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1. Introduction
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Choose the best model

Rule 1 : The model should be a necessary and sufficient description of the real process 

• necessary : good fitting on observed data.

• sufficient : without redundancy of parameters in the structure.

Rule 2 : The model should be parsimonious : 

• adequately represent the real process.

• involve the smallest number of parameters.

• Ex :

• 1-cpt model is misspecified.

• 3-cpt model is redundant.

• 2-cpt is the best model.

y

t



Formalism

• Observations: n couples of points (𝑡! , 𝑦!), with 𝑦! ∈ ℝ (or ℝ!). We will denote 
𝑦 = (𝑦", ⋯ , 𝑦#) ∈ ℝ# and 𝑡 = (𝑡", ⋯ , 𝑡#).

Goal = find 𝜃∗

• Structural model: a function

• The (unknown) vector of parameters 𝜃∗ ∈ ℝ"



Statistical model

• « True » parameter 𝜃∗

𝑦" = 𝑀(𝑡"; 𝜃∗) + 𝑒"

• 𝑒!  = error = measurement error + structural error

𝑌! = 𝑀(𝑡!; 𝜃∗) + 𝜀!
𝑌! , 𝜀!  = r.v.

𝑦!, 𝑒! = realizations

• (𝑦",⋯ , 𝑦#) are realizations of random variables

• (𝑦",⋯ , 𝑦#) = sample with probability density function 𝑝(𝑦|𝜃∗)

• An estimator of 𝜃∗ is a random variable function of 𝑌, denoted 𝜃
̂
:

-𝜃 = ℎ(𝑌%, ⋯ , 𝑌&)



Math interlude: proba/stats



Random variable

• Definition

• A random variable is a numerical quantity whose value is determined by the outcome of a 

random experiment or process

• Type

• Continuous : temperature in one month, Cmax

• Discrete: toss of a coin, number of students passing 1st year PACES, toxicity grade



Mathematical tools : PDF, CDF

• Continuous mathematic functions

� Probability Density Function ( PDF )            

to compute an interval probability

� Cumulative Distribution Function ( CDF )            

to compute an interval probability

Note : and area under the PDF curve expresses probability.
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Sample vs. model characteristics

Sample Model

Randomly drawn from a population Probability density function
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The Gaussian density

� Distribution model

• Parameters

� Distribution characteristics

� Sample characteristics Parameter estimates
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Uncertainty vs. information

0 2 4 6 8 10
0
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The narrower the confidence interval,

the higher the information 

• The confidence interval quantifies the uncertainty for a random variable.

It may be associated with “precision” or “dispersion”.

 information 
 low high 

precision imprecise accurate 
dispersion wide narrow 
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2. Linear regression



Math interlude: linear algebra



Linearity: the simplest mathematical relationship

• Variable y (ex: Cmax) that depends on variable x (ex: dose)

y

x

y = ax

How to extend linearity to several variables (x1,…, xn) ? 

y

x

y = k



Multiple variables = vectors

• a single (real) number is called a scalar : 1, -2, 3.5, 5/7, π, etc…

x2

x1
1 2 3 4 5

1

2

3

4

5

(3, 2)

ℝ2

(2, -1, 5) 

Q

ca
2

≠1
5

R

db

1

• an ordered set of numbers is called a vector: (x1, x2, x3), (2, -1, 5) ≠ (-1, 2, 5)

• mathematically, it’s an element of ℝn , n is called the dimension

• a vector can be written as row or column
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Matrices

• A matrix is a rectangular array of numbers with a given number of rows (m) and columns (n)
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... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2



2 3 4 5

1

2

3

4

5

ℝ#

1

Matrix?

• 𝑀 = 𝑎 𝑏
𝑐 𝑑 : ℝ# → ℝ#

𝑀

𝑏
𝑑 = 𝑀 ⋅ 0

1
𝑎
𝑐 = 𝑀 ⋅ 1

01

2

3

4

5

1 2 3 4 5

ℝ#

• Respects addition

𝑀 ⋅ 𝑥 + 𝑦 = 𝑀 ⋅ 𝑥 + 𝑀 ⋅ 𝑦

• And scalar multiplication

𝑀 ⋅ 𝜆 𝑥 = 𝜆𝑀 ⋅ 𝑥

1
0

𝑀 ⋅
𝑥$
𝑥# = 𝑎 𝑏

𝑐 𝑑 ⋅
𝑥$
𝑥# = 𝑎𝑥$ + 𝑏𝑥#

𝑐𝑥$ + 𝑑𝑥#
= 𝑎

𝑐 𝑥$ +
𝑏
𝑑 𝑥#

1
0



Matrix definitions

• Definition of terms

• An array of numbers written as below is called a matrix of order .

• Column vector if

• Row vector if

• Scalar if

• Square matrix if

• A square matrix may be :

• Symmetric if ,

• Diagonal if

• A diagonal matrix with is the identity matrix     .

• Notation : matrix       ( cap ), matrix element      ( lower ), vector     ( lower, underlined ).

m n´

m n=

n = 1
m = 1

m n= = 1

a i jij = ¹0
ij jia a i j= ¹

niaii :11 ==

A a a

11 12 1

21 22 2

1 2

...

...
... ... ... ...

