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Abstract

Circumscription is one of the main approaches for defining
non-monotonic description logics (DLs). While the decid-
ability and complexity of traditional reasoning tasks such as
satisfiability of circumscribed DL knowledge bases (KBs) is
well understood, for evaluating conjunctive queries (CQs)
and unions thereof (UCQs), not even decidability had been
established. In this paper, we prove decidability of (U)CQ
evaluation on circumscribed DL KBs and obtain a rather com-
plete picture of both the combined complexity and the data
complexity, for DLs ranging from ALCHZO via EL to var-
ious versions of DL-Lite. We also study the much simpler
atomic queries (AQs).

1 Introduction

While standard description logics (DLs) such as those un-
derlying the OWL 2 ontology language do not support non-
monotonic reasoning, it is generally acknowledged that ex-
tending DLs with non-monotonic features is very useful.
Concrete examples of applications include ontological mod-
eling in the biomedical domain (Rector 2004; Stevens et al.
2007) and the formulation of access control policies (Bon-
atti and Samarati 2003). Circumscription is one of the tra-
ditional AI approaches to non-monotonicity, and it provides
an important way to define non-monotonic DLs. In con-
trast to other approaches such as default rules, it does not
require the adoption of strong syntactic restrictions to pre-
serve decidability. DLs with circumscription are closely
related to several other approaches to non-monotonic DLs,
in particular to DLs with defeasible inclusions and typical-
ity operators (Bonatti, Faella, and Sauro 2011; Casini and
Straccia 2013; Giordano et al. 2013; Bonatti et al. 2015b;
Pensel and Turhan 2018).

The main feature of circumscription is that selected pred-
icate symbols can be minimized, that is, the extension of
these predicates is required to be minimal regarding set in-
clusion. Other predicates may vary freely or be declared
fixed. In addition, a preference order can be declared on
the minimized predicates. In DLs, minimizing or fixing
role names causes undecidability of reasoning, and con-
sequently only concept names may be minimized or fixed
(Bonatti, Lutz, and Wolter 2009). The traditional Al use
of circumscription is to introduce and minimize abnormal-
ity predicates such as AbnormalBird, which makes it pos-

sible to formulate defeasible implications such as ‘birds
fly, unless they are abnormal, which shouldn’t be assumed
unless there is a reason to do so’. Circumscription is
also closely related to the closure of predicates symbols
as studied for instance in (Lutz, Seylan, and Wolter 2013;
Ngo, Ortiz, and Simkus 2016; Lutz, Seylan, and Wolter
2019); in fact, this observation goes back to (Reiter 1977;
Lifschitz 1985). While DLs normally assume an open world
semantics and represent incomplete knowledge, such closed
predicates are interpreted under a closed world assump-
tion, reflecting the fact that complete knowledge is avail-
able regarding those predicates. Circumscription may then
be viewed as a soft form of closing concept names: there are
no other instances of a minimized concept name except the
explicitly asserted ones, unless we are forced to introduce (a
minimal set of) additional instances to avoid inconsistency.

A primary application of DLs is in ontology-mediated
querying, where an ontology is used to enrich data with
domain knowledge. Somewhat surprisingly, rather little
is known about ontology-mediated querying with DLs that
support circumscription. The most popular choice of queries
are conjunctive queries (CQs) and unions thereof (UCQs),
and to the best of our knowledge in this case not even de-
cidability is known. The aim of this paper is to close this
gap and study the decidability and precise complexity of
ontology-mediated querying for DLs with circumscription,
both w.r.t. combined complexity and data complexity. We
consider the expressive DL ALCHZQO, the tractable (with-
out circumscription) DL ££, and several members of the
DL-Lite family that has been tailored specifically towards
ontology-mediated querying. These may be viewed as logi-
cal cores of the profiles OWL 2 DL, OWL 2 EL, and OWL 2
QL of the OWL 2 ontology language (Motik et al. 2009).

One of our main results is that UCQ evaluation is decid-
able in all these DLs when circumscription is added. It is
2EXxP-complete in ALCHZO w.r.t. combined complexity,
and thus not harder than query evaluation without circum-
scription. W.r.t. data complexity, however, there is a signif-
icant increase from CONP- to ﬂg-completeness. For EL,
both combined and data complexity turns out to be iden-
tical to that of ALCHZO, which improves lower bounds
from (Bonatti, Faella, and Sauro 2011). All these lower
bounds already hold for CQs. Remarkably, the TT5 lower
bound for data complexity already holds when there is only



a single minimized concept name (and thus no preference
relation), and without fixed predicates. The complexities
for DL-Lite are lower, though still high. A summary can
be found in Table 1. Evaluation is ‘only’ CONP-complete
w.r.t. data complexity in all cases, except when also role dis-
jointness constraints are added (this case is not in the table).
The combined complexity remains at 2EXP when role inclu-
sions are present, and drops to CONEXP without them. The
lower bounds already apply to very basic positive versions of
DL-Lite that do not even provide concept disjointness con-
straints, and the upper bounds apply to expressive versions
that include all Boolean operators.

We also study evaluation of the basic yet important atomic
queries (AQs), conjunctive queries of the form A(z) with
A a concept name. Also here, we obtain a rather com-
plete picture of the complexity landscape. It is known
from (Bonatti, Lutz, and Wolter 2009) that AQ evaluation
in ACCHZO is CONEXPNP-complete w.r.t. combined com-
plexity. We show that the lower bound holds already for £L.
Moreover, our TT5-lower bound for the data complexity of
(U)CQ-evaluation in £L mentioned above only requires an
AQ, and thus AQ evaluation in both ALCHZO and EL are
TP -complete w.r.t. data complexity. For DL-Lite, the data
complexity drops to PTIME in all considered versions, and
the combined complexity ranges from CONEXP-complete
to TTE-complete depending on which Boolean operators are
admitted. A summary can be found in Table 2.

Proofs are in the appendix, see supplemental material.

Related Work. A foundational paper on description Log-
ics with circumscription is (Bonatti, Lutz, and Wolter 2009)
where concept satisfiability and knowledge base consistency
is studied in the ALCHZO family of DLs; these problems
are interreducible with AQ evaluation in polynomial time
(up to complementation). The same problems have been
considered in (Bonatti, Faella, and Sauro 2011) for ££ and
DL-Lite and in (Bonatti et al. 2015a) for DLs without the
finite model property, including a version of DL-Lite. The
recent (Bonatti 2021) is the only work we are aware of that
considers ontology-mediated querying in the context of cir-
cumscription. It provides lower bounds for ££ and DL-
Lite, which are both imnproved in the current paper, but no
decidability results / upper bounds. A relaxed version of
circumscription that admits lower complexity has recently
been studied in (Stefano, Ortiz, and Simkus 2022). We have
already mentioned connections to DLs with defeasible in-
clusions and typicality operators in the introduction, includ-
ing concrete references. A connection between circumscrip-
tion and the complexity class TT5 was first observed in (Eiter
and Gottlob 1993) and this complexity shows up in our data
complexity results. Our proofs, however, are quite different.

2 Preliminaries

Let N¢c, Ng, and N, be countably infinite sets of concept
names, role names, and individual names. An inverse role
takes the form r— with r a role name, and a role is a role
name or an inverse role. If » = s~ is an inverse role, then
r~ denotes s. An ALCZO concept C' is built according to
therule C,D :=T | A | {a} | -C | C 11 D | 3r.D where

A ranges over concept names, a over individual names, and
r over roles. A concept of the form {a} is called a nominal.
We write L as abbreviation for =T, C'U D for =(=C'M—D),
and Vr.C for —3r.—C. An ALCZ concept is a nominal-free
ALCTZO concept. An EL concept is an ALCT concept that
uses neither negation nor inverse roles.

An ALCHZO TBox is a finite set of concept inclusions
(CIs) C C D, where C, D are ALCZO concepts, and role
inclusions (RIs) r C s, where r, s are roles. In an £L TBox,
only £L concepts may be used in Cls, and Rls are disal-
lowed. An ABox is a finite set of concept assertions A(a)
and role assertions r(a,b) where A is a concept name, 7 a
role name, and a, b are individual names. We use ind(.A) to
denote the set of individual names used in .A. An ALCHZO
knowledge base (KB) takes the form K = (7, .A) with 7 an
ALCHZIO TBox and A an ABox. ALCHZ TBoxes and
KBs are defined analogously, but may not use nominals.

The semantics is defined as usual in terms of interpreta-
tions Z = (AZ,-T) with AZ the (non-empty) domain and -~
the interpretation function, we refer to (Baader et al. 2017)
for full details. An interpretation satisfies a CI C C D if
CT C D? and likewise for RIs. It satisfies an assertion
A(a) if a € AT and r(a, b) if (a,b) € rT; we thus make the
standard names assumption. An interpretation Z is a model
of a TBox T, written Z = T, if it satisfies all inclusions
in it. Models of ABoxes and KBs are defined likewise. For
an interpretation Z and A C AL weuse Z |a to denote the
restriction of Z to subdomain A.

A signature is a set of concept and role names referred to
as symbols. For any syntactic object O such as a TBox or an
ABox, we use sig(O) to denote the symbols used in O and
|O| to denote the size of O, meaning the encoding of O as a
word over a suitable alphabet.

We next introduce several more restricted DLs of the DL-
Lite family. A basic concept is of the form A or Ir.T. A
DL-LiteZ’ére TBox is a finite set that contains concept inclu-
sions C' C D and (concept) disjointness assertions C E =D
where in both cases C, D are basic concepts, as well as role
inclusions r C s with r, s roles. We drop superscript -* if no
role inclusions are admitted, use subscript -horn to indicate
that the concepts C, D in concept inclusions may be con-
junctions of basic concepts, and subscript ‘o0 to indicate
that C, D may be Boolean combinations of basic concepts,
that is, built from basic concepts using —, 1, L.

A circumscription pattern is a tuple CP = (<, M, F, V),
where < is a strict partial order on M called the preference
relation, and M, F and V are a partition of N¢c. The elements
of M, F and V are the minimized, fixed and varying con-
cept names. Role names always vary to avoid undecidability
(Bonatti, Lutz, and Wolter 2009). The preference relation <
on M induces a preference relation <cp on interpretations
by setting J <cp Z if the following conditions hold:

1. A = AZ,
2. forall A € F, AT = AT,

3. forall A € M with A7 ¢ AT, thereisa B € M, B < A,
such that BY ¢ BZ,

4. there exists an A € M such that A7 ¢ AT and for all
B e M, B < Aimplies BY = BT,



EL, ALCHIO DL-Lite’

core?

DL-Lite[?

DL-Litepoo DL-Litecore, DL-Litenorn

Combined complexity ~2Exp-c.(Thm-1.2)

Data complexity 5. (Thm- 3. 4)

2Exp-c. () (Thm-1.5)
CONP-¢.(Tm- 8.9

CcONExp-c.(f) (Thm.6.7)
CONP-c.(Tm-8.9

CONEXp-c.(Thm- 6. 13)
CONP-c.(Thm- 8.9

Table 1: Complexity of (U)CQ evaluation on circumscribed KBs.

A circumscribed KB (cKB) takes the form Circcp (K) where
K is a KB and CP a circumscription pattern. A model Z of
K is a model of Circcp(K), denoted Z |= Circcp(K), if no
J <cp T is amodel of K. A cKB Circcp(K) is satisfiable
if it has a model.

A conjunctive query (CQ) takes the form ¢(z) =
3y ¢(Z,y) where T and g are tuples of variables and ¢ is
a conjunction of atoms A(z) and r(z,2'), with A € N¢,
r € N, and z, 2z’ variables from zU¢. The variables in T are
the answer variables, and var(q) denotes Z U . We take the
liberty to view q as a set of atoms, writting e.g. « € ¢ to indi-
cate that « is an atom in g. We may also write 7~ (x,y) € ¢
in place of r(y, x) € q. A CQ ¢ gives rise to an interpreta-
tion Z, with AZs = var(q), AT« = {z | A(x) € ¢}, and
rfa = {(z,y) | r(z,y) € q} forall A € Nc and r € Ng. A
union of conjunctive queries (UCQ) q(Z) is a disjunction of
CQs that all have the same answer variables z. The arity of
q is the length of x and q is Boolean if it is of arity zero. An
atomic query (AQ) is a CQ of the simple form A(z), with A
a concept name.

With a homomorphism from a CQ ¢ to an interpretation Z,
we mean a homomorphism from Z, to Z (defined as usual).
A tuple d € (AZ)Zl is an answer to a UCQ ¢ on an in-
terpretation Z, written Z = ¢(d), if there is a homomor-
phism h from a CQ p in ¢ to Z with h(Z) = d. A tuple
a € ind(A) is an answer to a UCQ ¢ on a cKB Circcp(K)
with K = (T,.A), written Circcp(K) = q(a), if Z | q(a)
for all models Z of Circcp(K).

Example 1. Consider a database about universities. The
TBox contains domain knowledge such as

University C  Organization

Organization £ Public LI Private

Public™ Private T 1.

Circumscription can be used to express defeasible inclu-
sions. For example, from a European perspective, univer-
sities are usually public:

University T Public U Aby

where Aby is a fresh ‘abnormality’ concept name that is
minimized. If the ABox contains

University(leipzigu), University(mit), Private(mit)

and we pose the CQ q(x) = Organization(x) A Public(z),
then the answer is leipzigu.

We may also use circumscription to implement a soft
closed world assumption, similar in spirit to soft constraints
in constraint satisfaction. Assume that the ABox addition-
ally contains a database of nonprofit corporations:

NPC(greenpeace) NPC(wwf)

() indicates that UCQs are needed for lower bound.

and that this database is essentially complete, expressed by
minimizing NPC. If we also know that

IvyLeagueU C  JownedBy.(NPC M Rich)
DonationBased [ —Rich
DonationBased(greenpeace) DonationBased(wwf)
IvyLeagueU(harvard)

then we are forced to infer that our list of NPCs was not
actually complete as all explicitly known NPCs are not rich,
but a rich NPC must exist. A strict closed world assumption
would instead result in an inconsistency.

Let £ be a description logic such as ALCHZO or EL and
let Q be a query language such as UCQ, CQ, or AQ. With Q
evaluation on circumscribed £ KBs, we mean the problem
to decide, given an £ cKB Circcp(K) with K = (T, A),
a query ¢(Z) from Q, and a tuple a € ind(A)!#l, whether
Circcp(K) = ¢(@). When studying the combined complex-
ity of this problem, all of Circcp(K), ¢, and a are treated as
inputs. For data complexity, in contrast, we assume ¢, 7T,
and CP to be fixed and thus of constant size.

3 Between ALCHZO and £L

We study the complexity of query evaluation on circum-
scribed KBs for DLs between ALCHZO and £L. In fact,
we prove 2EXP-completeness in combined complexity and
¥ -completeness in data complexity for all these DLs.

3.1 Fundamental Observations

We start with some fundamental observations that underlie
the subsequent proofs, first observing a reduction from UCQ
evaluation on circumscribed ALCHZO KBs to UCQ evalu-
ation on circumscribed ALCHZ KBs. Note that a nominal
may be viewed as a (strictly) closed concept name with a sin-
gle instance. In fact, this reduction is a simple version of a
reduction from query evaluation with closed concept names
to query evaluation on cKBs in the proof of Theorem 2 be-
low.

Proposition 1. UCQ evaluation on circumscribed
ALCHIO KBs can be reduced in polynomial time to
UCQ evaluation on circumscribed ALCHZI KBs.

Proof. Let Circcp(K) be an ALCHIO cKB, with K =
(T, A), and let q(Z) be a UCQ. Let N be the set of indi-
vidual names a such that the nominal {a} is used in 7. In-
troduce fresh concept names A,, B, D, for every a € N.
We obtain 7" from 7 by replacing every a € N with A, and
adding the CI A,M-B, C D,, A’ from A by adding A,(a)



and B, (a) forevery a € N, and ¢’ from ¢ by adding the dis-
junct 3y D, (y) for every a € N.! Set K' = (7', A’). The
circumscription pattern CP’ is obtained from CP by mini-
mizing the concept names B, with higher preference than
any other concept name (and with no preferences between
them). We show in the appendix that Circcp (K) |= ¢(a) iff

Circepr (K') = ¢/(a) for all @ € ind(A)*!, O

We are thus left with ALCHZ KBs. We generally assume
that TBoxes are in normal form, meaning that every concept
inclusion in 7 has one of the following shapes:

TC A AC 3r.B Jr.BC A
AiNMAC A AC-B -BLC A

where A, A1, Ao, B range over N¢ and r ranges over roles.
The set of concept names in 7 is denoted N (7).

Lemma 1. Every ALCHZ TBox T can be transformed
in linear time into an ALCHT TBox T’ in normal form
such that for all cKBs Circcp(T, A), UCQs q(Z) that do
not use symbols from sig(T") \ sig(T), and a € ind(A)/?:
Circcp(T, A) E q(a) iff Circcp (T, A) = ¢(a).

Let Circcp(K) be a cKB with K = (T, A). A type for T is
a set of concept names ¢ C N¢(7) such that for some model
7T of Circcp(K) and d € A7,

t =tpr(d) = {A€Nc(T)|de A%}
The set of all types for T is denoted TP(7"). For an interpre-
tation Z and A C AZ, we set tp7(A) = {tp7(d) | d € A}
and write TP(Z) for tp7(A?). For a role r, we further write
t ~, t'if forall A, B € Nc:
e Bet'and T | 3Ir.B C Aimplies A € t and
* Betand T |=3r .BC Aimplies A € ¢'.

We next show how to identify a ‘core’ part of an interpre-
tation Z. These cores will play an important role in dealing
with circumscription in our upper bound proofs.

