 5‘1'0 - y0’2'

Setting r := |z — yo|, and noting that max,(Ly,r — 6r%) = L2 /46, we obtain

2

Mep > E
Applying [18, Lemma 2.3], for fixed §, we have that

lim me, = sup {u1(z) —uiy) — oz — y|*} = m,
€1—0 2,y€RN

and hence m < L2 _/46.
Then we have, by definition of m,

L2
U1($) - ul(y) <= + 5|$ - y|27 \V/JE,y € RN

- 45
12
Use ming (ﬁ + 6|z — y|2> = Ly,|T — y|, to obtain

ui(z) —ui(y) < Lyylz —y|, Va,y € RY.
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CASE 2 : SUPy, L (y07 Ul (y0)7py7 Y) — SUPg, L (:EO) Ul (:EO))pw) X) = 0.
This is the standard case (see [18, Lemma A.1]), and we have that

wn(@) —wn(y) < sup Ll My e R,
P T oo o),

In conclusion, we obtain

[ J1|uao + [fo“h}
Ly, = max < Ly, ;sup : . .
' { “a 1= o] — by

Since by (3.1) |ui]o < |uolo, using the definition of L,,, we have L, = Ly,.
We compute now L,c. With the same methods as before, we obtain

[ Ja|uilo + [f* ]
L e = L N .
u§ maX( uoys};ip 1 [O-Oli]% — [bai]l )

In this case we have not estimate between |ugp|o and |u{|o, hence we must give the result in
this form.
Suppose now that lemma is true for n — 1, i.e.

cai ue_ + (677
:maX(Luo;sup[ Jilup_ilo +[f ]1)

L g L L €
Up—1 ugy Hug, o 1— [O‘ai]% _ [bai]l

-1

Applying the same method as before, we can show that

[ q|un—1lo + [f*h
Ly, = max (L, ,;sup : _
T

Induction and definition of (3.1) give the result. The same for L,¢. O

Proof of lemma I1.29 : We start by computing L,1. We set
1) €1
me =supgi(w,y) == sup  {vi(2) = vi(y) = glo =y + (2 + 1)}
4,T,Y z,y€RN icT

Let m = ¢;j(x0,%0), i-e. (4,20, yo0) attains the supremum.

Let A := {i € Z, (i,20,Yyo) attains the supremum}. Then, by [2, Lemma A.2], there exists
i9 € A, such that vilo (yo) < minjz;, {vjl (yo)+1}. Hence we have m = ¢;,(xo, yo). The definition
of viscosity solution, and Ishii’s lemma imply the existence of X, ¥ € SV such that

max{L%o (z9, v, (z0), pz, X); v}, (x0) — m;n{%l'(fﬂo) + 1}
j#i

vl (xg) — Mug(z)} <0,

20

maX{LaiO (y07 Uilo (y0)7py7 X)7 Uilo (?JO) - MUO(?JO)} > 07
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where p,, py, X Y satisfy (7.2) and(7.3). Then we can reduce us to study two cases.

CASE 1: fuilo (yo) — Muo(yo) — (fuz-lo (xg) — Mug(xg)) > 0.

This last inequality implies that vilo (zo) — v}o (yo) < Lyy|zo — yo|- From now on, we continue
as the case 1 of the precedent proof, and we have

vll(x) —vil(y) < Lyylz —vyl|, Va,y eRN vViel.

M : L% (y07 ’U}O (y0)7py7 Y) — L% (:EOv ’Uz:'lo (:EO))pwv X) > 0.
This is the standard case (see [2, Lemma A.2]), and we have

[ Tilv}lo + [f*]a .
vi (2) =i (y) < sup 3 e gy 1 Yh Ve RY, Vi€l

Then we obtain

[ T1]vio + [f* ]
L, = max (Ly,;sup L —).
(B0 = e = oy

The same computations lead us to obtain L, and L,i.. For n > 1, we apply exactly the
same method. We only need to recall that L, , = Ly,. O

Theorem 11.34. The sequences (Lyn)n, (Lyne)pn, (Lyne ), are non increasing.

Proof : We prove this theorem for (Lyn )y, the other cases are similar. Using lemma I1.29,
™), is a decreasing sequence, we obtain that (L), is decreasing, and then we

and since (v]
have the result. O

8 Constants A;

We begin this section by introducing the following notation. Let 1, ¢ € Cp, ;(RV)M M > 1.
We define constants Ay, , and Hy , as follows

3
Apo =\ 2k1k3 + kY, Hy, = Whlh;l”@, (8.1)

where
k1 = supq, {[0%]] + [b*]1},
k;p’so = supai{i(Ld, + L) (2[0%)2 +4+2[b%]1) + 3 (Ly + L) ([1blo A leloe®]s + [f]1 +
Lug )},
k% = supg {[¥lo A lplole™ ] + [f ]}
hy == (Cpsup,, (lo“ o + b0 + ]cailo))l/?’, C, depends only on p.
hy? i= (Ly + Ay + Luy)?/3.
We give here an extension of the comparison principle of [3, Lemma A.1].
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Proposition II.35. Let u, and v, the viscosity solutions of two equations like (P,), for
n > 1, with coefficients o, b, ¢, f and &,b, ¢, f, respectively. Then, we have

sup{up () — vn ()} < 2k ky™ )2 4 kg,

where B
N kl = Supaiﬂa—ai - O-ai|(2) + |bal - bal|(2)};
2
- I = supg, { (el 2o + 4+ 200 ]1) 4+ eaEend (unlo Aloalofe ] + (£ +

Ly}, :
B kg«nyvn — Supai{’unlo A ”Unlo‘éai — CC”’O + ‘fal - failo}'

Proof. We prove the proposition for n = 1. We apply the same methods as in [3, Theorem
A1]; we set

m = sup ¢(z,y) := sup{ui (z) — v1(y) — d|lz — y|*> — ex(Jz* + |y|*)}.
€,y €,y

Let m = ¢(x0,y0). Applying the notion of viscosity solution and Ishii’s lemma, there exist
X,Y € SN such that

0 < max{sup L% (yo,v1(y0), Py, Y );v1(y0) — Muo(yo)}

- maX{SUP L% (x0,u1(20), Pz, X); w1 (x0) — Mug(z0)}, (8.2)

where (pg, py, X, Y) satisfy (7.2)-(7.3). Using 2¢(zo, yo) > ¢(z0,z0) + ¢(Y0, Yo), obtain

Lo + L

|zo — yo| < 5 st (8.3)

Now we have to study two different cases.

CASE 1 : v1(yo) — Muo(yo) — (u1(zo) — Mug(xo)) > 0.

This last inequality implies that uq(z9) — v1(yo) < Luy|To — yol, and, using (8.3), we have
u1(w0) — v1(y0) < Lug(Luy + Ly, )(26) 71, which implies

m < =(Ly, + Ly )Ly 071 8.4
1 1 0

DO | =

CASE 2 : sup,, L (y0,v1(y0), Py, Y) — sup,, L (xo,u1(x0), pz, X) > 0.
This is the standard case, and we use the same computations as in [3, Theorem A.1], de-
tailing all constants. For the bounds of —tr[a® (yo)Y — a® (z¢)X], (b% (z0)pz — b% (yo)py),
(€% (yo)v1 (o) — ¥ (x0)u1(x0)), (f¥ (x0) — f (yo)), we use the estimates given in [3, Theorem
A.1]. Finally we obtain

Ly, + Ly,

a2 ar ey L o o
m < 205up{[a® — ™[5+ b7 — b5} + S sup{(2o™ ] + 4+ 2]y (T )
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. o\ /Ly +Ly .
H(urole 4 [£410) (FA572) } +supq, {[v1fole® — o+ £ = f* o} +e1(1+ |20l + [yol*).-
If we add the two cases, we have

k
m < 2/~c16+72 + k3 + erky,

where
— k1 = sup,, {|5% — 0% [g + [b% — b |5},
~ ky = supy, { Lol (9fgo2 14 g ofpes]y) 4+ Lo (g oo ]y + [£o4]1 4+ Loy,
— ks = supq, {[vilo[c™ —clo + [f* — f¥o},
— kg = (1+ |zol* + |wol?).
Since ming{2k10 + %2} = v/2k1 ko, letting €; go to 0, we obtain

m < \/2k1ks + k3.

Reversing |ui|p and |v1 ], we have also the symmetric inequality, hence we have the result,
with £/ defined as before. For the general case, we have only to recall that L,, , = Ly,
for all n.O

Proof of proposition I1.20. We apply the precedent proposition, using that [g—g| < [g]1€
for g = 0,b,c, f. Then we have the result.O
Consider now the switching systems. We give here an extension of [3, Lemma A.1].

Proposition I1.36. Let v" and w™ be solutions of two equations (SS,), for n > 1, with
coefficients o, b, ¢, f and 7,b, ¢, f, respectively. Then, we have

20
where
= sy % — o 4 ),
— k" = sup,, { Lt (95042 4 4 4 2[p],)
und o) (o A [ o[e®]1 + [F%)1 + Lug )},
~ By = supy, {[0™o A Jw™ole® — ¢ilo + | f% — f¥o}-

Proof. We prove the proposition for n = 1. We apply the same methods as in [3, Theorem
A1]; we set

m = sup ¢;(z,y) := sup{v; (z) — w;i (y) — 8|z — yI* — er(jzf* + |y*)}.
:B7y7l "L.7y72

Let m = ¢;j(x0,%0), i-e. (4,20, yo0) attains the supremum.
Let A := {i € Z,(i,z0,y0) attains the supremum}. Then, by [2, Lemma A.2], there exists
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i9 € A, such that wilo (yo) < min#io{w; (yo) + 1}. Applying the notion of viscosity solution,
and Ishii’s lemma, there exist X,Y € SV such that

0 < max{L% (yo, w;, (y0), Py, ¥ ); wi, (yo) — Muo(yo)}
(8.5)

= masc{ L0 20, ol (20),pas X); vl (w0) = min{o] (a0) + £ o] (a0) = Muo(ao)
10

where p,, py, X and Y satisfy (7.2) and (7.3). Continuing as in proposition I1.35, we obtain
the result. O

Proof of lemma I1.30. We apply the precedent theorem, using that |g — g| < [g]1€, for
g - 07 b7 C7 f' D

Theorem I1.37. We have that
Apn <o <Ay < A

Agn < -+ < Ays < Ay

Proof : The form of A, and Ly, g = v*,w’, i > 0, defined in (8.1) and (5.7) respectively,
imply the result. O

Acknowledgments We thank the referees for their numerous useful remarks that helped to
improve the paper.
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1. INTRODUCTION

An algorithm for a stochastic
impulse control problem

1 Introduction

The aim of this paper is to study an algorithm for solving numerically stochastic control
problems with obstacle, and in particular stochastic impulse control problem with infinite
horizon. For stochastic differential equation with Brownian motion, this amounts to solve a
discounted Hamilton-Jacobi-Bellman equation of the form :

max{sup(L*V (z) — f*(2)); V(z) = MV (2)} =0, zcR", (1.1)

acA

where L% is the HJB operator
LYV (z) = | — tr[a®(z)D*V (z)] — b*(z)DV (z) + AV (x)]. (1.2)

Here A is the actualization coefficient. The mapping b*(x), a®(z) and f*(z) represent the drift,
diffusion matrix and running cost, respectively. They are continuous mapping from A x RY
into RY, the space S, of symmetric N x N matrices, and R respectively. The operator M
takes into account the impulse control itself. We assume it to be of the form :

MV (z) = k—i—irglf{c(@ +V(x+¢&)}, (1.3)

with
{k>0, c:]RﬂY—>]R+,

c(0) =0, c(& + &) < (&) + c(&2).

The function ¢ may have value in RU{+o0} ; then at the point x € RY, only values of impulse
in the domain of ¢ (set of £ such that ¢(§) < +o0) are allowed. As proved in [14], the operator
M has the following properties :

(i) If u < v in R, then Mu < Mwv in RV,

(i) M(tu+ (1 —t)v) > tMu+ (1 —t)Mo, t € [0,1].

(iii) M(u+c) = Mu +e¢, for all c € R.

(iv) [Mu — Mulg < |u — vlg, for all u,v € C(RN).

A related problem is the obstacle one, in which the equation to be solved is

maX{Sua(ﬁaV(fﬂ) — [ (®@)); AV (z) = ¢(x)} = 0, (1.4)
(¢S
where the obstacle 9 is a real function over RY. The impulse problem may be viewed as an
obstacle problem where the obstacle depends on the solution V.

An even simpler problem is the standard Hamilton-Jacobi-Bellman (HJB) equation (wi-
thout obstacle)

Sgg(ﬁa‘/(l’) — f%x) =0, zeRN (1.5)
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For discounted infinite horizon problems, the obstacle problem can be reduced to the
standard one. The following reduction is obviously well known, altought we have no reference
for it. We skeep the proof since it is elementary.

Lemma IIL.1. Consider a control ayps ¢ A. Set A=AU {aops}, and define Lo, fo by

LoV(x) =LV (z), if acdA,
E%bs (x) = AV(x),

fo(z) = f(z) if a€A,
foers (z) = ().

Then the obstacle problem (1.4) is equivalent to the standard problem (1.5), with data A, Lo
and f*. O

In view of this reduction procedure, we see that any algorithm for solving the standard
HJB equation has an immediate extension for obstacle problems. We will look in particular
at the Howard policy iteration algorithm.

2 Discretized problems

A possible way of computing solution of (1.1) is to discretize the state space RY by
introducing a regular discrete grid @, € RY. Denote Ny the (finite) number of points
in the grid. Discretization of (1.1) over such a grid, may generally be interpreted as an
impulse control problem for the optimal control of a Markov chain ; see e.g. [7, 10, 11, 15] and
references therein. Let £} and M), the discretizations of operators £* and M respectively.
So, the discrete equation reads as follows :

max{ sup (LoV4 — f(a)); Vi, — MpV,} =0. (2.1)

a€ANtot

In particular £f is a matrix of dimension Nyo X Nigt, Vi, MpVy and f(a) are vectors of
dimension Ng,;. A policy for this discrete equation is a mapping O, — A; we denote by
ANt the set of policies. The operator " is assumed to be, for a given policy «, linear,
and to satisfy the maximum principle, i.e. L3V}, > 0 implies V}, > 0. We assume also that
non diagonal elements of the matrix £} are non positive, and that if V}, is constant, then
LyVy, = AV,. The operator M, will be detailed later. The main problem in solving equation
(2.1) is that the value function appears in the obstacle, so we present here an algorithm in
which this problem has been avoided.

In the literature, Bellman’s equations associated to optimal control problem of Markov
chain on infinite horizon, with discount factor A > 0, have been studied for a long time
by many authors (see, for example [15], [I 1], [10] and the references therein). Typically the
continuous Bellman equation can be written in the form

SIGIE{EQV(QE) — f*x)} =0, zeRY, (2.2)
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and the correspondent Markov chain approximation becomes

sup {cm - f(a)} =0, (2.3)

a€ANtot

in the grid Oy, which can also be written as

V=03 inf (Vi +At(AV, — LRV, + f(a))),

acANtot

where At is a so called fictitious time step, and 3 := (1+ AA¢)~! is the discrete actualization
coefficient. If At > 0 is small enough, then in view of the hypothesis made on £f, the matrix
M7 defined by MV, = Vi, + At(AV), — L7V},) has non-negative coefficients whose sum over
a row equals to 1. We see that for each policy «, Mj' is the transition matrix of a Markov
chain.