...

n

n

m m mn

a a a
a a a

A

a a a

é ù
ê ú
ê ú=
ê ú
ê ú
ë û

I



Special matrices

• Identity matrix

• Square matrix

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

2

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

2

∀𝑀 ∈ 𝑀!,!, 𝑀 ⋅ 𝐼 = 𝐼 ⋅ 𝑀 = 𝑀

• Diagonal matrix

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

Q

ca
d1 · · · 0
... . . . ...
0 · · · dn

R

db

2

• Symmetric matrix: 𝑀& = 𝑀

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

Q

ca
d1 · · · 0
... . . . ...
0 · · · dn

R

db

Q

ca
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

R

db

2



Commonly used vectors in PKs

• Followed by subscript, they denote vectors associated with a given individual or time point
• are the observations for the         th time point

• are parameters for the        th individual.

( )

( )
( )

( )

1 1 1

2 2 2

,
,

,

,pm m m

Vt y y t x
kt y y t x

t y x y t x

xt y y t x

ì ü ì üì ü ì ü
ï ï ï ïï ï ï ïï ï ï ï ï ï ï ï= = = =í ý í ý í ý í ý

ï ï ï ï ï ï ï ï
ï ï ï ï ï ï ï ïî þ î þ î þî þ

  

Sampling times
Observations

at sampling times
Model parameters

Predictions 

at the sampling times and

using model parameters

i -
j -

ix
jy



Matrix example 1: data array

AGE BSA CREA CREA_CLR_2 HB PQ PNN ASAT ALAT ALB DOSE_LEVO
64 2 53 140 106 225 10.4 93 101 25.6 450
37 1.5 37 195 152 185 5.75 25 70 44 300
61 1.75 30 200 112 428 24.71 34 32 34.8 5600
49 2 71.6 120 86 138 14.06 15 23 38.1 1250
49 2 56 136 78 103 4.03 30 67 36.1 0
33 1.79 54 211 79 441 16.95 22 34 36.6 0
33 1.79 71 152 119 300 5.42 30 54 34.3 0
33 1.79 52 177 105 146 4.86 21 34 34.3 0
36 1.87 67 128 129 279 4.76 45.5 118 39.1 0
47 2 56 149 85 400 8.76 15 15 35.4 3450
47 2 77 130 101 501 8.76 12 19 35.2 0
47 2 73 154 99 202 6.92 82 16 35.4 3140
59 1.83 71 125 86 22 0.2 35 85 37.4 2700

n columns (covariates)
m

 p
at

ie
nt

s



Matrix example 2: correlation matrix
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−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1AG
E

CR
EA

CR
EA
_C
LR
_2

HB PQ PN
N

AS
AT

AL
AT

AL
B

DO
SE
_L
EV
O

AGE

CREA

CREA_CLR_2

HB

PQ

PNN

ASAT

ALAT

ALB

DOSE_LEVO

𝑥$, ⋯ , 𝑥! 𝑛 vectors, 𝐶',( = 𝑐𝑜𝑟𝑟(𝑥' , 𝑥()



Matrix algebra

• Transposition

• Addition

• Multiplication

• Square matrix

• Determinant ( characteristic scalar )            Ex.                                              for

• Inversion

• Rules

nmA ´ mnAC T ´= jiij ac =

nmBA ´, nmBAC ´+= ijijij bac +=

qnB
nmA

´
´

qmBAC ´×= å
=

×=
n

k
kjikij bac

1

  A 21122211  aaaaA ×-×= 2=n

1-= AC ( )
  

  
1 , 

A

A
c ji

T
ji

ij
+-=ICAAC =×=×

( ) TTT ABBA ×=× ( ) 111 --- ×=× ABBA ( ) 11     -- = AA



Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

A
3 ≠1 5

≠2 12 ≠7

BT

=

Q

ca
3 2

≠1 12
5 ≠7

R

db

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

B

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

B

=
A

23 · · ·
· · · · · ·

B

1

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

A
3 ≠1 5

≠2 12 ≠7

BT

=

Q

ca
3 2

≠1 12
5 ≠7

R

db

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

B

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

B

=
A

23 · · ·
· · · · · ·

B

1

3 rows

3 columns

2 columns

2 rows

2 columns

2 rows

Matrix multiplication

• The number of rows of the second matrix must be the same as the number of 
columns of the first matrix

• It is only possible to multiply a matrix in Mm,n by a matrix in Mn,p and it gives a Mm,p

matrix

Ö
1
0
2

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5
· · ·

å
=
Ç

13
· · ·

å

=
Ç

13
≠16

å

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

å
=
Ç

13 · · ·
· · · · · ·

å

I =

Ö1 · · · 0
... . . . ...
0 · · · 1

è

Ö
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2



Linearity

• Let : 

• For the input combination :

• The operator T is linear, if and only if ? ( ) ( )1 1 2 2Output Outputw t w t= × + ×

T( ) ( )1 1 2 2Input Inputw t w t× + × ?

