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Learning System and Notation
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The training dataset z € Z" 2 (X x Y)":

z é ((Xl’yl)"' -v(men)) € Zn3

with size n € N data points.

Figure: Learning system
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Figure: Learning system

The training dataset z € Z" 2 (X x Y)":

z é ((Xl’yl)"' -v(men)) € Zn3

with size n € N data points.
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Learning System and Notation

The training dataset z € Z" 2 (X x Y)":

o zé ((XI,Y1),-~-7(Xm,Vn))Ezn,
-—> Po|z —> 0 . . .
with size n € N data points.

z

. Loss function: {: M xZ — [0, +c0).
Empirical risk:

L.{Z"XM — [0, +00)

(2.0) — £ ZL1£(8.x1. %) .
Figure: Learning system
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Empirical Risk Optimizations

Let 1> 0, Let 4 <O,

PETQ“(]M) L(z,0)dP(0)+AD (P | Q) PeT;E(M) L(z,0)dP(0)+AD (P | Q)

Samir M. Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE Transactions on
Information Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025
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Gibbs Measures

Definition




Empirical Risk Optimization

Let 1 >0, Let 2 <0,

PETJ?M L(z,6)dP8)+AD (P | Q) P L(z,0)dP @) +AD (P || Q)

Samir M. Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE Transactions on
Information Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025
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Empirical Risk Optimization

Let 1 >0,

min

Peag (M)

L(z,0)dP (@) +AD (P | Q)

Let A > 0 be chosen such that D (P(Q’ﬂ)

0|Z=z

i L(z.0)dP (6
peTQ'?M)f (2,6)dP (6)

st. D(P |l Q) <.

Q)=%

Let 1 <O,

max

Peag(M)

L(z,0)dP(0)+AD (P || Q)

Let A1 < 0 be chosen such that D (P(Q"U

0|Z=z

L(z,0)dP (8
pel [ L (20 dP©)

st D(PI| Q) <y.

Q)=7,

Samir M. Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE Transactions on
Information Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.

Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025
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Geometric Representation

arg min /L(z,H)dP(6)+/1D(P | Q)y, ifa>0;
{P(Q,/l) } ) PeagM)

olz=z argmax/L(z,O)dP(0)+/lD(P Q). ifa<o0
PEAQ(M)

Samir M. Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE Transactions on
Information Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025
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Geometric Representation

arg min /L(z,ﬂ)dP(6)+/lD(P | Q)y, ifa>0;
{P(Q,/l) } _ ] PeagM)

olz=z argmax/L(z,H)dP(0)+/lD(P Q). ifa<o0
PEAQ(M)

Q)}-

} argopt /L(z,@) dP(0)

= PEAQ(M)

{P(Q,/I)
st. D(P || Q) <y

0|Z=z
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Geometric Representation

arg min /L(z,H)dP(6)+/1D(P | Q)y, ifa>0;
{P(Q,/l) } ) PeagM)
0| Z=z| —

argmax/L(z,B)dP(0)+/lD(P | Q), ifa<0
PEAQ(M)

Q)}-

} ~ argopt / L(z,60) dP (0)

PEAQ(M)

{P(Q,/I)
st. D(P || Q) <y

0|Z=z
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Information Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
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i L(z,0)dP (6) +AD (P ,if 21>0;
pmin [ Lz0)dP @)+ (P ) Q). if 1>

peT§Z<M>/ L(2,6)dP (@) +1D (P || Q), if 1 <O0.

e Choice of 1 7 [Bu-2024]
e Choice of Q 7

[Bu-2024] Yuheng Bu " Towards Optimal Inverse Temperature in the Gibbs Algorithm”. IEEE International Symposium on Information Theory (ISIT), Athens, Greece, Jul. 2024.
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PETJ?M)/L(Z,O)dP(0)+/lD(P Il Q),ifA>0;

PET;(XM)/ L(z,8)dP(6) +AD (P || Q), if 1 < 0.