Definition 1. Let T be an interpretation. We use TPcore(Z)
to denote the set of all types t € TP(Z) such that

[{d € AT\ ind(A) | tpz(d) = t}| < [TP(T)]
and set TPe=(Z) = TP(Z) \ TPeore(Z) and
AcIore ={de A* | tpz(d) € TPeore(Z)}-

So the core consists of all elements whose types are real-
ized not too often, except possibly in the ABox. A good way
of thinking about cores is that if a model Z of X is minimal
w.r.t. <cp, then all instances of minimized concept names
are in the core. This is not strictly true, however, since we
may have A C B where A is T or fixed, and B is mini-
mized.

The following crucial lemma provides a sufficient condi-
tion for a model 7 of K to be minimal w.r.t. <cp. This
is relative to a model Z of /X that is known to be minimal
w.r.t. <cp and based on satisfying the same types as Z, both
inside and outside the core.

!Strictly speaking, we need to adjust 3y D, (y) so that it has
the same answer variables as the other CQs in ¢. This is easy by
addingto 7" aCI T C T for a fresh concept name 7' and extending
Jy Do (y) with atom T'(x) for every answer variable x.

Lemma 2 (Core Lemma). Let Z be a model of Circcp(K)
and let J be a model of KK with AL, C A7 If

core

1. tpz(d) = tp;(d) for all d € AL, and
2. tpy (AT \ AL,) = TPew(Z),

core

then J is a model of Circcp (KC).

We give a sketch of the proof of (the contrapositive of)
Lemma 2. Assume that 7 is not a model of Circcp (/). Then
there must be a model [’ of K with 7’ <cp J and to obtain
a contradiction it suffices to construct from J’ a model Z’ of
K with " <cp Z. Note that Z and J may have domains of
different size. The elements of AZ _ receive the same type
in Z' as in J'. Each non-core type ¢ is realized in Z very
often, meaning at least |TP(7)| many times. We consider
the set T of types in J' of those elements that had type ¢
in J. Since t is realized in Z very often, we have enough
room to realize in Z’ exactly the types from T among those
elements that had type ¢ in Z.

We next use the core lemma to show that if Circcp (KC) &
q(a) for any CQ ¢ and @ € ind(.A)!?!, then this is witnessed
by a countermodel Z that has a regular shape. Here and in
what follows, a countermodel is a model Z of Circcp(K)
with Z £ q(@). With regular shape, we mean that there is
a ‘base part’ that contains the ABox, the core of Z, as well
as some additional elements; all other parts of Z are tree-
shaped with their root in the base part, and potentially with
edges that go back to the core (but not to other parts of the
base!). We next make this precise.

Let Z be a model of Circcp(K). Set 2 = {rA | B C
Ir.A € T} and fix a function f that chooses, for every d €
AT andrA € Q with d € (Ir.A)%, an element f(d,7A) =
e € A7 such that (d,e) € rZ. Further choose, for every
t € TPere(Z), a representative e; € AT with tp(e;) = ¢.
We inductively define the set P of paths through I along
with a mapping h assigning to each p € P an element of AZ:

* each element d of the set
Agase = Ind(A) U AcIore
is apath in P and h(d) = d;
e if p € P with h(p) = d and rA € Q with f(d,rA)
defined and not from AZ _, then p’ = prA is a path in P

core?

and h(p') = f(d,rA).
For every role r, define
R, ={(a,b) | a,b € ind(A),K = r(a,b)}U
{(d,e) | dye € AL ., (d,e) € rT}U
{(p.p') | P =prA e P}u
{(p.€) | = F(h(p),r4) € AL},
Now the unraveling of T is defined by setting
AT =p AT = {peP|h(p) € AT}

= |J (Reu{(e.d) | (de) € Ry })

TlE=sCr

U{er |t € TP=w=(Z)}

for all concept names A and role names r. It is easy to verify
that h is a homomorphism from Z’ to Z. This version of
unraveling is inspired by constructions from (Maniere 2022)
where the resulting model is called an interlacing.



Lemma 3. Let ¢(T) be a UCQ and @ € ind(A). If T is
a countermodel against Circcp(K) = q(a), then so is its
unraveling T'.

For some of our upper bound proofs, it will be impor-
tant that the reference model Z in the core lemma is finite
and sufficiently small. The following lemma shows that any
reference model Z can be turned into a reference model J
with these properties. We construct the desired 7 by starting
from Z| 4uaz, and adding exactly m = |TP(7)| instances
of each type from TPzw(Z).

Lemma 4. Let Z be a model of Circcp(KC). There exists
a model J of Circcp(K) such that |A7| < |A| + 2271,
I‘AI = j|AEZre’ and TPm(I) = Tpm(j)

core

3.2 Combined complexity

We show that in any DL between £L£ and ALCHZO, the
evaluation of CQs and of UCQs on cKBs is 2EXP-complete
w.r.t. combined complexity, starting with the upper bound.

Theorem 1. UCQ evaluation on circumscribed ALCHIO
KBs is in 2EXP w.r.t. combined complexity.

By Proposition 1, it suffices to consider ALCHZ. Assume
that we are given as an input an ALCHZ cKB Circcp(K)
with K = (T, .A), a UCQ ¢(%), and a tuple @ € ind(A)/?!.
We have to decide whether or not there is a countermodel Z
against Circcp(K) = ¢(a).

Fix a set A of size |ind (A)|+227 1+ s.t.ind(A)UE C A,
where E = {e; | t € TP(T)}. Note that we may assume
the base domain Agase of unraveled interpretations to be a
subset of A. In an outer loop, our algorithm iterates over
all pairs (Zpase, Teore) such that the following conditions are
satisfied:

* Thase is a model of A with A% C A and Zpase = q(@);
we set Acore = Ao \ (ind(A) U E);

° thbase (Azbase \ Acore) = Teore;
* thbase (Acore) N Tm = (Z)

For each pair (Zpase, Tesre), we then check whether the fol-
lowing additional conditions are satisfied:

1. Tpase can be extended to a model Z of 7 such that

(@) I‘Azbase = Thase>
(b) tpz (AT \ Afe=) C Trore, and
(© I q(a):
2. there exists a model J of Circcp(K) such that
j N Ibase|Aw,,a and Tpm(j) = Tm'

We return ‘yes’ if the check fails for all pairs, and ‘no’ oth-
erwise.

If the checks succeed, then the model Z of X from Point 1
is a countermodel against Circcp(K) |= ¢(a). In particular,
we may apply Lemma 2, using the model 7 from Point 2
as the reference model, to show that Z is minimal w.r.t. <cp.
Conversely, any countermodel Zy against Circcp (K) = ¢(a)
can be unraveled into a countermodel Z from which we can
read off a pair (Zpase, Teore) in the obvious way, and then 7
witnesses Point 1 and choosing J = Z witnesses Point 2.

We next detail how Points 1 and 2 can be checked in
2EXxPp. Point 2 is simple: by Lemma 4, it suffices to con-
sider models 7 of size at most |A| 4+ 227! and thus we
can simply iterate over all candidate interpretations J up
to this size, then check whether J is a model of I with
Tas. = Thase|Any. and TPee(J) = Tsre, and then iter-

core

ate over all models J’ of K with A7 = A7 to check in a
brute-force way that 7 is minimal w.r.t. <cp.

For Point 1, we use a mosaic approach inspired by
(Maniere 2022), that is, we assemble the interpretation Z
from Point 1 by combining small pieces called mosaics. Fix
a pair (Zpase, Teore)- A match triple for an interpretation J
takes the form (p, p, h) such that p is a CQ in ¢, p C p, and
h is a partial map from var(p) to A7 that is a homomor-
phism from }'ﬂdom( p) 1o J . Intuitively, J is one of the pieces
from which we assemble Z and the triple (p, D, h) expresses
that a homomorphism from p to Z exists, with the variables
in dom(h) being mapped to the current piece J. A match
triple is called complete if p = p and incomplete otherwise.
A specification for J is a set S of match triples for 7 and
we call S saturated if the following conditions are satisfied:

e ifpisaCQin g, p C p, and h is a homomorphism from p
to J, then (p,p, h) € S;
o if (p,p,h), (p,p’,h') € S and h(x) = h'(zx) is defined
for all z € var(p) Nvar(p'), then (p,pUp’ ,hUMK) € S.
Definition 2. A mosaic for (Zpase, Teore) is a tuple M =
(T, S) where
e J is an interpretation such that
1. AZbase C AT - AZbase |y {6?,63},‘
2' \7|Azbase = Ibase;
3. tps(ef) € Teore if €] € A7, fori € {1,2};
4. J satisfiesall IrAC B € T andallr Cs e T.
e S is a saturated specification for J that contains only
incomplete match triples.
We use Jyy to refer to J and Sy to refer to S.

Let M be a set of mosaics for (Zpase, Tcore). We say that
M € M is good in M if for every e € AI™ and every
AC Ir.B e T withe € (AN —-3r.B)7™, we find a mosaic
M’ € M such that the following conditions are satisfied:

L. tps, (e) =tpg, , (€);
2. e € (3r.B)7w;

3. if (p,p,h') € Sy, then (p,p,h) € Suy where h is the
restriction of i/ to range AZb= U {e}.

If M is not good in M, then it is bad. We now start with the
set of all mosaics for (Zpase, Teore) and then repeatedly and
exhaustively eliminate bad mosaics.

Lemma 5. 7y, can be extended to a model T of T that
satisfies Conditions (a) to (c) iff at least one mosaic survives
the elimination process.

We provide a matching lower bound for Theorem 1. It
is rather strong in that it already applies to CQs, to £L
KBs, and uses a single minimized concept name (and con-
sequently no preferences) and no fixed concept names. It



is proved by a subtle reduction from CQ evaluation on £L£
KBs with closed concept names, that is, with KBs (7, .4)
enriched with a set 3 of close concept names A that in all
models Z, have to be interpreted as AZ = {a | A(a) € A}.
This problem was proved to be 2EXP-hard in (Ngo, Ortiz,
and Simkus 2016). The reduction also sheds some light on
the connection between circumscription and closing concept
names. In a sense, circumscription generalizes the latter, al-
though the reduction is not entirely straightforward.

Theorem 2. CQ evaluation on circumscribed EL KBs is
2EXP-hard w.rt. combined complexity. This holds even
with a single minimized concept name and no fixed concept
names.

3.3 Data complexity

We show that in any DL between ££ and ALCHZO, the
evaluation of CQs and of UCQs on cKBs is TT5-complete
w.r.t. data complexity. We start with the upper bound.

Theorem 3. UCQ evaluation on circumscribed ALCHZO
KBs is in TS w.r.t. data complexity.

We may again limit our attention to ALCHZ. To prove
Theorem 3, the main step is to show that if a countermodel
exists, then there is one of polynomial size with the size of
the TBox and query assumed to be a constant. Note that this
is not a consequence of Lemma 4 since there is no guaran-
tee that, if the model 7 from that lemma is a countermodel,
then so is J. Once the size bound is in place, we obtain
the TT5 upper bound by a straightforward guess-and-check
procedure.

Lemma 6. Let Circcp(K) be an ALCHI cKB, K = (T, A),
q(Z) a UCQ, and a € ind(A)1®I. If Circcp(K) W~ q(a), then
there exists a countermodel T with |AT| < (JA|+2/71) i

To prove Lemma 6, we start from the unraveling Z’ of
a countermodel Z and apply a quotient construction. Let
Circcp(K) be a cKB with K = (7,.4). We may view an
interpretation Z as an undirected graph

Gz = (AT, {{d,e} | (d,e) € r* for some r € NRr}).

Forn > 0and A C AZ, we use N22(d) to denote the
n-neighborhood of d in T up to A, that is, the set of all
elements e € A7 such that G contains a path dy, ..., d,
withdy = d, do,...,dp—1 ¢ A, and d,, = e.

Let Z be a model of Circcp(K) and Z’ the unraveling
of Z. We consider neighborhoods in 7’ and use A := A,

base*
Recall that the elements of AZ' are paths through Z, that
is, sequences p = dor1A; -+ 1A, with dg € AL, and

r;A; € Q; the length of p, denoted by |p|, is n. By definition
of T’ and of neighborhoods, for every d € AL.__ and n > 0,

base
there is a unique path pg,, € N /’A"I“e(d) that is a prefix of
all paths in VT 2% (), that is, all e € N %= (d)\ AL,
take the form pg 11 A1 - - - rp Ay,
We now define an equivalence relation ~,, on AT, for
every n > 0, by setting dy ~,, dy for dy,ds € AT if dy =
do € AL _ordy,dy ¢ AL, and the following conditions

" base base
are satisfied:

1. di = pg4, nw and dy = pg, ,w for some w € OF;

2. forevery w = r1 Ay ---rp A, € QF, either

I/ ’AIBSE I/ ’Azase
Pdy ,nW ¢ Nn b (dl) and Pdy,nW ¢ Ml ® (d2)
or the following conditions are satisfied:

(@) pa,.nw € Nf/’AbI”e(dl) and pg, nw € NnI/’AbI“e(dg);

(b) tpz: (Pa, nw) = tPz: (Pay,nw0);

©) (pa,mw,e) € L iff (pg, nw,e) € rZ for all roles r
and e € AL

base*

3. |d1]| = |dz2| mod 2|q| + 3.

We use d to denote the equivalence class w.r.t. ~lql

element d € AT'. The quotient T'/~|q)+1 of T’ is the inter-
pretation whose domain is the set of all equivalence classes
of ~|4/+1 and where

+1 of an

AL /Mg = {d|de AI/}
rf~a = {(de) | (de) er’'}

for all concept names A and role names r. It can be verified
that |AZ'/~1a1| < (JA| + 2ITHITI as desired.

Lemma 7. Let q(%) be a UCQ and @ € ind(A)*l. IfT
is a countermodel against Circcp(KC) = q(a), then so is
L' [~jgl+1-

To prove Lemma 7, it is routine work to show that
T'/~|ql+1 is amodel of K. Minimality w.r.t. <cp is proved
using Lemma 2. The most subtle part of the proof is show-
ing that 7' /~4 41 £ q(a@). This is done by using an as-
sumed homomorphism % from a CQ p in ¢ to Z'/~q 41
with h(Z) = @ to construct a homomorphism from p to Z
with the same property.

This finishes the proof of Lemma 6 and Theorem 3.

We next provide a matching lower bound for Theorem 3.
It already applies to AQs and to ££ KB and when there
is a single minimized concept name and no fixed concept
name. It is proved by a subtle reduction from the validity
of V33SAT sentences. Several non-obvious technical tricks
are needed to indeed make the reduction work with a sin-
gle minimized concept name. Our result improves upon a
known CONP lower bound from (Bonatti 2021).

Theorem 4. AQ evaluation on circumscribed EL KBs is T15-
hard. This holds even with a single minimized concept name
and no fixed concept names.

4 DL-Lite

We next consider the DL-Lite family of DLs. Without cir-
cumscription, these enjoy low complexity of query evalua-
tion, typically NP-complete in combined complexity and in
ACY in data complexity (depending on the dialect). With
circumscription, the complexity tends to be still very high,
though in some relevant cases it is lower than in ALCHZO.



4.1 Combined complexity

Our first result shows that, when role inclusions are admit-
ted, nothing is gained from transitioning from ALCHZO to
DL-Lite. The proof is a variation of that of Theorem 2, but
technically much simpler.

Theorem 5. UCQ evaluation on circumscribed DL-Litelt

KBs is 2EXP-hard w.r.t. combined complexity. This holds
even with a single minimized concept name, no fixed concept
names and no disjointness constraints.

We now move to DL-Litepoo as a very expressive DL-Lite
dialect without role inclusions and observe that the com-
bined complexity decreases.

Theorem 6. UCQ evaluation on circumscribed DL-Litepo
KBs is in CONEXP w.r.t. combined complexity.

To prove Theorem 6, we first observe that we can refine
the unraveling of countermodels Z from Section 3.1 such
that each element outside of the base part A%ase has at most
one successor per role. This property allows us to simplify
the notion of a neighborhood in the quotient construction in

Section 3.3. This, in turn, yields the following result.

Lemma 8. Let Circcp(K) be a DL-Liteyoo cKB with KK =
(T, A), ¢(Z) a UCQ, and @ € ind(A)I*|. If Circcp(K)
q(@), then there exists a countermodel T with |AT| < (| A+
2\7_|)|<1|2(|7—\+1).

Lemma 8 yields a CONEXP™ upper bound by a straight-
forward guess-and-check procedure: guess a model Z of /C
with Z £ g(a) and |AZ| bounded as in Lemma 8, and then
use the oracle to check that 7 is minimal w.r.t. <cp. More
precisely, the oracle decides, given a cKB Circcp(K) and a
model Z of Circcp(K), whether Z is non-minimal w.r.t. <cp
by guessing a model 7 <cp Z of K; c.f. (Bonatti, Lutz, and
Wolter 2009).

To arrive at a CONEXP upper bound as desired, we
need to replace the oracle with a more efficient method
to check whether a given model Z of K is minimal w.r.t.
<cp. The crucial observation is that instead of guessing a
model J <cp Z of I, it suffices to consider certain inter-
pretations Z’ of polynomial size, which essentially are sub-
interpretations of Z, and guess models J' <cp Z’ of K.
Intuitively, we replace an expensive ‘global’ test by expo-
nentially many inexpensive ‘local’ tests. This even holds in
the presence of role inclusions, that is, in DL-Lite]? ;, which
shall be useful in Section 5.

Let Circcp(K) be a DL-Litet | cKB with K = (T, A)
and 7 a model of K. For each role r used in 7 such that
rZ # (), we choose a witness w,. € (Ir~)%. Every P C AT
gives rise to an interpretation Zp as follows:

ATP =P Uind(A) U {w, | 7 used in T, % # 0}
ATP = AT AP
7 =7 N (ind(A) x ind(A))
U{(e,ws) |ee 3s) I NATP, T =sCr}
U{(ws,e) |e€ 3s)INATP T EsCr ).