T( )1Input t ( )1Output t

T( )2Input t ( )2Output t



PK example - 1

• For the 1-cpt model 

associate : - to                         

- to                   

• The model is a linear because 

when and

then

( )ty ( )Output t

( )Input t

PK linearity ( proportionality )

D

( ) ( )1
1expD k t y t

V
× - × ® ( ) ( )2

2expD k t y t
V
× - × ®

( ) ( ) ( )1 1 2 2
1 1 2 2expw D w D k t w y t w y t

V
× + ×

× - × = × + ×

( ) ( )expDy t k t
V

= × - ×



PK example - 2

• For the 1-cpt model 

associate : - to                       

- to                  

• The model is a nonlinear operator because

when and

then

( ) ( )1 1expD k t y t
V
× - × ® ( ) ( )2 2expD k t y t

V
× - × ®

Parametric nonlinearity

( )ty

( )[ ] ( ) ( )1 1 2 2 1 1 2 2expD w k w k t w y t w y t
V
× - × + × × ¹ × + ×

k

( ) ( )expDy t k t
V

= × - ×

( )Output t

( )Input t



Linear regression
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Linear system: Equation of a line

𝑦 = 𝜃) + 𝜃$𝑡

?𝑦$ = 1×𝜃) + 𝑡$×𝜃$
𝑦# = 1×𝜃) + 𝑡#×𝜃$

⇔
𝑦$
𝑦# = 1 𝑡$

1 𝑡#
⋅ 𝜃)
𝜃$

𝑦 = 𝑀 ⋅ 𝜃 ⇒ 𝜃 = 𝑀*$ ⋅ 𝑦

(11.4 = 1×𝜃! + 1×𝜃"
12.5 = 1×𝜃! + 2×𝜃"

⇔ 11.4
12.5 = 1 1

1 2 ⋅ 𝜃!
𝜃"

𝜃) = 10.3, 𝜃$ = 1.1
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●
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𝜃)

𝜃$

Doubling time = +, #
-#
×24 = 15.1 hours

𝑀*$ ??      𝑀*$ ≔ “ $
.
”,   𝑀 ⋅ 𝑀*$ = “1” = 𝐼

is 𝑀 ≠ 0 0
0 0 sufficient?

𝑦%

𝑦'

𝑡% 𝑡'



Invertible matrix

●

●
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𝑦 =? ?+? ? 𝑡
(11 = 𝜃! + 2×𝜃"
12 = 𝜃! + 2×𝜃"

⇔ 11
12 = 1 2

1 2 ⋅ 𝜃!
𝜃"

𝑀 = 1 2
1 2

is not invertible because its column (and row) vectors
are colinear

1 2 3 4 5

1

2
3

4

5

1

2
3

4

5

1 2 3 4 5

𝑀ℝ# ℝ#



Determinant

1 2 3 4 5

1

2

3

4

5

1

2

3

4

5

1 2 3 4 5

𝑀
ℝ# ℝ#

𝑀

• The determinant of 𝑀, denoted 𝑀 , is the area of the parallelogramm spanned by the 
column vectors of 𝑀

• For 𝑀 = 𝑎 𝑏
𝑐 𝑑 it is given by 𝑎𝑑 − 𝑏𝑐.

• It can be generalized in any dimension and is a measure of the colinearity (and correlation) 
of the vectors

• 𝑀 ≠ 0 ⇔ 𝑀 is invertible ⇔ the column (and row) vectors of 𝑀 are independent



Linear regression

𝑦 = 𝜃) + 𝜃$𝑡 + 𝜀

Question: what is the « best » linear approximation of 𝑦 ?

⇔ 𝑦 = 𝑀 ⋅ 𝜃

⇒ 𝑀&𝑦 = 𝑀&𝑀 ⋅ 𝜃

𝑦$
⋮
𝑦!

=
1 𝑡$
⋮ ⋮
1 𝑡!

⋅ 𝜃)
𝜃$𝑛

2

×𝑀&(∈ 𝑀#,!)

𝑀#,$

𝑀#,! ⋅ 𝑀!,# ⋅ 𝑀#,$𝑀#,! ⋅ 𝑀!,$

𝑀#,# ⋅ 𝑀#,$

𝑀 rectangular:

no solution

(more equations

than variables)

P𝜽 = 𝑴𝑻𝑴
*𝟏
𝑴𝑻𝒚

●

●

●

●
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one unique solution

(if the square matrix 𝑀&𝑀 is invertible)



Linear least-squares: statistical properties

𝑌 = 𝑀 + 𝜃∗ + 𝜀

⇔ -𝜃() = argmin
*∈ℝ1

∥ 𝑌 − 𝑀 ? 𝜃 ∥'= argmin
*∈ℝ1

@
"-%

.

𝑦" − 𝑀 ? 𝜃 "

From this, standard errors and confidence intervals can be computed on the parameter estimates

𝑠𝑒 V𝜃23,4 = 𝑠 𝑀&𝑀 4,4
*$ 𝐼𝐶5 𝜃∗ = V𝜃23 ± 𝑡!*4

⁄5 #𝑠 𝑀&𝑀 4,4
*$𝑠# =

1
𝑛 − 𝑝

∥ 𝑦 − 𝑀 V𝜃23 ∥#

-𝜃() = 𝑀/𝑀 0%𝑀/ ? 𝑌

Theorem:
Assume that 𝜀 ∼ 𝒩 0, 𝜎3𝐼 , then

/𝜃45 ∼ 𝒩 𝜃∗, 𝜎3 𝑀6𝑀 7"



Example: tumor growth

𝑦 = 𝜃" + 𝜃3𝑡 + 𝜀

●

●

●

●

0 1 2 3 4

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝑛𝑏! ≃ 𝑁8𝑒9:# = 𝑁8𝑒
;<= 3
>6 :#

ln(𝑛𝑏!) ≃ log 𝑁8 + 𝜆𝑡!