The fixed point reformulation of (2.2) is the basis of the two main algorithms, the value
iteration

Vit = Bnf{MEVE + f(a)},

and the policy iteration (due to Howard), which consists for a policy aF at step k to solve
the linear system
k
L VI~ flab) =0,

which is equivalent to solve
Vi = BOMEVE £ f (o)),

and then to update the policy by the formula (where the minimum and the maximum are
taken componentwise)
of 1l € argmax{LYVE + f(a)},

which is equivalent to
ot ¢ argmin{ MPVE + f(a)}.

It is known (see e.g. [6]) that the Howard’s policy iteration algorithm converges faster than
the Value Iteration algorithm. Moreover, in [11], the authors accelerate the value iteration
algorithm, by using Howard’s policy iterations.

Since the obstacle problem (1.4) can be written as a standard problem (1.5), we can
applied the same methods to solve it. In particular we consider Howard policy iteration
algorithm applied to the following problem :

max (M1 Vy, — b; Ma Vi, — ) =0, (2.4)

where M; are monotone matrices of dimension Ny X Nygt(ie. M; X > 0= X >0),i=1,2,
Vi, b and 1 are vectors in RNtt and V}, is the solution of the problem. In the litterature,
to solve (2.4), different methods are used, and we look in particular to Primal-Dual active
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set (see [12]). We prove in this paper the equivalence between the Primal-Dual Active Set
algorithm and the Howard policy iteration algorithm.

The problem

max{sup{LiVy — f(a)); Vs — Mp,V,,} =0,
acA
is a kind of obstacle problem, in which the obstacle depends on the value function. In this
paper we present an approach to solve it numerically, and we give numerical examples.

The approach consists in building a sequence of problems which approximate (2.1), and
solve each problem of this sequence using an Howard policy iteration algorithm. In particular,
we will call this sequence the cascade approximation of (2.1), and we can write it in the
following way : the first problem is

sup (LpVio — f(a)) =0,

ac€ANtot

which gives a solution Vg, and for n > 0, the n-th problem is written as follows

max{ sup (L Vin — f(@)); Vin — MpVin-1y} =0, (2.5)
acANtot

where V},,, is the solution. We note that, we do not have the value function in the obstacle
part, but we have that the obstacle of the n-th problem depends on the solution of the (n—1)-
th problem. We have then a standard obstacle problem and we solve it by Howard algorithm.
In the algorithm that we propose, we consider two possibilities. In the first one, we solve
every problem of the cascade using Howard algorithm, until its convergence, i.e. for the n-th
problem we build a sequence (thn) ,, and we iterate Howard algorithm until the convergence
of this sequence. The second possibility consists in doing only one iteration of the Howard
algorithm for every problem of the cascade, until the final convergence. We will see that the
second approach is better than the first, because it gives the solution faster.

The paper is organized as follows. In Section 3 we present the Howard policy iteration
algorithm for control problem, and we give its main properties. In Section 4 we introduce the
obstacle problem, we give Howard algorithm and Primal-Dual Active set algorithm to solve
it, and finally we show the equivalence between the two approaches. In Section 5 we present
the algorithm to solve impulse control problem. Finally, in section 6 we give a numerical
example for which we compare the two ways to apply the algorithm.

Notations We give here some definition we will use in the paper.

Definition III.2. A n x n matriz M is called a P-matriz if all its principal minors are
positive.

Definition II1.3. A n x n matriz M is called a M-matriz if it is nonsingular, (M;;) < 0,
fori# 4, and M~1 > 0.

Definition ITI.4. (i) A nxn matrix M is monotone if My > 0=y >0, for ally € R™.
(ii) A n xn matric M is anti-monotone if My > 0=y <0, for all y € R™.
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3 Howard algorithm

We recall here the classical Howard policy iteration algorithm to solve

max (A(a)y — f(a)) =0, 3.1
Jnax (A(a)y - f(a) (3.1)
where y € RV, A is a compact set and it is the set of the controls, A(«a) is a matrix N x N,
and f(«a) € RY. To apply Howard algorithm, we suppose the following assumption

(A1) For all a € A, the matrix A(«) is monotone, i.e.

VX € R", A(@)X >0= X > 0.

(A2) The functions o — A(a), and o« — f(«) are continuous.
We give now the Howard policy iteration algorithm.
Howard algorithm
(i) Initialize a® € AN. Set k = 0.
(ii) Iteration k+1 :
— Solve in y¥*1 @ A(ak)y*+ — f(a¥) = 0.
— Set of*! := argmax,c 4n (A()y* ! — f(a))
(iii) If y* = y**+1 the stop; else set k = k + 1 and return to (ii).

Remark III.5. Clearly, since the obstacle problem

max{ max (A(a)y — f(a);y — ) =0, (3.2)

ac AN

can be reformulated in the standard form

max
O‘e{AU{aobs }}N

this algorithm has an immediate extension to problems as (3.2).

3.1 Convergence of the algorihtm
This algorithm satisfies the following proposition.

Proposition II1.6. Under assumptions (A1-2), we have the following properties :

(a) yF+1 <ok, for all k > 0.

(b) The sequence (y*) converges to the solution y of (3.1).

(¢) For the problem without obstacle, if A is a finite set, card(A) = p, then the sequence
(y*) converges in no more than p~ iterations. B

(d) If at an iteration k we have yf < )y, for a component i, then we will have yzk < P,
for all k > k.

(e) For the obstacle problem (3.2), suppose that A is a finite set, card(A) = p, and that
P e A if maxaea(Al@)y* ! — f(@)) = y*F! — . Then the sequence (y*)y converges
in at most Npv iterations.
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We recall here the proof of these properties.

Proof.
(a) We have that,

A(a®)yP T — f(ak) 0

A(eFNyk — f(abh)
maxaeA{A(a)y* — fa)}
A(a®)yk — fab).

The monotonicity of the matrix A(«) implies the result.
(b) We note that y* = (A(a*~1))71f(aF~1), with A(a) always invertible since A(a) is
monotone. Then, we have

IAIA I

[1y*]] < max |4~ () f ()]

We have that ||[A~!(a)f(a)|| is a continuous function on A compact, and then it is
bounded. Then we can say that every component of the sequence y* is a decreasing
and bounded sequence, and hence (3); converges to some y € RV,

We define F : RV — RY as follows

Fly) = max(A(a)y - f(a)) (3.3)

We note that ||F'(y) = F(2)||ec < maxaea |[A(a)y—f(a)=(A(a)z—f(a))l| < Clly—2|lo,
where C' is a constant. Then F' is continuous and F(y) = limg_,o F(yx). Moreover
(a¥) is a sequence in AN compact, then we can extract a sub-sequence (a*'); which
converges to a @. Then we have A(a® ~1)y* — f(a¥ 1) = 0, for all &, and passing to
the limit we have A(@)y — f(@) = 0. On the other hand,
F(y) = hmk—>+oo F(yk/,) / ’
= limpyoo(A(aF T yM — f(aF )
= Al@)y - f(@).

Then F(y) =0, and y is the solution of (4.1).

(c) Let ¢ = card(AY) = p"V. The set of admissible control is finite and of cardinality
p, and this implies that after p iterations of the Howard algorithm we have to use a
control that we have already used before. Then, there exists k, 0 < k < ¢ — 1, such
that a? = o®. Then we have also y? = y*. Since y* > y**1 > ... > 99 we must have
Y = yFtl = ... = 49 Finally y7~ ' = y? and a = o gives a solution of problem (3.1).

(d) We have proved that, for every component i, (yf)k is a decreasing sequence. So we
can say that, if at the iteration k, we have y* < 9, hence yf < yf <y, for all k > k.

(e) Form (d) we deduce that, once for a given k the obstacle is not active at some point
of the discretized state space, it will remain inactive. Moreover, when both member are
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active, we choose the obstacle to be inactive. So there are at most N iterations having
the same number of states where the obstacle constraint is active. The results follows.
O

Remark III.7. It is known (see e.g. [0]) that if A is a numerable set, and matrix M}, defined
in the previous section is a transition matrix of a Markov chain, then |[y**! —y|| < B||y* —v||,
for k — 400, where 0 < 8 < 1. The proof of this result is based on a comparison of the Howard
policy iteration algorithm with the Value Iteration algorithm.

Remark IIL.8. The difficult step for implementing the policy algorithm is to solve linear
system A(a®)y**t! — f(a¥) = 0, especially for large scale problems. In this respect let us
mention the fast multi-grid approach due to [1].

Remark ITI1.9. To obtain the convergence of the Howard algorithm it is important that the
matrix A satisfies monotonicity assumption (or anti-monotonicity assumption). In particular,
for the obstacle problem, we have to ensure that the matrix A(«) is monotone, for all a.

Remark ITI.10. Policy iteration algorithm can be applied to solve for shortest path problems
(see e.g. [10]). Given a graph G, and given a node r on this graph, the shortest paths tree
problem consists in finding a spanning tree of G, rooted on r, such that, for all nodes ¢, the
path from ¢ to r in the spanning tree is a path of minimal weights from ¢ to r. It can be
shown [10] that optimal path problems are nothing but special discrete deterministic Optimal
Control problems.

3.2 Superlinear convergence of the Howard algorithm when A is a compact
set

We have seen in Proposition II1.6 that when A is a finite set such that card(A) = p,
Howard algorithm converges in a finite number of iterations, bounded by pY. Moreover, it
is known (see e.g. [0]) that when A is a numerable set, then Howard algorithm has a linear
convergence. We prove in this section the superlinear convergence of the Howard algorithm
when A is a compact set.

This result has been proved in [16], and [17] for particular problems and under particular
assumptions (see Remark IT1.16 below). We give here a proof, which seems to us clear and
simple, of the superlinear convergence for the generale case.

The key step of this proof is to prove that Howard’s algorithm for problem (3.1) is a
semi-smooth Newton’s method applied to find the zero of the function F' defined in (3.3),

F(z) := max (A(a)z — f(«a)).

acAN
For k > 0, by definitions of o**! and z*, we have

A(ak+1)ﬂj‘k o f(Oék+1) _ F(l’k), and A(O/H_l)ﬂj‘k—l_l _ f(()ék+1) —0.
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Therefore, A(a**1)(zF — 2#+1) = F(2*), and thus
xk-i—l — xk - A(ak+1)_1F(xk).

This is as in a semi-smooth Newton’s method, where A(a**1) plays the role of a derivative
of F at point z*.

In order to prove the superlinear convergence, we shall prove that F' is slantly differentiable
in the sense of [12, Definition 1].

Definition III.11 (Slantly differentiability). A function F : RY — RN is said slantly
differentiable in an open set U C RYN if there exists a family of mappings G : U — L(RN,RYV)
such that

F(x + h) = F(z) + G(x + h)h + o(h)
as h — 0, Ve € U. G is called a slanting function.

It is then easy to show the local super-linear convergence of the semi-smooth Newton’s
method defined by z¢! = 2% — G(2*) "1 F(2%), (see [12, Theorem 1.1]).
In our case, let

o) = arg max (A(a)z — f(a))

Theorem II1.12. We assume (A1)-(A2). Then the function F defined by (3.3) is slantly
differentiable, with slanting function G(x) = A(a(x)).

Proof. Consider first the case when A is finite. Let A* be the set of optimal controls «
associated to z, i.e.

A% i={a e AN, A(a)z — f(a) = Ala(z))z — fla(z))} .
We note that, for h sufficiently small,

alz+h) € A", (3.4)
Indeed, if let 1 <7 < N and let o; € A be such that
(Ala)z — f(e)), < (Ala(2))z — f(o(2))),, (3.5)
then for ||h|| <7 small (for some 1 > 0 independent of 7), we still have
(Ala)(z +h) = f(a)); < (Ala(2))(x + h) = f(a(2))),. (3.6)

With «; = a;(x) we obtain an equality in (3.6). Hence an optimal maximizer o; = a;(z + h)
can not satisfy (3.5), which means that it will satisfy (3.5) with the equality sign and thus
that a(z + h) € A",

From this we deduce that, for h sufficiently small, A(a(z+h))z— f(a(z+h)) = A(a(z))z—
fla(z)), and thus,

F(zx+h)—F(z) — A(a(z + h))h = 0.

This means that F' is slantly differentiable with slanting function G(z) := A(a(x)).

When A is infinite (and compact), (3.4) is not necesserly satisfied. However we have the
following Lemma that we prove later on the paper.

98



3. HOWARD ALGORITHM

Lemma II1.13. For any x € RV,
da(z +h), A") -0 as h—0.
Now, for any o € A", we have, by using the convexity argument,
F(z)+ A(a)h < F(x +h) < F(z) + A(a(x + h))h,
and thus
0>F(x+h)—F(x)— Ala(z + h))h > (A(a) — A(a(xz + h)))h. (3.7)

Then by Lemma III.13 there exists a sequence o € A® such that d(ah oz(:lt +h)) — 0 as
h — 0. Thus, by continuity, A(a”) — A(a(x+ h)) = o(1) and using o = o’ in (3.7) we obtain
the result. O

Proof of Lemma III.13 First we note that A" = A7 x --- x A%, where

A = {i € A, (A(a)z — f(a)), = (Ala()z — f(a(x))),}-

Hence it suffices to prove that d(o;(z + h), A7) — 0. Suppose on the contrary that there
exists some ¢ > 0 and a subsequence h,, > 0, h, — 0 such that d(a;(x+ hy,), AF) > 6 Vn > 0.
Let K5 :={o; € A, d(a;, AT) > 0}, U(a;) := (A()x — f(«))i, and

ms := sup £(a;).
OziEKg

We note that K is a compact set, hence ms = ¢(&;) for some @; € Ks. In particular a; ¢ A7
and thus ms = (a;) < £(ci(x)). On the other hand, a;(z + hy,) € K5 thus £(a;(z + hy)) —
l(a;(x)) < p where p = €(&;) — (o) <O.