What happens if @ is a Gibbs measure 7
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i L(z,0)dP (6) +AD (P ,if 21>0;
pmin [ Lz 0P @) +1D (P ) Q). if 1>

peT§Z<M>/ L(2,6)dP (@) +AD (P || Q), if 1 <O0.

Let z;1 € Z™ be the training dataset; let zo € Z™ be another datasets and let
29 = (21,22) € Z™ x Z™. Consider some @ >0, 49 > 0 and 22 > 0.

7/18



min | L(z1,0)dP (8) +/11D(P H pLQ ) if A1 > 0;

Peag(M) 0[Z=z,

(Q,a) .
pmax /L(zl,a)dP(0)+/llD(P H P ) if A1 < 0.

Let z;1 € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (21,20) € Z™ x Z"™. Consider some a >0, 19 > 0 and 1> > 0.

CASE A: prior based on the training dataset z1, i.e. P(()?z”)zl'
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. (Q,20) . .
pomin [ Lz 0)dP @) + 1D (P H P@‘ZZZO), if A1 > 0;

(Q.0) .
pmax /L(zl,a)dP(0)+/llD(P | PeE)). if 4 <o,

Let z;1 € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (21,20) € Z™ x Z"™. Consider some a >0, 19 > 0 and 1> > 0.

CASE A: prior based on the training dataset z1, i.e. P((NQZ")ZI'

ie P(Q o) .

CASE B: prior based on the training dataset z; and the dataset z», 0 Z=20"
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. (Q,122) . .
pomin [ Lz 0)dP @) + 1D (P H P@‘ZZZZ), if A1 > 0;

(Q,12) .
PETQQ(XM)/ L (z1,0)dP (6) +/11D(P H sz:zz), if A1 < 0.

Let z;1 € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (21,20) € Z™ x Z"™. Consider some a >0, 19 > 0 and 1> > 0.

CASE A: prior based on the training dataset z1, i.e. plea) .

0|Z=z;'
CASE B: prior based on the training dataset z; and the dataset z, i.e. Pé)?éioz)o;
CASE C: prior based on the dataset z5, i.e. P(E)?z”i)zz.
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CASE A: prior based on training data z;

. (Q,a) : .
pomin [ Lz 0P @) + 1D (P H P@‘ZZZI), if 11> 0;

(Q,a) .
pmax, [ Lz 0P ) +/11D(P ” PW:Zl), if A1 < 0.
Let z; € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (z1,22) € Z™ x Z"™. Consider some a >0, 4g > 0 and A3 > 0.

CASE A: prior based on the training dataset zi, i.e. P((_)?z":';;

p(Q.A0) .

CASE B: prior based on the training dataset z; and the dataset z;, i.e. 01 Z=20"

CASE C: prior based on the dataset z5, i.e. P(E)?z’i?z)z'
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CASE A: Prior Based on the Training Dataset z;

Peng(M)

(P 1) arg min /L(zl,e)dP(0)+/llD(P “ p(;?z’g;), if A1 > 0;
P@|Z=z11 =

argmax/L(zl,O)dP(0)+/11D(P | Psse).  ifau<o
Peag(M) e
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CASE A: Prior Based on the Training Dataset z;

. (Q,a) : .
3 arg min /L(zl,o)dP(0)+/11D P”P D\ if ;>0
{P(P(E)Qz’zil,/h)} _ PEAQ(M) ( ®|Z—21)
0Q|Z= -
12521 argmax/L(21,0)dP(0)+/11D(P || p(Q.a) ) if <0

Peng(M) 01z=z

p(Q.)