.𝝀 = 0𝜽𝟐 = 𝟎.𝟖𝟔𝟓 ⟹ 0𝑫𝑻 = 𝐥𝐨𝐠 𝟐
(𝝀

= 𝟏𝟗.𝟐 hours 𝒔𝒆 0𝜽𝟐 = 𝟎.𝟎𝟎𝟒, 𝐫𝐬𝐞 0𝜽𝟐 =
𝒔𝒆 0𝜽𝟐
0𝜽𝟐

= 𝟎.𝟎𝟎𝟓 = 𝟎.𝟓%

𝑪𝑰 𝑫𝑻 = (𝟏𝟖. 𝟖, 𝟏𝟗. 𝟕) hours 𝑠 = 0.15



Variance of the least-squares estimator

-𝜃() ∼ 𝒩 𝜃∗, 𝜎' 𝑀/𝑀 0%

1 𝑡%
⋮ ⋮
1 𝑡&

𝑀 =
1 𝑡%
⋮ ⋮
1 𝑡&

⟹𝑀/𝑀 = 1 ⋅⋅⋅ 1
𝑡% ⋅⋅⋅ 𝑡&

=
𝑛 ∑ 𝑡"
∑ 𝑡" ∑ 𝑡"'

𝑉𝑎𝑟 M𝜃1 = 𝜎'
1
𝑛 +

̅𝑡'

𝑉𝑎𝑟 𝑡 ' 𝑉𝑎𝑟 M𝜃% =
𝜎'

𝑛 ⋅ 𝑉𝑎𝑟(𝑡)

𝑀/𝑀 0% = %
&8234(6)

∑ 𝑡"' −∑𝑡"
−∑𝑡" 𝑛



Impact of the number of time points

3 time points

0𝜃* = 0.865, rse 0𝜃* = 2.58%, 𝐷𝑇 = 19.7 ℎ (14.9 − 29.3)

2 time points

0𝜃* = 0.58, rse 0𝜃* = 𝑁𝑎𝑁, 𝐷𝑇 = 28. 3 ℎ (𝑁𝑎𝑁 −𝑁𝑎𝑁)

𝑠 = 0.21

𝑠 = 𝑁𝑎𝑁

𝑉𝑎𝑟 0𝜃+ =
𝜎*

𝒏 ⋅ 𝑉𝑎𝑟(𝑡)



Impact of the sampling times

Close points (Var(t) low)

0𝜃* = 0.965, rse 0𝜃* = 0.62%, 𝐷𝑇 = 17.2 ℎ (16.0 − 18.7)

Dispersed times (Var(t) high)

0𝜃* = 0.840, rse 0𝜃* = 0.01%, 𝐷𝑇 = 19. 809 ℎ (19.806 − 19.812)

𝑠 = 0.11

𝑠 = 0.006

𝑉𝑎𝑟 0𝜃+ =
𝜎*

𝑛 ⋅ 𝑽𝒂𝒓(𝒕)



Impact of the residual error

Low error (𝝈 = 𝟎. 𝟏𝟓)

0𝜃* = 0.950, rse 0𝜃* = 0.49%, 𝐷𝑇 = 17.5 ℎ (17.2 − 17.9)

High error (𝝈 = 𝟎. 𝟓)

0𝜃* = 1.15, rse 0𝜃* = 4.47%, 𝐷𝑇 = 12. 2 ℎ (14.5 − 17.9)

𝑠 = 0.152

𝑠 = 0.506

𝑉𝑎𝑟 0𝜃+ =
𝝈𝟐

𝑛 ⋅ 𝑉𝑎𝑟(𝑡)



Confidence interval and prediction interval

• Prediction at new time 𝑡!9: Z𝑀!9: = 𝑀 𝑡!9:, V𝜃

𝑌 = 𝑀 𝑡; 𝜃 + 𝜀

• Uncertainty on parameter estimate V𝜃 ⟹ confidence interval on Z𝑀!9:

Z𝑀!9: ∼ 𝒩 𝑀!9:, 𝑉𝑎𝑟 Z𝑀!9:

• Uncertainty on parameter estimate V𝜃

+ uncertainty on observation 𝜀 (e.g. measurement error) ⟹ prediction interval on Z𝑀!9:

𝑦!9: = 𝑀!9: + 𝜀

𝑦!9: ∼ 𝒩 Z𝑀!9:, 𝑉𝑎𝑟 Z𝑀!9: + 𝜎#𝐼



Confidence interval vs prediction interval



2. Nonlinear regression



Data



Structural model 𝑴 : intravenous one-compartment model

𝐴 𝑡 = 𝐷𝑒08⋅6

𝑀 𝑡; 𝜃 = 𝐶 𝑡 =
𝐷
𝑉 𝑒

086 , 𝜃 = 𝑉, 𝑘

V k 
D 

A



Structural model 𝑴 : One-compartment model with absorption

𝐴;′
𝐴′

= −𝑘; 0
𝑘; −𝑘 ⋅ 𝐴;

𝐴 (Eigenvalues −𝑘; and −𝑘)

𝐴; 𝑡 = 𝐷𝑒*<$= 𝐴 𝑡 = 𝐷
𝑘;

𝑘; − 𝑘
𝑒*<= − 𝑒*<$=

𝑀 𝑡; 𝜃 = 𝐶 𝑡 =
𝐴(𝑡)
𝑉

=
𝐷
𝑉

𝑘;
𝑘; − 𝑘

𝑒*<= − 𝑒*<$= , 𝜃 = ? ?𝑀 𝑡; 𝜃 = 𝐶 𝑡 =
𝐴(𝑡)
𝑉

=
𝐷
𝑉

𝑘;
𝑘; − 𝑘

𝑒*<= − 𝑒*<$= , 𝜃 = 𝑉, 𝑘;, 𝑘



Nonlinear regression

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀

𝜀!