The interpretations Zp are the sub-interpretations of Z men-
tioned above. Note, however, that they are not truly sub-
interpretations on Z since some r-edges have been rerouted
to w,. Also note that [Zp| < |A| + |T] + [P|. It is not
difficult to show that Zp is a model of K, for all P C AZ.
The next lemma characterizes the (non)-minimality of Z in
terms of the (non)-minimality of the interpretations Zp.

Lemma 9. The following are equivalent:

1. There exists a model T of K with J <cp Z;

2. There exist P C AT with |P| < 2|T| + 1 and a family
(Je)eenz of models of K such that J. <cp Lpuge} and
Telazp = Ter|azp forall e, e’ € AT,

It should now be clear that we have established Theo-
rem 5. After guessing the model Z of K with Z }= ¢(a),
we check the complement of Point 2 of Lemma 9 in a brute-
force way. More precisely, we use several nested loops: first
iterate over all P C AZ with |P| < 2|7 + 1, then over all
interpretations 7y with A7 = AZ7 then over all e € AZ,
and finally over all models 7, of K with J.|azr = Jo|azr
and test whether J. <cp Zpu(c}. We accept if for every P
and 7, there is an e such that for all 7, the final check fails.
Overall, we obtain a CONEXP algorithm.

We provide a matching lower bound that holds even for
DL-Litecyre cKBs. It is proved by reduction from the com-
plement of Succinct3COL, which is known to be NEXP-
complete (Papadimitriou and Yannakakis 1986).

Theorem 7. UCQ answering on circumscribed DL-Litecore
KBs is CONEXP-hard w.r.t. combined complexity. This holds
even with a single minimized concept name, no fixed concept
names and no disjointness constraints.

When DL-Lite.y. is replaced with DL-Litepool, then it
suffices to use AQs in place of UCQs, see Theorem 13 be-
low.

4.2 Data complexity

We now consider data complexity, where the landscape is
less diverse. Indeed, we obtain CONP-completeteness for
all DLs between DL-LiteZ)'éd and DL-Lite.ye, and both for
UCQs and CQs.

Theorem 8. UCQ evaluation on circumscribed DL-Litel!
KBs is in CONP w.r.t. data complexity.

To prove Theorem 8, we again guess a model Z of IC with
T W q(a) and |AZ| bounded as in Theorem 8, and then
verify that 7 is minimal w.r.t. <cp. For the latter, we in-
troduce a variation of Lemma 9. The original version of
Lemma 9 is not helpful because its Point 2 involves decid-
ing whether, given an interpretation Zp (.}, there is a model
Je <cp Ipu(ey of KC, and there is no reason to believe that
this can be done in polynomial time in data complexity. We
actually conjecture this problem to be CONP-complete. The
problem stems from the fact that Zpy(., contains all indi-
viduals from A and so, intuitively, we have to define the
sub-interpretations Zp so that their size is independent of
that of the ABox.

Let Circcp(K) be a DL-Litet | cKB with K = (T, A)
and Z a model of L. We assume 7 to be in normal form.



For an element e € AT, we define its ABox type to be
tpale) ={A] A€ Nc,K [ Ale)}.
Note that tp 4(e) actually needs not be a proper type as
defined in Section 3 due to the presence of disjunction in
DL-Litel! . If e ¢ ind(A), which is permitted, then tp 4(e)
is simply the set of all concepts names A with L = T C A.
For each pair (t1, t2) such that tp 4 (e) = t1 and tp;(e) =
ty for some e € AZ, we choose such an element e;, ¢,; we
use F to denote the set of all elements chosen in this way.
For each role r used in 7 such that rZ # (), we choose an
element w, € (Ir~)L. Now define, for every P C AZ, the
interpretation Zp as follows:

AP = PUEU{w, | rusedin T,r% # 0}

ATP = AT N ATP

P = {(e,w,) | e € 3s)T N AT, T =sCr}

U{(wse) |e€ @s)T N AT T s Cr)
Note that |Zp| < 4/71 4 |T| + |P|. We also define an ABox
Ap = {A(a) | a € ind(A)N AT A€ tp4(a)}

and set Kp = (T, Ap). The ABoxes Ap will act as a de-
composition of the ABox A, in a similar way in which the
interpretations Zp acted as a decomposition of the interpre-
tation Z in the previous section. Note that (J, Ap does not
contain role assertions. This is compensated by the use of
tp_4(a) in the definition of Ap and the fact that, since 7 is
in normal form, all endpoints of role assertions are ‘visible’
in the ABox types. It notably contrasts with the £L case,
in which forgetting role assertions could result in axioms
dr.B C A to be left unsatisfied (this constraint underlies the

proof of Theorem 4).

The following is the announced variation of Lemma 9.

Lemma 10. The following are equivalent:
1. T ’: CiI’CCP(IC),’
2. Ip |= Circep(Kp) for all P € AT with |P| < 2|T| + 1.

In the “1 = 2” direction we use the witnesses e;, 4, to
extend a potential model 7' <cp Zp of Circcp(Kp) to a
model J <cp Z of I, obtaining a contradiction. In the
“2 = 1” direction, for a potential model 7 <cp Z of K, we
can find a P with |P| < 2|7 + 1 so that we can construct
from J amodel 7' <cp Zp of Circcp(Kp).

To establish Theorem 8, it thus suffices to argue that
checking Point 2 of Lemma 10 can be implemented in time
polynomial in |.4|. We iterate over all (polynomially many)
sets P and check whether Zp = Circcp(Kp) in a brute
force way. More precisely, we iterate over all models 7 of
Kp with A7 = AT (of which there are only polynomially
many, thanks to the modified definition of A7), and make
sure that J <cp Zp for any such J. Overall, we clearly
obtain a CONP algorithm.

The cONP upper bound turns out to be to be tight, even
for DL-Lite.oe cKBs and CQs, and with very restricted cir-
cumscription patterns. We reduce from 3-colorability.
Theorem 9. CQ evaluation on circumscribed DL-Lite o
KBs is CONP-hard w.r.t. data complexity. This holds even
with a single minimized concept name, no fixed concept
names, and no disjointness constraints.

5 Atomic Queries

We study the evaluation of atomic queries on circumscribed
KBs, which is closely related to concept satisfiability w.r.t.
such KBs. In fact, the two problems are mutually re-
ducible in polynomial time. Our results from this sec-
tion, summarized in Table 2, can thus also be viewed as
completing the complexity landscape for concept satisfi-
ability, first studied in (Bonatti, Lutz, and Wolter 2006;
Bonatti, Faella, and Sauro 2011).

5.1 Between ALCHIO and £L

Concept satisfiability w.r.t. circumscribed ALCZO KBs was
proved to be CONEXP™F-complete in (Bonatti, Lutz, and
Wolter 2009). The proof of the upper bound can easily be
extended to cover also role inclusions. We thus obtain:

Theorem 10. (Bonatti, Lutz, and Wolter 2009) AQ eval-
uation on circumscribed ALCHIO KBs is in CONExpNP
w.r.t. combined complexity.

An alternative way to obtain Theorem 10 for ALCHT is
to use Lemma 6, which yields the existence of single expo-
nentially large countermodels in the special case where the
query g is of constant size (here |q| = 1), and a straightfor-
ward guess-and check procedure as sketched in Section 4.1.
This can be lifted to ALCHZO by a variation of (the proof
of) Proposition 1 that tailors to AQs.

We next prove a matching lower bound for ££, improving
on an EXP lower bound from (Bonatti, Faella, and Sauro
2011).

Theorem 11. AQ evaluation on circumscribed £L KBs is
CONEXPNP-hard w.rt. combined complexity. This holds
even without fixed concept names and with an empty pref-
erence order.

This is proved by a reduction from AQ evaluation on
ALC cKBs, which is known to be CONExPNF-hard (Bon-
atti, Lutz, and Wolter 2009).

Regarding data complexity, it suffices to recall that Theo-
rem 4 applies even to AQs and £L cKBs.

5.2 DL-Lite

Recall that in Section 4.1, we have proved that UCQ evalu-
ation over DL-Litepo, cKBs is in CONEXP w.r.t. combined
complexity. We actually started with a guess-and-check pro-
cedure that only gives a CONEXPN? upper bound, relying on
countermodels of single exponential size as per Lemma 8,
and then improve to CONEXP using Lemma 9. Here, we
use exactly the same algorithm. The only difference in the
correctness proof is that Lemma 8 is replaced with Lemma 6
since the former does not support role inclusions while the
latter delivers a single exponential upper bound for queries
of constant size.

Theorem 12. AQ evaluation on circumscribed DL-Litel*
KBs is in CONEXP w.r.t. combined complexity.

We match this upper bound even in absence of role inclu-
sions, which notably demonstrate that evaluating AQs and
UCQs over DL-Liteoo cKBs is equally difficult.



EL, ALCHTIO

Combined complexity CONEXpPNF-c.(f) (Thm-10,11)
TR -c.(Thm. 3.4

DL-Litepoo1, DL-Lite[?

CONEXxp-c.(Thm- 12, 13)
in PTIME (Thm- 15)

DL-Litecore, DL-Lite]?
TTB-c.(¥) (Thm. 14)

in PTIMEg (Thm- 15)

Data complexity

Table 2: Complexity of AQ evaluation on circumscribed KBs. M. completeness already known for ALC(ZO). () hardness already known.

Theorem 13. AQ evaluation on circumscribed DL-Litepo
KBs is CONEXP-hard w.r.t. combined complexity.

The proof is by reduction from the complement of the
NExP-complete Succinct-3COL problem and relies on fixed
concept names.

The situation is more favorable if we restrict our attention
to DL-Litef,f,m cKBs, which is still a very expressive dialect
of the DL-Lite family. For DL—Litef,'ém, we prove that if
there is a countermodel, then there is one of linear size, in
drastic contrast to the DL-Lite,oo case where the proof of
Theorem 13 shows that exponentially large countermodels
cannot be avoided.

Theorem 14. AQ evaluation on circumscribed DL-Litelt,
KBs is in TT5 w.r.t. combined complexity.

A matching lower bound for DL-Lite.,,e cKBs can be
found in (Bonatti, Faella, and Sauro 2011).

We now move to data complexity, where we obtain
tractability even for the maximally expressive DL-Lite[t
dialect of DL-Lite.

Theorem 15. AQ evaluation on circumscribed DL-Litelt
KBs is in PTIME w.r.t. data complexity.

We sketch the proof of Theorem 15. Let Circcp(K) be
a DL-Lite}! ; cKB with K = (7,.A), Ag(z) an AQ, and
ap € Ind(A). We construct an ABox A’ whose size is inde-
pendent of that of A and which can replace .4 when deciding
whether ag is an answer to Ag. The construction of A’ may
be viewed as a variation of the constructions that we have
used in the proofs of Theorems 6 and 8 to avoid an NP or-
acle. In particular, it reuses the notion of ABox types from
the latter. The construction employed here is also different,
however, as it works directly with ABoxes rather than with
countermodels.

Let TP(A) denote the set of all ABox types ¢ realized
in A, that s, all ¢ such that tp 4(a) = ¢ for some a € Ind(A).
For every t € TP(A), set

my = min(|{a € ind(A) | tp4(a) = t}], 471 +1)

and choose m; individuals a; 1, ...,am, € ind(A) such
that tp 4(a;;) = t for 1 < ¢ < m,. We assume that the
individual ag of interest is among the chosen ones. Now
define a set of witnesses and an ABox

W = {Cl,t,i | te TP(.A), 1< < mt}
A" = {Aa) |ae W, A e tpy(a)},

and set K’ = (7,.A’). Note that |ind(A")| < 2!71(4I71 +1),
which is independent of the original ABox 4. Also note
that, just like the ABoxes Ap from the proof of Theorem 8,
A’ no longer contains role assertions. Keeping in W at least

41T 4 1 copies of each ABox type ¢ (if existent) ensures
that in any model Z’ of K’, we can find a type ¢’ such that
the combination of an ABox type and a regular type (¢, ")
is realized at least 27! many times in Z’ among individuals
from W. This allows us to extend Z’ into a model of XC while
preserving <cp-minimality. The key observation is now as
follows:

Lemma 11. CiI’CCP(’C) ): Ao(ao)lﬁCCil’Ccp(K/) |: Ao(a()).

Lemma 11 now easily gives PTIME membership as the
size of A’ is bounded by a constant. We compute K’ in
polynomial time and check whether Circcp(K') = Ao(ap),
which is can be decided in 2EXP by Theorem 1, that is, in
constant time w.r.t. data complexity. The correctness of this
procedure immediately follows from Lemma 11.

5.3 Negative role inclusions

DL-Lite is often defined to additionally include negative role
inclusions of the form r C —s, with the obvious semantics.
It is known that these sometimes lead to an increase in com-
putational complexity, see for example (Maniere 2022). We
close with observing that this is also the case for circum-
scription. While querying circumscribed DL-Lite KBs (in
all considered dialects) is CONP-complete w.r.t. data com-
plexity for (U)CQs and in PTIME for AQs, adding negative
role inclusions result in a jump back to TT5. We prove this
by reduction from V33SAT. Some ideas are shared with the
proof of Theorem 4, but the general strategy of the reduction
is a different one.

Theorem 16. AQ evaluation on circumscribed DL-Litez'ére

KBs with negative role inclusions is T15-hard. This holds
even without fixed concept names and with a single negative
role inclusion.

6 Conclusion

While we provide a fairly complete picture of the complex-
ity of query evaluation on circumscribed KBs, some cases
remain open. For example, the lower bounds for UCQ eval-
uation on DL-Lite cKBs given in Theorems 5 and 7 cannot
be improved in an obvious way to CQs, for which the com-
plexity remains open. Also, the lower bounds provided in
Theorems 13, 16 and the rr'; one from (Bonatti, Faella, and
Sauro 2011) rely on the preference relation in circumscrip-
tion patterns and it remains open whether the complexity de-
creases when the preference relation is forced to be empty.
Finally, it would be interesting to study query evaluation un-
der ontologies that are sets of existential rules or formulated
in the guarded (negation) fragment of first-order logic, ex-
tended with circumscription. We believe that these problems
are still decidable.
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A Proofs for Section 3.1

To complete the proof of Proposition 1, it suffices to show
the following.

Lemma 12. Circcp(K) E ¢(a) iff Circcp (K') = ¢'(a) for
alla € ind(A).

Proof. First assume that Circcp(K) [~ q(@). Then there is
a model Z of Circcp(K) such that Z [~ g(a). Let Z' be
defined like Z except that A = BZ' = {a} and DT = ()
for all @ € N. It is readily checked that 7’ is a model of
Circcp/ (K') and that 7' [~ ¢/ (a).

Now assume that Circcp (K') & ¢/(@). Then there is a
model Z' of Circcpr (K') with T |~ ¢'(a). Since 7' is a
model of A’, we have a € Bf/ for all a € N. More-
over, if {a} C BZ', then we can find a model J' of
Circepr (K') with J' <cpr T’ by setting BY" = {a} and
D7’ = AT\ {a}. This contradicts the minimality of 7,
and consequently we must have B = {a}. But then also
AT = {a} since A(a) € A, A, M=B, £ D, € T, and
the disjunct 3y D, (y) is not satisfied in Z’. It can be verified
that, consequently, Z' is also a model of Circcp(K) and we
are done.

Lemma 1. Every ALCHZ TBox T can be transformed
in linear time into an ALCHI TBox T’ in normal form
such that for all cKBs Circcp(T, A), UCQs q(Z) that do
not use symbols from sig(T") \ sig(T), and a € ind(A)/?:
Circcp(T, A) E q(@) iff Circep(T', A) = ¢(a).

We omit a proof of the above lemma, which is entirely
standard. The same normal form was used for ALCHZ, e.g.
in (Maniere 2022).

Lemma 2 (Core Lemma). Let Z be a model of Circcp(K)
and let J be a model of KK with AL, . C AT If

core

1. tp(d) =tp;(d) foralld € AL, and
2. tp7 (AT \ AL,.) = TPer(Z),

core

then J is a model of Circcp(KC).

Proof. Assume to the contrary that 7 is not a model of
Circcp(K). As J is a model of K by prerequisite, there
is thus a model J’ of K with J’ <cp J. To derive a contra-
diction, we construct a model Z’ of K with AZ" = AZ and
show that 7/ <cp Z. For each type t € TPgw=(Z), let

Dy = {de AT \ind(A) |tp(d) =t}

S, = {tps(d)|de A7 :tp,(d) =t}
We have
* |D¢| > |TP(T)| by definition of TPese(Z) and
* |S¢| < |TP(T)], by definition of S;.

Moreover, the ‘D’ direction of Point 2 implies S; # 0. We
can thus find a surjective function 7, : Dy — S;.

Let 7 be the function that is obtained as the union of the
(domain disjoint) functions 7, for all t € TPewr(Z). By

definition of 7 and of AL, the domain of 7 is

AT\ (AL, Uind(A)).

core

Now consider the range of 7. By Point 1 and the ‘C’ di-
rection of Point 2, tp;(d) € TPerw(Z) iff d ¢ AZL,.. By
definition, the range of 7 is thus

{tps(d) | d € A7\ AL},

core

Extend 7 to domain A% by setting m(d) = tp_(d) for
alld € AL _Uind(A). It is easy to see that now, 7 is a

core
surjective function from AZ to TP(J’). We construct an

interpretation Z' as follows:

AL — AZ

AT ={de AT | Acn(d)}

17 ={(d,e) € AT x AT | w(d) ~, m(e)}
for all concept names A and role names r. Notice that
tpz (d) = w(d), hence TP(Z') C TP(J’). We first show

that Z’ is a model of X by considering each possible shape
of assertions and inclusion (recall that 7 is in normal form):

e A(a). Since J' is a model of K, we have a € AT
hence A € tp (a). By definition of 7, we have 7(a) =
tp s/ (a), hence A € 7(a). The definition of AT yields
ae AT,

s r(a,b). Since J' is a model of K, we have (a,b) € r7

hence tp 7, (a) ~, tp (b). By definition of 7, we have

m(a) = tps (a) and w(b) = tp,(b). The definition of

T yields (a,b) € rT .

