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Gholamali Aminian, Yuheng Bu, Iñaki Esnaola, and Samir M. Perlaza

2024 IEEE Information Theory Workshop

The 20th of November, 2024

Shenzhen, China



Gholamali Aminian
gaminian@turing.ac.uk

The Alan Turing Institute

London, UK

Aminian’s research is funded by The Alan Turing Institute.

1 / 7



Yuheng Bu
buyuheng@ufl.edu

Department of Electrical & Computer Engineering

University of Florida.

2 / 7
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Organization of the Tutorial

▶ 8:30-9:00 Part I: Generalization Error in Supervised Learning

▶ 9:05-10:00 Part II: The Gibbs Algorithm and its Generalization Error

▶ 10:00-10:20 Break

▶ 10:20-11:00 Part III: Empirical Risk Minimization and Generalization Error

▶ 11:00-11:50 Part IV: Generalization Error of General Machine Learning Algorithms
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Organization of the Tutorial
PART I and Part II

▶ 8:30-9:00 Part I: Generalization Error in Supervised Learning

▶ Problem formulation

▶ Classic Generalization Analysis

▶ 9:05-10:00 Part II: The Gibbs Algorithm and its Generalization Error

▶ Exact Characterization of the Gibbs algorithm

▶ The Gibbs-based Information criteria (AIC and BIC)

▶ Understanding Transfer Learning via the Gibbs Algorithm

▶ 10:00-10:20 Break
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Organization of the Tutorial
PART III and Part IV

▶ 10:20-11:00 Part III: Empirical Risk Minimization and Generalization Error

▶ Empirical Risk Minimization with f -Divergence Regularization

▶ The Asymmetry of Relative Entropy

▶ Equivalences among Empirical Risk Minimizations with different f -Divergence Regularizations

▶ 11:00-11:50 Part IV: Generalization Error of Machine Learning Algorithms

▶ Empirical Risk Optimization with Relative Entropy Regularization

▶ The Method of Gaps

▶ Equivalent Expressions for the Generalization Error

7 / 7



Slides for the Tutorial
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Supervised Learning
Generalization Error

Generalization error = Population risk (Test Loss) - Empirical risk (Training Loss)
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Supervised Learning
Problem Formulation

▶ Training data set S = {Z1, · · · ,Zn}, Zi = {Xi ,Yi} ∈ Z generated from PS

▶ Parameters (weights) of learning model w ∈ W, e.g., Ŷ = f (X ;w)

▶ Nonnegative loss function ℓ : Z ×W → R+, e.g., ℓ(w , z) = (y − f (x ;w))2

Empirical risk (training loss):

LE (w , s) ≜ 1

n

n∑

i=1

ℓ(w , zi ), ∀w ∈ W

Population risk (test loss):

LP(w ,PS) ≜ EPS [LE (w , S)], ∀w ∈ W
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Generalization Error in Supervised Learning
Problem Formulation

Learning algorithm can be modeled as randomized mapping: PW |S .

▶ Randomness in initialization

▶ Stochastic gradient descent (SGD)

▶ Empirical Risk Minimization (ERM) is a special case

S
PW |S

W

Generalization error:

gen(PW |S ,PS) ≜ LP(W ,PS)− LE (W ,S),

with W generated from PW |S
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Generalization Error in Supervised Learning
Different Types of Bounds

▶ Single-draw Generalization Error Upper Bound: Under joint distribution of PW ,S , following

upper bound holds with probability at least (1− δ),

gen(PW |S ,PS) ≤ g(δ, n),

for a given real function g and δ ∈ (0, 1),

▶ PAC-Bayesian Generalization Error Upper Bound: Under distribution PS , following upper

bound holds with probability at least (1− δ),

EPW |S [gen(PW |S ,PS)] ≤ f (δ, n),

for a given real function f and δ ∈ (0, 1),

▶ Expected Generalization error Upper Bound: The expectation of generalization error with

respect to joint distribution PW ,S

gen(PW |S ,PS) ≜ EPW ,S [LP(W ,PS)− LE (W , S)] ≤ h(n),

for a given real function h.
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Classical Statistical Learning Theory
Uniform Convergence

If the induced function class Fℓ,W := {ℓ(w , ·) : w ∈ W } is not ’too rich,’ then

E
ï
sup
w∈W

|LP(w ,PS)− LE (w , S)|
ò
≤ Comp(Fℓ,W )√

n
,

where Comp(Fℓ,W ) measures complexity of Fℓ,W and does not depend on µ (distribution-free)

Some examples:

▶ Cardinality of Fℓ,W

▶ VC-dimension [Vapnik, 1999]

▶ Natarajan-dimension [Holden and Niranjan, 1995]

▶ Empirical Rademacher complexity [Bartlett and Mendelson, 2002]
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Uniform Convergence and Generalization
More Discussion

We can always bound the generalization error as

gen(PW |S ,PS) ≤ E
ï
sup
w∈W

|LP(w ,PS)− LE (w , S)|
ò

... but this bound:

▶ relies on restricting the complexity of the hypothesis space

▶ ignores the learning algorithm, PW |S

▶ may be too conservative if algorithm does not explore the entire W due to computational budget.

Learning does not require uniform convergence

One can construct examples of (ℓ,W ), where uniform convergence does not hold (the upper bound does

not converge to 0 as n → ∞), yet learning still takes place [Shalev-Shwartz and Ben-David, 2014].
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Algorithm-dependent Bounds
Uniform Stability

Stability quantifies the sensitivity of algorithm PW |S to local modifications

▶ replace Zi with Z ′
i in the training data S

(Z1, · · · ,Zi−1,Zi ,Zi+1, · · · ,Zn)
PW |S−→ W

(Z1, · · · ,Zi−1,Z
′
i ,Zi+1, · · · ,Zn)

PW |S−→ W (i)

▶ For any learning algorithm

gen(PW |S ,PS) =
1

n

n∑

i=1

E[ℓ(W ,Z ′
i )− ℓ(W (i),Z ′

i )]

Definition ( [Bousquet and Elisseeff, 2002] Uniform Stability)

PW |S is ε-uniformly stable if supz E[ℓ(W , z)− ℓ(W (i), z)] ≤ ε.

The stability of learning algorithm PW |S leads to generalization.
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Algorithm-dependent Bounds
Information-theoretic Bounds

▶ Population risk is the expectation of ℓ(w , s) under product of the marginal distributions PWPS

▶ Empirical risk is the expectation of ℓ(w , s) under joint distribution PW |SPS

Lemma ( [Xu and Raginsky, 2017])

Suppose ℓ(w ,Z) is σ-sub-Gaussian under Z ∼ µ for all w ∈ W, then

|gen(µ,PW |S)| ≤
…

2σ2

n
I(S ;W ),

where σ-sub-Gaussian means

log
Ä
E
î
eλ(X−E(X ))

óä
≤ σ2

2
λ2

▶ Depends on every ingredient in the supervised learning problem

▶ Reducing dependence between W and S leads to better generalization bound
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Information-theoretic Bounds

The proof is based Donsker-Varadhan variational representation of KL divergence:

KL(P∥Q) = sup
f∈F

EP [f (X )]− logEQ [exp f (X )],

where F denotes the set of functions f : X → R.

Proof.

▶ LE (w , S) is σ√
n
-sub Gaussian for any fixed w .

▶ Set f (w , s) = λLE (w , s)− λES [LE (w , S)] in Donsker-Varadhan

Thus,

I(S ;W ) = KL(PW ,S∥PWPS)

≥ EPW ,S [λf (W , S)]− log(EPW̄ PS̄
eλf (w̄,s̄))

≥ λEPW ,S [LE (W , S)]− λE[LE (W̄ , S̄)]− λ2σ2

2n

This inequality holds for all λ ∈ R, optimizing over the λ gives the final bound.
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Summary of Existing Generalization Bounds

Traditional ways of bounding generalization errors are not satisfying:

▶ Do not fully characterize all aspects of learning algorithm

▶ only measuring complexity of functional space W, e.g., VC dimension

▶ only exploring properties of learning algorithm, e.g., uniform stability

▶ Information-theoretical bounds

▶ depending on input distribution PS

▶ depending on learning algorithm PW |S

can still be loose.

Our method differs from previous generalization bounds

▶ instead of a loose bound for general learning algorithms

▶ exact characterization of a specific learning algorithm that has better structure
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Preliminaries
Information Measures

▶ KL divergence: KL(P∥Q) ≜
∫
X log

Ä
dP
dQ

ä
dP

▶ Symmetrized KL divergence (Jeffrey’s divergence)

DSKL(P∥Q) ≜ KL(P∥Q) +KL(Q∥P).