We noticed that F' is C-lipschitz, and also we have (F(x + h) — F(z)); = l(aij(x + h)) —
l(ai(x))+ (A(a(x+h))h);. Hence ¢(a;(x+h))—€(a;(x)) > 0, and we obtain a contradiction.O

Theorem II1.14. Let A be a non empty compact set, and A : AN — RV*N f. AN L RN,
be continuous functions satisfying (A1) and (A2). Then (3.1) has a unique solution x*, and
Howard’s algorithm converges globaly super-linearly, i.e., klim ¥ = 2% and

— 00

ux’f“—x*u=o<uxk—x*u>, as - o,

Proof. Unicity of the solution and the fact that 2% > 2¥t1 do hold as in the case when A
is finite. Since o — A(a)~! is continous, A7!(a)f(«) is also continous on A" compact, and
thus is bounded. Hence z* is bounded, and we deduce that 2* converges to some element z* of
RY. Consider now F defined as in (3.3). We remark that F is C-lipschitz in the ||.||oc norm,
where C' := max, ||A(@)||eo. In particular, F is continuous and F(z*) = limj_ ;o F(z%).
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Using exactely the same arguments as in the proof of Proposition I11.6 (b), we can prove that
F(z*)=0.
There remains to show the super-linear convergence. Let us denote a(z) an optimal control
associated to F'(z), i.e.
alz) = axg max (A(@)z — f(a)),

acA
A :={a e AN Ala)z — f(o) = Aa(z))z — Fla(@))}

(i.e the set of optimal controls associated to F(z)).
Now we consider hy := 2* —2* and note that o**1 := a(z¥) = a(z* +hy). By the previous
Lemma, for k > 0, there exists o** € A®" such that

AL oF*) = d(a® T o) = 0 as k — . (3.8)
Using the convexity of F(z) and the fact that F(z*) = 0 we obtain F(z¥) > A(a**)(z* —
x*). (Hence, by monotonicity of A(a**),
$k+1 — l‘k _ A(ak+1)_1F($k)
< xk o A(akﬂ)_lA(ak’*)(xk _ x*)
and thus
0< xk-i—l —z* < ([ _ A(ak+1)_1A(ak’*))(xk _ x*)
By continuity of A(a) and by (3.8) we obtain I — A(a*t1)~1A(a®*) — 0, hence
0 <2t — g% < o(z® — 2%).
This concludes the proof. O
Remark II1.15. Note that the proof is strongly dependent on the fact that F' is convez.

Remark II1.16. In [17] authors analyze convergence of Howard algorithm in a class of
stationary, infinite-horizon Markov decision problem, which are discretized to compute an
approximate solution. Under reqularity assumptions on the value function, they proves that for
piecewise linear interpolation, policy iteration algorithm converges superlinearly. The proof is
essentially based on the equivalence between the Howard algorithm and a semi-smooth Newton
method. Moreover, they obtain that the constants involved in this convergence odrer depend
on the grid size of discretization. In [10], a superlinear convergence is proved for Howard
algorithm, but under particular assumptions : it is supposed that the exact value functions are
computed at each policy evaluation step. Furthermore the authors impose a Lipschitz order
condition which is not easily verifiable.

Remark II1.17. The result can be generalized to the problem
max  (A(a)z — f(a)) =0.

aEA XX AN
where A; are different compact set.

The extension work of Theorem III.14 in infinite dimension is in progress, [4].
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4 Obstacle problems

In this section, we consider a general obstacle problem of the form
max{My — bjy — ¢} =0, (4.1)

where M is a monotone matrix of dimension N x N, y € RY is the solution, b and v in RV .
Obstacle problems come from different problems : for example, in [12] (4.1) is the optimality
system of a linearly constrained quadratic problem.

Following Lemma III.1, we can interpret (4.1) as a control problem (3.1), with the follo-
wing notations :

(i) A={0,1},

(11) A,-j(a) = Mij if a; = O, A,-j(a) = 5ij if Q; = 1;

(111) fZ(Oé) = bl if a; = 0, fZ(Oé) = T/JZ', if a; = 1.

Remark ITI1.18. Applying Proposition II1.6, we obtain the following results :
(a) In the case that A = {0,1}, if we will chose o = 0 when (A(0)y*+! — £(0)); =
(A(1)y**' — £(1));, then the control sequence (o), is a decreasing sequence.
(b) In the case that A = {0,1}, if we will chose o™ = 0 when (A(0)y**! — £(0)); =
(A(1)y**! — f(1));, then the algorithm converges in no more than N iterations.
(c) If at an iteration k we have yf < ;, for a component ¢, then we will have yf < P,
for all k > k.

Remark I11.19. Remark I11.18(a) implies that if for a component i, ozf =0, then af“ =0.
We can interpret this fact as follows : if 04}; = 0, then the obstacle term is not active for
the component ¢ at iteration k. The fact that also af“ = 0 means that the obstacle term
remains not active a iteration k 4 1 for the component i. More in general we can say that if
the obstacle becomes inactive at an iteration k, then it will remain always inactive.

4.1 Primal-Dual Active set strategy for obstacle problem
We recall here the obstacle problem
max{My — by — 1} =0,

where M is a monotone matrix of dimension N x N, y € RY is the solution, b and v in RV
It it well known that, y is solution of (4.1) if and only if there exists A € RY such that

My+X=0b
y<y, A>0 (4.2)

The system (4.2) is equivalent to the following system :

{My+/\ = b

Cly\) = 0, (4.3)
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where

C(y,\) = X —max(0,\ + c(y — ¥)),

for ¢ > 0, and we can also write that A = P oy(A + c(y — ).

Following the ideas developed in [12], we can use C(y,\) = 0, as a prediction strategy ;
i.e., given a current primal-dual pair (y, \), the choice for the next active and inactive sets is
given by

IT={i:N+cly—v); <0} and AC={i:\ +c(y—1); >0}
This leads to the following Primal-Dual Active Set Algorithm (see [12]) :

Primal-Dual Active set algorithm
(i) Initialize y°, A°. Set k = 0.
(ii) Set T, = {i : AF + c(yF — ) <0}, ACk, = {i : \F + c(y* — ); > 0}.
(iii) Solve
Myk-i-l + Aot — b,
y**tl =) on ACk, N1 =0 on 7.

(iv) Stop, or set k = k + 1 and return to (ii).

Remark II1.20. In [12], authors prove that the above algorithm can be interpreted as a
semismooth Newton method, and using this property, in [12, Theorem 3.1] they show that
this algorithm converges superlinearly.

Remark III1.21. We refer to [2, 3] for application of Primal-Dual active set strategy and
interior point method to solve constrained optimal control problem.

Remark II1.18(a) implies that, when we apply Howard algorithm, if at an iteration k the
control which is active is ozi-C = 0, then for the next iterations we do not need to recompute
af“, because it takes always the value 0. With this property, we can establish the equivalence
between Howard policy iteration algorithm and Primal-Dual Active Set Algorithm.

Moreover, the sets ACy, and Zj, defined on the Primal-Dual active set algorithm, satisfy :

ACk ={i: M+ e(F — ) >0}, and  Tp, = {i: A + c(v* — o); <0}

Proposition I11.22. The following statements are true :
(a) i € AC), = of = 1.
(b) i € I = af = 0.

Proof. (a) Let i € ACy, then \¥ > —c(y* — ¢;). By the definition of the primal dual
active set algorithm, we have

MyF + Xk = b,
y* =4 on ACj_,
Ne=0 onZj_;.
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The first equality implies \¥ = b — My for all 7, and then, for i € ACj, we obtain
(My" —b); < ey — ¥i).

We can choose ¢ = 1, and then (My* —b); < yf — 1p;, which implies af =1
(b) Let i € Ty, then A\¥ < —c(y¥ — +;). By the definition of the primal dual active set
algorithm, we have

MyF + Nk =,
y’“zw on ACj_1,
Ne=0 onZj_;.

The first equality implies A\¥ = b — My for all 4, and then, for i € 7, we obtain

(My* —b); > c(yf — ).

We can choose ¢ = 1, and then (My* — b); > y¥ — 1;, which implies o} = 0. O
In Howard algorithm, we start with a control g, and by proposition I11.22 it is equivalent
to give sets Zp = {i : a? = 0}, ACyo = {i : oY = 1}. Then we compute y' such that

A(ao)yl - f(ao) = 07
and this is equivalent to compute

My' + A =0
y' =1, on ACy, A =0 on Zp.

Then, the next step of the Howard algorithm is to compute

ol = argmax e v {A(Q)y' — f(a)},

and this is equivalent to give sets 71 = {i : o} =0}, AC1 = {i: o} = 1}.
Then, in a general step k + 1, we have the following equivalences :
— Solve A(a®)y*+1 — f(a*) = 0 in Howard algorithm is equivalent to solve My*+14-\k+1 =
b, yf“ = ; on ACy, Af“ = 0 on Zj, on the Primal-Dual Active set Strategy.
— Compute oft! = argmax{A(a)y*™!' — f(a)} in the Howard algorithm is equivalent to
give sets ACjy1 and Zy,1 in the Primal-Dual Active set Algorithm.

Remark III_.23. (a) In Howard algorithm, if i is such that af =0, for a k, then af =0,
for all k > k. _
(b) In the Primal-Dual Active set algorithm, if i € Iy, then i € Ig, for all k > k.

In the previous remark, (a) and (b) give the same monotonicity property for the two
algorithm, and then we have the equivalence.

Remark II1.24. We have shown that for obstacle problem, with monotone matrix M,
Primal-Dual Active set strategy and Howard algorithm are equivalent. Since Howard al-
gorithm for obstacle problem converges in no more than N iterations, then we can say also
that the Primal Dual Active-Set strategy converges in no more that N iterations.
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Remark ITI.25. In [12], the Primal-Dual active set algorithm has been written when M is
a P-matrix, i.e. for matrix M such that all its principal minors are positive. Moreover the
authors prove the convergence of the sequence (y*, \¥);, and the monotonicity property of
the algorithm, when M is an M-matrix, i.e. M is non-singular, M;; < 0 for all ¢ # j, and
M=t >0.

Remark III1.26. Until know we do not know if an active set algorithm can be written for
problem as (3.1), and if there is any equivalence between this kind of algorithm and Howard
algorithm for (3.1).

Remark III.27. In [12] Primal-Dual Active set method has been generalized to infinite
dimension, i.e. y € L?(Q2), © € RY, a bounded domain or manifold, with Lipschitz boundary.
Also for this case the authors prove the superlinear convergence.

5 The cascade approach
We now come back to the impulse problem :

max{ sup {L3V} — f(a)); V), — MV} =0. (5.1)

acANtot

We may define impulse control problems where the number n of allowed impulse times is
limited. Let us denote by (S),), this sequence of problems, and by (V4,), the sequence of
associated values. Problem (Sp) is the one without impulse control, whereas for problem (.S,),
if an impulse control is chosen, then the relevant value at the new point of the state space is
Vi(n—1)- In other words, we may write the sequence of problems as follows :

(So) supyeanior (L3Vio — f(a)) =0, Vi is the solution ;

(S1) max{sup,ecanio: (LEVE1L — f()); Vi — MpVio} =0, Vp,1 is the solution ;

(Sn) max{sup,e anior (LHVan — f(@)); Van — MpVim-1)} = 0, Vi, is the solution,
where L is the discretization of the £ operator, and it is a monotone matrix of dimension
Niot X Niot, Niot is the number of points in the grid Op. We have that f(«) is a vector in
RNt and in particular f;(a) = f%(i), i € Op. Moreover, Vj,,, and MV}, are vectors in
RNt for all n.

We can say that the first equation is the discretization of the HJB-equation without
obstacle, and for a general problem S,,, the obstacle depends on the solution of the previous
problem S,,_1. Then, we can say that, for each problem S,,, the obstacle is ”fixed”, in the
sense that it does not depend on Vj,,.

Since we want to solve it using Howard algorithm, we use the same method as Lemma
II1.1 to write the obstacle problem as a control problem. Let oy a fictitious control, and we
formulate S, as follows :

max{ max (L Vin) — F(@); Vim — F™ D (agps)} = 0, (5.2)

a€ANtot
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where fi("_l)(aobs) = Mp(Vi(n-1))i, for every i. Finally, this problem can be written in the
form
n—1
ae{Aumaaof,i}Nm(Ah(a)(Vh") 0" () = 0, (5.3)
where (Ah(a))ij = (52']' if A = Qpps, (Ah(a)),-j = (ﬁg)” if oy € .A, b?_l(aobs) = fi"_l(aobs)
and " 1(a) = f;(a) for all a € A.

Then we can conclude that the matrix associated to the obstacle is the identity matrix,
of dimension Nyy; X Nyot. So this matrix is monotone, invertible and bounded. Look now at
the sequence of solutions (Vjy,),. We will see later on section that every Vj, is a bounded
function.

The idea of the cascade is classical. The following estimates have been obtained in Ishii
[13, 14] for HJB equations with state space equal to R", and it turns out that these estimates
also hold in a discrete state space setting, see [5, Theorem 3.2].

Theorem II1.28. The sequence (Viy,)n is nonincreasing and bounded, and converges to Vi,
solution of (5.1). Moreover, assume that f is nonnegative. If | Vio|loo < k, then Vi is solution
of (5.1). Otherwise, for all u € (0,1) such that p < k/||Vho|loo, we have that

max(Vi, — V3) < %

[Violoo-O (5.4)
Remark II1.29. (i) Since adding a constant ¢ to f amounts to add ¢/ to V}, assuming that
f is nonnegative is not restrictive. The best estimate is of course obtained for p = k/||Vihol|co-
(ii) The above estimate is constructive in the sense that the policy algorithm computes an
upper estimate ¢y of Vjg, and hence, of ||Vo|lco whenever f is nonnegative.

So we may assume that such a g is known when designing of algorithms. In that case
(5.4) guarantees that, for computing V;, with uniform precision £ > 0, it is enough to perform
n iterations, where n is the smallest integer such that (1 — p)"co < pe, i.e., n > log(ue/c —
0)/(log(1 — w)). This estimate, however, does not take into account the fact that in practice
functions V},, are only approximately computed.

So let us present an implementable algorithm based on the idea of the cascade. The inner
iterations consists in the policy iterations :

An implementable Cascade type Algorithm
Data A,Ax(a), f(a), M, a sequence m,, of positive integer numbers, «, initial policy ;
k:=0.
Init Perform myq iterations of the policy algorithm for solving (Sp); the output is the
upper estimate Vg of V.
Loop For k =1,2,..., define the problem (with unknown Vj,,)

max {(An(en)Vim + £*); Vin — MpVino1)} = 0.

ac{AU{ayps } }Ntot
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perform m,, iterations of the policy algorithm for solving the obstacle problem (.S,,);
the initial policy is the last one obtained in the last step of the previous iteration ; the
output is the upper estimate Vi, of Viy,.
End
If we take m,, = 400 in the above algorithm (which then is no more implementable) we
recover the cascade. Another extreme choice is to take m,, = 1 for all n, i.e., to update the
values after impulsion after each inner iteration. As shows the following theorem, this is in
fact the most efficient case, if updating the impulse term is cheap.
In the theorem below we use a counter ¢ be the counter of the inner iterations of the
algorithm. This is the total number of inner iterations (i.e., of policy iterations) that have
been done, i.e., at the inner step ¢ of iteration k, we have

k—1
C=i+) mj. (5.5)
j=0

Theorem III1.30. Let ¢ be the counter of the inner iterations of the algorithm. Then the
corresponding value that we will denote Vy,, is a nondecreasing function of the sequence m,,.
In other words, if the cost of computing the impulse control is negligible w.r.t. the cost of policy
iterations, the convergence is faster when the computation of the impulse control occurs more
often.