A
The (L, P(E)?é‘:ll,/ll)-Gibbs probability measure Pé)lgf;“ 1), with @ € R\ {0} and A; € R\ {0}, satisfies

for all @ € supp Q,

argie) oo ((krd)Lmo)
dQ Seo(-((£+ L)L @n))dQo)

Samir Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. |EEE Transactions on Information
Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
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CASE A: Prior Based on the Training Dataset z;

{ (i ’Al)} arg min /L(zl,o)dP(0)+/11D(P (2558 B
P =11 =

Peng(M)
0Q|Z=
\Z=2, argmax/L(zl,a)dP(0)+/11D(P || P ) if <0
Peag(M) -t
p@Qa)
The (L, P(E)?é‘:ll,/ll)-Gibbs probability measure Pé)lgf;“ 1), with @ € R\ {0} and A; € R\ {0}, satisfies
for all @ € supp Q,
(P(Q,a) /11) (Q’llTI)
0|Z=z;° (1,1 ata
dP@|Z=Zl1 0) = eXp( ((/h * a) L (zl’a))) _ dP@IZ=;l (0)
dQ ’

Joo(-((£+21)L@n))dem €

Samir Perlaza, Gaetan Bisson, lfiaki Esnaola, Alain Jean-Marie, and Stefano Rini “Empirical Risk Minimization with Relative Entropy Regularization”. |EEE Transactions on Information
Theory, vol. 70, no. 7, pp. 5122 — 5161, July, 2024.
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CASE A: Geometrical Representation

- A (Q,a) .
Let Q be a o-finite measure and let @ > 0. @ =D (P0|ziz1 Q)'
(PG 1) arg opt /L(zl,e) dP (6) Go2 {PenrgM):D(P Il Q) <ao};
p\ 01z=z’ Perg(M)
®|Z:21 t D P P(Q’a) <
st 0|z=z,) S *2
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CASE A: Geometrical Representation

- A (Q,a) .
Let Q be a o-finite measure and let @ > 0. @ =D (P0|ziz1 Q)'
(P(Q,m /11) arg opt / L(z1.0) dP (8) Go = {P eAgM):D(P | Q) < ao};
p\ 01z=z’ Perg(M)
Olz==1 Q)
st.D(P| Pe%2 ) <o
(Q.a)
0|Z=z;
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CASE A: Geometrical Representation

- A (Q,a) .
Let Q be a o-finite measure and let @ > 0. @ =D (P0|ziz1 Q)'
(p(Q-a> /h) argopt / L(z1,0) dP (8) Go = {Pe2qM:D(PIQ < ao};
p\ OlZ=z1’ ={ PeagM)
0|Z=z; t D(P H P(Q a) ) < ( (Q.@) )
s.t. ®|Z!: S @2 N P@lé:z A (Q,a) )
“ =D P@|z:z11 Poiz=z. ]

Go: {P € ag(M): D (P H P(f)?z"ill) < arz};

(Q.)
0|Z=z;
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CASE A: Geometrical Representation

Let Q be a o-finite measure and let @ > 0.
(P(Q.a> /11) argopt /L(zl,e) dP ()
P 0|Z=z," — Peag(M)
01Z=2 (Q.a)
st.D(P| Pe%2 ) <o
(Porz, )

0|Z=2,

Q);

A (Q,a)
22 D (PW:Z1

Goz {PengM):D(P| Q) <ao};

(PO as)
4 0|Z=z;’ (Q,a) |.
a2 =D P@lZ:21 P@IZ:21 :
(Q.a) .
P@\Z:zl) < afz},

G = {PEAQ(M) : D(P H

o]
2D P(;)lzj;1 Tl
Gr12{Pesg(M):D(P| Q) <ai}
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CASE A: Geometrical Representation

Let Q be a o-finite measure and let a > 0.

(Péan"—l) ,/h) arg opt /L(zl,e) dP (6)
Poizoz’ =1 FeeeM

(Q.0)
st.D(P | PoE

(Q,a)
(Po\z:z1 */11)
0|Z=z;

A (Q,a)
agt D (P@|Z=21

Q);

Gox {PengM):D(P| Q) <ao};

(P(Q,a) /11)
A 0|Z=z1’ (Q.a) |.
a2 =D P@lZ:21 P@lZ:21 ,

Go: {P € ag(M): D (P H P(f)?z"jll) < arz};

[o57)

G12{PergM):D(P| Q<ai}.
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CASE A: Geometrical Representation

Let Q be a o-finite measure and let a > 0.