How??



Nonlinear regression

/𝜃45 = argmin
C∈ℝ,

C 𝑦! −𝑀 𝑡!; 𝜃
3

Why??

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀



Likelihood maximization

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀

The likelihood is defined by

𝐿(𝜃) = 𝑝(𝑦f, ⋯ , 𝑦g|𝜃)

It is the probability to observe 𝑦 if the parameter is 𝜃.

The maximum likelihood estimator (MLE) is the value of 𝜃 that maximizes the likelihood 

3𝜃hi = argmax
j

𝐿(𝜃)



• 𝜀 is what drives the randomness in the data

• It corresponds to the intra-individual variability 

Error model: 𝜺

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜺

𝜎( = 𝑎 𝜎( = 𝑏𝑀 𝑡( , V𝜃

𝜎( = 𝑎 + 𝑏𝑀 𝑡( , V𝜃

• It is also associated to the measurement error

• Gaussian (normally-distributed) error: 𝜀% = 𝜎% ⋅ 𝜖, 𝜖 ∼ 𝒩(0, 1)

Constant
(homoscedastic)

t

y

t

y

Proportional
(heteroscedastic)

Combined
(heteroscedastic)



Error models for tumor volume

𝜀e i.i.d 𝒩(0, 𝜎e)

Constant Proportional Specific

𝑝 = 0.004

𝜎% = 𝑎, ∀𝑗 𝜎% = 𝑏𝑀 𝑡% , I𝜃

𝑝 = 0.083 𝑝 = 0.2



= ∏
"-%

&
𝑝(𝑦"|𝜃, 𝑎)

Maximum likelihood ⇔ Least-squares (constant error)

𝑌! = 𝑀 𝑡!; 𝜃∗ + 𝜀!, 𝜀!∼ 𝒩 0, 𝑎

𝑝 𝑦% 𝜃, 𝑎 =
1

𝑎 2𝜋
𝑒&

'!&( )!,+
"

,-"

𝐿(𝜃, 𝑎) =
1

𝑎 2𝜋
. 𝑒

&
∑! '!&( )!,+

"

,-"

Maximize 𝐿(𝜃, 𝑎) ⇔ minimize 𝐹(𝜃, 𝑎) = −log 𝐿(𝜃, 𝑎)

𝐹(𝜃, 𝑎) = 𝑛log 𝑎 2𝜋 +
∑% 𝑦% −𝑀 𝑡% , 𝜃

,

2𝑎,

𝜕𝐹
𝜕𝑎

I𝜃, Z𝑎 = 0 ⇒ Z𝑎 =
1
𝑛\

%

𝑦% −𝑀 𝑡% , I𝜃
,

⇒ I𝜃 = argmin
+

\
%

𝑦% −𝑀 𝑡% , 𝜃
,

𝐿(𝜃, 𝑎) = 𝑝(𝑦f, ⋯ , 𝑦g|𝜃, 𝑎)

Independence assumption



3. Uncertainty quantification: standard errors



Nonlinear regression: least-squares

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀
𝜀!

Linearization: 𝑀(𝑡, 𝜃) = 𝑀(𝑡, 𝜃∗) + 𝐽 ⋅ 𝜃 − 𝜃∗ + 𝑜 𝜃 − 𝜃∗ ,    𝐽 = 𝐷j𝑀(𝑡, 𝜃∗)

3𝜃kl = argmin
j∈ℝF

E 𝑦! −𝑀 𝑡!; 𝜃
m



Nonlinear regression: least-squares

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀

Linearization: 𝑀(𝑡, 𝜃) = 𝑀(𝑡, 𝜃∗) + 𝐽 ⋅ 𝜃 − 𝜃∗ + 𝑜 𝜃 − 𝜃∗ ,    𝐽 = 𝐷-𝑀(𝑡, 𝜃∗)

Proposition:
Assume 𝜀 ∼ 𝒩 0, 𝑎3𝐼 . Then, for large 𝑛, approximately

-𝜃() ∼ 𝒩 𝜃∗, 𝑎3 𝐽6𝐽 7"

⇒ standard errors, confidence intervals

V𝜃23 = argmin
-∈ℝ0

u 𝑦( −𝑀 𝑡(; 𝜃
#



Sensitivity matrix

𝑦( = 𝑀 𝑡( , 𝜃∗ + 𝜀( ⇔
𝑦$
⋮
𝑦,

=
𝑀(𝑡$, 𝜃∗)

⋮
𝑀(𝑡!, 𝜃∗)

+
𝜀$
⋮
𝜀,

⇔ 𝑦 = 𝑀 𝑡, 𝜃∗ + 𝜀

• Suppose we have a first guess 𝜃) close to 𝜃∗.