Satisfaction of CIs of shape T C A, Ay MA; C A ALC

—B and =B C A immediately follows from TP(Z") C

TP(J') and J’ being a model of T

« AC 3r.B. Letd € AT Then A € n(d). Since n(d) €
TP(J'), there exists &' € A7’ such that tp s (d') =
m(d). Since J' is a model of T, there exists e’ € BJ'
such that (d',¢’) € 7. In particular, B € tp(¢)
and tp 7/ (d’) ~, tp(e'). It follows from 7 being sur-

’
bl

jective that there exists e € AT with 7(e) = tps:(e').
Then e € BY and (d,e) € rZ" by definition of Z’, hence
de (3r.B)Y.

« 3B C A. Letd € (3r.B)T. Then there exists e €
BT’ such that (d,e) € rZ'. By definition of X', we have
7(d) ~», m(e). Since B € tpz/(e) = 7(e) and Ir.B C
A, the definition of ~,. yields A € 7(d) = tpz/(d). Thus
de AT,

«r C s Let (de) € T Then m(d) ~, =(e). Since
T |= r C s, itis immediate that w(d) ~~ 7(e). Therefore
the definition of s yields (d, ) € s7 .

It remains to show that 7/ <cp Z. We make use of the
following claim.

Claim 1. AT o AZ iff AT "o A7, for each concept name
Aand ® € {C,D}.

Let A be a concept name. We prove the claim for © = C
only; for ©® = D, the arguments are similar.



“=” Let AT C AT and d € A7’; we need to
show that d € A7. First assume that d € AZ .. Then
tpr(d) = tp(d) and tpy (d) = tp(d). So AT C AT
clearly implies d € A7, as required. Now assume that
d ¢ AL, Lett = tp;(d). Then tp, (d) € S, and
consequently we find a d' € D; with 7(d") = tp (d).
This implies tpz/(d') = tp;/(d). Since d’ € Dy, we have
tpr(d) = t = tps(d). So again, AT C AT implies
d € A7, as required.

“e” Let A7 C A7 and d € AT'; we need to show d €
AZ. First assume that d € AZ .. Then tp(d) = tp;(d)
and tpz/(d) = tp(d). So A7 C A7 clearly implies
d € AT, as required. Now assume that d ¢ AZ _ and let
t'" = tpy(d). By definition of Z’, we have t' = 7(d). By
definition of 7, there is a t € TPese(Z) such thatt’ = m(d).
Then d € D, and t’ € S;. The former yields tpz(d) = ¢ and
due to the latter, there is a d’ such that tp ;(d) =t = tpz(d)
and tp 7/(d) = t' = tpz/(d). So again, A7 C A7 implies
d € AL, as required.

It is easy to see that since Z' <cp Z, the claim implies
J’' <cp J. We have derived a contradiction and conclude
that 7 is a model of Circcp(K), as desired. O

Lemma 3. Let ¢(T) be a UCQ and @ € ind(A). If T is
a countermodel against Circcp(K) = q(a), then so is its
unraveling T'.

Proof. Let T be a countermodel against Circcp(K) = ¢(a).
It is clear that 7 [~ g[a] since any homomorphism g from
q to 7' with g(Z) = @ could be composed with the homo-
morphism A from Z’ to Z to show that Z |= g[a]. It is also
straightforward to verify that

(*) tpg(d) = tpz(h(d)) forall d € AT

Using this and the definition of role extensions in Z’, it can
be verified that Z’ is a model of K. Let us consider each
possible shape of assertions and axioms in our normal form:

* Assertions from A4 are clearly satisfied as Z is a model of
Aand I’ preserves Z| oz _ (recall ind(A) C Ap,,).

base
« Satisfaction of CIs with shape T © A, A; M Ay C A,
A C —Band =B C A follows from remark (x) on types.
« AC 3r.B. Letd € AT’ Thus h(d) € AZ, and since Z
models K, d = f(h(d),r.B) is defined. If d € AZ
then definition of 7' yields (d,d’) € +* and d’ € BT .
Otherwise, dr.B is a path through Z and by definition of
7’ we have in this case (d, dr.B) € % and dr.B € BY'.

In both cases, d € (3r.B)T .

« 3B C A. Letd € (3r.B)T. That is, there exists e €
BT’ such that (d,e) € rZ. Therefore h(e) € BT and
(h(d), h(e)) € %, ie h(d) € (3r.B)L. From T being a
model of K, it follows h(d) € AT, thus d € AT .

* Axioms with shape r C s are clearly satisfied from the
definition of s%'.

It remains to prove that Z’ is minimal w.r.t. <cp. We use
Lemma 2 with Z as reference model, and it suffices to show
that the preconditions of that lemma are satisfied. Clearly,
AL, C AT'. Moreover, (%) and the fact that h(d) = d
for all d € AZ _ implies that Condition 1 of Lemma 2 is
satisfied. We next verify that Condition 2 is also satisfied.
Firstlet d € A7 \ AL, .. We have to show that tp_;(d) €

TPeswe(Z). If d € AL, then h(d) = d. From d ¢ AZ .,

we get tpz(d) € TPE(I) and it remains to apply (). If
d ¢ AL, then h(d) ¢ AL, and again we may use (x).
Conversely, let t € TPgw=(Z). We have to show that there
isad € AT\ AL, with tp;(d) = t. But that d is e, since

core

h(e:) = e; and by (x). O

Lemma 4. Let T be a model of Circcp(K). There exists
a model J of Circcp(K) such that |A7| < |A] + 2271,
I|AI = j|AEZre’ Cll’ld TPM(I) = Tpm(j)

core

Proof. Let K = (T,.A) and let Z be a model of Circcp(KC).
Assume that t; ¢ AZ, for every t € TPzr(Z) and 1 <4 <
m. Define J by setting

A7 =ind(A) UAL, U{ti |t € TPe=(Z),1 <i < m}

AT =(ATNATY Ut | Aet,1 <i<m}

r7 =T N (AT x A7) (i)
U{(e,t;) | e € AT tpz(e) ~p t,1 < i <m} (i)
U{(ti,e) | e € ATt~y tpr(e), 1 < i < m} (iii)

U{(ti,t)) [t~ t',1 <5 <m} (iv)
for all concept names A and role names r. It is easy to see
that tp 7 (e) = tpz(e) foralle € AT N AT and tp,(t;) =t
forall t € TP(7) and 1 < i < m. This implies that
Ziaz, = Jag, and TPer(Z) = TPew(J) as desired.
It also implies that Conditions 1 and 2 from Lemma 2 are
satisfied. To show that J is a model of Circcp(K), it thus
suffices to show that 7 is a model of K. It is clear by con-
struction that 7 is a model of A. For 7T, we consider all
different forms of axioms:

« Satisfaction of CIs of the formT C A, A;MA; C AL AC
—B and =B C A immediately follows from TP(J) C
TP(Z) and Z being a model of 7. We distinguish two
cases:

« AC Ir.B.Letd € A7,

— If d € AZ, then we have d € AZ. Since 7 is a model
of T, there exists e € BZ such that (d,e) € rZ. If
e € AZ, then (d,e) € r7 due to Case (i) in the def-
inition of 77. Otherwise ¢ := tpz(e) € TPer(Z).
In particular, B € ¢ and tp;(d) ~», t. Therefore
t; € BY and (d,t1) € 7 due to Case (ii), proving
d e (3Ir.B)7.

- Ifd ¢ A%, thend = t; for some t € TPzre(Z) and 1 <
i < m. By definition of TPzw=(Z), there exists d’ €
AT st tpz(d') =t = tp;(d). Fromd € A7, we get
A € t. Therefore d’ € AZ, and since 7 is a model of T,
there exists e € BT such that (d’, €) € rZ. In particular,
B € tpr(e)andt ~, tpr(e). Ife € A7 thene € BY



and Case (iii) in the definition of 77 ensures (d,e) €
r7, which gives d € (Ir.B)7. Ife ¢ A7, thent' =
tpz(e) € TPwr(Z). Let ¢’ = ¢/ for some j with 1 <
j < m. Case (iv) in the definition of 7 yields (d, ¢’) €
7, which again gives d € (3r.B)7.

* 3r.B C A. Letd € (3r.B)7. Then there exists ¢ € BY
such that (d,e) € r7. From each case in definition of
r7, we easily get tp;(d) ~+, tp,(e). Since e € B
we have in particular B € tp ;(e). Combined with 7 |=
Jr.B C A and the definition of tp ;(d) ~, tp(e), we
obtain A € tp ;(d), thatis d € A7.

e r C s Let (de) € r7. If this is due to Case (i) in
the definition of 7, then (d, e) € s7 since Z is a model
of 7. For all other three cases, it suffices to note that, due
tor C s € T, t; ~, ty implies t; ~>4 to for all types
t1,to.

Finally, we remark that the size of A7 is bounded by
lind(A)| + |ALe| + m - |TPesre(Z)|. From |AL, | < m -
|TPcore(Z)] and [TPcore(Z)| + | TPeore(Z)| = |TP(Z)] < m
we obtain |AT| < [A] + m?. Recallingm = |TP(T)| <

O

2171, we obtain |A7 | < | A| 4 227! as required.

B Proofs for Section 3.2

Lemma 5. 7y, can be extended to a model T of T that
satisfies Conditions (a) to (c) iff at least one mosaic survives
the elimination process.

To prove the “<” direction of Lemma 5, assume we are
given a good mosaic My. We aim to extend [Jys,, hence
Thase, into a model Z of 7T that satisfies Conditions (a) to (c).
For each good mosaic M, each e € (A M —3r.B)7™ for
some A such that A C 3r.B € T, we choose a good mosaic
M’ such that:

L. tps, (e) =tpy , (€);
2. e € (3r.B)Iw,;

3. if (p,p,h) € Su, then (p,p, k') € Sy where b/ is the
restriction of h to range AZv U {e}.

We denote chRf]Be this chosen M’. Then, starting from My,
we build a tree-shaped set of words which witnesses the ac-
ceptance of M.

Definition 3. The mosaic tree MJ is the smallest set of
words such that:

° (M()7®,®) € M0+,

* Ifw ' (Ma - 7) € MJ— and e € (A M _ElT.B)JM f()r
some A such that A T Ir.B € T, then w - (M, _,_) -
(chRﬁ,r.B,e) € M{.

It remains to ‘glue’ together the interpretations [Jps ac-
cording to the structure of M;". Since a mosaic M
may occur more than once, we create a copy of Jjs for
each node in M of the form w - (M,_, ). We do
not duplicate however elements from Z,.,s as they pre-
cisely are those we want to reuse. Hence only the two
special elements e] and e5 may be duplicated. When

a node w - (My,r1.By1,e1) - (Ma,79.Ba,€2) is encoun-
tered, we merge element es from M, with the already-
existing ey from Mj, which is indicated with a superscript
w - (My,71.B1,e1) as follows egu'(Ml’”‘Bl’el). Other ele-
ments from A7M> \ AZes are considered freshly introduced
by this node, which is indicated with a matching superscript,
that is: e (M1.r1-Br.e1)(M2,72.B2,¢2) Formally, the copying
and merging of elements is achieved by the following dupli-
cating functions, defined for each w - (M, r.B,e) € M.

Moty : AT = Ao U (€], () 1B}

d if d € AT
ds { av ifd=e¢ AT
dw-(M.r-B.e)  otherwise

The desired model Z can then be defined as:

- U

w-(M,r.B,e)€ M

/\w-(Mﬂ‘.B,e) (\71\/1)7

that is the domain (resp. the interpretation of each con-
cept name and each role name) of Z is the union across all
w - (M,r.B,e) € M of the image by Aw.(M,r.B,e) Of the
domain (resp. the interpretation of each concept name and
each role name) of 7.

By definition, each A,,.(az,r. B,¢) is @ homomorphism from
Jur to Z. Due to Condition 1 in the definition of good mo-
saics, if the range of two duplicating functions overlap, then
the common element satisfies the same concepts, so concept
membership in 7 transfers back to J;. More formally:

Lemma 13. For all w - (M,r.B,e) € My, all d € AI™
and all A € Ng, if \y.(a1,r.B,e)(d) € AT thend € AIM,

Proof. Letu; = wy-(Mi,r1.B1,e1) € My be anode from
the mosaic tree, d; an element from A1 and A a concept
name. Assume Ay, .1, (e1) € AZ. By definition of AT there
exists anode ug = wa-(Ms, r9.Ba, e2) from the mosaic tree,
and an element do € A7M: such that A, (d1) = Ay, (d2).
We refer to this equality as (x) and distinguish 5 cases.

1. di € Ao or dy € ATbsse,
(%) yields d; = dy. Interpretation [Jpz, preserves Zpase,
hence dy € ATw=. Interpretation Jwm, preserves Lpsee,
hence d; € AV,
In the remaining cases, we thus assume dy,ds ¢ ATbase,
2. d1 = e and dg = €92.
(%) yields My = M5 and d; = do.
3. d1 7& e1 and dg = €92.
(*) yields wp; = Wy (MQ, TQ.BQ, 62) and d1 = dg. In par-

ticular, M, = ch}“@ﬁz. From Condition 1 in the definition

of good mosaics, we obtain d; € ATy
4. d1 =e€1 and d2 75 €.
Same arguments as for Case 3 but this time with My =

r1,B1
ChMl,el'

5. dl 7é €1 and dg 75 €9.
(x) yields the existence of w - (M, r.B, e) such that wy =
wy = w - (M,r.B,e). It follows that M; = ch}y”, and
My = ch%B .. Using same arguments as in Cases 3 and 4,
we obtain d1 € AImy O



With Lemma 13 in hand, we are ready to show that Z is a
model of .

Lemma 14. 7 is a model of K.

Proof. We consider each possible shape of assertion and ax-
iom in K w.r.t. the normal form from Lemma 1.

* Assertions A(a) and p(a,b) from the ABox are satisfied
from Zp,ee being a model of A that is preserved in Jyy,
(Condition 2 in the definition of a mosaic), hence trans-
ferred in Z.

* Axioms with shapes T C A, Ay M Ay C A, AC =B and
=B C A are satisfied from Lemma 13 and the fact every
mosaic is only allowed to give proper types to its element.

¢ Axioms with shapes 3r.A; C A and p C r are satis-
fied from Lemma 13 and Condition 4 in the definition of
mosaics, precisely requiring those to hold.

* Axioms with shape A; T Jr.A; are those that really in-
volve the mosaics. Let d; € af. By definition of a7,
there exist a node v = w - (M, _,_) € M and an el-
ement d; € AI™ such that d; € a;7™ and A\, (d}) =
di. If d, € (Ir.Ay)7™, then we pick d) € AJ"
and (dy,d)) € rJ™. It then follows immediately that
Ao (dh) € AT and (M, (d)), A\u(dy)) € rT, ensuring d; €
(3r.A3)L. Otherwise d} ¢ (3r.A5)7™, thus we have
ug = u - (Mo, r. Az, d}) € My with My = ch;\'f};,l. No-
tice A, (d}) = Auy(d}). From Condition 2 in the defini-
tion of good mosaics, we get dj € (3r.A3)7Mo hence we
pick dfy € A‘;MO and (d, d}) € r7™o. It then follows im-
mediately that \,, (d3) € AZ and (A, (d}), M,y (dh)) €
rZ, ensuring d; € (3r.Az)T.

O

This proves Zp,se can indeed by extended into a model
of 7. Notice Condition (a) is clearly satisfied from Condi-
tion 2 in the definition of mosaics. Similarly, Condition (b)
is clearly satisfied from Condition 3 in the definition of mo-
saics joint with Lemma 13. It remains to verify Condi-
tion (c), that is for all p € ¢, there is no homomorphism
from p in Z.

By contradiction, assume there exists p € g and a homo-
morphism 7 : p — Z. Notice that for each v € var(p) s.t.
m(v) ¢ AT we thus have w such that 7(v) = d* for
some d € {e},es}. To identify from which nodes the facts
of 7(p) come involving d*, we notice the following remark,
issuing from the definition of functions \,, for w € M.

Remark 1. Let w € M and d € {e},e}}. For all w' -
(M,r.B,e) € My, we have that d* € )\w/_(M’T‘B@)(AJM)
iff one of the two following conditions holds:
cw=uw-(M,r.B,e);

cw=uw'andd=e.

It follows that, for each v € var(p) s.t. w(v) ¢ Afbese,
the set of nodes W,, = {w’ - (M,r.B,e) € My | n(v) €
)\w’A(M,r,BA,e)(Aj]VI)} is finite. On M;", we consider the or-
der given by the prefix relation, that for all wy, wy € M,

we define w; < wy iff wy is a prefix of we. We now denote
W, the prefix closure of Uv W,, where v ranges over v €

var(p) s.t. w(v) ¢ ATes. In particular, (Mo, 0,0) € W,.
For every w € M, we define the interpretation:

.- U

w'-(M,r.B,e)€M
w<w’-(M,r.B,e)

Aw'(M,r.B,e)(Tnr)-

We further set p,, C p consisting of those atoms from p that
are mapped by 7 in Z,,, and 7, the subsequent homomor-
phism, that is the restriction of 7 that maps to Z,,, i.e.:

Tw = 7T|7T*I(A1w)~

In particular p(pzy.9,0) = p and mpy,.0,09) = 7™ We now
claim the following:

Lemma 15. For all node v = w - (M,r.B,e) € W, we

have (p,pu,7') € Sy where 7’ (M)t o mu|a with
A =7 (A (ATM)).

Proof. We proceed by induction on elements of W,,, starting
from its finitely many maximal elements w.r.t. <.