▶ Mutual information: I(X ;Y ) ≜ KL(PX ,Y ∥PX ⊗ PY )

▶ Lautum information [Palomar and Verdú, 2008]: L(X ;Y ) ≜ KL(PX ⊗ PY ∥PX ,Y )

▶ Symmetrized KL information [Aminian et al., 2015]:

ISKL(X ;Y ) ≜ DSKL(PX ,Y ∥PX ⊗ PY ) = I(X ;Y ) + L(X ;Y ).
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Information-theoretic Generalization Bounds

Lemma ( [Xu and Raginsky, 2017])

Suppose ℓ(w ,Z) is σ-sub-Gaussian under Z ∼ µ for all w ∈ W, then

|gen(µ,PW |S)| ≤
…

2σ2

n
I(S ;W ).

▶ Depends on every ingredient in the supervised learning problem

▶ Reducing dependence between W and S leads to better generalization bound

▶ This bound is only tight if I(S ;W ) = 0 and gen(µ,PW |S) = 0

▶ Multiple techniques to improve this result, including ISMI [Bu et al., 2020], CMI [Steinke and

Zakynthinou, 2020], f -CMI [Harutyunyan et al., 2021], ∆L-CMI [Wang and Mao, 2023]

2 / 45



Table of Contents (Part II)

Generalization Error of Gibbs Algorithm

Gibbs algorithm

Exact Characterizations

Other Properties

Optimal Inverse Temperature

Asymptotic Behavior and Information Criteria for Model Selection

Generalization Error of Transfer learning

Conclusion



Regularized ERM problem

▶ How can we use this result to develop a better learning algorithm?

▶ Regularizing mutual information I(S ;W ) during ERM

P⋆
W |S = argmin

PW |S

Å
EPW ,S [LE (W , S)] +

1

γ
I(S ;W )

ã

▶ inverse temperature γ ≥ 0 balances between fitting and generalization

▶ Replacing I(S ;W ) with KL(PW |S∥π(W )|PS) for any prior π(W )

▶ It gives information risk minimization (IRM) problem

P⋆
W |S = argmin

PW |S

Å
EPW ,S [LE (W , S)] +

1

γ
KL(PW |S∥π(W )|PS)

ã
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Information Risk Minimization

Lemma ( [Zhang, 2006,Xu and Raginsky, 2017])

Solution to IRM problem is (γ, π(w), LE (w , s))-Gibbs distribution

Pγ
W |S(w |s) ≜ π(w)e−γLE (w,s)

V (s, γ)
, γ ≥ 0,

where V (s, γ) ≜
∫
π(w)e−γLE (w,s)dw is partition function.

Proof.

For any learning algorithm PW |S with fixed S = s,

0 ≤ KL(PW |S=s∥Pγ
W |S=s)

= EPW |S=s

ï
log

PW |S=s · V (s, γ)

π(W ) · e−γLE (w,s)

ò

= KL(PW |S=s∥π(W )) + logV (s, γ) + γEPW |S=s
[LE (w , s)].

min
PW |S

EPW |S=s

[
LE (W , s)

]
+

1

γ
KL(PW |S=s∥π) = − 1

γ
logV (s, γ).
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Gibbs Algorithm

We focus on the generalization error of Gibbs algorithm (distribution)

(γ, π(w), LE (w , s))-Gibbs distribution:

Pγ
W |S(w |s) ≜ π(w)e−γLE (W ,s)

V (s, γ)
, γ ≥ 0

where

▶ inverse temperature γ, reduces to standard ERM if γ → ∞
▶ π(w) arbitrary prior distribution of W

▶ V (s, γ) ≜
∫
π(w)e−γLE (w,s)dw partition function
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Practical Implementation of Gibbs algorithm

▶ Stochastic Gradient Langevin Dynamics (SGLD)

▶ Metropolis adjusted Langevin algorithm (MALA)

The SGLD can be viewed as the noisy version of SGD,

Wk+1 = Wk − ηt∇LE (Wk , s) +

 
2ηt
γ

ζk , k = 0, 1, · · · ,

where ζk standard Gaussian random vector; ηt > 0 step size.

▶ [Raginsky et al., 2017] shows that PWk |S induced by SGLD converges to

(γ, π(W0), LE (wk , s))-Gibbs distribution for sufficiently large k

▶ MALA is SGLD with Metropolis rejection, faster convergence
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Expected Generalization Error

An exact characterization of generalization error for Gibbs algorithm

Theorem

For (γ, π(w), LE (w , s))-Gibbs algorithm,

Pγ
W |S(w |s) = π(w)e−γLE (w,s)

V (s, γ)
, γ > 0,

the expected generalization error is

gen(Pγ
W |S ,PS) =

ISKL(W ;S)

γ
.

▶ Highlights the fundamental role of ISKL(W ; S) in learning theory

▶ Holds even for non-i.i.d training samples

G. Aminian*, Y. Bu*, L. Toni, M. R. Rodrigues, G. W. Wornell. “An Exact Characterization of the Generalization Error for
the Gibbs Algorithm,” in Proc. Conference on Neural Information Processing Systems (NeurIPS), Dec. 2021.
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Generalization Error of Gibbs Algorithm

Theorem

For Gibbs algorithm Pγ
W |S(w |s) = π(w)e−γLE (w,s)

V (s,γ)
,

gen(Pγ
W |S ,PS) =

ISKL(W ;S)

γ
.

Sketch of Proof:

Symmetrized KL information can be written as

ISKL(W ; S) = EPW ,S [log(
Pγ
W |S
PW

)] + EPW⊗PS [log(
PW

Pγ
W |S

)]

= EPW ,S [log(P
γ
W |S)]− EPW⊗PS [log(P

γ
W |S)]

Note that PW ,S and PW ⊗ PS share the same marginal distribution,

ISKL(W ; S) = EPW ,S [−γLE (W , S)]− EPW⊗PS [−γLE (W , S)]

= γgen(Pγ
W |S ,PS)
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Empirical risk of Gibbs algorithm

Theorem

logV (s, γ) is convex and differentiable infinitely many times with respect to γ. In particular,

Eγ [LE (W , s)] = −∂ logV (s, γ)

∂γ
,

Varγ [LE (W , s)] =
∂2 logV (s, γ)

∂γ2
,

where Eγ [ · ] ≜ EP
γ
W |S=s

[ · ], and Varγ [LE (W , s)] ≜ Eγ [LE (W , s)2]− Eγ [LE (W , s)]2.

Expected empirical risk of the Gibbs algorithm is non-increasing w.r.t γ

▶ Monoticity: LE (W , s) is non-increasing with γ

▶ Sub-Gaussianity: LE (W , s) is sub-Gaussian under Gibbs algorithm if Varγ [LE (W , s)] is bounded

Perlaza, Samir M., Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical risk minimization with
relative entropy regularization,” IEEE Trans. Inf. Theory, 2024.
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Tighter Generalization Error Upper Bounds

Why do we care about upper bounds when we have exact characterization?

▶ Quantify how gen(Pγ
W |S ,PS) depends on number of i.i.d. samples n

▶ Useful when directly evaluating ISKL(W ;S) is hard

Theorem

Suppose that

▶ S = {Zi}ni=1 are i.i.d generated from the distribution PZ

▶ ℓ(w ,Z) is σ-sub-Gaussian

▶ CE ≤ L(W ;S)
I(W ;S)

for some CE ≥ 0,

gen(Pγ
W |S ,PS) ≤ 2σ2γ

(1 + CE )n
.

G. Aminian*, Y. Bu*, L. Toni, M. R. Rodrigues, G. W. Wornell. “An Exact Characterization of the Generalization Error for
the Gibbs Algorithm,” in Proc. Conference on Neural Information Processing Systems (NeurIPS), Dec. 2021.
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Tighter Generalization Error Upper Bounds

Sketch of Proof:

Recall the mutual information-based bound,
…

2σ2

n
I(S ;W ) ≥ gen(Pγ

W |S ,PS) =
I(W ;S) + L(W ; S)

γ

≥ (1 + CE )

γ
I(W ; S)

gen(Pγ
W |S ,PS) ≤

…
2σ2

n
I(S ;W ) ≤ 2σ2γ

(1 + CE )n

[Choice of CE ]

▶ CE = 0 is always valid, which gives gen(Pγ
W |S ,PS) ≤ 2σ2γ

n

▶ CE = 1, L(S ;W ) ≥ I(S ;W ) holds for any Gaussian channel PW |S
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Example: Mean Estimation

▶ Learning mean µ ∈ Rd of Z using n i.i.d training samples S = {zi}ni=1

▶ Not necessary Gaussian, but covariance matrix ΣZ = σ2
Z Id

▶ Mean-squared loss ℓ(w , z) = ∥z − w∥22

▶ Gaussian prior π(w) = N (µ0, σ
2
0Id)

▶ Then, (γ,N (µ0, σ
2
0Id), LE (w , s))-Gibbs algorithm is given by the following Gaussian posterior

Pγ
W |S(w |zn) ∼ N

(
αµ0 + (1− α)z̄ , ασ2

0Id
)
,

with

α ≜ 1

2σ2
0γ + 1

, z̄ ≜ 1

n

n∑

i=1

zi .
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Example: Mean Estimation

Since Pγ
W |S is Gaussian,

I(S ;W ) =
dσ2

0σ
2
Zγ

(nσ2
0 +

1
2γ
)
−KL

(
PW ∥N (µW , σ2

1 Id)
)
,

L(S ;W ) =
dσ2

0σ
2
Zγ

(nσ2
0 +

1
2γ
)
+KL

(
PW ∥N (µW , σ2

1 Id)),

with µW = αµ0 + (1− α)µ.