Proof. We observe that the solution of a policy iteration for the obstacle problem is a
nonincreasing function of the obstacle itself, i.e., if for a given extended policy o € AU{apps},
we denote by V' the solution of the equation

An@)V ~ f(a) =0, (5.6)
with (in the spirit of lemma II1.1)

(An(@)V)i = (LSVYi if @y € A,
(Ah(aobs)v)i = Vi, (f(aobs))i = (th)u

then (as is well-known) V' is a nondecreasing function of f, and hence, of the obstacle.
On the other hand, if we reduce m,, then we update earlier the impulse term, and so (by
induction) it follows that the values computed in the next iterations will be lower. O

Remark II1.31. The cascade approach has been used also in [9] to solve discrete impulse
control problem. In this paper, every problem of the cascade is solved by applying Howard
algorithm only for the points of the domain in which the obstacle is inactive, and to set the
value function equal to the obstacle in the rest of the domain.

Remark IT1.32. We refer to [¢] for an algorithm to solve general obstacle problems, under
the assumption that the first operator is contractive and the second non-expansive. From the
two operators, a unique operator is built using a partition of the domain. Finally the problem
can be interpreted as a fixed point problem, and Howard policy iteration algorithm is used
to solve it. In this case the policies are the partitions of the domain.
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Control of the precision of the solution We consider the following question : given
€ > 0, is it possible to guarantee that the previous implementable cascade algorithm computes
an approximation of the true solution V} with precision ¢, in the £*° norm?

Remember that we denote by Vj;, i € N, the solution of the cascade problem. We may
write Vj, ;41 = 0bs(V},;), for all i € N, where by obs(f) we denote the solution of the obstacle
problem, the obstacle being f. The first element of the sequence is V},g, solution of the problem
without obstacle.

We know (see e.g. [0, Prop. 5.6]) that the Howard algorithm, applied to the problem of
computing Vg, provides a sequence V}fo of nonincreasing upper estimates of Vg, and that
these estimates satisfy (using the ¢*° norm ; the contraction coefficient 3 was introduced in
section 2)

Vo™ = Vaoll < BIIVip — Vaoll (5.7)
Since foo > Vho, it follows that
Vo™ = Vaoll < B*(1Vio — Vaoll < B* max Vg, (5.8)

We say that V' is an e-upper estimate of V' if V' < V" and sup(V' — V) < e. By (5.8), for any
go > 0, an gg-upper estimate Vo of V¢ can be computed in Ky iterations, with

VO
ko ~ log <EL00> (5.9)

(here by k ~ o we mean that k is the smallest integer not less than «).
We can now proceeed by induction. Let €; be a sequence of positive number, and set
€n =Y <, €0- Assume that we have computed an e,-upper bound of V},,, denoted V},,. Let

us put Vh,n—l—l = obs(th). Since the mapping obs(-) is non expansive and non decreasing, we
have that

Vi1 = 0bs(Vig) < Ving1 = 008(Vin) < Vi1 + en (5.10)

In other words, Vh7n+1 is a ep-upper bound of Vj, 1. After k steps of the Howard algorithm,
we obtain (using the estimate of [14] for V3, — Vj, nt1)

[VFE Vil < 8% max (Vi — Vina1)

h,n+1 . . . (5‘11)
< ﬁ (en + maX(th - Vh,n—i—l)) < ﬁ (en + (1 - /L) |Vh0|)'

Therefore, we obtain Vj, 11 — Vi ny1 < €541 is after at most k,, 1 Howard iterations, where

En+1 ’

e
kn+1 ~ logg < “
and then thﬂ < Vint1 + €xt1-
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On the other hand, given we know by Ishii’s result [13, 14] that

-

m (5.13)

Vh,n — Vi <ap =

We deduce the following

Theorem II1.33. Given e > 0, let n €,N and ¢;, i < n, be positive numbers such that
eg+--+e,t+a, <e. (5.14)

Then by performing k; iterations of the Howard algorithm at step 1 < i < n, where k; is given
by (5.9) fori =0, and by (5.12) for 1 <i <mn, we obtain an e-upper bound of Vj,.

Remark II1.34. Let L be the ratio between the costs of computing the impulse term and a
Howard iteration. It can be greater or less than one, depending on the examples. The total
cost for computing the e-upper bound of Vi, by the implementable Cascade algorithm, is at
most

IR ei + (1 — p1)"|Viol
C: :=nL + log <ﬁ> + log ( ) 5.15
: 7 €0 ; g €it+1 ( )
For given n and € we may minimize this expression w.r.t. €g,--- ,&p, subject to the equality

constraint eg + - -+ + &, < € — ay,. Setting v := |Vjl|, we see that

C.=— Z loge; + Z log(e; + (1 — p)'y) + constant term (5.16)

i<n i<n

By Lagrange’s rule we have that for some Lagrange multiplier A > 0
n

9c. 1 1
A= e = 5i+j§::iei+(1_,u)i’}" (5.17)

This shows in particular that €; should be a decreasing function of i. It is possible to solve
numerically these equations in order to compute the best estimates od the €; for given n, and
then to compute the best n.

6 Numerical Examples

We consider now some numerical examples that we have studied to make a comparison
between the case m,, = +oo for all n, and the case m,, = 1 for all n.
Consider the following equation in R? :

min(—AV(z,y) — f(z,y); V(2,y) —yMV (2,y)) =0,
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where f : R? — R and M will be detailed later.
We localize the problem on the domain O = (0, Zinaz) X (0, Ymaz ), assuming the following
boundary conditions :

V(0,0) =0, V(x,0) =0, V(0,y) =0, (6.1)
V($maway) =0, V(x>ymaw) =0, V(l'max,ymax) = 0.

We want to solve the localized problem by using the two algorithms that we have presented
in the previous section.

6.1 The discretization

Let Oy, a discretization grid on O. Let N,, N, the number of discretization points on the
x and the y axis respectively, and let hy = e/ (Nz +1), hy = Ymaz/(INy + 1) the respective
discretization steps. The total number of points in the grid is Ny = N, x N,. We use a
Finite Differences Scheme to approximate Laplacian term :

h Vi(x+hz,y)—2Vi(z,y)+ Vi (x—hg,
APy (z,y) = h( ) hh(% Y)+Vi( 9)7
+‘/}L(x7yh+y)_2‘/h(x7y)+‘/h(x7y_hy)
h2 :

Yy

For the points on the boundary we use conditions (6.1), (6.2). For simplicity of notations, we
will denote Oy = {1, ..., Nyt }-

First Example In this first example we consider v = 0.5,

flz,y)=1, Vz,yecO

MV (z,y) :/ u(x,y)dxdy. (6.3)
(0,2maz) X (0,ymaz)
We have that M verifies the following properties :
o u<v= Mu< Mo,
o [[Mu— Mul| < [lu— vl
For this example, in the case Tyar = Ymaz = 1, We can compute the exact solution which
is :

ol 1
- - 1—y)).
V(z,y) 207 + @l —2)+y(1 - y))
Consider M}, V}, the discretization of MV :
MpViy =" (Vi)ihhy. (6.4)
€Oy,

For the discretization of f, we have f; =1, for all i = 1,..., Nio.
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Then, the discrete equation can be written as
min{ A, Vj, — f; Vi — MpVi} =0, (6.5)

with the boundary conditions, where AV}, = —A"M,.

In all the sequel, we will note by Howard-1 the algorithm which solves every problem of
the cascade until the convergence of the Howard algorithm, i.e. it solves each (.S,) generating
a sequence (V)£ )i, and it stops when ||V} — V}f;r | < 10719, Moreover we have a condition
to stop the cascade : [|Vi, — Vi(inyl| < 10~8. We denote by Howard-2 the algorithm which
does only one iteration of the Howard algorithm, for every problem of the cascade.

Numerical Results Since we have set some boundary conditions, our solution has a dis-
continuity on the first points of the grid near to the boundary. In fact, we have that on the
boundary Vj, = 0, but in the first point of the grid which is at a distance h, from x = 0, or
T = Tpmag, OF at distance hy from y = 0 or ¥ = Y;nae We have that the value of V}, is different
from zero, and the jump depends on h.

Niot = Nz X Ny 1600 = 40 x 40 4900 = 70 x 70 |
# It. | CPU (sec) # It. | CPU (sec)
Howard-1 26 x 3 21.93 27 x 3 505.15
Howard-2 32 8.34 36 211.20
Niot = Nz X Ny 1600 = 40 x 40 4900 = 70 x 70
Vi =V Vi =V
Howard-1 1.24e — 1 1.18el
Howard-2 1.24e — 1 1.18e — 1

In Figure III.1 we have the difference between the exact solution and the numerical
solution in the case Ny, = 4900.
Second Example In this second example we consider v = 0.5,
fley)=1, Va,yeO,

Mu(z,y) = sup u(z,y). (6.6)
(z,y)€O

Also in this case we have an exact solution :

1
Vie.y) = g + (@1~ 2) +y(1 ~v).
8(1—v) 4
Ntot = Nz X Ny 1600 = 40 x 40 4900 = 70 x 70
# It. | CPU (sec) # It. | CPU (sec)
Howard-1 30 x 3 22.51 30 x 3 484.48
Howard-2 37 9.25 39 224.59
Niot = Nz X Ny 1600 = 40 x 40 4900 = 70 x 70
Vi -V Vi =V
Howard-1 1.26e — 1 1.2le—1
Howard-2 1.26e — 1 1.21e -1

110



BIBLIOGRAPHIE

0.22
0.20
0.18
0.16
0.14
0.12
0.10
0.08
0.06
0.04

0.02

FiG. III.1 — Value function on the first example, for N;,; = 4900.

In the case of Ny, = 4900, the value function is represented by the picture in Figure I11.2.
Moreover, in Figure I11.3 we have the difference between the exact solution and the numerical
solution in the case N;,; = 4900.

Third example In this third example we consider v = 0.5
fla,y) =32 +5y%, Va,yeO,

Mu(z,y) = sup u(z,y). (6.7)
(z,y)€0
Ntot = Nz X Ny 1600 = 40 x 40 4900 = 70 x 70
# It. | CPU (sec) # It. | CPU (sec)
Howard-1 31 x3 23.53 31 x3 502.45
Howard-2 39 9.48 43 244.06

In the case of Ny, = 4900, the value function is represented by the picture in Figure I11.4.
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1. INTRODUCTION

Numerical approximation for super-replication
problem under gamma constraints !

1 Introduction

In a financial market, consisting in a non-risky asset and some risky assets, people are
interested to study the minimal initial capital needed in order to super-replicate a given
contingent claim, under gamma constraints. Many authors have studied this problem in
different cases and with different constraints : for example, see [12, 17], for problems in
dimension 1, [¢] for problems in dimension 2, and [18, 10] for problems in a general dimension
d. In all these papers, the authors characterize the super-replication price as the viscosity
solution of an HJB-equation with terminal and boundary conditions. In a particular case,
the dual formulation of the super-replication problem leads to a standard form of optimal
stochastic control problem [3].

In this paper we study numerically an HJB-equation coming from the super-replication
problem in dimension 2. We discretize the HJB equation using the Generalized Finite Diffe-
rences scheme [0, 7], then we study existence and uniqueness of the discrete solution. Finally
we prove the convergence of the numerical solution to the viscosity solution. In particular,
we are interested on the HJB equation which comes from the two dimensional dual problem
introduced in [9] :

I(t,z,y) = (:g[e)uE [g (Xffy(T)ﬂ , (1.1)

where (p, ) are valued in [—1, 1] x (0, 00), the process (Xgﬁy, Ytpyi) is a 2-dimensional positive
process which evolves according to the stochastic dynamics (2.1), and g is a payoff function.
The main difficulty of the above problem is due to the non-boundness of the control set,
this fact implies that the Hamiltonian associated to (1.1) is not bounded, and numerical
approximation for such a problem becomes more complicate.

In the literature, problems with unbounded control have been studied by many authors
(for example, [1, 9]). In all these cases, the authors decide to truncate the set of controls to
make it bounded. This truncation simplifies the numerical analysis of the problem. However,
there is no theoretical result justifying this truncation.

In this paper we do not truncate the set of controls, because we find a particular form of
our HJB equation which leads us to avoid the difficulty of unbounded control. In fact, our

HJB equation can be reformulated in the following way
A_ (J(t7 $7 y? Dﬁ(t7 $7 y)? D2?‘9(t7 x? y))) = 07

where J is a symetric matrix differential operator associated to the Hamiltonian, and where
A7 (J) means the smallest eigenvalue of the matrix operator J. J does not depend on the

1Joint work with O. Bokanowski, B. Bruder and H. Zidani
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2. PROBLEM FORMULATION AND PDE

control, but when we look for the first time at this equation, it seems that it is very difficult to
treat. From standard computations on algebra, we rewrite the smallest eigenvalue as follows :

A (J) = ”nhi_nl ol Ja,

where o € R2. Then we have transformed our problem into a bounded control problem, and
now the numerical analysis is possible.

The structure of the paper is the following : in Section 2 we present the problem and
the associated HJB-equation. We prove boundary conditions satisfied by the value function,
then the existence, uniqueness and Lipschitz property of the viscosity solution. In Section
3 we consider the discretization of the HJB equation, and recall the main properties of the
Generalized Finite Differences Scheme and we prove the consistency of this scheme. In section
4, we prove existence and uniqueness of a bounded discrete solution, and finally in Section 5
we prove the convergence of the numerical approximation.

2 Problem formulation and PDE

Let (Q,F;,P) be a probability space, and 7" > 0 be a fixed finite time horizon. Let U
denotes the set of all Fi-measurable processes (p, () := {(p(t),((t));0 < t < T} with values
in [~1,1] x R,

T
U= {(p, ¢) valued in [—1,1] x (0,4+00) and F;-measurable | / Gdt < —|—OO}.
0

For a given control process (p,(), and an initial data (¢,z,y) € (0,7) x Rt x RT, we
consider the controlled 2-dimensional positive process (Xt’j ;gy, Yf yC) evolving according to the
stochastic dynamics :

dX[S(3) = (s, Y () XL5, (5)dWL, set,T) (2.1a)
AV (s) = —u(s, Y7o (s))ds + C()YL (s)dW?2, s € (t,T) (2.1b)
(AW, dW?) = p(s),  aese(t,T) (2.1¢)
XPS () =2, Yo =y, (2.1d)

where W and W2 denote the standard Brownian motion defined on the probability space
(Q, F,P). The volatility o and the cash flow p satisfy the following assumptions :

(A1) 0 : [0,7] x R — RT is a positive function, such that o2 is Lipschitz. For
every t € [0,T], o(t,0) = 0 (typically o(t,y) = \/¥)-

(A2) p:(0,7) x RT — RT is a positive Lipschitz function, with p(t,0) = 0 for
every t € [0,T].
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2. PROBLEM FORMULATION AND PDE

Assumptions (A1) and (A2) ensure that the stochastic dynamic system (2.1) has a unique
strong solution.

The variables X/ ’éy and Yy, ?’f describe two different assets from a financial market. The

first asset X{f ’éy is risky, while the second one Yt”)?f distributes an instaneous cash flow

u(s, Y;’p?f(s)), and its price is linked to the asset X{?f’y by the means of volatility o (s, Y;pyc(s))

Remark IV.1. It is important to remark that the evolution of the variable Yt”)?f does not

depend on Xt’if’y.

Now consider a function g : R™ — R. Different assumptions will be made on ¢ :
(A3) g is a bounded Lipschitz function. Let My > 0 such that : ||g||cc < Mo.