Base case. Assume u = w- (M, r.B, e) € W, is maximal
for <. thatis forall v’ € MS' s.t.u < o/, wehave v’ ¢ W,
In particular, for all v € var(p), 7(v) € Ay (Jar), where
M’ is the mosaic of node u’, implies 7(v) € AZws. There-
fore 7, 1 (A, (A9)) = var(p,) and, since Tpas. is preserved
in every mosaic (Condition 2 in the definition), it follows
that p,, fully embeds in A, (Jys) via m,. From Sj; being
saturated, we thus have (p, p,, (A\,)~! o 7,) which is the
desired triple.

Induction case. Consider v = w - (M,r.B,e) €
W, and assume the property holds for all v € W, with
u < u'. We cover p, by the set of all p,,.(asv . pr ey St
u- (M',r".B’,¢') € W, and by the remaining atoms p—,,
from p,,. Notice that this is not a partition of p,, as those sub-
queries may overlap. In particular, two distinct subqueries
Pu-(My,r1.B1,e1) A0d Py (M. rs.Bs,e,) May only share those
variables which are mapped to ATbsse and, if e = €9, on €
(that is also ey in this case). Respectively, py. as . Br er)
and p—,, may only share variables that are mapped either on
ATes or on /. We cover as well the homomorphism 7, by
all Ty (a0 prery Stow - (M, 7" .B',e') € W), and by the
homomorphism 7—,, which is defined as the restriction of 7,
to variables from p_,,. Notice that from .S, being saturated,
we obtain (p, p—y, (A\y) "' 0 =) € Sar. We further apply
the induction hypothesis on each u - (M',7'.B’,e’) € W,
which provides corresponding triples (p, py. (a7 .87 ey, T)
in each Sy From Condition 3 in the definition of good mo-
saics, if follows that each (p, py.(arv.Br.er), ™) belongs
to Sps, where 7 denotes the restriction of 7’ to range
AZss (J {e’}. It remains to form the union (in the sense
given in the definition of a saturated mosaic) of all those
subsequent triples, along with (p, p—., (Ay) ™! 0 7—y,), to
obtain the desired triple. Let us first focus on two triples
(p7pu‘(M1,T'1.Bl,el)77T/1/) and (p7pr(A{277'2.B2,€2)7Tré/) and
consider v € var(pPy.(ar,,ry.B1,er)) N Var(Pu.(My,rs.Bases))-
From our covering of p,,, we have seen that either 7, (v) €



ATese or, if €1 = eo, that m(v) = ey. In any case, restrict-
ing 7} and 7} to AI'base U'{el.} preserved 7} and 7 being
defined on v, and, since issuing from the same 7, equal.

Let us now move to a triple (p, py.(a7 . 57,er), ®'") and the

triple (p, p—u, (Au) " tom—y). Letv € var(py. (s Broery) N

var(p—,). From our covering of p,, we know m,(v) €
AZose (J {e'}. Again restricting to AZvs U {e’} preserved
7' being defined on v and, since issuing from the same 7,
equal to m—,, on v. Therefore, we can form the union of all
those triples, since they are 2-by-2 compatible, which pro-
vides the desired triple in Sy;. O

This conclude the proof of the “<” direction of Lemma 5,
as existence of such a homomorphism p then yield a com-
plete triple in Sy, , contradicting M, being a mosaic.

We now turn to the “=-" direction.

Assume 7y, can be extended to a model Z of 7 that
satisfies Conditions (a) to (c). Up to introducing |TP(7)]
copies of each element from AZ \ AZv=<, we can safely as-
sume AL, = ATw=_ Indeed, the resulting interpretations is

still a model of K and still satisfies Conditions (a) to (c).

Set jMo = Ibase and S]Wo = {(p,]/)\, h|AIbase) | p €
q,p € p,h: p— T is a homomorphism}. Condition (c) en-
sures in particular that S, only contains incomplete triples.
We claim My := (Jn,, Su,) is accepting.

To prove this, we shall build a set of mosaics, whose ev-
ery mosaic M is not trivially bad, i.e. M satisfy the base-
case condition of a good mosaic, and which is realized in
7T, meaning that 7y homomorphically embeds into Z. Ob-
serve that the initial mosaic M| satisfies both conditions.
To pursue the construction, given any mosaic M satisfying
the two conditions and some e € (A M —=3r.B)7™ with
A C Jr.B € T, we show how to extract from Z another
non-trivially bad mosaic N to succeed to M. Since the
number of mosaics is finite, every sequence of mosaics con-
structed in such a manner either leads to a trivially good mo-
saic (i.e. one with no such problematic element e) or loops
back to an already explored mosaic satisfying the conditions.
It follows that all mosaics in the set are accepting (in partic-
ular, Mp).

To formalize the construction, we shall introduce along
with each mosaic M a function 7 being a homomorphism
Jnv — Z. We also assume chosen, for every r.A € , a
function succ? , that maps every element e € (3r.4)% to an
element ¢/ € AZ such that (e,e’) € r* and e’ € AL,

Definition 4. Base case: the construction begins with the
pair (Mo,1d 7, 1), where Idz,, 1 denotes the identity
function.

Induction case: consider some already constructed pair
(My, 1), and some e; € (AN=3r.B)7™: with AT 3r.B €

T. Set €] := 7i(e1). Since 11 is a homomorphism and
T is a model of T, we obtain €}, € (3r.B)* and can set
ey 1= succk 5(€}). If ey € AT, then we set e3 1= €b,

otherwise we set e to either e or e} such that ey # es.

We let 5 be the function that maps elements of AT to
themselves, ey to €| and es to €,. We now define a new
mosaic My. Its domain is ATvs=U{ey, ey }. Its interpretation

T, is given by:

AIvy = AZbase | {61,62}
CJMZ — CJMO U{ek | 6% ECI,k:172}
ij2 — p'—7Mo U {(61,62) | T ': r p}

U{(ez,e1) | T Er~ Cp}

Its specification is Syr, = {(p, P, 75 " © | AZouseuger e }) |
p € q,p C p,h:p— Tisahomomorphism}.
We obtain a new pair (Ms, 2).

Recalling that 7 is a model, of K it is then straightforward
to verify that M5 is a well-defined mosaic that is not trivially
bad, satisfying all conditions to succeed to M; for e and
A C Jr.B, and that 75 is indeed a homomorphism. These
properties are verified by the next two lemmas.

Lemma 16. Each pair (M, 1) built according to Defini-
tion 4 yields a well-defined and non-trivially bad mosaic M
and a homomorphism T : Jyr — Z.

Proof. The base case consisting of verifying that M is well-
defined and non-trivially bad is indeed trivial, and Id 7,, 7
is indeed a homomorphism.

We move to the induction case: assume (M, 71) has al-
ready been obtained by the described procedure and M;
is a well-defined and non-trivially bad mosaic and 73
Jnv, — I a homomorphism. Assume there exists some
e1 € (AN —=3r.B)?m with A C 3r.B € T, and con-
sider the pair (Ms, 7o) obtained by applying Definition 4 on
(Mjy, 1) for this choice of e.

We first verify that 75 is a homomorphism:

o Letu € A2 Ifu € A9Mo, then in particular u € AZbse
hence 75 (u) = u € AP0 C AL, Otherwise, u = ey, for
k = 1ork = 2 with €}, € AZ. In that case, notice
T2(u) = e}, which concludes.

e Let (u,v) € p?™2. If (u,v) € p7™o, then in particular
u,v € Ab hence (1o(u), 2(v)) = (u,v) € p7Mo C
pt. Otherwise, if (u,v) = (e1,e2) with T = 7 C p,
then notice that (72(u), 72(v)) = (€}, e5). Since €} is
the successor of ¢} for r.B in Z, and Z models T, we
obtain (ef,e,) € p’ as desired. Otherwise we have
(u,v) = (eg,e1) with 7 = r~ C p, then notice that
(12(u), 72(v)) = (€}, €e}). Since € is the successor of ¢}
for r.B in Z, and Z models T, we have (e}, ¢}) € p” as
desired.

We now verify that M, is a well-defined mosaic.

¢ Regarding Jpy,:
1. By definition, we have AZwse C AIMz C ATwase
{e}, e5} as desired;
2. Also by definition, we have Jaz, | AZvse = Zbases

3. From interpretations of concepts being inherited from
7 that satisfies Condition (b), it follows that indeed
tpg,, (€7) € e if €] € ATz fori € {1,2};

4. From Z, being a model of C, it follows that J, satis-
fies in particular all 3r AC B € T andallr C s € T.



» Regarding S}y, it is the restriction of a saturated spec-
ification (up to 72, which essentially rename elements),
and hence is also saturated. From Z satisfying Condi-
tion (c), we obtain that Sz, doesn’t contain any complete
triple. 0

Lemma 17. In the induction step of the definition of good
mosaics, My is a suitable mosaic for My and ey € (AN
ﬂﬂr.B)le with AC Ir.BeT.

Proof. We verify the three conditions:

1. Interpretations of concepts names being directly imported
from Z, we immediately have tp 7, (e1) = tpy,, (€1):

2. Since we set €}, := succt 5(€}), it follows naturally that

e € (Fr.B)Imz;

3. This is immediate as any partial homomorphism from ei-
ther Sy, (resp. Siz,) is the restriction of a complete ho-
momorphism to Z to A7 (resp. AJM2), which can
thus be restricted back to AYM2 (resp. AJM1), In fact,
this proves: if (p,p,h) € S, then (p,p,h') € S,
where A’ is the restriction of h to range AZvse U {e;},
but also “the converse”, that is: if (p,p, h) € Sy, then
(p,p,h') € S, where K/ is the restriction of h to range
Avse U {e}. O

Theorem 2. CQ evaluation on circumscribed EL KBs is
2EXP-hard w.r.t. combined complexity. This holds even
with a single minimized concept name and no fixed concept
names.

Proof. We give a polynomial time reduction from (Boolean)
CQ evaluation on ££ KBs with closed concept names,
which is 2EXp-hard (Ngo, Ortiz, and Simkus 2016). A KB
with closed concept names takes the form Ky, with K a KB
and ¥ C Nc a set of closed concept names. We say that an
interpretation Z respects Y. if forall A € ¥, d € A implies
A(d) € A. Moreover, T is a model of Ky, if 7 is a model of
K and 7 respects X.. Thus, the only instances of a closed
concept name are those that are explicitly asserted in the
ABox. Now the problem proved to be 2EXP-hard in (Ngo,
Ortiz, and Simkus 2016) is: given a KB with closed concept
names Cy, and a Boolean CQ ¢, decide whether Ky, = q.
We remark that the formalism in (Ngo, Ortiz, and Simkus
2016) also admits closed role names, but these are not used
in the hardness proof.

Let Ky, be an £L£ KB with closed concept names, K =
(T,A), and q a Boolean CQ. We construct a circumscribed
EL KB Circcp(K'), with K' = (77, A"), and a CQ ¢’ such
that Ky, = ¢ iff Circcp(K') E ¢

A natural first attempt is to use use K’ = K and ¢’ = g,
and to minimize the concept names in ¥ while letting all
other concept names vary. Apart from using more than a
single minimized concept name, this does not work since
the extension of closed concept names may be too large. As
a simple example, consider the empty ABox and the TBox
T C Jr.A with A € ¥. This KB is unsatisfiable when A is
closed, but satisfiable when A is minimized. We thus use a
more refined approach.

Let CP be the circumscription pattern that minimizes the
fresh concept name M and lets all other symbols vary. In
what follows, we assemble 7’ and A’ and define ¢’. For
A’, we start from A and extend with additional assertions.
T’ contains the CIs from 7 in a modified form, as well as
additional CIs, see below for details.

We start with connecting the concept names in X to the
minimized concept name M:

AC M forallAeX (1)

Much of the reduction is concerned with preventing non-
asserted instances d of closed concept names A € ¥, that
is, elements d that satisfy A but are not an individual from
ind(\A) such that A(d) € A. There are three cases to be dis-
tinguished.

We first consider the case that d = a € ind(A), but
A(d) ¢ A. We mark such a with a fresh concept name L:

A(a) foralla € ind(A) with A(a) ¢ A (2)
AMNACL forallAcX. 3)

where A is a fresh concept name for each A € .

We next want to achieve that any model Z that satisfies
a € L% for some ABox individual a also satisfies Z |= ¢
and is thus ruled out as a countermodel against the query
being entailed. To this end, we add a copy of g to A’:

A(z) forall A(z) € ¢ “)
r(z,y) forallr(z,y) € ¢ 5)

assuming w.l.o.g. that var(g) Nind(A) = 0.

We want the copy of ¢ in A’ to only become ‘active’ when
the concept name L is made true at some individual from
ind(A); otherwise, it should be ‘dormant’. The individual
names in ind(A), in contrast, should always be active. To
achieve this, we include in A’ the following assertions where
X is a fresh concept name indicating activeness and u is a
fresh role name:

X(a) forall a € ind(A), (6)
u(a,z) foralla € Ind(A) and z € var(q) (7

We then define the CQ ¢’ to be
¢=qn N\ X,

x€Evar(q)
and add to 7"
Ju.L C X. (8)

Elements generated by existential quantifiers on the right-
hand side of Cls in 7 should of course also be active. More-
over, dormant elements should not trigger CIs from 7 as
this might generate ‘unjustified’ existential (thus active) el-
ements. We deal with these issues as follows. For an ££
axiom «, we define the axiom ax as follows: For an ££
concept C, we inductively define the concept C'x as follows:

Ay =XnNMA (3r.D)x =X MN3Ir.Dx
TX =X (DHD/)X ZZDxﬂD‘/X



We now include in 77 the following relativized version

of T:

CxCDx foralCCDeT 9)

Note that, when activating the copy of ¢ in A’ by making X
true at all its individual names, then the CIs (9) apply also
there and may make concept names A with A € ¥ true at
elements x € var(g). Because of (1), this may lead to mod-
els in which the copy of ¢ is activated to be incomparable to
models in which it is not activated regarding <cp. This can
be remedied by adding to A’

M(zx) forall xz € var(q). (10)

The second case of non-asserted instances d of closed con-
cept names is that d is not from ind(.A) U var(q). The idea
is that models with such instances d should be non-minimal.
We achieve this by including in A’ a fresh individual ¢ that
must satisfy M, but not necessarily anything else. Since any
existential instance d of a closed concept name must also
satisfy M, we can find a model that is preferred w.r.t. <cp
by using ¢ as a surrogate for d, that is, making true at ¢ ex-
actly the concept names true at d, rerouting all incoming and
outgoing role edges from d to ¢, and then removing d from
the extension of all concept and role names. We thus include
in A”:

M(t). (11)

The third and last case of non-asserted instances d of closed
concept names is that d is ¢ or an individual in the copy of
g in A’. Since these individuals satisfy M, we may make
true at them a closed concept name without producing a
non-minimal model. To fix this problem, it suffices to pre-
vent the individuals in var(q) U {t} to be used as witnesses
for existential restrictions in 7, as this is the only possible
reason for creating non-asserted instances of closed concept
names of the described form. It is, however, easy to identify
such witnesses as they must be active and satisfy the concept
name X. We thus add

X(a) foralla € var(q) U {t} (12)
u(z,a) foralla € var(q) U {t} and x € var(q) (13)
XNXCL. (14)

where X is a fresh concept name. This finishes the construc-
tion of 77 and A’.

Claim. Ky, |= ¢ iff Circcp(K') E ¢

“<”. Let Cx, [~ g. Then, there is a model Z of K, such that
T [~ q. W.lo.g. assume that AT N (var(q) U {t}) = 0. We
construct an interpretation J as follows:

A7 = AT Uvar(q) U {t}
AT = AT U{z | A(z) € A"}
r7 =t U{(z,y) | r(e,y) € A}

X7 = AT
M7 = U A7 Uvar(q) U {t}
Aex

for all concept names A ¢ {X, M} and role names 7. From
7 E K and the construction of X T it easily follows that
J = K'. To show J = Circcp(K'), we are left to prove
that 7 is minimal.

Assume to the contrary that there is a model 7/ of X' with
J' <cp J. As M is the only minimized concept name,
there must be some a € M7 with a ¢ M7 ". We must have
a ¢ var(q) U {t} since M (x) € A’ for z € var(q) U {t} and
J'is a model of K. But then, the definition of M implies
a € AY with A € . By definition of A7, in turn, @ € A%
or A(a) € A’. In the former case, it follows from the fact
that Z respects 3 that A(a) € A C A’, and thus A(a) € A’
in both cases. Now, CI (1) and a ¢ M7 imply that J’ is
not a model of X', a contradiction.

We are left to show that J £~ ¢'. Assume to the contrary
that there is a homomorphism A from D, to J. We derive
a contradiction to Z [~ ¢ by showing that h is also a ho-
momorphism from D, to Z. First, note that A is a function
from var(q) to AZ since var(q’) = var(q) and for each z €
var(q'), we have X (x) € ¢’ and thus h(z) € X7 = AL
Finally, observe that Z is identical to the restriction of 7 to
AT and the concept and role names that occur in K’ and ¢’.

“=7”. Assume that Circcp(K’) £ ¢'. Then there is a
model Z of Circcp(K') with Z [~ ¢'. We show that w.l.o.g,
we may assume that 7 satisfies several additional conditions
that shall prove to be convenient in what follows.

Claim 2. There is a model T of Circcp(K') with T W~ ¢’ that
satisfies the following properties.

(a) a € AT implies A(a) € A’ for all a € var(q) U {t},
(b) (d,e) € rT implies r(d,e) € A’ for all d,e € AT with

{d, e} N ({var(q)} U{t}) # 0, and
(c) (d,e) € ut implies u(d,e) € A’ forall d,e € AT.