The generalization error can be computed exactly as:

gen(Pγ
W |S ,PS) =

ISKL(W ; S)

γ
=

2dσ2
0σ

2
Z

n(σ2
0 +

1
2γ
)
.

As a comparison, the ISMI-based bound gives a sub-optimal bound O
(
1/

√
n
)
, as n → ∞.
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Check Point

Generalization error or empirical risk is one part of the story

Our goal is to design (or guide the design) algorithms that minimize population risk.

There are three elements in (γ, π(w), LE (w , s))-Gibbs algorithm

▶ inverse temperature γ −→ Optimal hyper-parameter

▶ empirical risk LE (w , s), or model family −→ Information criteria for model selection

▶ prior distribution π(w) −→ Transfer learning
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Expected Test Loss

For fixed training data s and testing data s ′, consider expected test loss

LP(γ, s, s
′) ≜ Eγ [LE (W , s ′)],

and expected generalization error

gen(γ, s, s ′) ≜ Eγ [LE (W , s ′)− LE (W , s)].

Theorem

For γ ≥ 0 such that logV (s, γ) < ∞, the first order derivative of the expected test loss is given by

∂

∂γ
LP(γ, s, s

′) = −Covγ [LE (W , s ′), LE (W , s)],

with

Covγ [LE (W , s ′), LE (W , s)] ≜ Eγ [LE (W , s)LE (W , s ′)]− Eγ [LE (W , s)]Eγ [LE (W , s ′)].

Covγ [LE (W , s ′), LE (W , s)] can be positive/negative, no monotonicity

Y. Bu, “Towards Optimal Inverse Temperature in the Gibbs Algorithm,” in IEEE ISIT 2024
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Expected Generalization Error

Corollary

For γ ≥ 0 such that logV (s, γ) < ∞, the first order derivative of the expected generalization error is

given by

∂

∂γ
gen(γ, s, s ′) = Varγ(LE (W , s))− Covγ [LE (W , s ′), LE (W , s)].

▶ Cannot show that the gen is non-decreasing, Cauchy-Schwarz Inequality only guarantees that

∣∣Covγ [LE (W , s ′), LE (W , s)]
∣∣ ≤
»
Varγ(LE (W , s))Varγ(LE (W , s ′)).

▶ [Aminian et al., 2021] provides a bound of order O
(
γ
n

)
by simply combining the ISKL

characterization with the MI bound, which may hint that gen is always increasing with γ.

▶ However, we will illustrate how gen rises from zero and then decreases as γ increases.
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Example: Mean Estimation

(γ,N (µ0, σ
2
0Id), LE (w , s))-Gibbs algorithm is given by the following Gaussian posterior

Pγ
W |S(w |zn) ∼ N

(
αµ0 + (1− α)z̄ , ασ2

0Id
)

Population risk has the following exact characterization

LP(P
γ
W |S ,PS)

=
4dσ2

0σ
2
Zγ

n(1 + 2σ2
0γ)︸ ︷︷ ︸

generalization error

+
∥µ0 − µ∥22 + dσ2

z/n

(1 + 2σ2
0γ)

2
+

dσ2
0

1 + 2σ2
0γ

+
n − 1

n
dσ2

Z .

︸ ︷︷ ︸
empirical risk

To find optimal γ minimizes LP

▶ Optimize over γ using the above equation directly

▶ Evaluate the derivative of LP(γ, s, s
′) by computing covariance
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Example: Mean Estimation

γ∗ depends on other parameters of the problem in a non-trivial manner

γ∗ =




+∞, if

σ2
Z
n

∈ [0,
σ2
0
2
), (high-SNR)

∥µ−µ0∥2+dσ2
0/2

d(2σ2
Z
/n−σ2

0)σ
2
0
, if

σ2
Z
n

∈ [
σ2
0
2
,∞). (low-SNR)

▶ σ2
Z
n

only depends on S , can be interpreted as normalized noise

▶ σ2
0 and ∥µ− µ0∥2 captures the confidence and bias of prior knowledge

▶ high-SNR regime, high-quality training samples, discarding prior distribution and employing

standard ERM

▶ low-SNR regime, where we should incorporate knowledge from both training samples and prior,

optimal γ depends on everything

▶ If µ0 = µ and σ2
0 = 0, γ∗ = 0

18 / 45



Example: Linear Regression

▶ Training data S = {(xi , yi )}ni=1, with X = Rd and Y = R

▶ Data is generated using true weights W ∗ ∈ Rd with additive noise,

Yi = Xi ·W ∗ + εi , ε ∼ N (0, σ2
ε).

▶ Mean-squared loss ℓ(w , z) = (y − x · w)2

▶ Gaussian prior π(w) = N (0, σ2
0Id)

▶ (γ,N (0, σ2
0Id), LE (w , s))-Gibbs algorithm is Gaussian

Pγ
W |S(w |S) ∼ N

(
Σ−1X⊤Y ,

n

2γ
Σ−1

)
,

with Σ ≜ X⊤X + n
2σ2

0γ
Id , and X ∈ Rn×d ,Y ∈ Rn are the matrix form of the training data.

19 / 45



Simulation of Linear Regression

Low SNR regime, n = 10 and σ2
ε = 3; high SNR regime, n = 100 and σ2

ε = 1.

Low-SNR High-SNR
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Asymptotic Behavior of Generalization Error

▶ Can we show something for ERM by letting γ → ∞?

▶ Previous upper bound has order O( γ
n
)

▶ Asymptotic normality of Gibbs algorithm

▶ Single-well case: there exists a unique W ∗(S)

W ∗(S) = argmin
w∈W

LE (w , S).

▶ If H∗(S) ≜ ∇2
wLE (w , S)

∣∣
w=W∗(S) is invertible [Hwang, 1980],

Pγ
W |S → N (W ∗(S),

1

γ
H∗(S)−1)

G. Aminian*, Y. Bu*, L. Toni, M. R. Rodrigues, G. W. Wornell. “An Exact Characterization of the Generalization Error for
the Gibbs Algorithm,” in Proc. Conference on Neural Information Processing Systems (NeurIPS), Dec. 2021.
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Asymptotic Behavior of MLE

Maximum likelihood estimates (MLE) in the asymptotic regime n → ∞.

▶ n i.i.d. training samples generated from distribution PZ

▶ Fit training data with distribution family f (zi |θ), θ ∈ Rp

▶ PZ = f (·|θ∗) for θ∗ ∈ W
▶ log-loss ℓ(w , z) = − log f (z |w)

As γ → ∞, Gibbs algorithm converges to ERM algorithm (MLE),

ŴML ≜ argmax
θ∈W

n∑

i=1

log f (Zi |θ).

Compute ISKL(W ;S) using Gaussian approximation

gen(P∞
W |S ,PS) =

d

n
.
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Connection to Model Selection

▶ K candidate models M1,M2, . . . ,MK

▶ Each model Mk is characterized by parametric probabilistic model Pk(z |θk) and prior πk(θk)

▶ log likelihood as the loss function ℓlog(w , z) ≜ − logP(z |w)

How to select the optimal model?

▶ Information Criteria for Model Selection

▶ Akaike Information Criterion (AIC)

▶ Bayesian Information Criterion (BIC)
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Akaike Information Criterion (AIC)

AIC selects the model that minimizes population risk:

argmin
k

KL(PZ∥Pk(z |θ̂(k)
ML)) = argmin

k
EPZ

[
− logPk(Z |θ̂(k)

ML)
]
.

AIC approximates it using empirical risk and generalization error

AIC = argmin
k

LE (θ̂
(k)
ML, S) + gen(θ̂

(k)
ML,PZ ).

In classic regime where n → ∞, and certain regularization conditions

AIC = argmin
k

LE (θ̂
(k)
ML, S) +

p

n
.
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Bayesian Information Criterion (BIC)

BIC selects the model that maximizes marginal likelihood:

mk(zn) ≜
∫

Pk(zn|θk)πk(θk) dθk ,

which is equivalent to maximizing posterior probability P(Mk |zn).

BIC =argmin
k

−1

n
logmk(zn)

= argmin
k

LE (θ̂
(k)
ML, S) +

pk log n

2n
,

where Laplace approximation is applied as n → ∞.
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Comparison between AIC and BIC

AIC = argmin LE (θ̂ML, S) +
p

n

BIC = argmin LE (θ̂ML, S) +
p log n

2n
.