{ (P((ao.iw «h)} arg opt /L(zl,e) dP (6)
p\ 01Z=2 =1 Peag(M)

0|Z=z;
Q)
st.D(P| Pe%2 ) <o

(Q,) (Q%)
(P(_,‘z:n,/il atw

0|Z=z; ' 0|Z=7

G

A (Q,a)
agt D (P@|Z=21

Q);

Gox {PengM):D(P| Q) <ao};

G1 =

ar= D

(Q.a)
P(P®|Z=Z1’A1) P(Q,ll) .
0|Z=z; 0O|Z=z; |’

{P e sg(M): D (P H PS%. ) < arz};

Sl
£D|Py L " IQ;

@1 0|Z=2,

{PenqM):D(PIl Q<ai}.
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

- (Q,20) : .
pomin [ Lz 0P @) + 1D (P H P(_)‘Z:ZO) if Ao > 0

(Q,20) .
pmax [ Lz 0P @) + 1D (P ” P(_)‘z:(’zo), if 10 < 0.
Let z; € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (z1,22) € Z™ x Z"™. Consider some a >0, 49 > 0 and 13 > 0.

CASE A: prior based on the training dataset z1, i.e. P((a?z":'ll;

p(Q:0) .

CASE B: prior based on the training dataset z; and the dataset z, i.e. 01 Z=20"

CASE C: prior based on the dataset z5, i.e. P(E)(l?z”ljz)z.
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

0|Z=2y""1 Peng(M)

{ (P22 1) arg min f L(z1,6)dP(0) + 1D (P “ P(;Cl?z”if’z)o), if 11 > 0;
P®|Z=21 } =

argmax/L(21,0)dP(0)+/11D(P “ P(E)‘l?z’{f), if A1 <0
Peag(M) -0

12/18



CASE B: Prior Based on the Training Dataset z; and the Dataset z;

argmin [ L(z1,0)dP () + 1D P|| p@a) ) if S0
{P(Pé)oz’f%’“)}_ Pego(M)/ (21,6) ( @'Z‘ZO)
0|Z= -
12721 argmax/L(21,0)dP(0)+/11D(P || P““ﬂ’), if A1 <0

Peag(M) 01Z=2

p(@:0)

A
The (L, P(E,‘l"z{‘fo, 11)-Gibbs probability measure pﬁ,lgf;;o 1), with 1o > 0 and A1 € R \ {0}, satisfies for

all 6 € supp Q,

(Pefz 2 )

0|Z=2,

dQ

o~ exp(;—gi(*—g + 2L (21,0) + 2L (22.0)))

Son (3 (2 +2)L 1) + 2L(z20))dQ )
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

(Q.,19)
{P({)Pg_z;o’h)} = argmin (/l—o+ﬂ)/L(zl,H)dP(0)+%/L(zz,a)dP(0)+/loD(P I Q)
! 0

Peag(M) \ A1 o

= argmin /1—0 L(21,0)dP(0)+/ L (z9,0)dP (0) + 210D (P || Q)
Peag(M) A1

WplPsn) o (2 (2 + 2)L 21,0+ 2L(22.0))

0|Z=z; - .
Joo (5 ((2+ 2)L 2y + 2L (2,7)) Q)

dQ
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

(Q,19)
P(Pﬁ)\z:zo"l)
0|Z=z;

arg min (/l—o+ﬂ)/L(zl,o)dP(0)+%/L(zz,a)dP(0)+/loD(P I Q)
0

Peag(M) \ A1 o
= arg min j—o L(zl,0)dP(0)+/L(zo,e)dP(0)+/loD(P I Q)
Peng(M) A1
P(Q,/lo) n ~
aplrez) R e (5 GRS )
dQ [eoxo (2 ((2+ 2Ly + 2Lz de k)

Changes in the contribution of the dataset z; in the training:

° (j—g + :—;) > 0, up-weights the contribution;
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CASE B: Prior Based on the Training Dataset z;

and the Dataset z»