We may construct the desired Z from any model Z' of
Circcp(K') with I [= ¢/, as follows:

AT = AT
AT = AT\ {a € var(q) U {t} | A(a) ¢ A"}
ut = {(z,y) | u(z,y) € A’}
T ="\ {(z,y) | r(z,y) ¢ A and
{z,y} N (var(q) U {t}) # 0}

for all concept names A and role names r # wu. Obviously,
T~ ¢, T = A’ and Points (a) to (b) hold by construction.
To show that Z |= T, note the following:

* 7 obviously satisfies the CIs (1) by construction and the
fact that 7’ is a model of K'.

e 7 satisfies CIs (3), (8) and (14) as LT must be empty—
otherwise Assertions (7) and CIs (8) activate the copy of
q in A’ and thus there is a trivial homomorphism from ¢’
to Z’, contradicting Z' t~ ¢'.



« For the CIs (9), observe that XZ' N (var(q) U {t}) = 0
following the same argument and using Assertions (12)
and CI (14). Hence

XT' nAY = xTnA?
and
(X7 x XT)neT = (XT x XT)nr?
for all concept names A and role names r # u. Conse-
quently, CE = C%. Together with the fact that 7' |=
Cx C Dx, T must also satisfy Cx C Dyx.

* We are left to show that Z is minimal; however, this is
easy to see as Z' is minimal and Z <cp Z'.

This finishes the proof of Claim 2.

We aim to show that the interpretation .7, obtained as the
restriction of Z to domain XZ, is a model of K5, with J ¥ q.
We assume that the properties from Claim 2 are satisfied,
and Property (a) yields A7 N (var(q) U {t}) = 0. Asser-
tion (6) yields ind(.A) € AY and since A C A’ and 7 is
a model of A’, J must be a model of A. Since J is the
restriction of Z to X< and Z satisfies CIs (9), J must satisfy
T as well.

To see that J [~ ¢, assume to the contrary that there is
a homomorphism A from ¢ to 7. As J is the restriction of
T to X7T and ¢ is the extension of ¢ that adds atoms X (z)
for all variables x;, h must also be a homomorphism from ¢’
to Z. This contradicts Z = ¢'.

We are left to argue that 7 respects X. Assume to the
contrary that there is some A € X and dy € A7 with
A(dy) ¢ A. We have dy € X7 by construction of 7. First
assume that dy € ind(.A). Then (2), (3), (7), and (8) activate
the copy of ¢ in A’, giving a homomorphism from ¢ to Z,
contradicting Z F~ ¢'.

The more laborious case is dg ¢ ind(A). As we show
in the following, we may then construct a model Z' <cp T
of K', contradicting the minimality of Z.

Intuitively, in the construction of Z' we replace dy with
t by making true at ¢ all concept names that are true at dy,
making false all concept names at dy, and “redirecting” all
incoming and outgoing edges of d to ¢. This forces us to
make X true at ¢, and by (8) and (12) to (14) we must acti-
vate the copy of ¢ in A’. But then the CIs (9) apply to that
copy. To satisfy them, we make all concept and role names
true in the copy of ¢. In detail:

AT = AT
AT = (AT \ {do}) U {t | do € AT} Uvar(q)
LI/ = AL

¥ = (P \{(d, e) | do € {d,e}})
U{(e,t)| (e,do) € r* and e # dy}
U{(t,e) | (do,e) € rF and e # dy}
U{(t,t) | (do,do) € r}

U (var(q) x var(q))

for all concept names A # L and role names 7.

Because 7 satisfies Assertions (10) and (11) and dy € A7
cannot be from var(q) U {t}, we have M = M7\ {dy} by
construction of Z'. Thus Z' <cp Z, as desired. It remains to
prove that 7' is a model of K'. We have Z' = A’ because
7 E A’ and the restrictions of Z and of Z' to ind(A’) are
identical. Before we argue that Z’ is a model of 77, we show
that the redirection does not “damage” concept extensions.
We denote with sub(7) the set of all concepts that occur in
T, closed under subconcepts.

Claim 3. The following hold for all C' € sub(T):

1. t e CL iffdy € CZ, and
2. z € CF iffx € C% forall x € AT\ (var(q)U{t}U{do}).

We prove Points 1 and 2 simultaneously by induction on the
structure of C, making a case distinction according to the
topmost operator in C':

« C'= T. Point 1 holds since t € X" and dy € X and
Point 2 holds since by construction of 7/, z € X " iff
€ X7t forallz € AT\ (var(q) U {t} U{do}).

e C = A. Immediate by construction of Z’ and Point (a) of
Claim (2).

e C' = (7 N Cy. Straightforward using the semantics and
the induction hypothesis.

e C' = dr.D. Note that Point (b) of Claim (2) and the con-
struction of 7% entail the following for all 2,y € AZ:

(t.y) er® iff (do,y) €r” ()
(z,t) e iff (z,do) €T (4)

For the ”=-"-direction of Point 1, let ¢ € (EIr.DX)I/, ie.,
let there be some y € D% with (t,y) € rZ'. Via (1), we
conclude that (dg,y) € rZ, and Point 2 of the induction
hypothesis yields y € D%—together, dy € C’)I(/. The
”<«"-direction of Point 1 is analogous.

For the “=-"-direction of Point 2, let x € (Ir.D X)I/ such
that = ¢ var(q) U {t} U {do}. Then, there must be some
y € D% with (z,y) € rZ". The construction of rZ" im-
plies that either y # do with (z,y) € r% or y = t hold.
In case of y # do with (z,y) € r%, we furthermore have
y ¢ var(q) U {t} by Point (b). Therefore, Point 2 of the
induction hypothesis implies y € D%; ergo x € C%. In
case of y = t, (1) implies (z,dy) € rZ, and Point 1 of
the induction hypothesis yields dy € D% —together, we
again have z € C%.

For the “<"-direction of Point 2, let # € CZ%. Then
there is some y € Df( with (z,y) € rZ. By Point (b)
of Claim (2), we have y ¢ var(q) U {t}. Ergo, if y # do,
Yy € D§ follows from Point 2 of the induction hypoth-
esis, and (z,y) € rZ’ stems from the construction of
rT’ —together, z € C)I(/. If otherwise ¥ = dg, we have
(z,t) € ¥ by (1) and t € D% by Point 1 of the induc-
tion hypothesis, i.e., x € C’)I('.



This finishes the proof of Claim 3.

We will also rely on the following, which follows directly
from the construction of Z'.

Observation 1. var(q) C C% forall C € sub(T).

We are now in the position to prove Z' = T’. To see that
7' satisfies the CIs (1), let z € AT with A € X. If x €
var(q) U {t}, then x € M7 due to Assertions (10) and (11),
and thus + € MT by construction of Z’. Otherwise, we
have z € AZ by construction of AL, yielding z € MZ via
Assertions (1). We must have x # d and thus = € MT by
construction of Z'. 7’ obviously satisfies CIs (3) and (14) by
LT = AT

For CI1 (9), let x € C')Ig for some C' C D € 7. We know
that z # do as do ¢ XZ'. If 2 € var(g), then Claim 1
implies = € D% . If, otherwise, z € AT \ (var(q) U {do}),
then Claim 3 and the fact that 7 satisfies Cx T Dx clearly
yields z € D%.

For CIs (8), let x € H(U.L)Il. Point (¢) of Claim (2) and
the construction of .4’ entail that « € var(q). By construc-

tion of 7/, we get z € X~ as desired.
O

C Proofs for Section 3.3

Lemma 7. Let q(Z) be a UCQ and a € ind(A)1®l. IfT
is a countermodel against Circcp(KC) = q(a), then so is
L' [~|q)+1-

We prove J = I'/~|q41 is indeed a model of Circcp(KC)
that doesn’t admit a homomorphism for the query. The key
to proving the latter is to exhibit suitable local homomor-
phisms from J = Z'/~/44+1 back to Z’. The existence of
a homomorphism for p € ¢ in J would then contradicts
T’ being a countermodel of ¢ in the first place. Indeed, a
homomorphism of p € ¢ in J would map each connected

A
component C' of p into a |g|-neighborhood ./\/“;’[A"“J([c}),

for some ¢ € AZ and where Agase stands for the set
{6 | e € Al:oase

}. By exhibiting a homomorphism p. :
NS b (2) /\/I Aie (¢) such that p; L(AL_) C AL_,
we can find a homomorphlsm of C'in Z’. Such homomor-
phisms for p’s connected components together form a ho-
momorphism of the full ¢ in Z'.

Except for the use of Lemma 2, concerned with circum-
scription, we roughly follow (Maniere 2022), with slight
simplifications as we are not considering negative role inclu-
sions. For alln alle € AT andalld € NI Abase( )\ AL
we denote w . the (unique) word such that d = p,,, ng o

Let us first formulate two remarks concerning the con-
structed interpretation 7.

Remark 2. Combining Conditions 1 and 2.(b) from the def-

inition of ~y, gives: if dy ~, da, then tpz,(d1) = tpz (d2).

Remark 3. Ifdy ~, da, then dy ~,, ds for any m < n.
We now define homomorphisms pe, mentioned in the

proof sketch, inductively on N, 78 *’“e( ) with k increasing

rt. lel = |d| + 1 mod 2|q| + 3, W10 =

. _ AL
from 0 to |g|. Starting from the element ¢ € N 7 base(c)

we can naturally carry it back as p.(¢) = ¢ € J\/ "( ).
Assume now that we have defined p.(d) for some d €

AL .
N5 7 base(c) and that we are moving further to an element

= /\/‘7’ "ase( ) along an edge (d,e) in J. In the case of

ed¢ Abase, the following lemma produces a candidate p..(€),
namely €, which is to p.(d), namely d’, what € is to d.

Lemma 18. Given two elements d,e € A7\ Abase, if there
exists a role p from Ng™ such that (d,€) € p7, then there
exists a unique element r.B € () such that one of the two
following conditions is satisfied:

wﬁz\, 47-B and
T & r C p. Furthermore, for all d' ~y, d, the element
e’ = d'r.B belongs to AT and satisfies € ~_1 e.

. |d| = le] + 1 mod 2|q| + 3, wﬁ;|+1,d = wi,.r-B and

T | r— C p. Furthermore, for all d' ~y d, we have e’
such that d' = e'r.B and the prefix ¢’ satisfies €' ~,_1 e.

Proof. Notice the two conditions are mutually exclusive:
le] = |d|+1 mod 2|q|+3and |d| = |e|+1 mod 2|q| +3
would imply 0 = 2 mod 2|g| + 3, which is impossible as
2|q| + 3 > 2. Furthermore, in each case r.B is defined as
the last letter of the word wfq\ﬂ,e (resp w@|+17d), which is
unique and does not depends on the choice of e (resp d) nor
on p. This proves the uniqueness.

We now focus on the existence and the additional prop-
erty. From the definition of p7, there exist (do,eq) € pI/
such that dg = d and &g = . Recall d,€ ¢ A

do, eg ¢ AL
cases:

base» NENCE

Therefore the definition of p , yields two

base*

* We have ¢g = dor.B with T | r C p. It follows

that leo] = |d0\ + 1 mod 2|q| + 3 and w|q|+1 0 =

‘q‘ 41-1.4,7-B, immediately yielding the same proper-

ties for d and e as (dy,€p) = (d, €).

Consider now d’ and 1 < k < |¢| + 1 s.t. now d’ ~, d.
Transitivity gives d’ ~j, dp, and we have in particular
w{ ;= wj®, . Recall that ey = dor.B, hence Condi-
tion 2.(a) from d’' ~} do ensures d'r.B is well-defined.
Notice it is now sufficient to prove d'r.B ~j_1 eqg: that
is because € = eg, hence transitivity will conclude the
proof. It should be clear that wi "%, 5 = w{®, . and
|d'r.B| = |eg] mod 2|g| + 3. To prove Condition 2, it
suffices to remark that eg = dgr.B ensures that the char-
acterization via paths of the k-neighborhood of dy fully
determines the characterization of the (k — 1) neighbor-
hood of ey. But since the former coincides with the char-
acterization of the k-neighborhood of d’ (using Condi-
tion 2 of dy = d'), that fully decides the characterization
of the (k — 1)-neighborhood of ¢’, we are done.

e We have dg = eor.B with T = 7~ C p. It follows

that |do| = leg] + 1 mod 2|g| + 3 and w\q\+1 do =



wfqo‘ 41-1,6,7-B, immediately yielding the same proper-

ties for d and e as (dy, ) = (d, €).
Letnow 1 < k < |q| + 1 + 1 be an integer and d’ ~y, d.
Transitivity gives d’ ~y, dg, and we have in particular

wil/d, = wfod = r.DB (itis here important to have £ > 1!).

That is d’ ends by r.B, and therefore we can indeed have
prefix ¢’ such that d’ = ¢'r.B. O

Notice the “strength” of the equivalence relation ~ be-
tween € and p.(€) decreases as we move further in the neigh-
bourhood of ¢. However, since we start from p.(¢) :=
¢ ~|ql+1 ¢ and explore a |q|-neighbourhood, the index re-
mains at least 1. This is essential as ~1 notably encodes re-

T
lations to elements of Abase

as required by Condition 2.(c).

It remains to abstract from the particular choice of d,

which is likely not to be the only element of N e (@)
connected to e. Taking a closer look at Lemma 18, we ob-
serve that p.(€), that is ¢/, is obtained either by adding a
letter to p.(d), that is d’, or by removing the last letter of
pe(d), and that these letters coincide with those in the suf-
fixes of elements d and e. Therefore, when moving from ¢ to
€ and ignoring self-cancelling steps, each added letter must
appear in the suffix of e and, similarly, each removed letter
must appear in the suffix of c.

The challenge is therefore to quantify the number of ad-
ditions and removals to build p.(€) directly from ¢ and e.
The next definition captures the relative difference of letters
between ¢ and €, encoded in |c| and |e| mod 2|q| + 3.

Definition 5. Lete € A7 and n < |q|. The relative depth of

e NTA base( ) from T is the integer 6z(€) € [—n,n| such
that |e| = |c| + dz(€) mod 2|q| + 3.

see that 6z(€) is well defined. Unicity is ensured by dz(e) <
n < |q|. A consequence of Lemma 18 is that for the smallest

s
n < |qg| such that e € Nﬁy’Ab”s(E) we have 6z(€) = n
mod 2.

We can now identify how many additions and removals
cancelled each other. Indeed, if it takes n steps to reach €
from ¢, with relative difference of § := dz(€), then n — |J] is

n— |5|

the length of the self-cancelling path, hence: cancelled

additions and ”_Twl cancelled removals. Therefore, the ac-

tual number of additions is "7‘6‘ +dif 6 > 0, or "%w if

0 < 0, that is in both cases ”;“5 Similarly we obtain "T"S
for the actual number of removals. The next theorem for-

malizes all these intuitions: pn (€) (in non-trivial cases) is
obtained by removing the 252 last letters of ¢ and keeping

the ”TJ“S last letters from the suffix of e. It is then a techni-
cality to verify these syntactical operations on words make
sense in the domain of Z'.

Lemma 19. Forall c € AT

mapping pn,c(€):

Nj base( )—>NI Abase<c)

— ‘7’ ase (5
pn—l,c(e) lf€ E n— 1b (C)

ife e AL
otherwise

€+ e

base

e
p "7525(5) ’Cw n+52?(€) .

is a homomorphism satisfying ppn(€) ~|q+1-n € and
pn ('(A%-ase) C AI

base*

Proof. Let ¢ € AT, We proceed by induction on
n < |q| and prove along a technical statement. Prop-

— Pn, (‘(6)
erty pp.c(€) la|+1-n.pn (&) —
wp ;
lal+1—n.e’

we reinforce this latter fact as follows. If e €
NJ Abase( ) \ 7‘7:771 base( ) then

~|q|+1—n € already ensures w

Pn,c (e) _ e (*)

w n—=6=(e
lql+1- =29 o, @)~ lgl+1- "=

,€

It is indeed a stronger statement since —n < dz(¢) < nleads
to 0 < "= 62(") <m, hence |q| +1—n < |q| +1-"= 62(9).
Property * therefore provides a more precise information
about the suffix of p,, ce.