▶ AIC minimizes population risk (optimal prediction performance)

▶ BIC maximizes the marginal likelihood (identifying the true model)

▶ BIC imposing a larger penalty for more complex models.
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Double-descent in Over-parameterized Regime

▶ When p ≤ n, the classical ∪-shaped curve is valid.

▶ When p ≥ n, test loss can decrease again.
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Challenges in Over-parameterized regime

Asymptotic normality (AIC) and Laplace Approximation (BIC) do not hold in this new regime!

There are some efforts to extend these information criteria:

▶ Akaike’s Information Corrected Criterion (AICC), fixed p, small n

▶ Widely applicable BIC (WBIC), singular Hessian matrix

More recent work trying to demystify double-descent

▶ Neural Tangent Kernel (NTK), lazy training

▶ Random feature model

▶ Mean-field approach
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Marginal likelihood of Gibbs algorithm

Recall the information risk minimization for motivating the Gibbs algorithm.

min
PW |S

EPW |S=s

[
LE (W , s)

]
+

1

γ
KL(PW |S=s∥π) = − 1

γ
logV (s, γ).

If we adopt log-loss function ℓ(w , z) = − logP(z |w), and set γ = n

− 1

γ
logV (s, γ) = −1

n
log

∫
π(w)e−nLE (w,s)dw

= −1

n
log

∫
π(w)P(zn|w)dw

= −1

n
logm(zn)
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Gibbs based Information Criteria

Gibbs-based AIC:

AIC+ ≜ LE (ŴGibbs, zn) +
1

n
ISKL(P

∗
Ŵ |S ,PS).

Gibbs-based BIC:

BIC+ ≜ LE (ŴGibbs, zn) +
1

n
KL(P∗

W |S=zn∥π),

BIC− ≜ Eπ

[
LE (W , zn)

]
− 1

n
KL(π∥P∗

W |S=zn ).

We can show that in the classic regime where p is fixed and n → ∞, they all reduce back to their

classical forms.

H. Chen, Y. Bu, G. W. Wornell, “Gibbs-Based Information Criteria and the Over-Parameterized Regime,” in Proc. Interna-
tional Conference on Artificial Intelligence and Statistics (AISTATS), 2024.
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Random Feature Model

The output of Random Feature (RF) model with input data x ∈ Rd is

g(x) ≜
p∑

j=1

f
( ⟨x ,Fj⟩√

d

)
wj = f

(x⊤F√
d

)
w ,

▶ Two-layer neural network with i.i.d Gaussian weights F ∈ Rd×p in the first layer, only the second

layer is trainable

▶ f () is the non-linear activation function

▶ The dimensionality of input data d is not entangled with number of parameters p
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Experiment

Evaluating the BIC+ and BIC− using n = 200 samples in RF models

▶ We observe Double-descent in population risk for RF model

▶ Our Gibbs-based BICs prefer over-parameterized models
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Check point

▶ Provide information criteria for the Gibbs algorithm, with different information measures as the

penalty terms.

▶ Generalize our information-theoretic analysis to over-parameterized random feature.

▶ The mismatch between marginal likelihood (BIC) and generalization error (AIC) in the

over-parameterized setting, which highly depends on the prior distributions.
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Generalization of Transfer Learning

▶ Source data set Ds = {Z s
i }mi=1, generated from PDs

▶ Target data set Dt = {Z t
j }nj=1, generated from PDt

▶ The empirical risk of source and target task

LE (w , d s) ≜ 1

m

m∑

j=1

ℓ(w , z sj ), LE (w , d t) ≜ 1

n

n∑

j=1

ℓ(w , z tj ).

▶ The population risk of the target task

LP(w ,PDt ) ≜ EPDt [LE (w ,Dt)].

▶ Expected Transfer Generalization Error

gen(PW |Ds ,Dt ,PDs ,PDt ) ≜ EPW ,Ds ,Dt [LP(W ,PDt )− LE (W ,Dt)].
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Transfer Learning: α-Weighted ERM

▶ Output hypothesis wα is trained by minimizing a convex combination of the source and target

task empirical risks [Ben-David et al., 2010], for α ∈ [0, 1]

LE (wα,d
s ,d t) = (1− α)LE (wα,d

s) + αLE (wα,d
t)

Ds

Dt Pγ
Wα|Ds ,Dt

Wα

▶ α-weighted Gibbs algorithm generalizes the α-weighted-ERM by considering the

(γ, π(wα), LE (wα, d
s , d t))-Gibbs algorithm

Pγ
Wα|Ds ,Dt (wα|d s , d t) =

π(wα)e
−γLE (wα,ds ,dt )

Vα(d s , d t , γ)
.
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Transfer Learning: Two-stage ERM
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Two-stage-ERM Transfer Learning

Ds

Wϕ

PWϕ,W s
c |Ds

Wϕ

W s
c

Dt

Pγ
W t

c |Dt ,Wϕ

W t
c

▶ First Stage: Learn shared feature extractor wϕ ∈ Wϕ

[Wϕ,W
s
c ] = argmin

w
LS1
E (w , d s).

▶ Second Stage: Freeze Wϕ, and learn target-specific hypothesis w t
c

W t
c = argmin

wc

LS2
E ([Wϕ,wc ], d

t)
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Expected Transfer Generalization Error

Theorem

The expected transfer generalization error of the α-weighted Gibbs algorithm is given by

genα(PDs ,PDt ) =
ISKL(Wα;D

t |Ds)

αγ
.

Theorem

The expected transfer generalization error of the two-stage Gibbs algorithm is given by

genβ(PDs ,PDt ) =
ISKL(W

t
c ;D

t |Wϕ)

γ
.

Y. Bu*, G. Aminian*, L. Toni, M. R. Rodrigues, G. W. Wornell. “Characterizing and Understanding the Generalization Error
of Transfer Learning with Gibbs Algorithm,” in Proc. International Conference on Artificial Intelligence and Statistics (AISTATS)
2022.
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Asymptotic Behavior of MLE

Maximum likelihood estimates

▶ n i.i.d. target samples, m i.i.d. source samples

▶ Fit training data with distribution family f (z |w), w = (wϕ,wc) ∈ Rd , wc ∈ Rdc

▶ PZ t = f (·|w∗) for w∗ ∈ W
▶ log-loss ℓ(w , z) = − log f (z |w)

Standard target ERM α-weighted ERM Two-stage ERM

gen O( d
n
) O( d

m+n
) O( dc

n
)
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Conclusion

▶ Connect operational quantity in learning theory (generalization error, marginal likelihood) with

different information measures for Gibbs algorithm

▶ Demonstrate the versatility of our approach in multiple applications

▶ Optimal Inverse temperature

▶ Gibbs-based BIC for over-parameterized model selection

▶ Gibbs based-transfer learning

▶ Our Gibbs-based analysis provides an information-theoretic framework for understanding

generalization behavior in modern machine learning, still a lot to be explored!
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Q & A

Thank you for your attention!
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Problem Formulation: Empirical Risk Minimization (ERM)

Given the dataset z, the ERM problem is

min
θ∈M

L (z,θ) .
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θ∈M
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Training (Expected) Risk and Test (Expected) Risk

Ru

Ä
PΘ|Z=z

ä
︸ ︷︷ ︸
Test Expected Risk

− Rz

Ä
PΘ|Z=z

ä
︸ ︷︷ ︸

Training Expected Risk
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︸ ︷︷ ︸
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Assumption:

Training datasets and test datasets are independent and identically distributed:

▶ z is drawn from PZ ∈ △ ((X × Y)n); and

▶ u is drawn from PZ .
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Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z , PZ

)
≜
∫ ∫ (

Ru

(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

3 / 49



ERM with Relative Entropy Regularization (ERM-RER)

Problem Formulation: ERM with Relative Entropy Regularization (ERM-RER)

The ERM-RER problem, with parameters Q ∈ △ (M,B (M)) and λ ∈ (0,+∞), consists of the

following optimization problem:

min
P∈△Q(M,B(M))

Rz (P ) + λD (P∥Q) .

Motivation for this regularization?

▶ Some priors are not probability measures:

▶ Uniform distribution over infinite (countable) sets: Counting Measure

▶ Uniform distribution over Rd: Lebesgue Measure

▶ Some priors (probability distributions) can be calculated up to a normalization factor.

▶ Reference measures constrain the set of models M.

S.M. Perlaza, G. Bisson, I. Esnaola, A. Jean-Marie, and S. Rini, “Empirical Risk Minimization with Relative Entropy
Regularizations,” IEEE Trans. Inf. Theory, vol. 70, no. 7, pp. 5122-5161, Jul. 2024.
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ERM with Relative Entropy Regularization (ERM-RER)

Problem Formulation: ERM with Relative Entropy Regularization (ERM-RER)

The ERM-RER problem, with parameters Q ∈ △ (M,B (M)) and λ ∈ (0,+∞), consists of the

following optimization problem:

min
P∈△Q(M,B(M))

Rz (P ) + λD (P∥Q) .