𝐽 = 𝐷-𝑀 𝑡, 𝜃 =

𝜕𝑀
𝜕𝜃$

(𝑡$, 𝜃) ⋯
𝜕𝑀
𝜕𝜃4

(𝑡$, 𝜃)

⋮ ⋱ ⋮
𝜕𝑀
𝜕𝜃$

(𝑡!, 𝜃) ⋯
𝜕𝑀
𝜕𝜃4

(𝑡!, 𝜃)

𝑝

𝑛

= Sensitivity matrix

𝑀 𝑡, 𝜃∗ ≃ 𝑀 𝑡, 𝜃) + 𝐷-𝑀 𝑡, 𝜃) ⋅ 𝜃∗ − 𝜃)

𝑦 ≃ 𝑀 𝑡, 𝜃) + 𝐽 ⋅ 𝜃∗ − 𝜃)

𝜃∗ ≃ 𝜃) + 𝐽*$ ⋅ 𝑦 − 𝑓 𝑡, 𝜃)

• If there is an exact solution (𝜀 = 0)

• In general, 𝜀 ≠ 0 and 𝑛 > 𝑝 ⇒ least-squares

V𝜃 = 𝐽& ⋅ 𝐽 *$ ⋅ 𝐽& ⋅ 𝑦 − 𝑀 𝑡, 𝜃)



Components of uncertainty: data + model sensitivity

V𝜽𝑳𝑺 ∼ 𝓝 𝜽∗, 𝒂𝟐 𝑱𝑻𝑱 0𝟏

• a = measurement error = uncertainty on the data

• 𝐽/𝐽 ≃ 𝐽',  𝐽 = 𝐷*𝑀 𝑡, 𝜃

• 𝐽/𝐽 0% small ⟺ 𝐽/𝐽 high ⟺ 𝐷*𝑀 𝑡, 𝜃  high ⟺ 𝑀 is highly sensitive to 𝜃



Asymptotic properties of the maximum likelihood estimator

Proposition
Under regularity assumptions on L, when n → +∞

1. VθHI ⟶ θ∗ (consistency)

2. VθHI is asymptotically of minimal variance (it reaches the Cramér-Rao bound):

n VθHI − θ∗ ⇀ 𝒩 0, IJ∗
*$

where IJ∗ is the Fisher information matrix

IJ∗ K,L = 𝔼
𝜕log(𝑝(𝑌|𝜃∗))

𝜕𝜃(
𝜕log(𝑝(𝑌|𝜃∗))

𝜕𝜃<
= 𝔼 −

𝜕#log 𝑝 𝑌|𝜃∗

𝜕𝜃(𝜕𝜃<
.

𝑌 = 𝑀 𝑡; 𝜃∗ + 𝜀 𝐿(𝜃) = 𝑝(𝑦f, ⋯ , 𝑦g|𝜃) 3𝜃hi = argmax
j

𝐿(𝜃)
no assumption on 𝜺 



Precision of the estimates

rse = 10% rse = 50%

95% C.I 95% C.I



Math interlude: two-dimensional distribution



1D gaussian distribution

• One complexity step beyond linearity: 
quadratic relationship

𝑓:ℝ → ℝ
𝑥 ↦ 𝑎𝑥#

0.1

0.2

0.3

0.4

0 1 2 3 4
x

f(x
)

0.0

0.5

1.0

1.5

2.0

0 1 2 3 4
x

f(x
)

• Normal distribution

𝑓 𝑥 =
𝑥 − 𝜇 #

2𝜎#

𝜇

𝜎

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒*

M*N 2

#O2

in 2D?? 



Quadratic form 2D: matrix form

• Quadratic form in ℝ#

𝑓: ℝ# → ℝ
𝑥 = (𝑥$, 𝑥#) ↦ 𝑎𝑥$# + 2𝑏𝑥$𝑥# + 𝑐𝑥##

𝑓 𝑥 = 𝑥$, 𝑥# ⋅ 𝑎 𝑏
𝑏 𝑐 ⋅

𝑥$
𝑥# = 𝑥& ⋅ 𝑀 ⋅ 𝑥

-2
4

0
2

4

f(
x) 4

y

6

2

x

8

2
0 0

• If 𝑀 is diagonal

𝑥$, 𝑥# ⋅ 2 0
0 3 ⋅

𝑥$
𝑥# = 2𝑥$# + 3𝑥##

• 𝑀 is a symmetric matrix

2𝑥$# + 3𝑥## = 𝐶



Covariance/correlation matrix

• Two (or more) variables 𝑥 and 𝑦 (ex: 𝑉 and 𝐶𝐿)

●

●

●

●

●

●

●

●

●
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●

●
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●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

−0.5

0.0

0.5

−0.5 0.0 0.5
eta_V

et
a_
C
LΣ = 𝑉𝑎𝑟(𝑥) 𝐶𝑜𝑣(𝑥, 𝑦)

𝐶𝑜𝑣(𝑥, 𝑦) 𝑉𝑎𝑟(𝑦)

• Correlation matrix

𝑅 =
1 𝑟(𝑥, 𝑦)

𝑟(𝑥, 𝑦) 1

𝐶𝑜𝑣 𝑥, 𝑦 =
1
𝑛
u
'P$

!