(o) do  m m
P@)‘ZtZ’ZO = argmin (— + —)/ L(z1,0)dP(0) + —/L(zz,O)dP(G) +20D (P || Q)
1 Peag(M) \ A1 No no
= argmin /1—0 L(21,0)dP(0)+/ L (z9,0)dP (0) + 210D (P || Q)
Peag(M) A1
P(Q,/lo) n
aplrez) R e (5 GRS )

dQ exp (3 (4 + 2 )L (21, + 2L (22,%))dQ ()

AT 1,v)+ 2L (z2,v v)

Changes in the contribution of the dataset z; in the training:

+ %) > 0, up-weights the contribution;
0

d
d

g

o

+ Z—é) < 0, down-weights the contribution;
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

(Q,19)
P(Powz o)
@‘Z Z1

arg min (/l—o+ﬂ)/L(z1,0)dP(0)+2/L(22,0)dP(0)+/10D(P I @
1 no

Peag(M) no

arg min :ll— L(z1,0)dP (0)+/ L(z9,0)dP (0) + 10D (P || Q)

Peag(M)
) | enl (o)
dQ /exp(%((;—o 2L (z1,v) + 2 L(z2,v)))do(v)'

Changes in the contribution of the dataset z; in the training:

~|

° (/1—2 + Z—é) > 0, up-weights the contribution;
+ Z—é) < 0, down-weights the contribution;

Ao
A1
° (:11_2 + Z—O) =0, cancels the contribution.
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CASE B: Prior Based on the Training Dataset z; and the Dataset z;

(Q,19)
P(Powz o)
@‘Z Z1

arg min (@+ﬂ)/L(z1,o)dP(0)+9/L(zg,e)dP(0)+AoD(P I @
1 no

Peag(M) no

arg min :ll— L(z1,0)dP (0)+/ L(z9,0)dP (0) + 10D (P || Q)

Peag(M)
) | enl (o)
dQ /exp(%((;—o 2L (z1,v) + 2 L(zz,v)))do(v)'

Changes in the contribution of the dataset z; in the training:

° (’l—‘; + Z—é) > 0, up-weights the contribution;

° (% + —) < 0, down-weights the contribution;
1 no

° (;—‘1’ + Z—;) = 0, cancels the contribution.
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Exact Unlearning

(P(Q»rlo) ,/11)
N / L(21,0)dP (0) + 1D (P || PE%Y) ). with 41 <0
{ 0|Z=z; Peag(M) ( @\Z—zg)
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Exact Unlearning

p(Q.10) n
P(glgfz‘) ) S— / L(21,0)dP (0) + 1D (P || PE%Y) ). with 41 <0
e Peag(M) =20

Definition (Exact unlearning)

Consider the algorithm represented by the (L, @, 1)-Gibbs probability measure P(E)?éioz)o and the datasets

z3 and z to be unlearned and retained, respectively.
An algorithm P € Ag (M) is said to achieve exact unlearning of z; from P(f)?z”l"z)o, if for all 8 € supp @,

dP

(Q,12)
dP@IZ:zz

(6) =1,

for some 1> > 0.

13/18



Exact Unlearning

(P22~ 2.40) no (@.10)
pLoz=zm L max/Lz,GdP0+——/lDP||P
0|z=z1 Peag(m) (21,6)dP (6) + = "o ( o|z- Zo)

Theorem




Geometric Representation of Unlearning

Let Q be a o-finite measure and let g > 0.

{ (P(()o./io>7_no/10)} arg max /L(zl,ﬁ) dP ()
P O|Z=z ny — PEAQ(M)

0|Z=z
' st.D(P| Pe%Y)) <o

14/18



Geometric Representation of Unlearning

A (Q.10)
ag: D (P@| s

Q);
Goz {PengM):D(P| Q) <ao};

Let Q be a o-finite measure and let g > 0.