Base case: n = 0. Lete € N'j’ base( ), hence e = @. If

¢e AL_, then py e = e = c. Otherwise we have d(¢) =
0, hence py e = p07cw87c = c. In both cases py .e = ¢, and
it is straightforward that all the desired properties hold. In

particular, agreeing that N} 78 "ase( ) can reasonably be set
to @, our technical statement holds

Induction case. Assume the statement holds for 0 <

n—1< g Lete € NV (). Ife € N D0e(g),
then the induction hypothesis applies directly on € and pro-
vides (stronger versions of) the desired properties. Other-
wise, we have by definition of neighbourhoods an element

de NTT base( ), not belongmg to AL _ nor to Nri’?"za” (e),
and a role p € NgT such that (d,e) € p7. We apply
the induction hypothesis on d, which gives p,,_1.(d) =
since d ¢ AL __. We further dis-

tmgulsh betweene € Abase ande ¢ Abase, the latter subcase
yielding two subcases by applying Lemma 18 and distin-
guishing between Cases rtand r~. We have therefore three
cases to treat.

e € Abase

’ r
trivial property to prove is that e € Nyt ’A"a“(c). Recall

the induction hypothesis ensures in particular p,,_1 .(d) ~1
d. Condition 2.(c) from the definition of ~7 ensures

(pn_1.c(d),e) € p*, which provides the desired property.
r*. Case rensures |e| = |d| + 1 mod 2|g| + 3, hence

6z(€) = 6z(d) + 1, and Wt wﬁ}l+1_17(ir.B. There-

_ d
p"*l*f?*(d) dwn71+57(2) base*

We have p, (€) = e and the only non-



fore, our element p,, .(€) of interest simplifies as:
pn,c(é) = Pn-sz() cwi-mg(z)
2 ’ — €

p— . €
= Pr-z@+1) Wais @+1)
2 ’ —5———.

e
= w -
P 1)2 5z(d) c (7%1);5;((1) le

_ _ d
=P(n-1)-5:@ cw(n71)+0‘?(3) d?”.B
2 ’ 5

= pn—l,c(a)r~Ba
which is well-defined and satisfies pn c(€) ~jg41-n €
from Lemma 18. Recalling that the induction hypothesis
—_ 7 a
gives pn_1.(d) € NS0 (c), it follows that p, () €

Nn o Abase(c). Furthermore, notice that € and d satisfy all
conditions of our additional statement. Since in Case r*we
have 7 = r C p, reusing py, (€) = pn—1,.(d)r.B immedi-
ately yields (pn—1,c (d), Pn.c(€)) € pI/

Checking that Property * holds is now a technicality, and

recall that since d € N, e "( N\, s b( ), we can apply
it to d by induction hypothe31s We hence have:

Pn, c(e)
‘(IH‘1_ ( )7l)n ()
n—1,c(d
= wp b (n)_HE) _r.B
lgl+1-—F——1,pn-1.(d)
Pn—1 C(d)
=w _r.B
lg|+1— M 1,0n—1.0(d)
d
wpn b C((73 1) 5z(d) —~ T.'B
lg|+1— 5" = 1,00 —1,c(d)
d
=w 2 r.B
lg|+1— =P 0@ g g
=w° @y -
lgl+1- =5 ¢
. Case r—ensures |e| = |d] —1 mod 2|g| + 3, hence
(& — _ _ d _ e
5C(6) = 6z(d) — 1, and Wot1a = w‘q‘+1:17er.B.
By induction hypothesis, element p,_1.(d) =
D (n—1)— 5= dw‘fn_l) 1h@ is  well-defined. Notice
P ’ —a

Property * on d z(which again can be applied as
d € ./\/',‘17 base() \N base( )) gives more precise
information on the suffix of pn_LC(E) than the def-
inition of p,_1.(d), because n < |g|+ 1 leads to

7("_1);65@ +1 < |qg/+1 - 7(”_1)2_6?(3). Therefore,

d o d
we L~ is itself a suffix of w s =
(n=D45e(@ 4 g 3 lgl4+1— (=03
: n—1,c(d
which equals w”"™" ((271)767@ _ . Hence we
|Q|+1_ P < :l)n—l,c(d)

obtain:
Pn—1,c (d) =

= Prote@ 4w

d
n—1)—6=(d w — 5z(d
pwﬂd (Do 4y g

n+5 (e)+1 d
= Pn=5z(® n+5=(e r.B
pf,d +620< ) ¢
= pn,c(€)r.B
Lemma 18 now ensures p, .(€) ~|q|+1—n € Recalling that

the induction hypothesis gives p,,_1..(d) € N ’ base( ), it

/ T
follows that p,, .(€) € Nip Bbase (c). Furthermore, notice
that € and d satisfy all conditions of our additional statement.
Since in Caser~we have 7 |=r~ C p, reusing p,_1 (d) =

Pn.c(€)r.B immediately yields (pn_1..(d), pn.c(€)) € p*
Again, we check Property * holds:

an <(®) ( , r.B
lg[+1-= 1Pn,c(€)
Pn—1 c(d)
lal+1-2=FD +1,p 1,0 (d)
— wpn—l,u(d) B
lql41— oD E@D) 1y g
— W e(d)
lql41—=D20e@ (@)
- ﬁz|+1—<"’1);55®,d
= wfq|+17n,iz(g)’er.3

We now verify that p,, . is a homomorphism.

o Letue A7 ﬂ/\/’,‘? b( ). By definition of A7, we have
e € AT, Since n < |q| we have p, (W) ~; e, hence
applying Remark 2 we obtain n p, () e AT

e Let (@,7) € 7 N (NT (@) x N PRe(g). It
u e AL orv € AL_, then Condition 2.(c) from
the definition of ~4 applies on p, (%) or on py (v)
(recall pp (@) ~1 uw and p,(T) ~; v) and gives
(Prc(@), pnc(V)) € r7. Otherwise u ¢ AL __ and
v ¢ AL . Let nq,ns be the minimum integers such that

ue N2 "ase( )and 7 € Nop™ base(c). Since (u,v) €
, we have ny — ny € {—1,0, 1}. Definitions of dz()
and5 =(0) lead to |u| —|v| = 5 (7) dz(v) mod 2|q|+3.
Lemma 18 gives |u| = |v] £ 1 mod 2|q| + 3. Recall
6:(), 63(7) € [~lal |all, hence —2lg| — 1 < 6(w) —
dz(u) F1 < 2|q| + 1. Since dz(u) — 07(T) F1 = 0
mod 2|q| + 3 and 2|¢| + 1 < 2|¢q| + 3, we must have
0z(w) — 0z(v) = +£1. Joint to Remark 4, it excludes the
case n; — no = 0. We are hence left with n; = no £ 1.
Applying our additional property with k := max(ni,ns)

gives (pn,c(@), pn,c(v)) € ¥

base

Finally, p;, L(AZL..) C AL is a straightforward conse-
quence of pn,c( ) ~1 u (and again, recall elements from

AL . are alone in their equivalent class!). O

Let us now complete the proof of Lemma 7 with
Lemma 19 in hand.

Proof of Lemma 7. We first prove that 7 is a model of IC by
considering each possible shape of assertions and axioms:

» A(a). Since 7’ is a model, we have a € AT’ Therefore,
the definition of A7 givesa@ =a € A7.

* p(a,b). Since T’ is amodel we have (a, b) € p There—
fore, the definition of p” gives (@, b) = (a,b) €



e TC A. Letu € TY = A7, By definition of A7, there
exists ug € AT’ such that ug ug = u. Since ug € TZ and 7'
is a model, it ensures ug € AT, Therefore the definition
of A gives u =g € A7.

s AiTMAy; T A. Letu € (A; M Ay)7. By definition of
A7 and AY, there exists u; € AT and uy € A% with
U1 = uz = u. Remark 2 ensures u; and us satisfy the
same concepts, that is in particular u; € (Ap M AQ)I,.
Since 7' is a model, it ensures u; € AT, yielding by
definition of A7 that u = uy € A7 .

e A C Jr.A;. Letu € A‘17. By definition of A1 there
exists ug € Alf with Ty = wu. Since 7’ is a model, it
ensures there exists vg € A2I’ with (ug,v9) € rZ. By
definition of A2‘7 and 77, the element v := Ty satisfies
both v € Ay and (u,v) € 7, thatis u € (3r.A)7

e Ir.A] T Ay Letu € (3r.A;)7, that is, there exists
v € A{ with (u,v) € r7. By definition of Ay and r7,
there exist (ug,vg) € rZ and v, € A%/ such that 7y = u
and 75 = U1 = v. Remark 2 ensures v and v; satisfy the
same concepts, in particular ug € (3r.4;)% . Since T is
a model, this ensures ug € A;, yielding by definition of
Ay thatu =g € AY.

« A C —B. By contradiction, assume v € A7 N B7.
By definition there exists v € AT and w € BT with
U = w = u. Remark 2 ensures v and w satisfy the same
concepts, contradicting Z’ being a model.

e -BLC A. Letu € —|B‘7. By definition of A7, there
exists v € T’ such that ¥ = u. Since u ¢ BY, we have
v ¢ BT . Hence I’ belng amodel gives v € AT, yielding
by definition u = v € A7

e p C 7. Let (u,v) € p7. By definition of p7, there exists
(uo,v) € p* such that wg = w and Ty = v. Since 7'
is a model, it ensures (ug,vo) € 7%, hence (g, Tg) =
(u,v) € r7 by definition of 7.

It remains to prove that 7 is minimal w.r.t. <cp. We use
Lemma 2 with Z as reference model, and it suffices to show
that the preconditions of that lemma are satisfied. Using Re-
mark 2, we reduce to the study of types in Z’ and thus con-
cludes as in the proof of Lemma 3.

We now prove J [~ g(a). By contradiction, assume we
have p € ¢ and a homomorphism 7 : p — J s.t. p(Z) = a.
Consider the set of variables v, := {v | v € y,7(v) ¢

base} Let C denote the set of connected components of
vy in pjy, (thatis the query obtained by keeping only those
atoms containing variables from v,). For each connected
component C' € C, choose a reference variable vo € C.
Since 7 i , every variable

v € C satisfies 7(v) € MJ’ *’a”( (ve)). Let de € AT
denote one’s favorite representative for the class of m(vc)
(that is dg = 7'('(11(7)) From Lemma 19, we have a homo-

morphism p¢ :M | base( (ve)) = ./\/é‘ Abase(dc). Using

these p¢, one per C' € C, we define:

zUy — AT
= pc(r(v)) ifveC,Cel
v e ifr(v) =e € AL

base

Since each p¢ is a homomorphism (again Lemma 19), we

can check the overall 7’ is also a homomorphism:

* Consider A(v) € ¢q. If v € C for some C' € C, then pc
being a homomorphism gives 7/(v) € AZ'. Otherwise
m(v) = € € AL, but since 7 is a homomorphism we
have 7(v) € A7. Since € = {e} and by definition of A7,
it ensures e € AT, thatis 7' (v) € AT .

* Consider 7(u,v) € q.

— If both 7(u), m(v) ¢ AL, then we can find C € C

such that u,v € C, and then we use pc being a homo-
morphism.

— If both 7(u), w(v) € A
provides (ug, vo) € I with wg = w(u) € AL_

base» then the definition of rJ

base &

v = m(v) € AL .. Hence ug = {ug} and vy = {vo},
which gives (7 (u), 7' (v)) € 7.
—If n(u) ¢ AL_ and 7(v) € AL_, then we have

7' (u) = po(n(u)) for some C € C. Lemma 19 en-
sures 7' (u) ~1 w(u), and since 7 is a homomorphism,
we also have (7(u),7(v)) € r7. Therefore we can ap-

ply Condition 2.(c) and we obtain (7' (u), 7’ (v)) € rZ’

In particular, 7’ is a homomorphism s.t. 7/(Z) = @, hence
the desired contradiction with Z’ being a countermodel.
O

Theorem 3. UCQ evaluation on circumscribed ALCHIO
KBs is in TIE w.r.t. data complexity.

Proof. Assume that we are given a circumscribed ALCHZ
KB Circcp(K) with £ = (T, .A) and a UCQ ¢g. We describe
a Y8 procedure to decide whether Circep (K) £~ ¢(a).

We first guess an interpretation Z with |AZ| < |A| +
(2!71+2 4 1)3lal, We next check in polynomial time that
7 is a model of K and that Z is minimal w.r.t. <cp by co-
guessing a model J of K with J <cp Z. If one of the
checks fails, we reject. Otherwise we verify, for each CQ p
in g, whether there is a homomorphism from p to Z. This is
done brute-force, in time O(|AZ|!9). We accept if there is
no such homomorphism, and reject otherwise. This proce-
dure is correct due to Lemma 7. O

Theorem 4. AQ evaluation on circumscribed €L KBs is T15-
hard. This holds even with a single minimized concept name
and no fixed concept names.

Proof. We give a polynomial time reduction from V33SAT
(Stockmeyer 1976), that is, the problem to decide whether a
given V3-3CNF sentence is true. Thus let VZ3y ¢ be such
a sentence where T = 1+ X, ¥ = Y1 Yn, and ¢ =
A, \/34:1 Li; with L;; = v or L;; = —w for some v €
{z1,..-Tm,Y1,--.,Yn}. We construct a circumscribed £L



KB Circcp(K) and an atomic query g such that Circcp (K) |
q iff Yz 3y ¢ is true.

The circumscription pattern minimizes the concept name
Min and lets all other concept names vary, and the instance
query is ¢ = Goal(cp). We now describe how to construct
the KB K = (7, .A), not strictly separating 7 from .A. We
first represent ¢ in A using the following assertions:

Var(v) forallv € ZUg (15)
pos;(ci,v) if Lij = v (16)
neg;(c;,v) if Ljj = —w a7

First(co), Last(cy) (18)
next(c;,c;iy1) 0<i</? (19)

We next require each variable to be connected via the role
name eval to two instances of Min, a “positive” one and a
“negative” one:

Var C Jeval.(Min 1 Pos) (20)
Var C Feval.(Min M Neg). (21)
As potential witnesses for the above existential restrictions,

we provide several instances of Min, a positive and a nega-
tive one for each truth value:

Min(ty) Min(t—=)  Min(fy)  Min(f) (22)
True(ty) True(t—) False(fy) False(f-) (23)
Pos(ty)  Neg(t—)  Pos(fy)  Neg(f-) (24)

If such an instance is used as a witness, then the respective
variable is assigned the corresponding truth value:

deval. True E True (25)
Jeval.False C False (26)

We next introduce a mechanism for “freezing” the valuation
of the  variables in the sense that this valuation must be
identical in all models that are smaller w.r.t. ‘“<cp’. This
reflects the fact that the & variables are chosen prior to the ¢
variables. Freezing is achieved by the following:

freezetrye(TTrue, ©) forall z € T 27
freezepaise (TFalse, ) forall z € T (28)
Ifreezetrye. True © Min (29)
Jfreezefp,se.False & Min (30)

Note that if a variable = € T satisfies True, then z1,,e must
satisfy Min, and likewise for False. Since Min is minimized,
any model that is smaller w.r.t. ‘“<cp’ must thus have the
same valuation for the variables in Z.

There is a problem with this approach, though. On the one
hand, Min acts as an incentive touse ¢, t_, f, and f_ as
witnesses for (20) and (21). On the other hand, freezing im-
plies that if a variable = does so, then it triggers an instance
of Min on ZTe Or TFase. There can hence be models in
which fresh instances et of Min M Pos and ¢~ of Min M Neg
are created instead, leading to x satisfying neither True nor
False. Since Min is minimized, however, it must then hold
thate™ = e, i.e. x is connected to an instance of PosNeg.
Such models are easily detected due to our use of positive

and negative instances of Min. We make sure that prob-
lematic models satisfy the query and are thus ruled out as
a countermodel:

checks(cp,v) forallv e zUy  (31)
Jchecks.(Jeval.(Pos M Neg)) C Goal (32)

Now that we can assume that each variable is given a proper
truth value, we encode the evaluation of ¢. The truth
value of each clause is represented by concept name True
or False holding on the corresponding individual ¢;. Let
X; = {3pos,.False, Ineg,. True} and X = X; x Xy x X3,
and add:

Jpos;. True C True forl <i¢ <3 (33)
Jneg,.False C True forl <i<3 (34)
Ci1NCyMCs C False forall (Cl, 02, Og) cX (35

We next determine the truth value of ¢ by walking along the
next-chain of clauses in A. If the formula evaluates to true,
then we make Goal true at ¢y and thus satisfy the query. If
it evaluates to false, we make Min true at c¢g. This reflects
the existential quantification over the variables 4: when they
exist, we prefer valuations that make ¢ true since making ¢
false gives us an additional instance of the minimized con-
cept name. Formally:

JInext.(Last M True) C Last (36)
First M Last C Goal 37
dnext.False C False (38)

False M First C Min 39)

It remains to solve another technical issue. As explained
above, we make Min true not only at the individuals
ty,t_, f4, f—, but also at some individuals e, ZFalse and
possibly at ¢g. However, we do not want these individuals
to be used as witnesses for (20) and (21) as then there could
be variables that do not receive a truth value. We can again
detect this and then make Min true at a fresh individual a:

checks(a, TTre), checks(a, zpase) forallz € T (40)

checks(a, cg) (41)
dchecks.Pos C Min 42)
Jchecks.Neg = Min. 43)

We now set K = (7,.4) with 7 and A as defined above. It
is easily verified that 7 does not depend on the instance of
V33SAT. It remains to prove the following claim:

Claim. Circcp(K) = Goal(co) iff VZ 37 o(Z, 7).

To prepare for the proof of the claim, we first observe that
every valuation V for z U ¢ gives rise to a corresponding
model Zy of K. We use domain A7V = ind(.A) and set

Alv = {a| A(a) € A}
rvo = {(a,b) | r(ab) € A}

for all concept names A € {Var, First, Pos, Neg} and all
role names

r € {pos,, neg,, next, freezety,e, freezepaise, checks}.



We interpret eval according to V, that is

eval™ = {(v,ty),(v,t_) v e ZUgand V(v) = 1} U
{(v, f+), (v, f-) |v €T Ugyand V(v) = 0}.
The valuation V' also assigns a truth value to each clause, let
V (c;) denote the value of the i* clause. Put
True™ = {ty,t_}U
{vjvezUgandV(v) =1} U
{;|1<i<flandV(¢;) =1}
False®™V = {f, f_}U
{vijvezUgand V(v) =0} U
{;]1<i<fandV(c;) =1}

Let g be largest such that valuation V' makes the last q of the
£ clauses in @ true. Put

LastI" = {Cz} @] {04717 ce 7C€7v+1}-
It remains to interpret Min and Goal. As an abbreviation, set
M = {t+,t,,f+,f,,}U
{ZTre | x € Tand V(x) = 1}
{ZFaise | © € T and V(z) = 0}.

Now if V satisfies all clauses in ¢, then put

Min™ = M
Goal™v = {co}
and otherwise put
Min®v = MU/{c}
Goal™v = .

It is straightforward to verify that Zy is indeed a model of
K. Moreover, Zy |= ¢ if and only if V' satisfies all clauses
in ¢. Now for the actual proof of the claim

“=". Assume that VZ3y ¢ is false, and thus ITVy ¢
is true and there is a valuation Vz : & — {0,1} such that
Vg —¢' holds where ¢’ is obtained from ¢ by replacing ev-
ery variable 2 € T with the truth constant Vz(z). Consider
any extension V' of V; to the variables in . Then the in-
terpretation Zy is a model of K with Zy [~ g, to show that
Circcp(K) F~ g it remains to prove that there is no model
J <cp Zof K.