𝑥' − �̅� 𝑦' − �𝑦

𝑟 𝑥, 𝑦 =
𝐶𝑜𝑣 𝑥, 𝑦
𝜎M𝜎Q

note:  �𝜃$ = 𝑟(𝑥, 𝑦) O3
O4



Multivariate normal distribution

• Generalization of the normal distribution in dimension 𝑛

𝑥 → 𝒙 = 𝑥, 𝑦 , 𝜇 → 𝝁 = 𝜇$, 𝜇#

𝜎# → Σ =
𝑉𝑎𝑟(𝑥) 𝐶𝑜𝑣(𝑥, 𝑦)
𝐶𝑜𝑣(𝑥, 𝑦) 𝑉𝑎𝑟(𝑦)

𝑓 𝑥 =
1

2𝜋 Σ
𝑒*

$
# 𝒙*𝝁 5T6#(𝒙*𝝁)

𝑥 − 𝜇 #

2𝜎#
→
1
2
𝒙 − 𝝁 &Σ*$(𝒙 − 𝝁)



Correlation between estimates

small r.s.e on alpha and beta, but large correlation

beta alpha

−
2𝐿
𝐿



Precision vs. dispersion

• 7 individuals – 2 overlap

• Intra- vs. inter-individual variability

Dispersion ( standard deviation, std )

is conditioned by

precision ( standard error, sem )

0 5 10 15 20 25
0

0.1

0.2

0.3

V [L]
k 

[ h
-1

]

Dispersion

Precision

£ Precision and dispersion are 

described by the variance –

covariance matrix



4. Minimization: theory



Minimization problem

3𝜃 = argmin
j

E
!

𝑦! −𝑀 𝑡!, 𝜃
m

V𝜃 = argmin
-P W,<$,<

u
(

𝑦( −
𝐷
𝑉

𝑘;
𝑘; − 𝑘

𝑒*<=7 − 𝑒*<$=7
#

V𝜃 = argmin
-P -#,-2,-8

𝐽 𝜃$, 𝜃#, 𝜃X

𝜃% 𝜃'



Derivative

• Linear approximation of a (nonlinear) function ℝ → ℝ, in the neighborhood of 𝑎

𝑓 𝑥 = 𝑓 𝑎 + 𝑓Y 𝑎 ⋅ 𝑥 − 𝑎 + 𝜀(𝑥)

−1.0 −0.5 0.0 0.5

0.
4

0.
6

0.
8

1.
0

1.
2

1.
4

1.
6

x

ex

𝑦 = 𝑓 𝑎 + 𝑓Y 𝑎 ⋅ (𝑥 − 𝑎)

𝜀(𝑥)

𝑓(𝑎)

• Formally

𝑓Y 𝑎 = lim
M→;

𝑓 𝑥 + 𝑎 − 𝑓(𝑎)
𝑥 − 𝑎

𝑓Y 𝑎

𝑎



−2 −1 0 1 2

0
1

2
3

4

x

x2

𝑓Y 0 = 0

Extremum. Necessary condition

• If 𝑓 has a minimum or maximum in 𝑎

𝑓 𝑥 ≃ 𝑓 𝑎 + 𝑓Y 𝑎 ⋅ (𝑥 − 𝑎)

⇒ 𝑓Y 𝑎 = 0

• But this is not a sufficient condition

−1.0 −0.5 0.0 0.5 1.0

−1
.0

−0
.5

0.
0

0.
5

1.
0

x

x3 𝑓Y 0 = 0



Quadratic approximation. Second derivative

• Same slope as 𝑓 and same curvature. Taylor’s formula

𝒇 𝒙 = 𝒇 𝒂 + 𝒇Y 𝒂 ⋅ 𝒙 − 𝒂 +
𝒇YY 𝒂
𝟐

⋅ 𝒙 − 𝒂 𝟐 + 𝜺(𝒙)

• Linear function 𝑓 𝑥 = 𝜃) + 𝜃$𝑥 ⇔ line characterized by slope

• Quadratic function 𝑓 𝑥 = 𝜃) + 𝜃$𝑥 + 𝜃#𝑥# ⇔ characterized by curvature

−2 −1 0 1 2

0
1

2
3

4

x

2x
2

−2 −1 0 1 2

0
1

2
3

4

x

3x
2

−2 −1 0 1 2

0
1

2
3

4

x

x2



Extremum. Sufficient condition

𝑓 𝑥 ≃ 𝑓 𝑎 + 𝑓Y 𝑎 ⋅ 𝑥 − 𝑎 +
𝑓YY 𝑎
2

⋅ 𝑥 − 𝑎 #

• 𝑎 extremum

−2 −1 0 1 2

0
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x

x2

−1.0 −0.5 0.0 0.5 1.0

0.
0
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1.
0

x

1 
− 

x2

𝑓YY 𝑎 > 0 𝑓YY 𝑎 < 0

Minimum Maximum



𝒇:ℝ𝒏 → ℝ. Gradient

• Linear function ℝ! → ℝ ⇒ 𝑎, 𝑥 = 𝑎$𝑥$ +⋯+ 𝑎!𝑥!