Notation:

KQ,z (t) = log

Å∫
exp (t L (z,θ)) dQ(θ)

ã
and KQ,z ≜

ß
s ∈ (0,+∞) : KQ,z

Å
−1

s

ã
< +∞

™
.

Theorem

If λ ∈ KQ,z, the solution to Problem 1 is unique, denoted by P
(Q,λ)

Θ|Z=z, and satisfies for all θ ∈ suppQ,

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z,θ)

ã
.

S.M. Perlaza, G. Bisson, I. Esnaola, A. Jean-Marie, and S. Rini, “Empirical Risk Minimization with Relative Entropy
Regularizations,” IEEE Trans. Inf. Theory, vol. 70, no. 7, pp. 5122-5161, Jul. 2024.
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Relative Entropy Asymmetry

Definition (Generalized Relative Entropy)

Given two σ-finite measures P and Q on the same measurable space, such that P ≪ Q

D(P∥Q) ≜
∫

dP

dQ
(θ) log

Å
dP

dQ
(θ)

ã
dQ(θ).

▶ Relative entropy is asymmetric: D(P∥Q) ̸= D(Q∥P )

▶ For most cases of interest P ≪ Q ≠⇒ Q ≪ P

▶ Solution probability measure is constrained to supp(P ) ⊆ supp(Q)
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<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Prior Knowledge

Set of All Models

14 / 49



<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Prior Knowledge

<latexit sha1_base64="NHc66KcnRPGgJ6ViriSdD0/Y+8o="></latexit>

✓Sprocket

Set of All Models
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<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Prior Knowledge

<latexit sha1_base64="NHc66KcnRPGgJ6ViriSdD0/Y+8o="></latexit>

✓Sprocket

Set of All Models
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<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Prior Knowledge

<latexit sha1_base64="NHc66KcnRPGgJ6ViriSdD0/Y+8o="></latexit>

✓Sprocket

<latexit sha1_base64="p0O7v9fiQRJ9g8rLURZPMdp7l0I="></latexit>

✓Sprocket /2 supp(P )

Set of All Models
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Type-II ERM-RER Problem

Problem Formulation: Type-II ERM-RER

The ERM-RER Type-II problem, with parameters Q ∈ △ (M,B (M)) and λ ∈ (0,+∞), consists of

the optimization over the domain ▽Q(M,F ) ≜ {P ∈ △(M,F ) : Q ≪ P} given by

min
P∈▽Q(M,F)

Rz(P ) + λD(Q∥P ).

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Analysis of the Relative Entropy Asymmetry in Regularized Empirical
Risk Minimization,” in Proc. IEEE International Symposium on Information Theory, Taipei, Taiwan, Jun. 2023.
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The ERM-RER Type-II problem, with parameters Q ∈ △ (M,B (M)) and λ ∈ (0,+∞), consists of

the optimization over the domain ▽Q(M,F ) ≜ {P ∈ △(M,F ) : Q ≪ P} given by

min
P∈▽Q(M,F)

Rz(P ) + λD(Q∥P ).

▶ Asymmetry of the regularization:

▶ Type-I ERM-RER limits model selection to the supp(Q).

▶ Type-II ERM-RER allows selection of models outside of supp(Q).

▶ Type-II regularizaiton allows exploring models outside the support of the reference

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Analysis of the Relative Entropy Asymmetry in Regularized Empirical
Risk Minimization,” in Proc. IEEE International Symposium on Information Theory, Taipei, Taiwan, Jun. 2023.
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<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Set of All Models

<latexit sha1_base64="jKwV291pzTtdFqVsA1B41KClDps=">AAAB+nicdVDLTgJBEJz1ifha9OhlIjHBC9klgOyN6MUjJvJIYENmhwEmzD4y06uSlU/x4kFjvPol3vwbB1gTNVpJJ5Wq7nR3eZHgCizrw1hZXVvf2MxsZbd3dvf2zdxBS4WxpKxJQxHKjkcUEzxgTeAgWCeSjPieYG1vcjH32zdMKh4G1zCNmOuTUcCHnBLQUt/M9YDdgfQTFUfRrNA4zfbNvFW0HafmONgqWgtoUik5lWoZ26mSRykaffO9Nwhp7LMAqCBKdW0rAjchEjgVbJbtxYpFhE7IiHU1DYjPlJssTp/hE60M8DCUugLAC/X7REJ8paa+pzt9AmP125uLf3ndGIY1N+FBFAML6HLRMBYYQjzPAQ+4ZBTEVBNCJde3YjomklDQac1D+PoU/09apaJdLVauyvn6eRpHBh2hY1RANjpDdXSJGqiJKLpFD+gJPRv3xqPxYrwuW1eMdOYQ/YDx9gld95QW</latexit>

supp(P )

Type-I Regularization: 
<latexit sha1_base64="X4fbfE5ZblJ5qezgI2gS5OHygw0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2NQDx4TMA9JljA7mU2GzMwuM7NCiPkKLx4U8ernePNvnE32oIkFDUVVN91dQcyZNq777Swtr6yurec28ptb2zu7hb39ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8Cb1m49UaRbJezOKqS9wX7KQEWys9HBbqnaeUO0k3y0U3bI7BVokXkaKkKHaLXx1ehFJBJWGcKx123Nj44+xMoxwOsl3Ek1jTIa4T9uWSiyo9sfTgyfo2Co9FEbKljRoqv6eGGOh9UgEtlNgM9DzXir+57UTE175YybjxFBJZovChCMTofR71GOKEsNHlmCimL0VkQFWmBibURqCN//yImmclr2L8nntrFi5zuLIwSEcQQk8uIQK3EEV6kBAwDO8wpujnBfn3fmYtS452cwB/IHz+QPCDI8W</latexit>

D(PkQ)
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<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Set of All Models

<latexit sha1_base64="jKwV291pzTtdFqVsA1B41KClDps=">AAAB+nicdVDLTgJBEJz1ifha9OhlIjHBC9klgOyN6MUjJvJIYENmhwEmzD4y06uSlU/x4kFjvPol3vwbB1gTNVpJJ5Wq7nR3eZHgCizrw1hZXVvf2MxsZbd3dvf2zdxBS4WxpKxJQxHKjkcUEzxgTeAgWCeSjPieYG1vcjH32zdMKh4G1zCNmOuTUcCHnBLQUt/M9YDdgfQTFUfRrNA4zfbNvFW0HafmONgqWgtoUik5lWoZ26mSRykaffO9Nwhp7LMAqCBKdW0rAjchEjgVbJbtxYpFhE7IiHU1DYjPlJssTp/hE60M8DCUugLAC/X7REJ8paa+pzt9AmP125uLf3ndGIY1N+FBFAML6HLRMBYYQjzPAQ+4ZBTEVBNCJde3YjomklDQac1D+PoU/09apaJdLVauyvn6eRpHBh2hY1RANjpDdXSJGqiJKLpFD+gJPRv3xqPxYrwuW1eMdOYQ/YDx9gld95QW</latexit>

supp(P )

Type-II Regularization: 
<latexit sha1_base64="xbySZ2s2qgp0qDDdriNiZmql5A8=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2NQDx4TMA9JljA7mU2GzMwuM7NCiPkKLx4U8ernePNvnE32oIkFDUVVN91dQcyZNq777Swtr6yurec28ptb2zu7hb39ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8Cb1m49UaRbJezOKqS9wX7KQEWys9HBbqnWeUPUk3y0U3bI7BVokXkaKkKHaLXx1ehFJBJWGcKx123Nj44+xMoxwOsl3Ek1jTIa4T9uWSiyo9sfTgyfo2Co9FEbKljRoqv6eGGOh9UgEtlNgM9DzXir+57UTE175YybjxFBJZovChCMTofR71GOKEsNHlmCimL0VkQFWmBibURqCN//yImmclr2L8nntrFi5zuLIwSEcQQk8uIQK3EEV6kBAwDO8wpujnBfn3fmYtS452cwB/IHz+QPCEI8W</latexit>

D(QkP )
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Type-II ERM-RER Problem

Problem Formulation: Type-II ERM-RER with parameters Q and λ

min
P∈▽Q(M,F)

Rz(P ) + λD(Q∥P ),

with ▽Q(M,F ) ≜ {P ∈ △(M,F ) : Q ≪ P}

Theorem

If there exists a real β such that β ∈ {t ∈ R : ∀θ ∈ suppQ, 0 < t+ L (z,θ)} and
∫

λ

β + L (z,θ)
dQ(θ) = 1,

then, the unique solution to the Type-II ERM-RER problem, P̄
(Q,λ)

Θ|Z=z, satisfies for all θ ∈ supp(Q),

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ) =

λ

K̄Q,z(λ) + L (z,θ)
.