(A4) The function f: z — g (e*) is Lipschitz continuous.
(A5) g € C%)(RT — R). The functions x — z¢'(x) and x — 22¢”(z) are bounded.

Consider the following stochastic control problem (P, ,) with its associated value func-
tion ¥ defined by :

I(t,z,y) == (:SI;ME [g <tify(T)>] . (2.2)

Assumption (A3) leads us to obtain a bounded and Lipschitz value function ¥ of (2.2).
Assumption (A4) will be usefull to prove some boundary conditions satisfied by 9 (see section
2.1).

This control problem can be interpreted in [3] in the following sense : A trader wants
to sell an European option of terminal payoff g(X7) without taking any risk. Hence we use
a superreplication framework. The underlying X of the option is a risky asset, for axample
a stock, an index or a mutual fund. Unfortunately, in several cases, the volatility o of the
underlying X exhibits large random changes across time. Therefore, the Black-Scholes model
fails to capture the risks of the trader. One must then use a model that features stochastic
volatility. It is known that in this framework, the superreplication problem has a trivial
solution (see [12]). For example, if the volatility has no a priori bound, the superreplication
price is the concave envelope of the payoff g(X (7)), and the hedging strategy is static. To
obtain more accurate prices, we introduce another financial asset Y whose price is linked
to the volatility of the underlying X. For example, we can consider a variance swap which
continuously pays the instantaneous variance of X (hence u(t,Y) = o2). For the sake of
simplicity we assume that the price of Y and the volatility of X are driven by a single
common factor (hence o = o(t,Y)). If the parameters ¢ and p of the dynamics of the price Y’
were known, and if there were no transaction costs for Y, the super-replication price would

simply be E [g <ti£y(T))} But we face two problems :
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e The parameters (¢, p) of the dynamics of Y are likely to be random and difficult to
measure. As there is no a priori bound to these parameters, the super-replication price

is given be the supremum of E [g <X£ ’m@:y(T ))} over all adapted processes (, p (see [11]).
e The asset Y is likely to introduce transaction costs, and hence the trader cannot buy
and sell an infinite amount of asset Y during the period [0,T]. It is proved in [J]
that the super-replication price of g(X (7)) under the constraint of a finite amount of
transactions involving Y during [0,7] is given by the value function of problem (2.2).

See also [17, 18] for a similar approach.

Denote by M5 the set of symmetric 2 x 2 matrices. The Hamiltonian function is defined
by : for t € (0,T), z,y € RY, p= (p1,p2)T € R?, and Q € My :

Hopp@ =t Sun - et @ @9

(Cp)ER+ X[-1,1]

and the covariance matrix a is given by :

a(tv‘rayaC?p) = <O-2(t’y)$2 PCO’(t,y)l‘> .

pCo(t,y)x ¢

Now we look for a characterization of ¥ as a viscosity solution of an HJB equation. In a
formal way, we get that ¢ satisfies the following PDE :
01

— ot (t,2,y,D9,D*9) =0 (t,2,y) € (0,T) x (0,400) x (0, +00). (2.4)

However, we will prove in Proposition 2.3 that the precise HIB equation satisfied by ¥ in the
viscosity sens is

" 9 29 29
A- (T TRt yE - 3t ye® G ot yegmy (2.5)
—Lo(t,y)x 0% _18219? o .
30, Dz0y 20y

where A7 (A) denotes the smallest eigenvalue of a given symmetric matrix A. We first prove
that 9 is a discontinuous viscosity solution of (2.5). We will see later on that, under (A1), 9 is

continuous thanks to a comparison principle, and even Lipschitz continuous when assumptions
(A3)-(A5) hold.

First, it is easy to see that the infimum in (2.3) can only be achieved for p = £1. Hence
denoting ¢ as p(, one can see that the Hamiltonian can be rewritten as :

H (t,x,y,p, Q) = inf {/L(ty)pQ - ltr (a(t,:z:,y, C) : Q)} ’ (26)
CER 2

where, this time, there is only one control variable ( taking values on the whole real line, and
the covariance matrix a is defined by :

0'2 JE2 g T
wana- (50 )
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By elementary techniques, the minimization over ¢, in (2.6) gives :

H(t,ﬂj‘,y,p, Q) == if Q22 > 07 (27&)
or Qa2 =0and o(t,y)zQ12 # 0, (2.7b)
H(t,z,y,p,Q) € R, otherwise. (2.7¢)

Remark IV.2. For this particular problem, it is not possible to find a continuous function
G:[0,T) x R? x R x My — R such that

H(taxayapa Q) > =00 & G(taxayapa Q) 2 0

Hence we can not use arguments introduced in [10] to define a precise notion of solution for
equation (2.4).

For t € (0,7), z,y € RT, r € R, p=(p1,p2)’ € R* and Q € Mz, introduce

_ (ot y)pe — 503 (L y)a*Qu —5 (t Y)xQ1a
J(t7$7yvrvpa Q) T ( _%O_(t’yilez Q22 >

With straightforward computations we obtain the following result.

Lemma 2.1. Fort € (0,T), z,y € RT, r € R, p = (p1,p2)" € R? and Q € M, the following
assertions hold :

(i) —r+ H(t,z,y,p,Q) >0 A~ (J(t,z,y,m,p,Q)) > 0.

(i) —r + H(t,r,y,p,Q) > 0= —Q2 > 0.

(iii) —r + H(t,z,y,p,Q) = 0= A" (J(t,z,y,7,p,Q)) = 0.

(iwv) A= (J(t,z,y,r,p,Q)) >0=—r+ H(t,z,y,p,Q) > 0.

Now, for a function u : [0,7] x Rt x Rt — R, we define the upper (resp. lower) semicon-
tinuous envelope u* (resp. uy) of u by : for t € [0,T),z,y € (0,+00),
u*(t,z,y) = limsup u(s,w,z),
(s,w,z)—(t,z,y)
$>0,w,2€(0,+00)
ue(t,z,y) =  liminf  wu(s,w,2).

(s,w,z)—(t,z,y)
$>0,w,2€(0,+00)

With these definitions, we can give the sens of viscosity solution of (2.5), according to [2, 3, 11].

Definition 2.2. (i) u is a discontinuous viscosity subsolution of (2.5) iff for any (£,2,7) €
[0,T) x (0,400)2, and any ¢ € C? ([0,T) x (0,+00)?), such that (t,2,9) is a local mazimum
of u* — ¢ :

A_(J(fv‘%ay)?at(b(ia‘i?g)vD(b(i?i'?g) D2¢( A))) < 0.

t,,
(i) u is a discontinuous viscosity super-solution of (2.5) iff for any (t,#,79) € [0,T) x
(0,400)2, and any ¢ € C? ([0, T) x (0, +00)?), such that (t,2,9) is a local minimum of u,—¢ :

A_(J(fv :i'v :’j), 8t¢(£7 :i'a g)v D¢(£7 ja Z)), D2¢(£7 ja g))) > 0.

(7i) w is a discontinuous viscosity solution of (2.5) iff it is both sub and a super solution.
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Theorem 2.3. Under assumptions (A1)-(A2), the value function ¥ is a viscosity disconti-
nuous solution of (2.5) :

29 80 1 29 _Lo(t 4 )p-220
_ <_W +,U(tay Oy 502(t’y)x28x2 2 (t y) 8m8y) =0
A 9?2 -

——=>0. (2.8)

Proof. The proof is splitted on two parts : the super-solution property and the sub-
solution property.
(a) Super-solution property. By a classical application of the Dynamic Programming
Principle, as done in [15], we obtain that ¥(¢,z,y) is a viscosity super-solution of

—g—f + H(t,z,y, DY, D*¥) > 0.

Then, Lemma 2.1(i) implies that also
A_(J(t,ﬂj‘,y,atﬁ(t,ﬂj‘,y),Dﬂ(t,lE,y),Dzﬁ(t,ﬂj,y))) > 07

and then ¥ is a viscosity super-solution of (2.5). Moreover, from Lemma 2.1, we have

_%227729 > 0, and hence (2.8) is verified.

(b) Sub-solution property. Let ¢ be a smooth function, and let (¢, 7, %) be a strict maxi-
mizer of ¥* — ¢, such that

0= (0 — )5, 7, 7).
Suppose that (¢, Z,7) belongs to the set M(p) defined by :
M(p) = {(t,z,y) € [0,T)x(0,+00)* : A~ (J(t,z,y, Opp(t, 2, y), Do(t,x,y), D*p(t, 2, y))) > 0}
Since M(¢p) is an open set, then there exists 1 > 0 such that
[0A (E=n),t+n] x By(z,5) € M(e),

where B,)(Z,7) denotes the closed ball centered in (Z,y) and with radius 7. From Lemma
2.1(iil), if (¢, z,y) € M(p), then

0
—a—f(t,w,y) + H(t,x,y, Do(t,x,y), D*¢(t, ,y)) > 0.
Using the Dynamic Programming Principle and the same arguments that in [16, Lemma 3.1],
we get that :
sup (W—¢)= max (0" — ), (2.9)
Ap ([OA(E—n) 40 x By (Z,7)) [0A(t—n),t+n]x By (Z,7)
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2. PROBLEM FORMULATION AND PDE

where 9, ([t1,t2] x B,(Z,7)) is the forward parabolic boundary of [t1,t2] x By(Z,9), i.e.
Op([t1,ta] x By(Z, 7)) = [t1,t2] x OB, (Z,7) U{t2} x B, (Z, ). However, since (¢, z, ) is a strict
maximizer of 9* — ¢, equality (2.9) leads to a contradiction. Therefore, (¢, Z,7) ¢ M(p), and
the result follows. O

In our paper, we are interested by the numerical approximation of the value function 9.
Although equation (2.5) has a rigorous meaning, the formulation with the smallest eigenvalue
might seem to be more complicated than the setting of (2.4). Of course, one can be tempted
to modify the hamiltonian in the following way : for (ax > 0, replace H by

3 _ 1
H(t,z,y,p,Q) =  min {u(ty)pz — str(a(t, z,y,C) - Q)} ,
Ce[_Cma)mCmax} 2

and then deal with (2.4) with H instead of H. However, the choice of (max, guaranteeing
a good approximation of H, does not appear obvious to us. To avoid these difficulties, we
first give an equivalent HJB equation satisfied by ¥ and which is formulated with bounded
controls. More precisely, we have :

Corollary IV.3. Under assumptions (A1)-(A3), the value function ¥ is a viscosity solution
of the HJB equation :

T 29 29 1 19 1 0%y
of o1 ~ ot + M(t7y)a_y — 30 ( ) _50(t7y ‘Taxay ai _
2, 2 o _1 (t ) %9 _18%9 o B
a2+a2=1 2 20\ Y) T 50y 2 9y? 2

Proof. Simple to obtain from Theorem 2.3. O

Remark IV.4. Equation (2.5) can be reformulated as follows,

2 2
A +u(t V)5e — 302ty 5 —3o(ty)an(ty) mas\ 0
2 — Y
30 (t, y):m?(t y)axay —5n*(ty) 58

where n(t,y) : [0,T] x (0,400) — (0,400) is any strictly positive function. It is easy to see
that changing the positive function n(t,y) into another positive function, does not change the
sign of the operator in (2.5), for fized (t,z,y, DY, D*9).

In particular, when we will deal with the discretization of (2.10), we will use n(t,y) =
min(1;y).

2.1 Boundary conditions. Uniqueness result

Unlike in most similar parabolic problems, here we do not only need a terminal condition
to obtain the uniqueness, but also a border conditions when y tends to zero. Another boundary
condition is hidden by the fact that we only consider bounded solutions, which is, intuitively,
equivalent to Neumann conditions near infinity.
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2. PROBLEM FORMULATION AND PDE

Lemma 2.4. Under assumptions (A1)-(A3), the value function 9 is bounded and satisfies
the following conditions on the boundaries xt =0 and y =0 :

’ li)m(t 0)19(t/,:n/,y/) =9(t,x,0) = g(x),V(t,z) € [0,T] x RY (2.11a)
l7m/7yl - 7':B7
lm 0,0 y) = 0(,0,5) = (0),¥ (Ly) € 0,T] xR (2.11b)

#,2",y")—(t,0,y)
and the terminal condition of the equation for t =T is :

lim I, 2 y) =T, x,y) = g(x) for all (x,y) € (RY)>. (2.11c)
("2’ ") —=(Tszy)

Proof. The statements (2.11a)-(2.11c) are proved in [3, lemma 5.6]. The proof is based
on the assumptions (Al) and (A2) of o and p, and on the continuity and boundedness of g
(see (A3)).

Now to prove statement (2.11b), we first give a representation of ¥(¢,x,y) using Doleans
integral. Indeed, for every (¢, x,y), we have :

ti’ﬂccy =aZ5*, where Z{¥ := el o YEF @AW+ 1 (o(s Y, (9)ds,

Therefore,
I(t,z,y) = E [g(xg;gy)(zﬂ)} - E[g <$Z§’p>] . (2.12)
We conclude that statements (2.11b) holds. O

We recall here the uniqueness result, proved in [2, Lemma 4.3, Proposition 4.4, Proposition
4.6].

Theorem 2.5. [8, Proposition 4.4] Assume (A1)-(A3). Suppose that u is an upper semi-
continuous viscosity sub-solution of (2.5) bounded from above, and w a lower semi-continuous
viscosity super-solution of (2.5) bounded from below. If, furthermore,

u(T,z,y) < < w(T,z,y), (2.13)
ut,z,0) < g(x) < w(t,z,0), '
then u(t,x,y) < w(t,z,y), for all (t,z,y) € [0,T] x R2. In particular, the solution of (2.5)
in the viscosity sense with boundary conditions (2.11a) and (2.11c) is unique.

We recall here the main ideas of the proof.
Proof. Suppose that u and w are respectively sub- and super-solution of (2.5), and that they
both satisfy the limit conditions (2.11a), (2.11b) and (2.11c). A classical argument (see [1])
to prove uniqueness for equation as (2.5), consists in building a strict viscosity super-solution
of (2.5) we, depending on the super-solution and on a parameter . Moreover w, must to be
such that, when the parameter € goes to zero, w. tends to w. Then with classical arguments
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2. PROBLEM FORMULATION AND PDE

[11], a comparison principle between the strict super-solution and the sub-solution can be
obtained, and sending ¢ to zero we have the desired comparison principle.
In our particular case, for any € > 0, we build

we =w~+e((T —t) + In(1 +y)).

From [8, Lemma 4.3], w;. is a strict viscosity super-solution of (2.5), bounded from below
and such that conditions (2.13) are satisfied. Then we can apply [8, Proposition 4.6] which is
a comparison principle between a strict viscosity super-solution and a viscosity sub-solution,
and we obtain

We 2 U,

for all (t,z,y) € [0,T] x R2. Sending ¢ to zero, we have the result. O

Since the boundedness property of ¥ would be tricky to manipulate numerically, in the
following proposition we give some growth properties of the value function which are a sort
of Neumann conditions at infinity. These conditions will guide us toward an implementable
scheme.