{ (P(()Q"f"),—"o/lo)} arg max /L(zl,ﬁ) dP(0)
P O|Z=z ny — PEAQ(M)

0|Z=z
' st.D(P| Pe%Y)) <o

14/18



Geometric Representation of Unlearning

2 p(plQ0) .
Let Q be a o-finite measure and let 19 > 0. @0 ( 0|Z=z Q) '
Go=1PergM):D(Pl Q) <aoj;
(P(Q./lo) _m/l) arg max /L(zl,ﬁ) dP () { }
@lngqov e Peaq(M)
=4 (Q0) _mg
st.D(P| Pe%Y)) <o o [ plPoz ) || Lo |
( 0|Z=20 ar 2 D P(_)|2221fJ ! P@|Z=020 :

Go & {P € ngM): D (P ” P((NQZ’/LOZ)O) < arz};

(Q.0)
Po1Zoz0
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Q);

A (Q.10)
ag: D (P@| s

Geometric Representation of Unlearning
Go2 {PengM):D(P| Q) < ao};

Let Q be a o-finite measure and let g > 0.
p(Q:%0) —"0/10)} arg max / L(z1,0) dP(6)
= Peng(M)
(Q.10) P&t o,
S L A i 1|
(Q.10) .
PG\Z:OZO) < a/2},

( 0|Z=zp> m
®|Z:21

G2 {PEAQ(M) : D(P H

%) ng
-.. o= o[el2 | o,
Gi2{PeagM) :D(P|Q<am};

(Q.0)

0|Zp=zp |
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Let Q be a o-finite measure and let g > 0.

01z=20>" 1 Peag(M)

®|Z:21

( (Q.19) _ng
0]Zp=zo" m”
______ 0|Z1=2;

s

(Q.0) ;

0|Zp=zp !

p(Q:0)

{ (P(Q./lo) _mo )} arg max /L(zl,O) dP(0)
st.D(P H ()

10)

Q);
Goz {PengM):D(P| Q) <ao};

A (Q.10)
ag: D (P@| s

(Q.19) _ng
) S @ ax D P(P@\Zﬂo’ n /10) p(Q0) |.
2 0|Z=2; 0|Z=z |’

Go & {P € rQ(M): D (P ” P((aloz’ioz)o) < arz};

(0.4

P@|Zz:zz

a1 =D

J)

G12{PenrgM):D(P| Q) <ai};
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01z=20>" 1 Peag(M)

®|Z:21

( (Q.19) _ng
0[Zg=zg> N’
>~ 0)Z1=2;
%
\
\
\
\
(Q.0) |
(-)\Zozzgl'

p(Q:0)

{ (P(o.am _mo )} arg max /L(zl,O) dP(0)
st.D(P H ()

10)

Q);
Goz {PengM):D(P| Q) <ao};

A (Q.10)
ag: D (P@| s

(Q.19) _ng
(P ,-7/10)
e 0|Z=z5> m (@) |.
a2 = D|Pg 75, ‘ Poiz-z, |

Go & {P € rQ(M): D (P ” P((a?z’ioz)o) < arz};
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A (Q.10)
ag: D (P@| s

Q);
Gox {Peng(M):D(P| Q) <ao};

Let Q be a o-finite measure and let g > 0.

{ (P(Q,/lo) —”0/10)} arg max /L(zl,O) dP(0)
P =

01Z=z" M Peag(M)
0|Z=z; Q@ . D(p H p(Q.40) ) 3 ( (Q,/lo)’_nio/lo) A

A LA
PG, ) [omu) G2 {P e oM D (P | PELS) ) < arz};

s Te1zi=z =r0|zy=2,

Q.7 %)
| 1 £ P( n .
@10 | @ 012= || Q'
01Zo=z¢ ;
G12{PesgM):D(P| Q <a};
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CASE C: prior based on data z»

- (Q,20) : .
pomin [ Lz 0P @) + 1D (P H P(_)‘zzzz) if Ay > 0

(Q,20) .
pmax, [ Lz 0P ) +/11D(P ” PG‘Z;ZZ), i 1 < 0.
Let z; € Z™ be the training dataset; let zo € Z™ be another datasets and let
zg = (z1,22) € Z™ x Z"™. Consider some a >0, 49 > 0 and 13 > 0.

CASE A: prior based on the training dataset z1, i.e. P((l)?z":')h;

p(Q.A0) .