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Analysis of the Relative Entropy Asymmetry in Regularized Empirical
Risk Minimization,” in Proc. IEEE International Symposium on Information Theory, Taipei, Taiwan, Jun. 2023.
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<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="V+phSsJiHC4v70bpc6qYRN8l11w=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQjxMvQM2Y5BLx4TMAskIfR0OkmTnoXummAY8idePCji1T/x5t/YWQQVfVDweK+Kqnp+LIUGQj6sjc2t7Z3dzF52/+Dw6Ng+OW3qKFGMN1gkI9X2qeZShLwBAiRvx4rTwJe85U9uFn5rypUWUXgHs5j3AjoKxVAwCkbq23YX+D2oINVJHM/z9au+nSMOKXmFCsHEKRLPK3tLQspuEbsOWSKH1qj17ffuIGJJwENgkmrdcUkMvZQqEEzyebabaB5TNqEj3jE0pAHXvXR5+RxfGmWAh5EyFQJeqt8nUhpoPQt80xlQGOvf3kL8y+skMKz0UhHGCfCQrRYNE4khwosY8EAozkDODKFMCXMrZmOqKAMTVtaE8PUp/p80PcctOcV6IVe9XseRQefoAuWRi8qoim5RDTUQQ1P0gJ7Qs5Vaj9aL9bpq3bDWM2foB6y3Twd9k+8=</latexit>

supp(Q)

Set of All Models
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Type-II ERM-RER Problem

Brief Sketch of the Proof:

▶ Solve ancillary problem

min
P∈⃝Q(M,F)

Rz(P ) + λD(Q∥P ), with ⃝Q(M,F ) ≜ ▽Q(M,F ) ∩△Q(M,F )

▶ Show that cost increases outside ⃝Q(M,F ):

min
V ∈▽Q(M,F)\⃝Q(M,F)

Rz(V ) + λD(Q∥V ) > min
P∈⃝Q(M,F)

Rz(P ) + λD(Q∥P ) .

Observations:

▶ Type-II regularization does not overcome induction bias introduced by the reference measure.

▶ Spoiler: f-divergence regularization does not overcome inductive bias either.

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Analysis of the Relative Entropy Asymmetry in Regularized Empirical
Risk Minimization,” in Proc. IEEE International Symposium on Information Theory, Taipei, Taiwan, Jun. 2023.
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Type-II ERM-RER Properties
Normalization Function

▶ The choice of λ is constrained to solutions that yield a probability distribution

▶ Let the set AQ,z ⊆ (0,∞) and CQ,z ⊂ R be such that if λ ∈ AQ,z, then there exists a β ∈ CQ,z

that satisfies β ∈ {t ∈ R : ∀θ ∈ suppQ, 0 < t+ L (z,θ)} and
∫

λ

β + L (z,θ)
dQ(θ) = 1.

Definition (Normalization Function)

The normalization function of the Type-II ERM-RER problem is the bijection between represented by

the function K̄Q,z : AQ,z → CQ,z, which satisfies K̄Q,z(λ) = β.

Note that the Radon-Nikodym derivative of the solution is

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ) =

λ

K̄Q,z(λ) + L (z,θ)
.
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Type-II ERM-RER Properties
Optimal models without regularization

▶ Given a real δ ∈ [0,∞), consider the set

Lz(δ) ≜ {θ ∈ M : L (z,θ) ≤ δ}.

▶ Best achievable performance without regularization:

δ⋆Q,z ≜ inf{δ ∈ [0,∞) : Q(Lz(δ)) > 0}.

▶ Solution models for the Empirical Risk Minimization (within suppQ) problem:

L⋆
Q,z ≜ {θ ∈ M : L (z,θ) = δ⋆Q,z}.
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Type-II ERM-RER Properties
The Radon-Nikodym Derivative of the Solution is Positive and Finite

The Radon-Nikodym derivative is always finite and strictly positive.

Lemma

For all θ ∈ suppQ it holds that

0 <
dP̄

(Q,λ)

Θ|Z=z

dQ
(θ) ≤ λ

δ⋆Q,z + K̄Q,z(λ)
< ∞.

The equality holds if and only if θ ∈ L⋆
Q,z ∩ suppQ.

Empirical risk dominates inductive bias for any regularization regime.

Lemma

For all (θ1,θ2) ∈ (suppQ)2, such that L(z,θ1) ≤ L(z,θ2), it holds that

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ2) ≤

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ1) ,

with equality if and only if L(z,θ1) = L(z,θ2).
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Type-II ERM-RER Properties
Asymptotes of the Radon-Nikodym Derivative

Continuity of inductive bias introduced by large regularization factors.

Lemma

lim
λ→∞

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ) = 1.

Continuity of inductive bias introduced by small regularization factors.

Lemma

If Q(L⋆
Q,z) > 0 then for all θ ∈ suppQ, it holds that

lim
λ→0+

dP̄
(Q,λ)

Θ|Z=z

dQ
(θ) =

1

Q(L⋆
Q,z)

1{θ∈L⋆
Q,z}.
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Type-II ERM-RER Properties
Expected Empirical Risk

Link between expected empirical risk and normalization function:

Lemma

Rz(P̄
(Q,λ)

Θ|Z=z) = λ− K̄Q,z(λ).

Lower bound on the sensitivity of Rz:

Lemma

Rz(Q)− Rz(P̄
(Q,λ)

Θ|Z=z) ≥ λ(exp(D
Ä
Q∥P̄ (Q,λ)

Θ|Z=z

ä
)− 1).

Bounds on the expected empirical risk:

Lemma

δ⋆Q,z ≤ Rz(P̄
(Q,λ)

Θ|Z=z) < λ+ δ⋆Q,z.

Equality holds if and only if the empirical risk function is nonseparable.
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Equilavence of Type-I and Type-II Regularization

Theorem

Type-II ⇒ Type-I Equivalence:

min
P∈▽Q(M)

∫
L(z,θ)dP (θ) + λD(Q∥P ) = min

P∈△Q(M)

∫
VQ,z,λ(θ)dP (θ) + D(P∥Q) ,

where the function VQ,z,λM → R, referred to as the log-empirical risk, is defined as

VQ,z,λ(θ) = log(K̄Q,z(λ) + L(z,θ)).

Type-I ⇒ Type-II Equivalence:

min
P∈△Q(M)

∫
L(z,θ)dP (θ) + λD(P∥Q) = min

P∈▽Q(M)

∫
WQ,z,λ(θ)dP (θ) + D(Q∥P ) ,

where the function WQ,z,λ : M → R is defined as

WQ,z,λ(θ) =
λ

exp(− L(z,θ)
λ

−KQ,z(− 1
λ
))

− K̄Q,z(λ).
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Numerical Comparison of Type-I and Type-II Regularization
Evaluation of the Generalization Capabilities

We train a binary classifier to distinguish ‘six’ and ‘seven’ in the MNIST dataset with the

ERM-RER Type-I and Type-II
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f -divergences
Definition

Definition (f -divergence [Csiszár, 1967])

Let f : (0,∞) → R be a convex function with f(1) = 0. Let P and Q be two probability measures

on the measurable space (M,F ). If the probability measure P is absolutely continuous with respect to

the probability measure Q then the f -divergence is defined as

Df (P∥Q) ≜
∫

f

Å
dP

dQ
(θ)

ã
dQ(θ),

where f(0) = limx→0+ f(x).
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f -divergences
Background

Information-type measures of dissimilarity between two probability distributions [Csiszár, 1967].

Motivation and significance:
▶ Operational insight in:

▶ Channel coding
▶ Compression, estimation
▶ High-dimensional statistics
▶ Hypothesis testing

▶ Amenable to variational representations

▶ Link to Fisher information

Common f-divergences:
▶ Relative Entropy: f(x) = x log x

▶ Total Variation: f(x) = 1
2
|x− 1|

▶ χ2-divergence: f(x) = (x− 1)2

▶ Squared Hellinger distance: f(x) = (1−√
x)2

▶ Jensen-Shannon divergence:

f(x) = x log
Ä

2x
x+1

ä
+ log

Ä
2

x+1

ä
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f -divergences
Properties

Basic Properties

▶ Df (P∥P ) = 0.

▶ Df (P∥Q) ≥ 0. If f is strictly convex then Df (P∥Q) = 0 ⇐⇒ P = Q.

▶ Df (PX,Y ∥QX,Y ) ≥ Df (PX∥QX).

▶ (P,Q) 7→ Df (P∥Q) is jointly convex.

▶ P 7→ Df (P∥Q) is convex

▶ Q 7→ Df (P∥Q) is convex
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ERM wih f -divergence Regularization

Problem Formulation: ERM with f -divergence Regularization (ERM-fDR)

Given the dataset z ∈ (X ×Y)n, the ERM-fDR problem, with parameters Q , λ, and f , consists of the

following optimization problem:

min
P∈△Q(M,F)

Rz(P ) + λDf (P∥Q) ,

with optimization domain

△Q (M,F ) ≜ {P ∈ △(M,F ) : P ≪ Q}.