Proposition IV.5. Assume that (A1)-(A4) are satisfied. Then the following holds :
(i) For any a > 0, the function :

hiy o — 9tz +ay) — It z,y)

converges to zero, uniformly in (t,y), when x — +o0.
(ii) The function ;
hiw iy — 9t @,y +a) —I(t,2,y)

converges to zero, uniformly in (t,x), when y — +oo.

Proof. (i) Let (t,z,y) € (0,7) x RT x R*. As in (2.12), we have :

I(t, z,y) = SQ},IEE { (ti:gy( ))} = SSE)E [g (mZg’p)] : (2.14)

By assumption (A3), the function f : z — g(e®) is Lipschitz continuous on R. Then, for
2’ € RT, we get :

I(t,x,y) — It 2 y) = SSE)E <g <a:Z< p)) - S;lppE <g <a:’ZC p))

<o (e25)) -2 (457)
<ol i+ m(55)) 1 (o 05 )

and using the Lipschitz property of f, it yields to :

I(t,z,y) — It 2',y) < K |In(z) — In(2')] .
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2. PROBLEM FORMULATION AND PDE

Therefore we get that

T +a

!hiy(a:)‘ <K ‘ln < >‘ — 0 as * — +oo uniformly in (¢,y). (2.15)

To prove assertion (ii), we recall that by Theorem 2.3, ¥ is a supersolution of

00
—— =0.
Oy?
Then, from [12], we deduce that the function ¥ is concave w.r.t. y. That is, for each (¢,x),

I(t,x,-) is a concave function. Moreover, from (A3), ¥ is bounded and ||9||cc < My (where
the constant My > 0 is the same as in (A3)). Therefore, for any A, the function

hiw iy — Ot 2,y +A) —I(t,z,y)
is decreasing. Considering that 9(t,z,nA + yo) = 9(t,2,90) + Di—; b7 (X + yo). Hence, it
follows that :

19(757 Zz, nA + yO) > 19(757 €L, yO) + Z h%,m(n)‘ + yO)
i=1
which gives :

2M
h%,:n (nA+1o) < o

and we get convergence of h? ,(y) to 0, which is uniform in (¢, z). O

2.2 Lipschitz property

Here we establish the Lipschitz property of the value function 9.

Proposition IV.6. Under assumptions (A1)-(A4), we have :
(i) The value function ¥ is Lipschitz w.r.t. .
(ii) V¥ is Lipschitz w.r.t. y.

Proof. (i)As in the proof of proposition IV.5, we consider the representation of 9 using
Doleans exponential :

It ,x,y) = SQ},IEE (g(Xé;gy)) = SQ},IEE {g (a:Zg’pﬂ vt € (0,T),z,y € RT, (2.16)

where Z§* = i oYy ()Wi+3 [T (0[5 (5))%ds

Then, for t € (0,T),z,2',y € RT we have :

|19(t,3:,y) - 19(t,:13/,y)| < Sg},le [g (3325”)) —g <3:Z§’p>] .
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2. PROBLEM FORMULATION AND PDE

As g is Lipschitz of constant K, we get :

|19(t,:17,y) - ﬁ(t,x/,yﬂ <supE ‘K(w - :E/)Zg’p‘ < K|r —2/|supE <Z§’p> .
C’p C?p

Therefore, using the fact that the Doleans exponential is a positive local martingale, and
hence a super-martingale, which implies that for any control ({,p) € U :

B (ol o6 o)) < 1,
and then taking the supremum leads to :
|9(t, 2, y) — O(t,2',y)| < K|z — 2|

Which proves that 1 is Lipschitz w.r.t.  with the same constant as g.

(ii) Now we treat the Lipschitz property of ¥ w.r.t. y.

First,we recall that ¢ is concave w.r.t. y. Furthermore, as g is bounded, we immediately
get that ¥ shares the same bound. Hence, it is sufficient to prove that 9 is Lipschitz near the
boundary y = 0.

Recall that by (2.11a), we know that ¥(¢,2,0) = g(x) for all (¢,z) € (0,T") x (0, +00).

Let (t,z,y) € [0,T] x (0,400)?, with y > 0. For any control (¢, p) € U, we have :

S S
VoS =y [ —ur¥ifodr [ oovgsraw
t t
Furthermore, by a comparison argument for SDEs, we get, for any 7 € [t,T] :
Y/ (r) > 0.
Using the positivity of u, we get :
S
0 <Y <t [ VG maw
Hence, the quantity above is a super-martingale and we get :
E v/ (s)] <. (2.17)
Now, applying It6’s formula on g(tiéy) :
S
JXEE ) = alw)+ [ X0 (rDaxEs, (r) +
1 S
3 ), oKL ) (aX8 ), 425, )
S
— gla)+ [ o (XL (XS, () +

1 [* 2
2 / (X65,0) 9" (XL (MNP ()
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3. APPROXIMATION SCHEME

Since X7 s a locale martingale, there exists a sequence (s, )y, with s, — oo such that :

tz,y
5 [ " e ) xes ) -0

Using (2.17), the Lipschitz property of o2, and the boundedness of = —— 22¢”(z), it yields :
there exists a constant C' > 0, such that :

Sp AT
B (o528 (s AT —g(@)| < [ cyar
Finally, as g is bounded, we conclude with Fatou’s lemma that :

E (g(X05, (1) — g(x)) < C(T — )y,

and since the constant C' is independent of p, (, we obtain :

I, z,y) —9(t,z,0)] < su E tiny —g(x
9t.2.9) = 9(t,2,01 < sup {IE (9(XF, (D) - 9(2)) I}
< CTy.

Hence, as 1 is concave w.r.t. ¥ and bounded, it is Lipschitz with respect to y. O

3 Approximation Scheme

Now we want to approximate the (unique) bounded solution of the following Hamilton-
Jacobi-Bellman equation :

5 0V 50U 1
zmlgl { - al (t T y) +/L(7f y)al (t7$7y) - _tr[a(alya27t7$ay)D219(t7$7y)]} = 07

ajtaz=1 ot 8 2

(3.1)

with boundary conditions (2.11a), (2.11b), (2.11c), where p is a positive Lipschitz function,
and the diffusion matrix a is defined as follows :

o 2o (t,y)x? a1a20'(tay)77( y)z
a(al’a2’t’$’y) T ( alag%(t,y) ( JJ)x n (t y) >

_ ( ayo(t,y)x ) < ayo(t,y)x )
n(t, y)oe agn(t,y) )
where we will use 7(t,y) = min(1;y), in agreement with remark IV.4. From now on we will
write only a instead of a(ay, ag,t,x,y), and u instead of u(t,y), we omit all the dependences.

(3.2)
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3. APPROXIMATION SCHEME

We can easily see that a is not a dominant diagonal matrix?, in fact we can not ensure
that
aon > ayox, Y (t,x,y) €[0,T) x [0,+00)?, and V o 4+ a3 = 1.

This fact implies that we can not choose the classical finite differences (FD) scheme to approxi-
mate equation (3.1), we shall use the generalized finite differences (GFD) scheme introduced
in [0].

Consider a regular grid G}, of discretization of R? , with discretization steps h = (hy, ho) :

Gy, = {(mi7yj), x; = ihq, Yj = Jho, 1,5 € N x N},

and consider a discretization time step At. On the grid Gy, the derivative on time is approxi-
mated by an implicit Euler scheme, and for the first derivative in y we use a finite difference
approximation. The main idea of the Generalized Finite Differences scheme is to approximate
the diffusion term a - D?¢ by a linear combination of elementary diffusions pointing towards
grid points. More precisely, for & = (£1,&2) € Z?, associate the second order finite difference
operator (for z,y € R) :

Aeop(t,z,y) = o(t, x + &1h1,y + §2h2) + o(t, . — E1hy,y — §2ha) — 26(t, 2, 9),

where A¢ is an elementary diffusion in the direction £. By a Taylor expansion, we know that

2

ij=1

where 1 = z and x5 = y.

Following ([6, 7]), we introduce a set S C Z?\ 0, which contains {e1, e2}. We will specify
later how we choose this set. We approximate the second order term a - D%¢ by a linear
combination of elementary diffusions along &, with £ € S :

a-D*¢ =) 4 A,
£es

a2

where the ’y?l’ are coefficients which will be specified later.

For a given set S, the scheme takes the following form :

Uh(Taxay) = g(‘r) = Uh(tvxﬂ 0)7 Uh(ta 07y) = 9(0)7 (33)

. 1
a2rf;g_1{—a%5tvh(t,w,y) — aipbyon(t, z,y) — 3 > et Agup(t, )} =0, (3.4)
1T&= £es

?We recall that a matrix X of dimension N x N is diagonal dominant if

Xii ZZ:|X2'J'|7 Vi=1,...,N.
i#j
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for t < T — At, with

Uh(t + At7$7y) B ’Uh(t,ﬂi‘,y)

Orup(t =
tvh( y L,y y) At )
Uh t7x7y_ h2 — U tu‘ray
ynlt,ay) = DY) b ny),
2
It is shown in [0, 7] that the above scheme is consistent if we choose a set S and variables
1,02
Ve such that : for all a1, ao, t,z,y
Y >0,VEES, and Y AT =al, (3.5)
£es

where a” denotes the scaled matrix, a® = {a;;/(hih;)}. Assertion (3.5) means that a” belongs
to the cone generated by {££7:¢ € S},

C(S) =4 Y e,y e Rl
£es

A natural choice for § is the following :

§ =38, ={(§,8) € Z x Nymax(|€1];§2) < p; (€11, §2) irreducible},

for p > 1, and the correspondent cones C(S,). These cones have the following property :
C(S1) CC(Sy) C---CC(Sy) C - C MF,

where ./\/lf denotes the set of symmetric positive matrices. Unfortunately, even for a big
order p >> 1, the matrix a does not satisfy necessarly the strong consistency (3.5).
Moreover a” is a rank one matrix and it is degenerated. This fact implies two possibilities :

e The direction of diffusion ( oganx ) points toward a point of the grid. This situation
2

happens if the slope is a rational number r/q (with r € Z and ¢ € N*). Then we consider the
vector &, = (r ¢)T, and we can write
h ) T
a = 702«10425“157’41‘
a1o0T
Qa1)
this case, we approximate a by its projection in one of the cones C (Sp), the order p being

the order of neighbouring points allowed to enter in the scheme (of course, this order depends
on where we are situated on the grid and on the direction of the diffusion).

e The second possibility is that the direction of the diffusion < > has a real slope. In
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(a) (b) (c)

Fic. IV.1 - (a) Symmetric semi-definite positive matrix with trace equal to 1 and cone of
diagonal dominant matrix. (b) Cone C(S7), a is on the border of the semi-definite positive
matrix. (c) Cone C(Sz2).

Remark IV.7. As we can see in Figure 1(b), matriz a” belongs to the border of the cone
./\/lf (the cone of symmetric semi-definite positive matrices), and then there exist two vectors

&g and &y g on Sy, such that we can project al on the hyperplane generated by S ;,q,
and &y ¢ {;, o Then, we can write the projection of a” as follows :
h _ . o1,a2 T Q1,02 T
Up = Ve g aSpa Ve S s (36)
where ’yg‘ L2 are positive coefficients, and moreover

ag,« o, h
Ve, e < tr(ap).

As studied in [0], the generation of the directions &y o and &y 47, can be performed (in effective
way) in O(p) operations, by using Stern-Brocot algorithm [17].

Remark IV.8. The choice of the order p depends on where we are situated on the grid. For
instance, if we consider a point (x,y) in the middle of the grid, and we want to discretize
a-D?¢(t,z,y), we can follow the direction of diffusion and choose the biggest order of discre-
tization p, because more p is bigger and better is the approximation of the scaled covariance
matriz a. On the other hand, if we consider a point (x,y) near to the boundary, it can of-
ten happen that following the direction of the diffusion, we involve in the discretization some
points which are out of the grid. In this case the choice of p is not free, and we refer to the

Appendiz for a detailed discussion of this case.
Remark IV.9. In all the decompositions, the coefficients ,qu,az and also the vectors & are
in terms of (t,z,y). Sometimes, for simplicity of notations we do no specify this dependence.
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Error projection for scaled covariance matrices. From now on, by [r] we denote the
smallest integer greater than the real r, and for a symmetric matrix b of dimension 2 we use

the Frobenius norm [|bl| = (32, ;_1 5 b?j)l/ 2. Let pmax the maximum order that we can consider

for the discretization, and let us consider the projection b’ of a general matrix b € Mf on a
hyperplane of C(S,, .. ) spanned by ££7 and ¢/(¢')T. As proved in [6, (17)], we have

Pmax
(1 — cos(£,€))

V24/1 + cos?(€,¢")

From this inequality and [0, Lemma 6.1], the projection error will be €,|b||, where

b=l < [1]- (3.7)

€ — p%]ax +1- Pmax < lp_z
P — X*
V2 /2p2 . 1 T 4

Moreover, the error projection is guaranteed to be at most equal to ¢ (for any € > 0), if we

choose pmax = pe, where
[ V1—¢e?—¢ w
eVv1—g?

In particular, if we aim at having a projection error of the order of h, then we have to choose

Pmax such that
VIR —h 1
V1 —hZ |

(Some examples : If h < 107! then ppax > 2. If h < 1073 then pyay > 16, and if h < 107°
then ppax > 159.)

(3.8)

De = (3.9)

3.1 The discrete equation

From now on, we fix hy = hy = h, the space step size®. Let pmax € N be the maximal
order of grid points allowed to enter in the scheme, and At be the time step size. Set p =
(Pmax, b, At), and define the scheme S? (given in a general setting) as follows : let ¢ : [0, 7] x
RT xRT - R:

SP(t,z,y,r,¢) = min { PN o(t+ At,z,y) — 7 n a%,ur — ¢(t,z,y — h)
a?+a3=1 At h (3 " )
1 al,0 .1Ua
2 Yo ety [t e — &hy — &h) = 2r + $lt,x + Eahy + E2h)] },
£ES(m,y)
for (t,x,y) € [0,T) x (0,00)?, where
S(z,y) =8, with p = min(pmaz, [2/h], [y/h]), (3.10b)
Z ’Y?l,az(t,x,y)gg = a;(al,ag,t,x,y), (3.10c)

§€S(z,y)

3We set h1 = ha = h to simplify the analysis.
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the projection of the scaled covariance matrix a” on C(S,) (a = a/h?). In particular, p = Pz
if x — pmazh > 0 and y — ppazh > 0 (points in the interior of the domain), otherwise
p =min([x/h], [y/h]) (points near to the boundary).

Now the discrete scheme for (3.1) is :

SP(t,x,y,vp(t,x,y),vp) =0, (3.11a)

for (¢,z,y) € [0,T) x (0,00)?, and with the boundary conditions :

(T, z,y) = g(x), ¥ (z,y) € [0,00)?, (3.11b)
vp(t,z,0) = g(x), ¥V (t,x) € [0,T] x [0, 00), (3.11c¢)
vp(t,0,y) = ¢(0), ¥V (t,y) € [0,T] x [0, 00). (3.11d)

(the solution v, will stand for an approximation of the value function ).

Remark IV.10. It is clear that if pmax S not linked to the step size h, then (3.11) is a
discrete scheme for the HJB equation with the covariance matriz a, instead of a, where a, is
the projection of a on the cone C(Sp).