CASE B: prior based on the training dataset z; and the dataset z5, i.e. 01 Z=70"

CASE C: prior based on the dataset z5, i.e. P((_)‘Qz’izz)z.
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CASE C: Prior Based on the Dataset z»

arg min /L(zl,a)dP(0)+/11D(P || P““z’), if A1 > 0;

{Pmsfz'za;m)}_ PeLatan olz=z;
0|Z= -
|Z=2; arg max / L(z1,0)dP (0)+/11D(P H P(E)?Z{Zz) ), if 11 <0

Peag(M) w2

(P& 1)
The (L, P(E)‘l?z’fz)z,/ll)-cibbs probability measure Pg 372"/, with 1> € R\ {0} and A1 € R\ {0}, satisfies
for all @ € supp Q,
P(Q,iz) a N N
dpé)lglzlz—lzz 1) - exp (/l—llL (z1,0) + /1—21L (22, 0))

aQ  [ew(FL (21 + 2L (22.1))dQ )
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Centralized Performance Guarantees

Client 1

Q1 (Q1,41)
P(-)1\21=11

Z1
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Centralized Performance Guarantees

Pl o
Client 1 OoulZi=n 7 Client 2

Q (Qu, 1) (Q2,42)
P(-)1\21=11 P(')z\22=12

Z1 z2
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Centralized Performance Guarantees

- pl@A2) o plQk-1:1K-1)
Client 1 Client 2 21Za=2 Ok-11ZK-172K1 Client K

P(Ql,/ll) P(QZVIQ)

pQKk-AK)
011212, ©21Z2=25

O |Zk=2K

ZK
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Centralized Performance Guarantees

(Qr.A1)  _ —————— (@.12)  _ (QK—1:K-1) _
Pz, = % Client 2 Posizyz =@ Por1izi1-2k1 = K

Client 1 Client K

Q P(()ol;y < P(E)QZ;Q_) _ < P(f,QK;K)
11Z1=21 (@K AK) 2122=2 plQs1k) (@K Ak) K|ZK=zk
[MEDEN T O Zk=2x Okl Zk=zic
z1 22 zK

17/18



Centralized Performance Guarantees

PO _o () p@) _q plokt)

Client 1 011Z1=21 5| Client 2 ©2125-22 Ok-11ZK-172K-1 Client K

Q p(Qids) p(Qk2) o (@A)
01]Zy=2; (O 1K) 0:|Z2=2, (@K (@) OxlZk=zK
PBKIZK=1K T POK\szzK P9K|zK=xK
z1 z) zZK

Theorem
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Centralized Performance Guarantees

o { Q if k=1
k= (Qu-1.4%-1) .
P®k71|2k71=1k71 if k> 2.
' e \ s [p M - D(P Q <D P(Qk,/lk) Q .
Qz\ Gk € g (M) : D(P |l Q) < 0,17 ez, || Q)i
“\"\\ G
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Centralized Performance Guarantees

o { Q ifk=1
K71 plQ@ensti-n) i
P®k—1|zk—1:Zk—1 if k> 2.
Gi= {PeaqM):D(PI Q)< D(PEY, | @i}
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Centralized Performance Guarantees

Q1 ifk=1
Qk = { p(Q14k 1)

if k> 2.
Op_11Zk-1=2k-1 z

& . (Qp-Ak)
G2 {Pena (Mo D(PIl Qo< DR,

Qk)};
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Centralized Performance Guarantees

; Qs =

(Q1,24)
P®A|ZD:ZD

Q1 ifk=1
Qk = { p(Q14k 1)

if k> 2.
Op_11Zk-1=2k-1 z

Qk)};
01)};

& . (Qp-Ak)
G2 {Pena (Mo D(PIl Qo< DR,

1>

Go= [P e sq(Mi) - D(P Il Q) < D(PSx)
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Thank you for your attention!

Questions/Comments/Typos: yaiza.bermudez@inria.fr



https://www-sop.inria.fr/members/Yaiza.Bermudez/index.html
https://www-sop.inria.fr/members/Yaiza.Bermudez/index.html
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