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Equivalence of the Empirical Risk Minimization to Regularization on
the Family of f -Divergences,,” in Proc. IEEE International Symposium on Information Theory, Athens, Greece, Jul. 2024.
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ERM wih f -divergence Regularization
Assumptions

▶ The function f is strictly convex and differentiable

▶ There exists a β such that

β ∈
ß
t ∈ R : ∀θ ∈ suppQ, 0 < ḟ −1

Å
− t+ L (z,θ)

λ

ã™

and ∫
ḟ−1

Å
−β + L(z,θ)

λ

ã
dQ(θ) = 1

▶ The function Lz is separable with respect to the probability measure Q

Definition (Separable Empirical Risk Function)

The empirical risk function Lz is said to be separable with respect to a σ-finite measure P ∈ △(M), if

there exist a positive real c > 0 and two subsets A and C of M that are nonneglible with respect to P ,

such for all (θ1,θ2) ∈ A× C, it holds that

L(z,θ1) < c < L(z,θ2) < ∞.
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such for all (θ1,θ2) ∈ A× C, it holds that

L(z,θ1) < c < L(z,θ2) < ∞.
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ERM wih f -divergence Regularization
Solution to the ERM-fDR

Theorem

Under assumptions stated in the previous slide, the solution to the ERM-fDR problem is unique, and

for all θ ∈ suppQ, is given by

dP
(Q,λ)

Θ|Z=z

dQ
(θ) = ḟ−1

Å
−β + L (z,θ)

λ

ã
.

Remarks:

▶ Probability measures Q and P
(Q,λ)

Θ|Z=z are mutually absolutely continuous.

▶ No support exploration: f -divergence regularization forces the solution to coincide with the

support of the reference measure Q, independently of the training data.

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Equivalence of the Empirical Risk Minimization to Regularization on
the Family of f -Divergences,,” in Proc. IEEE International Symposium on Information Theory, Athens, Greece, Jul. 2024.
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ERM wih f -divergence Regularization
Common Cases: Kullback-Leibler Divergence (Type-I)

Setting

f(x) = x log x,

ḟ(x) = log x+ 1,

results in

Df (P∥Q) =

∫
f

Å
dP

dQ
(θ)

ã
dQ(θ) =

∫
log

Å
dP

dQ
(θ)

ã
dP (θ).

The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=exp

Å
−β + L (z,θ) + λ

λ

ã
.
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ḟ(x) = log x+ 1,

results in

Df (P∥Q) =

∫
f

Å
dP

dQ
(θ)

ã
dQ(θ) =

∫
log

Å
dP

dQ
(θ)

ã
dP (θ).

The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=exp

Å
−β + L (z,θ) + λ

λ

ã
.

40 / 49



ERM wih f -divergence Regularization
Common Cases: Kullback-Leibler Divergence (Type-II)

Setting

f(x) = − log x,

ḟ(x) = − 1

x
,

results in

Df (P∥Q) =

∫
f

Å
dP

dQ
(θ)

ã
dQ(θ) = −

∫
log

Å
dP

dQ
(θ)

ã
dQ(θ) =

∫
log

Å
dQ

dP
(θ)

ã
dQ(θ).

The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=

λ

β + L (z,θ)
.
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ERM wih f -divergence Regularization
Common Cases: Jensen-Shannon Divergence

Definition (Jensen-Shannon Divergence)

Let P and Q be two probability measures on the measurable space (M,F ). If the probability measure P

is absolutely continuous with respect to the probability measure Q then the Jensen-Shannon divergence

is

JS (P,Q) = D

Å
P∥1

2
(P +Q)

ã
+ D

Å
Q∥1

2
(P +Q)

ã
.

▶ Remark:
√
JS (P,Q) is a metric in the space of probability measure.

▶ The link to f -divergence characterization is

f(x) = x log

Å
2x

x+ 1

ã
+ log

Å
2

x+ 1

ã
,

ḟ(x) = log

Å
2x

x+ 1

ã
.

▶ The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=

1

2 exp(β+L(z,θ)
λ

)− 1
.
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Common Cases: Jensen-Shannon Divergence
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ERM wih f -divergence Regularization
Common Cases: χ2-divergence

Definition (χ2-divergence)

Let P and Q be two probability measures on the measurable space (M,F ). If the probability measure

P is absolutely continuous with respect to the probability measure Q then the χ2-divergence is

χ2 (P∥Q) =
1

2

∫ Å
dP

dQ
(θ)− 1

ã2
dQ(θ).

▶ The link to f -divergence characterization is

f(x) = (x− 1)2,

ḟ(x) = 2(x− 1).

▶ The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=−β + L(z,θ)

λ
.
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ḟ(x) = 2(x− 1).

▶ The ERM-fDR solution yields

dP
(Q,λ)

Θ|Z=z

dQ
(θ)=−β + L(z,θ)

λ
.

43 / 49



Numerical Comparison of Several Regularizations
Evaluation of the Generalization Capabilities

We train a binary classifier to distinguish ‘six’ and ‘seven’ in the MNIST dataset with the

ERM-RER several regularizers.
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Revisiting the Regularization Equivalence

▶ Recall that Type-I and Type-II regularizations are equivalent via a transformation of the

expected empirical risk: does this extend to f-divergence regularization?

Theorem

Let f and g be two strictly convex and differentiable functions satisfying the conditions to generate an

f -divergence and g-divergence, respectively. If the following problem possess solutions, then

min
P∈△Q(M)

∫
L(z,θ)dP (θ) + λDf (P∥Q) = min

P∈△Q(M)

∫
v(L(z,θ))dP (θ) + λDg(P∥Q),

where the function v : [0,∞) → R is such that

v(t) = λġ

Å
ḟ−1

Å
−NQ,z(λ) + t

λ

ãã
−N ′

Q,z(λ),

with NQ,z and N ′
Q,z being the respective normalization functions.

F. Daunas, I. Esnaola, S.M. Perlaza, and H.V. Poor, “Equivalence of the Empirical Risk Minimization to Regularization on
the Family of f -Divergences,,” in Proc. IEEE International Symposium on Information Theory, Athens, Greece, Jul. 2024.
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Conclusions for Part III

▶ All f -Divergence regularizations to the ERM problem exhibit solutions that are mutually
absolutely continuous with the reference measure.

▶ What implications on the set of models that would exhibit positive probability?

▶ How to choose Q ?

▶ Several solutions to the ERM-fDR problem simultaneously exhibit smaller training and test

errors than those induced by the Gibbs Algorithm.

▶ Equivalence results for f -divergence regularization unveil link between the choice of f -divergence

and loss function.

▶ Adapting the f -divergence to different learning frameworks suggests tailored regularizer designs

▶ Loss function definition

▶ Model set adaptation to practical implementations

▶ Open problem: How to choose all these parameters λ, Q, f , ℓ, ...
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Generalization Error (Definition 4 in [Perlaza-2024b] )

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization
The Gibbs Algorithm

▶ Given a fixed dataset z ∈ (X × Y)n; and

▶ given a reference measure Q ∈ △ (M) and a real λ > 0

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Problem 1a: ERM within a Neighborhood

min
P∈△Q (M)

∫
L (z ,θ) dP(θ)

s.t. D(P∥Q) ⩽ γ.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.

2 / 44



Empirical Risk Minimization with Relative Entropy Regularization
The Gibbs Algorithm

▶ Given a fixed dataset z ∈ (X × Y)n; and

▶ given a reference measure Q ∈ △ (M) and a real λ > 0

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Problem 1a: ERM within a Neighborhood

min
P∈△Q (M)

∫
L (z ,θ) dP(θ)

s.t. D(P∥Q) ⩽ γ.
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Empirical Risk Maximization with Relative Entropy Regularization
Worst-Case Data-Generating Probability Measure

▶ Given a fixed model θ ∈ M; and

▶ Given a reference measure PS ∈ △ (X × Y) and a real β > 0

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)− βD(P∥PS) ,

with △PS (X × Y) ≜ {P ∈ △ (X × Y) : P ≪ PS}.

Problem 2: Loss Maximization within a Neighbourhood

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y)dP(x , y)

s.t. D(P∥PS) ⩽ γ.

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.