. 0 0 1
_ 209 2, 99 _ 1 2 _
a?ﬁgg { e (t,z,y) + al,uay (t,z,y) 2tr[apD (b(t,x,y)]} = 0. (3.12)

In what follows (subsection 3.2, and section 4), we will prove that the scheme (3.11)
satisfies the following properties :
(S1) Monotonicity : S°(t,z,y,r, u)

2 Sp(t,x,y,r,’u),
for all € R, z,y € R, u,v € C([0,T] x

[0,00)2) such that u < v in [0,77] x [0, 00)2.

(S2) Stability : For all p = (h, At, pmax) € (R%) x (0,7) x N*, there exists a bounded
solution vy, of (3.11).

(S3) Consistency : There exists a constant Cy > 0 such that, for every ¢ € C™(]0,T] x
[0,00)2), n > 4, with bounded derivatives,

99
dy

. 209 2
min ¢ — o= (¢, x,y) +oju
o a%{ 1 9t( Y) 1

—Sp(t,ﬂj‘,y, Qb(t,ﬂ?,y),QS)‘
< CL(107 loAt + ulDydloh) + 16V2p5,4, lall| D Gloh® + ey (t, 2, y) | D*lo,

(t2.9) = ol Do, )]}
(3.13)

where a,, is the projection of a on C(S,), for p = min(pmaz, [2/h], [y/h]), and €,(t, x, )

is the projection error such that ¢, = |la — ap|| if p = Pmaz, and ¢, = CK(z,y)h?
otherwise, where C' depends on the Lipschitz constant of o2, and K (x,%) > 0, for all
x,y.
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3.2 The consistency property

We start by proving the consistency property (S3). Consider a function ¢ € C™([0,T] x
[0, +00)?), with bounded derivatives and compute (first) the difference term :

. 19J0) 09 1
2 2 2
a]grﬁral%{ -0, (t,z,y) + ozl,uay (t,z,y) — §tr[ap -D ¢(t,$,y)]}

—Sp(t, xz,Y, ¢(t7 z, y)7 ¢) ’

(3.14)

for the HJB-equation with the matrix a, instead of a. For the derivatives on ¢ and on y we
just apply a Taylor development to obtain the bound terms |97 ¢|oAt and ,u|D§¢|0h. Consider
now the diffusion term : by a Taylor development, we get (for £ € S) :

_ 4
D’¢(h€, h€) = Aep < 20 Yh_o 686" giplir
< 4ntlEll Do,

where D*¢ = Zi:o 8%,%4%, and the last inequality follows from the fact that Ei:o g{“g;*—k
1 2

2/|¢][*. Moreover, from (3.6), we can deduce that

tr(al)
0 S ,70417042 é P ’
¢ €112

for every & which appear in the decomposition of a;‘. Then, for the global diffusion term we
obtain

tr[a, D?¢(t, x, y)] Z O‘I’O‘QAS(b (t,z,y)
£eS

IN

2tr(ap)| DU loh? Y ees 18]I

8tr(al)| D*¢loh*p?

pmam

<
< 8tr(ap)|D*0loh?Phan

where the last inequality follows from the fact that & < pmaz, for ¢ = 1,2. We are now looking
for a bound of tr(a,) which depends on (¢,z,y). It is easy to see that tr(a,) < v/2||a,|, and
moreover, by (3.7), we can show that

lap|l < 2[|all, (3.15)

where ||a|| depends on ¢, z,y.
Therefore, we obtain

trlap D2 (t, 2,y)] — > e Ach(t, x,y) < 16V2]all[ D Glohplg,-
£eS

Then we can conclude that
(314) < CL(|8R0loAt + uD2Bloh) + 16v/2p2, . llalll D' 6loh?. (3.16)
On the other hand,
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4. EXISTENCE OF THE NUMERICAL SOLUTION

e For the points (x,y) such that  — pyeh > 0, and y — ppazh > 0,
trfa - D2¢(t, x,y)] — trla, - D*p(t, z,9)]| < V2||la — ap||| Do

Let us note that to obtain an error ||a — a,|| depending on the space step h, we should
choose a suitable value py,q. as in (3.9).

e For the points such that © < ppezh or ¥y < ppmaszh, using the definition (3.2) of a, and
the Lipschitz property of o2, one gets

llal| < C(2*y + y* + zy),

where C' depends on aj,as and on the Lipschitz constant of o2. Moreover, since we
know that p = min([z/h], [y/h]), then z,y < K(x,y)p - h, for a convenient integer
K(z,y) = max([x/h], [y/h]) + 1. Hence ||a|| < CK (x,y)p*h%. Then this estimate with
(3.8) yields to :

trfa - D%¢(t, z,y)] — tr[a, - D*$(t, z,y))] la — ay|||D?*¢|o

L llall - 1D%o
CK (2. )| D2loh?.

INIA TN

This concludes the consistency property (S3), with e,(t,z,y) = |la — apl|| if p = Pz, and
ep(t,,y) = OK (,y)h? if p = min([z/h], [y/N]).
Proposition IV.11. Suppose that

(a) Pmaz = 0(%):
(b) there ezists C > 0 such that ppas > %,
then

. D¢ D¢ 1
2 2 2
a?"ﬂg%{ gy (t,z,y) + Aarg, (t,z,y) — §tr[a D ¢(t,:c,y)]}

—SP(t,x,y, d(t, z,y), qﬁ)‘ = O(h) + O(At).

for all (t,z,y) € [0,T] x (R*)2.
Proof. The proof follows from the explicit form of the consistency property (S3).0

Remark IV.12. In the case when the direction of diffusion points toward a point of the grid,
the consistency remains the same, except for the error of projection which will be zero.

4 Existence of the numerical solution

In this section we prove the well-posedness of the implicit scheme (3.11a) with boundary
conditions (3.11b), (3.11c) and (3.11d), and show that it satisfies the required monotony and
stability properties (S1)-(S2).
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4. EXISTENCE OF THE NUMERICAL SOLUTION

We recall that the grid is Gy, = {(24,y;),1,7 > 0} C R%r, where x; := ih, y; := jh.
We first start to initialize the scheme by

’Uh(T7x>y) = g(:E)’ ($7y) € Gh-
Then, given vy (t + At,.) for some time ¢, we need to find vy (¢, x,y) for (z,y) € G}, such that

Uh(t7x>y) - ,Uh(t7$>y - h)

. gvh(t,ﬂf,y)—vh(t+At,33>y) 2
o tad=1 {al At +aiuty) h
——Z ¢ Agup(t, @ y)} =0, Y(z,y) € Gp, y >0, (4.1)
¢es

and with the following ”"boundary conditions”

vp(t,z,0) = g(x), Vx € hN (4.2)
vp(t, .,.) bounded

The scheme in abstract form. Since for all (z,y) € G with y > 0, an optimal control
(a1, a2) must be found, we introduce B := {a = (a1, az),a3 + a3 = 1} and

A= (BN

the set of controls associated to the grid mesh (x4, y;)i>0, j>1-
The scheme can then be expressed in the following abstract form :
find X :=v(t,.,.) € RNxN , bounded, such that

min (A(w)X - b(w)> —0, (4.4)

weA

where A(w) is a linear operator on RN XN*, and b(w) is a vector of RNXN*, and are made
precise below.

Definition of the matrix A(w) and vector b(w) : Let X = (Xjj)i>0,j>1, (resp. w =
(aij)i>0,5>1, with oy = (aj1, uj2)) be values (resp. controls) corresponding to the mesh
points (x;,y;) of Gp,. Then

e A(w) is an infinite matrix determined by VX, Vi > 0, Vj > 1,

a?

1
(A(w)X)Zj = K% XZJ + azy 1,u(t y])h(Xw — (1 — ’{j—l)Xi,j—l)
1 i
+5 Y (= Rye) Xi gy e+ 2Xi5 — Xive jre)
§:(§17§2)

where ki :=1if k=0 and ki :=0if k # 0.

136



4. EXISTENCE OF THE NUMERICAL SOLUTION

e b(w) is defined by

2
bZJ(w) = A—Jélvh(t + At) T, Z/g) + a?j,l%"{j—lg(gji) (45)
1
T3 > % ka(wiog)
§=(&1,62)€S

where vy (t + At,x,y) is the solution at the previous time step and is assumed to be
bounded.
We shall also denote
2 2
[o'n i1 o i1 1 i
0ij(w) i= =+ ==t Y- + 5 > %R e
§=(§1,62)€8

Remark IV.13. The matriz A(w) is §(w)-diagonal dominant in the following sense :
A i) =0w) + D> A we W)
(k£)#(4,5)

Remark IV.14. Note that in the case no border points y = 0 are involved (i.e. when j >
Pmaz ), we have the more simple expressions :

a?j,l 0%2]‘,1
(Aw)X)iy = X+ — =t y;) (X — Xig-1)
1
+5 Do U Xie e+ 2Xi — Xive jre)s
£=(£1,62)€S
and ) )
a’. g
b j(w) == Kél?fh(t + At, x;,y5), 0ij(w) == Kt .

Remark IV.15. Note that on the boundary x = 0, if we assume that vy, (t + At,0,y) = ¢g(0)
then the scheme reads

2vh(t7 07 y) B g(O)

. Uh(ta Oyy) _Uh(t707y — h)
iy {aERDZI0) 4 oy,

h

1
—|—§O£§(—’Uh(t, 0,y — h) + 2vh(t7 0, y) - Uh(t7 0,y + h))} =0, Vye hN* (46)

and with vy (t,0,0) = g(0). One can show that vy(t,0,y) = const := g(0) is the only bounded
solution of (4.6) (using the results of Lemma 6.1, Proposition IV.21 and Proposition IV.23).
Hence by recursion we see that vp(t,0,y) = g(0) for all t and y € hN. In order to simplify
the presentation of A(w) and b(w) we have preferred not to add this knowledge in a boundary
condition at x = 0.
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4. EXISTENCE OF THE NUMERICAL SOLUTION

Preliminary results. In order to find a solution of (4.4), we first consider the linear system

for a given w € A. For expository reasons, some specific results for such systems have been
postponed to the appendix. We can check that (A(w),b(w)) satisfy all the assumptions of
Proposition IV.22. In particular, we can check that the matrix A(w) is monotone, in the sense
that if X = (X ;)i>0,j>1 is bounded (or bounded from below) and such that

Vi >0, Vj>1, 52']'(’[0) =0 = (A(’LU)X)Z] =0, (47)

then
Aw)X >0= X >0.

Here (4.7) is equivalent to
Vi>0,72>1, oj1=0 = -X;;1+2X;; — X; ;41 =0.
Since b(w) satisfies 6;;(w) =0 = b; j(w) = 0, and that

[bij (w)]
ASANY t+ At ) oo ,
o B < oot -+ At ol
we also obtain by Proposition IV.22 (ii) that there exists a unique bounded X such that
A(w)X = b(w), and satisfying furthermore

I Xl == max |Xi;| < max([[va(t + AL, ., oo, [9lloo)-
120,5>1

Howard algorithm We can now consider the following Howard algorithm for solving (4.4).

Let w® € A be a given initial control value

Iterate for k > 0,

e Find X* bounded, such that A(w*)X* = b(wk).

o whtl = argmin,c 4(A(w)X* — b(w)).
In the second step note that the minimization is done component by component, since
(A(w)X* — b(w));; depends only of the control a;;; the minimum is also well defined since
the control set B for o is compact.

Then we have the following result, whose proof is postponed to the appendix.

Proposition IV.16. There exists a unique bounded solution X to the problem

min(A(w)X — b(w)) =0,

and the sequence X* converges pointwisely towards X, i.e., limy_ oo Xl-kj = X;; Vi,j > 0.
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5. CONVERGENCE

Stability and monotonicity. First, the convergence proved in the previous proposition
leads also to the bound ||vp(t, )|leoc = || X||eo < max(||vn(t + At,.)||oos ||9l]ec). Hence by
recursion we obtain ||vg(¢,.)|loco < ||gl|co, Which shows the stability of the scheme.

Then, the monotonicity is also obtained directly from the definition of the scheme.

Remark IV.17. Note that we have the following stronger monotonicity result : if v,ll(t—FAt)
and v}ll(t + At) are two bounded vectors defined on the grid, and X' and X? denotes the two
corresponding solutions of (4.4), then

vi(t+ At <vi(t+AL) = X'< X2

for q = 1,2, the vectors corresponding to v} (t+At) as defined

To see this, let us denote b?(w),
) < b (w), Yw € A. Let w' be an optimal control for X'. Then

n (4.6). We note that b'(w

AwH) Xt —bl(w!) = 0= glei.,I}l(A(w)X2 — b (w))

A(w') X% — b*(wh)
A(wh X? — bl (wh),

IN A

and thus A(w')(X? — X1) > 0. By the monotonicity property of A(w') and the fact that if
Sij(w') =0 then b?j(wl) - b}j(wl) =0, we conclude to X' < X2,

Remark IV.18. Note that since we deal with an implicit scheme, the stability and monoto-
nicity results are obtained inconditionnaly with respect to the mesh sizes h and At > 0, as
expected.

5 Convergence

Since the scheme is monotone, stable and consistent, we can use the same arguments
as in [5, Theorem 2.1] to conclude the convergence of v, toward ¥, taking into account the
comparison principle Theorem 2.5.

In order to prove this convergence, we first note that the following type of discrete com-
parison principle holds for the scheme.

Lemma 5.1. Let Y = Yj a(t, x,y) be defined on (x,y) € Gy, and for T —t € AtN. Suppose
that Y is a super-solution of the scheme (resp sub-solution of the scheme), in the following
sense :

() Vt+At<T, (z,y) € Gp, y >0, SP(t,z,y,Y(t,z,y),Y) >0

(resp. SP(t,z,y,Y (t,z,y)) <0),

(ZZ) v (m,y) € Gp, Y(T7$7y) > g(:E) (resp Y(T7x7y) < g(l‘)),

(i) Vt < T, (z,y) € Gp, Y(t,z,0) > g(x) (resp Y(t,z,0) < g(z)),

(i) Y (t,z,y) is bounded from below (resp. from above).

Then'Y > vy, (resp Y < wy), where vy, = vp(t, z,y) are the scheme values.
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5. CONVERGENCE

Proof. Indeed the proof can be obtained by recursion (using Y (¢t + At,.) > v, (t + At,.)
to show that Y'(¢,.) > vy(¢,.)) following the same arguments as in Remark IV.17. In order to
conclude from A(wq)(Y(¢,.) — vp(t,.)) > 0 to Y (t,.) — vp(t,.) > 0 (for a given control wy),
we use the fact that Y (¢,.) —v(¢,.) is bounded from below and Prop IV.22 1). The proof for
the sub-solution is similar. O

We can give now the convergence result.

Theorem 5.2. We assume (A1)-(A3) and that g is C*-regular and such that —x%g"(z) be
bounded from below. Suppose also that (pmazh) satisfies the assumptions of Proposition IV.11.
Then the scheme solution vy converges locally uniformly to ¥ when h, At — 0.