𝒇 𝒙 ≃ 𝒇 𝒂 + 𝛁𝒇 𝒂 , 𝒙 − 𝒂 = 𝒇 𝒂 +
𝝏𝒇
𝝏𝒙𝟏

𝒂 ⋅ 𝒙𝟏 − 𝒂𝟏 +⋯+
𝝏𝒇
𝝏𝒙𝒏

𝒂 ⋅ 𝒙𝒏 − 𝒂𝟏

• ∇𝑓 𝑎 = ]^
]M#

𝑎 ,⋯ , ]^
]M;

𝑎 ∈ ℝ! • ]^
]4<

𝑎 is called the partial derivative of 𝑓

in 𝑎 in the direction 𝑥'



Gradient descent algorithms

• 𝑓 has a minimum (or maximum) in 𝑎 ⇒ 𝛁𝒇 𝒂 = 𝟎, i.e. ]^
]4<

𝑎 = 0 ∀𝑖
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𝜃) ∇𝑓(𝜃))

𝜃$

∇𝑓(𝜃$)

𝜃!_$ = 𝜃! − 𝜆∇𝑓 𝜃!⇒ To minimize 𝑓

∇𝑓 𝜃! =

steepest descent

direction
𝜃#



𝒇:ℝ𝒏 → ℝ. Hessian matrix

• Second derivative?

• Quadratic form: ℝ
! → ℝ
𝑥 ↦ 𝑥& ⋅ 𝑀 ⋅ 𝑥 ,      𝑀 symmetric matrix

• Matrix of second partial derivatives = Hessian matrix

𝑯 =

𝝏𝟐𝒇
𝝏𝒙𝟏𝟐

⋯
𝝏𝟐𝒇

𝝏𝒙𝟏𝝏𝒙𝒏
⋮ ⋱ ⋮

𝝏𝟐𝒇
𝝏𝒙𝒏𝝏𝒙𝟏

⋯
𝝏𝟐𝒇
𝝏𝒙𝒏𝟐

• ]^
]M<]M7

= ]^
]M7]M<

⇒ 𝐻 is symmetric



Curvature

• The Hessian matrix extends the notion of (local) curvature to 𝑓:ℝ! → ℝ
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• The eigenvectors give the principal directions and associated eigenvalues the curvatures 

𝐻 = 6 0
0 1 𝐻 = −1 0

0 −6 𝐻 = 6 0
0 −1



Extremum in dimension 𝒏

• Note: Hessian of the objective function (-2LL) = R matrix in NONMEM
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Minimum Maximum Saddle

𝐻 positive definite 𝐻 negative definite

𝑓 𝑥 = 𝑓 𝑎 + ∇𝑓 𝑎 , 𝑥 − 𝑎 + $
#
𝑥 − 𝑎 & ⋅ 𝐻 𝑎 ⋅ 𝑥 − 𝑎 + 𝜀(𝑥)



Information criteria

−2𝐿𝐿(𝜃
̂
)

𝐴𝐼𝐶 = −2𝐿𝐿(𝜃
̂
) + 2𝑝 𝐵𝐼𝐶 = −2𝐿𝐿(𝜃

̂
) + log(𝑛)𝑝

Best model = smallest AIC or BIC

−2𝐿𝐿(𝜃
̂
)



Population modeling: the two-steps approach

Population data

Individual structural model

𝑌$ = 𝑀 𝑡; 𝜃$ + 𝜀
𝑌# = 𝑀 𝑡; 𝜃# + 𝜀

. . . 
𝑌d = 𝑀 𝑡; 𝜃d + 𝜀

Individual fits

0𝜃+, … , 0𝜃-

𝓝 J𝜽𝒑𝒐𝒑, J𝜴

I𝜃=>= =
1
𝑁
∑
$%&

'
h𝜃?

iΩ = 𝑉𝑎𝑟 − 𝐶𝑜𝑣 h𝜃$

Population model



Population modeling: mixed-effects approach

Population data

Individual structural model Individual fit

𝜃' = 𝜃4q4 + 𝜂' , 𝜂' ∼ 𝒩 0, Ω

fixed 
effects

random effects

Population model

Population fit (MLE)



Optimization algorithms for NLME

• FO = First Order. Linearizes for small values of random effects and residual error
Sheiner, Comput Biomed Res, 1972, Sheiner and Beal, J Pharmacokinet Biopharm, 1980

⇒Fast, but inaccurate for large 𝜔 or large residual error

• FOCE (NONMEM) = First-Order Conditional Estimation. Improvement over FO in terms of estimation of 𝜔.
Lindstrom and Bates, Biometrics, 1990

• FOCE-I = FOCE with interaction between intra- (𝜀) and inter- (𝜂) variability.

⇒ to be used when proportional (or combined) error model but more computationally demanding

• LAPLACE = Same as FOCE except second-derivative (Hessian) approximation. Used for nonnormal (or 
lognormal) densities.
Wolfinger, Biometrika, 1993

• SAEM (NONMEM, Monolix) = Stochastic Approximation of Expectation-Maximization
Delyon, Lavielle, Moulines, Annals of Statistics, 1999

⇒Slower, but converges better to global minimum
Plan et al., AAPS J, 2012

Bauer, CPT: PSP, 2019



• Course « Statistics in Action with R » by Marc Lavielle

http://sia.webpopix.org/index.html

• Seber, G. A., & Wild, C. J. (2003). Nonlinear regression. Hoboken (NJ): Wiley-Interscience.

• Didactic and beautiful illustration of mathematical concepts: 3Blue1Brown on youtube

https://www.youtube.com/@3blue1brown
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