3 / 44



Problem 1:

Empirical Risk Minimization with Relative Entropy Regularization
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Notation:

KQ,z (t) = log

Å∫
exp (t L (z ,θ)) dQ(θ)

ã
and KQ,z ≜

ß
s ∈ (0,+∞) : KQ,z

Å
−1

s

ã
< +∞

™

Theorem (Theorem 3 in [Perlaza-2024a])

If λ ∈ KQ,z , the solution to Problem 1 is unique, denoted by P
(Q,λ)
Θ|Z=z , and satisfies for all θ ∈ suppQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Notation:

KQ,z (t) = log

Å∫
exp (t L (z ,θ)) dQ(θ)

ã
and KQ,z ≜

ß
s ∈ (0,+∞) : KQ,z

Å
−1

s

ã
< +∞

™

Theorem (Equation (28) in [Perlaza-2024a])

If λ ∈ KQ,z , the solution to Problem 1 is a unique, denoted by P
(Q,λ)
Θ|Z=z , and satisfies for all θ ∈ supQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=

exp
(
− 1

λ
L (z ,θ)

)
∫
exp

(
− 1

λ
L (z ,θ)

)
dQ(θ)

.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ)

︸ ︷︷ ︸
Rz (P)

+λD(P∥Q) .

Solution:

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

Sensitivity to deviations from the Optimal Measure:

Lemma (Lemma 33 in [Perlaza-2024b])

Rz (P)− Rz

Ä
P

(Q,λ)
Θ|Z=z

ä
=λ
Ä
D
Ä
P

(Q,λ)
Θ|Z=z∥Q

ä
+D
Ä
P∥P(Q,λ)

Θ|Z=z

ä
− D(P∥Q)

ä

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization

√
D
Ä
P

(Q,λ)
Θ|Z=z∥Q

ä√
D
Ä P

∥P
(Q

,λ
)

Θ
|Z

=
z

ä

√
1
λ

Ä
Rz (P)− Rz

Ä
P (Q,λ)Θ|Z=z

ää
+D(P∥Q)

Figure: Geometric interpretation of the gap Rz (P)− Rz
Ä
P

(Q,λ)
Θ|Z=z

ä
.
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Empirical Risk Minimization with Relative Entropy Regularization
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ)

︸ ︷︷ ︸
Rz (P)

+λD(P∥Q) .

Solution:

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

Theorem (Theorem 37 in [Perlaza-2024b])

For all P1 ∈ △Q (M) and P2 ∈ △Q (M),

Rz (P1)− Rz (P2)=λ

Å
D
Ä
P1∥P(Q,λ)

Θ|Z=z

ä
− D
Ä
P2∥P(Q,λ)

Θ|Z=z

ä
+D(P2∥Q)− D(P1∥Q)

ã
.

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Problem 2:

Loss Maximization with Relative Entropy Regularization
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Loss Maximization with Relative Entropy Regularization

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)− βD(P∥PS) ,

with △PS (X × Y) ≜ {P ∈ △ (X × Y) : P ≪ PS}.

Notation:

JPS ,θ(t) = log

Å∫
exp (tℓ(θ, x , y))dPS(x , y)

ã
and JPS ,θ ≜

ß
t ∈ (0,+∞) : JPS ,θ

Å
1

t

ã
< +∞

™

Theorem (Theorem 1 in [Zou-2024])

If β ∈ JPS ,θ, the solution to Problem 2 is unique, denoted by P
(PS ,β)

Ẑ |Θ=θ
, and satisfies for all (x , y) ∈

suppPS ,

dP
(PS ,β)

Ẑ |Θ=θ

dPS
(x , y)= exp
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Loss Maximization with Relative Entropy Regularization
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∫
ℓ (h (θ, x) , y) dP(x , y)

︸ ︷︷ ︸
Rθ(P)

−βD(P∥PS) ,

Solution:

dP
(PS ,β)

Ẑ |Θ=θ

dPS
(x , y)= exp

Å
1

β
ℓ (h (θ, x) , y)− JPS ,θ

Å
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ãã
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So far...

Theorem (Theorem 37 in [Perlaza-2024b])
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Ä
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ã
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The Method of Gaps

Definition (Expected Empirical Risk)

Rz (P) =

∫
L (z ,θ) dP(θ)

Rθ (Q) =

∫
ℓ (h(θ, x), y) dQ(x , y).

Two essential observations:

▶ The generalization error is an expectation of the variations of Rz or Rθ; and

▶ These variations, a.k.a. gaps, exhibit closed-form expressions in terms of information measures.

Two-step Method:

▶ To express the generalization error as an expectation of a gap; and

▶ To leverage the properties of gaps to obtain closed-form expressions.
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The Method of Gaps
Expected-Empirical-Risk Gaps

Definition (Expected Empirical Risk)

Rz (P) =

∫
L (z ,θ) dP(θ)

Rθ (Q) =

∫
ℓ (h(θ, x), y) dQ(x , y).

Definition (Expected-Empirical-Risk Gaps)

Let functionals G : (X × Y)n ×△ (M)×△ (M) → R and G : M×△ (X × Y)×△ (X × Y) → R be

G (z ,P1,P2) = Rz (P1)− Rz (P2) , Algorithm-driven Gap

and

G (θ,P1,P2) = Rθ (P1)− Rθ (P2) . Data-driven Gap

17 / 44



The Method of Gaps

Two variants:

▶ The Method of Algorithm-driven Gaps

▶ Central building-block: The Gibbs Algorithm

▶ No assumptions on PZ (probability distribution of the datasets)

▶ The Method of Data-driven Gaps

▶ Central building-block: The Worst-Case Data-Generating (WCDG) probability measure

▶ I.I.D assumption on PZ :

PZ (A1 ×A2 × . . .×An) =
n∏

t=1

PZ (At)

18 / 44



The Method of Algorithm-driven Gaps

Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

Step 1:

Lemma (Lemma 3 in [Perlaza-2024b])

The generalization error G
(
PΘ|Z ,PZ

)
satisfies

G
(
PΘ|Z ,PZ

)
=

∫
G
(
z ,PΘ,PΘ|Z=z

)
dPZ (z) ,

where for all measurable subsets C of M,

PΘ (C)=
∫

PΘ|Z=z (C) dPZ (z) .

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Ru
(
PΘ|Z=z
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(
PΘ|Z=z
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dPZ (u) dPZ (z) .

Step 2:

Lemma (Lemma 4 in [Perlaza-2024b])

The generalization error G(PΘ|Z ,PZ ) satisfies

G
(
PΘ|Z ,PZ

)
= λ

∫ Å
D
Ä
PΘ∥P(Q,λ)

Θ|Z=z

ä
− D
Ä
PΘ|Z=z∥P(Q,λ)

Θ|Z=z

ä
+D

(
PΘ|Z=z∥Q

)
− D(PΘ∥Q)

ã
dPZ (z) .
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The Method of Data-driven Gaps

Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

Step 1:
▶ Assumption: PZ (A1 ×A2 × . . .×An) =

∏n
t=1 PZ (At).

Lemma (Lemma 6 in [Perlaza-2024b])

The generalization error G(PΘ|Z ,PZ ) satisfies

G(PΘ|Z ,PZ ) =

∫
G
(
θ,PZ ,PZ |Θ=θ

)
dPΘ (θ) .
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The Method of Data-driven Gaps

Generalization Error
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D
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− D
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+D(PZ∥PS)
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So far...
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Expressions Obtained Via the Method of Gaps

▶ Particular choices of the parameters

▶ Algebraic manipulations of the closed-form expressions shown before

▶ More manipulations lead to less generality

▶ Additional conditions to allow manipulations are imposed on:

▶ The algorithm; and

▶ The data-generating distribution.

▶ Some Expressions establish bridges with other areas: Hypothesis Testing, Geometry, etc.
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Expressions Obtained Via the Method of Gaps
Connections to Hypothesis Testing

Theorem (Theorem 8 in [Perlaza-2024b])

The generalization error G(PΘ|Z ,PZ ) satisfies

G
(
PΘ|Z ,PZ

)

= λ

∫ ∫ (
log

dP
(Q,λ)
Θ|Z=z

dQ
(θ)

)
dPΘ|Z=z (θ)PZ (z)− λ

∫ ∫ (
log

dP
(Q,λ)
Θ|Z=z

dQ
(θ)

)
dPΘ (θ) dPZ (z) .

Statistical Hypothesis Test

▶ Ground truth probability distribution: (Θ,Z) ∼ PΘ|Z · PZ

▶ Null Hypothesis: (Θ,Z) ∼ P
(Q,λ)
Θ|Z · PZ

▶ Alternative Hypothesis: (Θ,Z) ∼ ·PZ

▶ log-likelihood ratio:

dP
(Q,λ)
Θ|Z · PZ

dQ · PZ
(θ, z)=

dP
(Q,λ)
Θ|Z=z

dQ
(θ)

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Ẑ |Θ=ν

)ã
dPΘ(ν)dPΘ(µ).

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.

38 / 44



Expressions Obtained Via the Method of Gaps
Connections to Euclidian Geometry

 ∫
D
(
PZ∥P(PS ,β)
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Examples

Corollary (What is the long-run Generalization Error of Stochastic Gradient Descent ?)

G(P
(Q,λ)
Θ|Z ,PZ )=λ

Ä
I
Ä
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(Q,λ)
Θ|Z ;PZ

ä
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Thank you for your attention!
Questions/Comments/Typos: samir.perlaza@inria.fr
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