Proof. In the following when we denote h — 0 we also mean that At — 0. Let ¥ and v
be defined by

ﬁ(t7$’y) = limsup Uh(t/7$/7y,)7
h, At—0,(t ' .y ) —(t,z,y)
y(t7$7y) = lim inf Uh(t/7$/7y/)7

h, At—0,(t' ' .y ) —(t,z,y)

(The function vy, (t, z,y) defined for (z,y) in the grid G, and for T'—t = nAt can be extended
to [T,0] x RT x R* by a PO interpolation.) As in [5, Theorem 2.1], using properties (S1-S3)
of the scheme, we can prove that v and v are respectively bounded viscosity sub- and super-
solution of (3.1). If the following inequalities hold :

o(T,z,y) < g(x) <ol z,y) (5.1)
o(t,z,0) < g(x) < w(t,x,0) (5.2)

then, by the comparison principle (Theorem 2.5) we obtain ¥ < v, hence ¥ = v and the
convergence of vy, towards the unique viscosity solution of HJB, i.e. 9.

Now let us prove the claims (5.1) and (5.2).

Step 1 : v(T\,z,y) > g(x), and v(t,z,0) > g(z).
Considering Y (¢, z,y) = g(z), we see that Y is a sub-solution of the scheme (3.10) (in the
sense of Lemma 5.1). Hence v, > Y and we deduce the two inequalities v(7T', x,y) > g(x) and
v(t, z,0) = g(z).

Step 2 : (T, z,y) < g(z), and v(t,z,0) < g(z).
Let C > 0 and L > 0 be some constants such that — 1:1729”( ) > —C and 0?(t,y) < Ly. Let
K be a constant such that K > C'L, fix an arbitrary € > 0 and, for t € [0,T], let

Y(t,z,y) := K (T —t)(y + min(1;y)) + g(x).

Note that ——:132h12( g(z — &h) + 29(z) — g(z + &h)) = —3226397(0,) > —C (for some

015 € [x — &h, @ + & h]). Then we can deduce that SP(t,z,y,Y (t,z,y),Y) > 0, Y satisfies
the assumptions (i)-(iv) of Lemma 5.1, and thus Y > vj,. In particular,

(T, z,y) = lim sup op(t', 2’ y) < lim sup Y(t,x,y) < g(z).
h—0,(t 2/ ") — (T ,y) h—0,(t 2/ ") — (T, ,y)

We prove that T(t, z,0) < g(x) in the same way. O

140



6. PROPERTIES OF SOME INFINITE LINEAR SYSTEM

Appendix
6 Properties of some infinite linear system

In this section we give some basic results for solving some specific infinite matrix system
that are involved in our scheme.

Notations. We say that A = (a;j)1<ij, %,J € N*, with a;; € R is an infinite matrix if
{7 21, aij # 0} is finite Vi > 1. If X = (z;);>1 then we denote (AX); = > -, a;jz;. We also
denote X >0 if x; > 0, Vi > 1.

The following Lemma generalizes the monotony property of M-matrices.

Lemma 6.1 (monotony). Let A = (a;j)1<i; be a real infinite matriz such that
(Z) For alli>1,36; >0, a;; = d; + Zj;éi |aij|,

(i) aij <0 Vi# j,

(iii) 61 > 0,

(Z’U) Vi 2 1, Z]j a,-j Z 0.

(v) Vi > 2, if 6; =0 then Iq; > 0 such that (AX); = ¢i(—xi—1 + 2x; — Ti41).

Then A is monotone in the following sense : if X = (x;)i>1 s bounded from below and such
that Vi > 1, 6; = 0= (AX); =0, then

AX>0= X >0.

Remark IV.19. Note that from Lemma 6.1 we deduce the uniqueness of bounded solutions
of AX =b for any b such that §; =0 = b; = 0.

Proof of Lemma 6.1. Let m = min;>1 ;.
Step 1. We first assume that there exists ¢ > 1 such that m = x;. Then

0 < Ai; T + Zaijxj = (52331 + Z \a”\(a:, — Jjj) < 5sz
J#i J#i

If 6; > 0, then x; > 0. In the case d; = 0, by assumption (v) we obtain that m = z; = z;_1 =
Zi+1. In particular the minimum m is also reached by x;—;. Since §; > 0, by a recursion
argument we will arrive at a point j such that 6; > 0 and thus z; > 0.

Step 2. In the general case we consider Y = (y;) with y; := z; + € ¢ for some € > 0. We
note that y; — +o0, hence i — y; has a minimum. Also, (AY); = (AX); + Ezjj a;j > 0.
Hence AY > 0 and Y > 0 by Step 1. Since this is true for any € > 0, we conclude that X > 0.
O

Remark IV.20. Note that in Lemma 6.1 we can relax the assumption (x;) bounded from
below by liminf; . % > 0.

Proposition I'V.21 (Existence of solutions for linear systems). We consider A, an infinite
matriz, such that
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6. PROPERTIES OF SOME INFINITE LINEAR SYSTEM

(i) Vi> 1,36 20, ai = 6 + 324 |aijl,
(#4) 91 > 0.
(#i1) Vi > 2, if §; = 0 then Jq; > 0, such that (AX); = ¢;(—xzi—1 + 2z; — Ti41)-
Let also b = (b;)i>1 be such that

. _ |0 |

Vi, d; = 0= b, =0, and max -— < o0
k>1, 5,70 O

Then there exists a unique X, in the space of bounded sequences, such that AX = b, and
furthermore we have

|b|
max |rg| < max —.
k>1 k>1, 6,#0 Oy
Proof. We look for solutions z(™ = (m&"), e ,xsl"))T € R" of the first n linear equations

of AX = b, and set also x,(g") := 0, Vk > n. (Dirichlet type boundary conditions on the right
border). This leads to solve the finite dimensional system

A 2 (n) — p(n) (6.1)
where A .= (@ij)1<i j<n and b = (by,...,bn)7T,

Lemma 6.2. There exists a unique ™ solution of (6.1) and furthermore it satisfies the
inequality

n b
max |x}(‘C )| < [5]

: 6.2
1<k<n T 1<k<n, 6,70 Of (6.2)

)

Proof of Lemma 6.2. Suppose that (" exists, and let 7 be such that |:El(n)| = maxi<j<n |x§n .
Note that we still have V1 < < n, al(f) =6; + Z#i |az(~?)|. If §; > 0,

il > a2 = > 0 l[2]] > 8l
J#i
thus |x§n)| < %. If 6; = 0, we consider
ip :=sup{k < 7, o > 0}.

(ig exists since d; > 0). Then —:E](Cn_)l + 2$§€") — xgj_)l =by/qr = 0 for k =ig+1,...,i, and

331(:21 — x]g") = const = ¢g for k = 1ig,...,i. But a:l(-n) is an extremum of xl@l, xl(") and a:l(-j_)l.

(n) (n) (n) (n) (n)

This implies that ; ; = z; = x;,7, and thus ¢ = 0 and z; * = z; " is also an extremum.

Since §;, > 0, we can estimate ’371(:)‘ as before. This implies the invertibility of A and thus

the uniqueness of z(™. O
Now we shall prove that the sequence X (™ = (x("),0,0, ...)T, which satisfies already

X0 < C = maxg, o 12

5. converges pointwisely towards a solution X of the problem.
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6. PROPERTIES OF SOME INFINITE LINEAR SYSTEM

We first suppose that b > 0. We can see that A" is still a monotone matrix (following the
proof of Lemma 6.1). Hence (™ > 0. Now we consider z("*1) and for i < n we see that

Hence we obtain that

(xgnﬂ), e ,331(1"4'1))71 > ( M) g™
and in particular X < X+ Since || X||s < C, we obtain the (pointwise) convergence
of X(™ towards some vector X such that ||X||oc < C. In the general case, we can decompose
b=0b"t — b~ with bt = max(b,0), b~ = max(—b,0), and proceed in the same way. We obtain
the pointwise convergence of X (n) — x(m)+ _ X~ towards some X, with X% > 0 and
|| X+ < C, hence also || X||o < C.

Since {j, ai? # 0} is finite, for any given ¢ we can pass to the limit n — oo in
dj>1a gl) ;n) = b;, and obtain (AX); = b;. O

Case of infinite 2d matrices. We say that the set of real numbers A = (A ;) (x,0))1<i,j k.0
is an infinite 2d matrix if {(k,£), Ay k) # 0} is finite Vi,j > 1 (A is also an "infinite”
tensor). If X = (Xj ;)i >1 then we denote (AX)i; = > 4 ;51 Aij),(k,0)Xke- We also denote
X >0if X;; >0, Vi,j.

The previous results can be easily generalized to infinite 2d matrices. We state here the
results without proof.

Proposition IV.22. Let A = (A(; j) (k) 1<ijke be an infinite 2d matriz such that
() For alli,j>1, A(z;) (i,§) = 52‘]‘ + Z(k,ﬂ);ﬁ(i,j) |A(i7j),(k,£)| with 52']' >0,

(”) A(zy ), (kL) <0 V(Z ]) 7& (k 6)7

(791) 6,1 >0, Vi > 1,

(Z’U) Vi, j > 1, Zké (k—l-E)A(Z])(kZ) >0,

(v) Vi>1,Vj > 2 zf dij = 0 then Jg;; > 0 such that

(AX)ij = qij(—Xij—1 +2Xi 5 — Xijy1)-

1) Then A is monotone in the following sense : if X = (X; ;)i j>1 s bounded from below and
such that ¥i,j > 1, 6; ; =0 = (AX);; =0, then

AX>0= X >0.

' b
2) If b = (bsj)i j>1 is such that §;j =0 = b; ; =0, and 7g>q1%5};>0 |52| < 00,

then there is a unique bounded X such that AX = b, and furthermore

bis
max [X;;| < max 1|
ij>1 ig>1, ;>0 05
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7. CONVERGENCE OF THE HOWARD ALGORITHM

7 Convergence of the Howard algorithm

In this section we prove the following result.

Proposition IV.23. Let S be a compact set, and A := SN, the set of infinite sequences of
S. For allw € A, let A(w) := (a;j(w))ij>1 be an infinite matriz, and b(w) := (bj(w))i>1. We
assume furthermore that

(1) If w = (w;)i>1, aij(w) depends only of w;, and also by(w) depends only of w;, and this
dependence is continuous.

(i) Vi, supyeq (Card{j, a;(w) #0}) < oo.

(73i) (monotony) For allw € A and X bounded,

AwW)X >0 = X>0.
() 3C > 0, YVw € A, 3X solution of A(w)X = b(w) and such that

1X]eo < C.
Then
(i) there exists a unique bounded solution X to the problem
min(A(w)X — b(w)) = 0. (7.1)
weA

(#i) the Howard algorithm as defined in section J converges pointwisely towards X .

Remark IV.24. Proposition IV.28 can then be adapted in order to prove Proposition IV.16.
The proof is left to the reader.

Proof. Let us first check the uniqueness. Let X and Y be two solutions, and let w be an
optimal control associated to Y. Then

Aw)Y —b(w) = 0
= min(A(w)X —b(w))

weA

< A(w)X — b(w).

Hence A(w)(Y —X) < 0 and thus Y < X using the monotony property. We can prove Y > X
in the same way, hence X =Y which proves uniqueness.
The existence now is obtained by considering the sequence X* and controls w* as in the

Howard algorithm of section 4.
We first remark that for all k£ > 0, X* < X**1 because

A(,wk-l-l)Xk—l—l . b(wk—l—l) = 0
= A" X* - b(wk)
ngn(A(w)Xk — b(w))

A(wk—l—l)Xk o b(wk—l—l)

v

v
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and using the monotony of A(w**1). Also, X* is bounded. Hence X* converges pointwisely
towards some bounded X. It remains to show that X satisfies (7.1).
Let F;(X) be the i-th component of min,e4(A(w)X — b(w)), i.e.

F(X) = min(A(w)X = b(w));

we
For a given 14, since (A(w)X); involves only a finite number of matrix continuous coefficients
(aij(W))j<jmax, We obtain that limy,_. F;(X*) = F;(X). Also by compactness of S, by a diago-
nal extraction argument, there exists a subsequence of (w") k>0, denoted w®, that converges
pointwisely towards some w € A.
Passing to the limit in (A(w?*) X% — b(w?)); = 0, we obtain (A(w)X — b(w)); = 0. On
the other hand,
Fi(X) = lim Fj(X%1)

k—oo

k—o00

= lim <A(w¢k)X¢k — b(wd’k))‘
= (A(w)X —b(w))

7

Hence F;(X) = 0, Vi, which concludes the proof. O

8 Points on the boundary

We present in this section another way to consider the point near to the boundary in
the discretization of the second order term. Consider the grid points that are close to the
boundaries x = 0, y = 0. Fixes an order p,q:, for theses points, the discretization of the
second order term could involve some author points which are out of the grid.

Then we modify the expression of the elementary diffusion. Let us explain this modifica-
tion on a simple example drawn in the following picture

(x.+.£1,y +£2)

The direction of the diffusion (the vector —) points toward a grid points (z+£&1h1, y£&ahs)
in the neighborhood of order 2. However, (z — &1h1,y — &2he) is out of the grid, which is
delimited by the positive part of the z-axis and the positive part of the y-axis.
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8. POINTS ON THE BOUNDARY

Introduce a parameter ¢ € [0, 1] and the associated point (x — 61&1h1,y — 61&2h2). The
real 67 is chosen in such a way that the point (x — 61&1h1,y — 61&2h9) is on the diffusion
direction and belonging to the y-axis (the intersection between the y-axis and the vector
formed by (z,y) and (x — &1 hy,y — &he)). Although (z — 61&1h1,y — 01&2h2) is not a grid
point, we will use it in the scheme, because the function vy, is known on the axis x = 0. The
elementary diffusion becomes

Acod(z,y) = ¢(x + 0161 h,y + 01&2h2) + ¢(z%— 01&1h1,y — 0162h2) — (x, y), (8.1)

where 61 € [0, 1] is chosen such that (z — 61&1h1,y — 61&2he) and (x + 01&1h1, y + 61&2h2) are
in the domain [0, +00)2.

............ ($.+.£1h1,y—|—£2h2)
5 5 o (z + 01&1h1,y + 0162h2)

(33 —&hh,y — §2h2)

In general case, for ¢ is in the stencil S, _, and (z,y) in the grid Gy, if the points
(x£&1hy,y+E&ahs) should be used in the approximation of the covariance matrix and if thery
are out of the domain [0, +00)?, then we modify the elementary diffusion A¢ by :

_ Oad(x + 60181,y + 0182) + 010(x — 0261,y — 6262) — 2(61 + 02) (2, y)
Aﬁﬂ(b(x?y) - 6162(91 + 62) )

where 01,6 € [0,1] are such that (z + 61&1h1,y + 61&2he) and (x — 02&1h1, y — 02€2h2) are in
the domain.
Therefore, the scheme (3.4) should be written :

’Uh(T7$7y) = g(ﬂj) = Uh(t7x>0)7 Uh(t707y) = 9(0)7 (82)
min {—afsun(t, 2, y) — atudyn(t, =, y) Z Ve Aggun(t, v, y)} =0, (8.3)
aftag=1 568

for t <T — At.

This scheme satisfies consistency property, in the sense of Proposition IV.11.
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