Assume to the contrary that there is such a J. Then

Minj g— MinIU = {t+7t—af+7f—a60}u
{ZTre |z €T and V(z) = 1}
{ZFaise | © € T and V (z) = 0}.

J being a model of A implies {t,,t_, f1, f_} C Min”.
Since J satisfies (15), (20) and (21), we can choose for
each v € T U 4 an element v+ € Pos” N MinY such that
(v,vT) € eval’. Since J satisfies (40) to (43) and a ¢
Min”, we must have vt € {t,,t_, fy,f_}. From (25)

and (26), it follows that v € True” U False”. Let V7 be the
valuation defined by setting, for allv € x U y:

1 ifve True?
0 otherwise.

OB

From (27) to (30), we further obtain that

Min? D {27y |z € Zand Vy(z) =1}
{ZFaise | © € T and V7 (z) = 0}.

which implies that Min™ \ Min? = {¢;} and, through
J <cp Z, that V and V; agree on . From Vg —¢/, it
follows that V7 F£ ¢ and thus the soundness of the eval-
uation of ¢ implemented by (33) to (39) yields ¢y € Min7,
a contradiction.

“<”. Assume that VZ 35 (T, ) is true and let 7 be a
model of Circcp(KC). We have to show that Z |= q.

Since Z satisfies (15), (20) and (21), we can choose for
every v € T U §j two elements vT € Pos” N Min® and v~ €
Neg” NMin” such that (v,v™), (v,v™) € eval*. If v+ = v~
for some v, then by (31) and (32) we have ¢y € GoalZ, thus
7 = q and we are done. For the remaining proof, we may
thus assume v+ #£ v~ forallv € T U 4.

We next argue that for allv € £ U ¢,

{U+7’U_}ﬂ{t+,t,,f+7f,}7é® (*)

Assume to the contrary that (%) is violated by some
vo € TU Y, that is, vi, vy ¢ {ty,t_, fy,f-}. Then we
can find a model 7 <cp Z of K, contradicting the minimal-
ity of Z. We distinguish two cases:

1. a € Min”.
We construct 7 by choosing A7 = ind(.A) and interpret-
ing the concept names Var and First as well as the role
names pos,, neg,, next, freezery,e, freezeraise, checks as in
the initially defined interpretations Zy—mnote that this is
independent of V. We further set

eval/ = {(v,a)|vezUy}
Pos” = {ty,fs,a}

Neg” = {t_,f_.a}

True?/ = {ty,t_}
False” = {f,f}

Last” = {c;}

Min? = {ty,t, fy, f,a}
Goal” = 0.

It can be verified that 7 is a model of IC. Moreover, at
least one of the (distinct!) v0+ , Vg 1s not in Min? and thus

Min? € Min% and J <cp .

2. a ¢ Min”.

We construct J exactly as in Case 1, but with a replaced
by vg in Pos”, Neg”, and Min” .



We have thus established ().

It follows from (x) together with (23), (25), and (26) that
v € True? U False? forall v € z U y and thus we find
a valuation V' such that V(v) = 1 implies v € True” and
V(v) = 0 implies v € False” for all v. We show below
that V' = . Then the soundness of the evaluation of ¢
implemented by (33) to (39) yields ¢y € Goal” and thus
7 |= q as desired.

Assume to the contrary of what remains to be shown that
V' [~ . Soundness of evaluation ensures ¢y € Min”. Since
VZ 37 (T, §) is true, we find a valuation V’ that agrees with
V on the variables in z and that satisfies (. Now consider
the model Zy+ of K. It satisfies

MinIV/ = {t+at—7f+af—?}u
{ZTe |z € Tand V(z) = 1}
{ZFaise | © € T and V(z) = 0}.

and it is easy to verify that Minv" C Min”. But then Zy» <
Ty since ¢y € Min”. O

D Proofs for Section 4.1
H

Theorem 5. UCQ evaluation on circumscribed DL-Lite’,,
KBs is 2EXP-hard w.r.t. combined complexity. This holds
even with a single minimized concept name, no fixed concept
names and no disjointness constraints.

Proof. We reduce from (Boolean) UCQ evaluation on
DL-Lite™ KBs with closed concept names, which is de-
fined in the expected way and known to be 2EXP-hard
(Ngo, Ortiz, and Simkus 2016). Let Ky be a DL-Lite™
KB with closed concept names, X = (7T, .A), and let ¢ be
a Boolean UCQ. We construct a circumscribed DL-Lite™
KB Circcp(K'), with K = (77, A’), and a CQ ¢’ such that
Ks ': q iff CiI’CCp(,C/) ': q’.

As in the proof of Theorem 2, we minimize only a single
concept name M and include A in A’. To construct 77, we
start from 7 and extend with additional concept inclusions.
For ¢’, we start from ¢ and extend with additional disjuncts.
We will actually use individuals a € Ind(A) as constants
in ¢’. These can be eliminated by introducing a fresh concept
name A,, extending A4 with A,(a), and replacing in each
CQ in ¢’ the constant a with a fresh variable x, and adding
the atom A, (z,).

As in the proof of Theorem 2, we include in 7" the CI

AC M forallAe X (44)

and then have to rule out non-asserted instances of closed
concept names. To rule out non-asserted instances inside of
ind(A), we add to ¢’ the disjunct A(a) for all A € ¥ and
a € ind(A) with A(a) ¢ A.

To rule out instances of closed concept names outside of
ind(A), add

M (t) (45)

where ¢ is a fresh individual. As in the proof of Theorem 2,
this guarantees that models with instances of closed concept

names outside of ind(.A) are not minimal. To ensure that no
closed concept names are made true at ¢, we extend ¢’ with
the disjunct r(z, t) for every role name r used in 7.

Claim. Ky, |= ¢ iff Circcp(K') | ¢
The proof is rather straightforward, we omit the details. [

We now work towards a proof of Theorem 6, first estab-
lishing the following.
Lemma 8. Ler Circcp(K) be a DL-Litepool cKB with K =
(T, A), ¢(Z) a UCQ, and a € ind(A)\*|. If Circcp(K)
q(@), then there exists a countermodel I with |AT| < (|A|+
QITI)\q\2(\TI+1)_

Refining the unraveling begins by noticing the set {2
now only contains elements with shape T as DL-Litepqo
TBoxes are considered. We drop the T concept for simplic-
ity. Recall we assume chosen a representative e; € AZ for
each non-core type t € TPe=(Z). We define the set Phool
of bool-paths through 7 along with a mapping h that assigns
to each p € Phool an element of AL:

¢ cach element d of the set
Al == ind(A) UAZ U {e; |t € TP=(T)}.
is a path in Py and h(d) = d;
* if p € Ppool With h(p) = d and r € Q such that:
(@) f(d,r)is defined and not from AZ _ and

(b) p does not end by r—, which we dcglrli)te tail(p) #r—.
then p’ = pr is a path in Pyoo and h(p') = f(d,r).
For every role r, define
R, ={(a,b) | a,b € ind(A),K = r(a,b)}U
{(d,e) | d,e € AL . (d,e) e rT}U
{(p,p) [P =pr}u
{(p,e) | e = f(h(p),r) € AL, tail(p) # 1~}

Now the bool-unraveling of 7 is defined by setting

1317 - ijoo
AT = {p € Ppool | h(p) € AT}
T =R, U{(e,d) | (d,e) € R,-}

for all concept names A and role names r. It is easy to verify
that h is a homomorphism from Z’ to Z. It is a technicality
to verify that Z/ | satisfies the same properties as the previ-
ous unraveling Z’, that is: if Z is a countermodel for g over
Circcp(KC), then so is Z[ . The key additional property sat-
isfied by Z , is the following:

Lemma 20. Foranyr € Ngand d; € AT\ AL, there is

at most one element ds, € ATboo such that (d1,d2) € 7 Zooo,

Proof. Unfolding the definition of 7ol and recalling d; ¢
AL ., we obtain that if d; € Aol \ AL __ and (dy,ds) €

0 base
rZooo | then either:

* (d1,d2) € R, and either do = dyr (Case 1) or do =
f(h(dy),r) € AL _ and tail(d;) # 7~ (Case 2).

base



¢ (dy,d1) € R,- and we have d; = dar™ (Case 3).

To verify uniqueness, let us assume there exist da and d, s.t.
(dy,db), (dy,dy) € rToeo. We want to prove dy = dj. From
the small analysis above, there are 3 x 3 cases to consider:

1. if dy = d;r, then:
1. if d = dyr, we obtain directly dfy, = da.
2. ifdy = f(h(dy1),r) € AL, and tail(dy) # r—, then it
contradicts d17 € Ppool (Condition (a)).
3. if dy = dyr—, then do = dbr~r, which contradicts
ds € Phool (Condition (b)).
2. ifdy = f(h(d1),r) € AL and tail(d;) # r~, then:
1. if d;, = dyr, then same argument as 1.2.
2. if dy = f(h(d1),r) € AL and tail(d;) # r—, then
d% = dy from h and f being functions.
3. if d; = djyr~, then it contradicts tail(dy) # r~.
3. if dy = dor—, then:
1. if d;, = dyr, then same argument as 1.3.
2. ifdy, = f(h(d1),r) € AL, and tail(d;) # r~, then
same argument as 2.3.
3. if dy = d4yr~, we obtain directly d, = ds.

base

O

Repeated applications of Lemma 20 ensure that each par-
tial homomorphism of a CQ p € ¢ in the non-AZ _ part
of the bool-unraveling can be completed uniquely in a max-
imal such partial homomorphism (see further Lemma 21).
This motivates a refined notion of the neighborhood of an
element d, restricting the (usual) neighborhood to those el-
ements e that can be reached by a homomorphism of some
connected subquery involving both d and e. Formally, for
n > 0and A C AT, we use NV b00,( ) to denote the n-
bool-neighborhood of d in T up to A, that is, the set of all
elements e € N2 (d) such that there exists a connected
subquery p’ C p for some p € ¢ and a homomorphism
7:p = NIA(d) st d,e € w(var(p')).

The central property allowing bool-neighbourhoods to
improve our construction is the following polynomial bound
on their size in the bool-unraveling.

Lemma 21. Let T be a model of K and I
bool-unraveling. ~ Consider d € ATwa \ AL

Nosa=(@)| < lal*(IT] + 1)

n,bool

its
then

ool

base’

Proof. Let ¢ € AZwa \ AT in a first step, we prove

AZbase .
the number of elements in Nn"gg'ol (c) \ ATe s at

most |q| . In a second step, we notice each element e €

/ sy
szool 7A base

wpesr () N ATk must be connected to an element

base .
d € nbgg'c’)lA (¢) \ AT by construction of (usual)

nelghborhoods However, from Lemma 20, each such el-
ement d is connected to at most |7 | elements. From the

first step it follows there are at most |g|* - |7 elements in
ecN, Thoo AT (¢) N AZvs_hence the claimed bound.

,bool

It remains to prove the first step. We start by proving that
if the connected subquery p’ C p for some p € ¢ and the
variable vg that shall map on ¢ are fixed, then all homo-

morphisms p' — (N7 (c) \ AL,) mapping vy on
c are equal. Consider two such homomorphisms 7 and 7a.
We proceed by induction on the variables v of p’ being con-
nected. For v = vg, we have 71 (vg) = m2(vg) by definition.
For a further term v, we use the induction hypothesis, that
is the existence of an atom r(v',v) € p’ (or the other way

around) such that m (v') = 772(1/ ). Recall 1 and 7y are

. AL
homomorphisms of p’ in n"gg'ol base

(c) \ AL, in particu-
lar 711 (v), mo(v') ¢ AL, hence we can apply Lemma 20,
yielding 71 (v) = ma(v).

This proves that, for a fixed vo € var(p), each con-
nected subquery p’ C p admitting a homomorphism in

’ z
Ni"gﬁ)‘f"“e( )\ Abase defines at most |p| new neighbors,

but also that if p’ C p” C p are two such subqueries,
then the neighbors defined by p’ are subsumed by those
defined by p” (the restriction to the variables of p’ of the
unique homomorphism of p”” mapping vy on ¢ must coin-
cide with the unique homomorphism of p’ mapping vy on
¢). Still for a fixed vy, consider now two connected sub-
queries p1,p2 C p, each admitting a (unique) homomor-

. ! AL .
phism m; resp. 72, to N oo (c) |\ AL . mapping v
to ¢, and each maximal, w.r.t. the inclusion, for this prop-

erty. By the previous property, we know 71 and 7o coincide
on var(py) N var(pz). Therefore, p; U p2 admits a homo-

morphism to HI "ggt;lAbI”e( ) \ AL, mapping vy to ¢, being
w1 U mo. But since p; and po are assumed maximal for this
property, we must have p; = pa.

Therefore, for a fixed vg € var(p), there is a unique max-
imal connected subquery Pmax C p admitting a homomor-

bool 7Abase

phism in AV} %277 (c) \ AL and mapping vy to c. As pre-
viously seen, the neighbors defined by pmax subsume those
defined by other subqueries of p, and since the homomor-
phism for pmax is unique, it defines at most |p| neighbors.
This holds for each possible choices of term v, hence a to-
tal number of possible neighbors issued by p bounded by

| p\2. Iterating over each p € ¢, we hence obtain the claimed

bound of at most |¢|* elements in f"gg‘ol b (0)\ Aleer O

Using bool-neighborhoods in the quotient construction
presented in Section 3.3, the number of equivalence classes
drops, which yieldings Lemma 8.

Lemma 22. Forall P C AZ, Ip is a model of K.
Proof. Let P C AT, we have:

e Tp models A as it inherits interpretations of concepts and
roles on ind(.A) from Z, which is a model of A.

e Axiomsin 7 withshape T C A, A;MA; C A, AC -B
or =B C A are satisfied since Zp inherits interpretations
of concept names from Z, which is a model of 7.

¢ Axioms in 7 with shape A C Jr are witnessed with an
r-edge pointing to w,..



» Axioms in 7 with shape 3r C A are satisfied since every
element in Zp having some r-edge already has one in 7
(and interpretations of concept names are preserved).

* Role inclusions r C s are satisfied on ind(A) x ind(.A)
from Z being a model of 7T in the first place, otherwise
directly from the definition of s77.

This proves Zp |= K as desired. O

Lemma 9. The following are equivalent:

1. There exists a model T of K with J <cp Z;

2. There exist P C AT with |P| < 2|T| + 1 and a family
(Je)eenz of models of KC such that J. <cp Ipu{ey and
Telazp = Ter|azp forall e e’ € AT

To piece together the 7. and reconstruct an eventual 7,
we first prove the following property:

Lemma 23. Let P1, P> C AT and J1, Jo two models of K
s.t. Ji <cp Ip, and Jo <cp Ip,. If Ti|pass = To|an,
then J1 U J2 <cp Ip,up,-

Proof. Assume J1|p7. = J2|ao - Itis easily verified that
J1 U J> is also a model of K since /7 and J» agree on their
shared domain. We now check that all four conditions from
the definition of <cp are satisfied:

1. From J; <cp Zp, we have A7t = AZP1 and similarly
for J> we have A72 = AZP:_ It follows from its defini-
tion that AZP1uP2 = AZP1 U APz, Therefore we have
as desired AT1V72 = AZPiuPs

2. Let A € F. From J; <cp Zp, we have A7t = AP1 and
similarly for 75 we have A2 = AZP: Tt follows from its
definition that AZP1vP: = AZPi U AZP2. Therefore we
have as desired A71YT2 = ATP1uPs

3. Let A € M such that A71Y72 ¢ ATPiuP2. We may as-
sume w.l.o.g. that A is minimal w.r.t. < for this property.
We thus have e € A1Y72\ AZP1uP2 We either have e €
A7 or e € AJ2, We treat the case e € A7, the argu-
ments for e € A2 are similar. From J; <cp Ip,, there

. T
exists a concept B; < A s.t. BY* ¢ B;”*. We chose

such a Bj that is minimal for this property, that is s.t. for
all B < By, we have Bt = BZ71 (recall A is minimal
for its property so that such a B must verify B71Y72 C
BTP1UPs hence BT C BTP). If BY? C B172, then we
are done as we obtain BY'Y72 C BI™1P2_ Otherwise,
we have Bf 2 g B?Q and from J5 <cp Ip,, there ex-
ists a concept By < Bj s.t. BgQ - BQIPQ. Since B4 has
been chosen minimal, we have in particular Bg 1= B2I 1
which yields BY*“7 C B} "1V"2

4. From J; <cp Ip,, there exists a concept A; € M s.t.
A1 C ATP and forall B < Ay, we have BTt = BZ71
If AY> ¢ AD? and for all B < A;, B’ = B2, then we
obtain directly Ay C Afplwz and for all B < A,
BJ1YJ2 — BTIPi1uPy and we are done. Otherwise:

< If A2 ¢ A?Q, then from Jo <cp Zp,, there ex-

ists a concept Ay < A; s.t. A2 C A?’z. Consider a
minimal such A,, that is s.t. for all A < A,, we have
ATz = ATP2 or A7 ¢ ATP2. Notice the second op-
tion cannot happen otherwise from Jo <cp ZIp, we

could obtain A; < Ay s.t. AP> C A27*, contradict-
ing the minimality of As. Therefore As being minimal
yields that for all A < A,, we have A2 = ATP: Now,
from the minimality of A, we extend this to J; U J5

. T
and obtain Ay""72 C A;79"2 and for all B < As,
BJ1VIT2 — BIr,uP, )

. T .
« If there exists Ay < A s.t. AJ? # A;™2. Consider a
minimal such A,, that is s.t. for all A < As, we have
. T
A7 = ATP2. Notice we must have Ay C 4,72,
otherwise from J5 <cp Zp, we could obtain A3 < Ao
T .
s.t. Ay2 C A;™2, contradicting that for all A < Ay, we
. Ip, .
have A7> = ATP2. Therefore, since A2 # A,™2, it
T L
must be that A2 C A,™2. Now, from the minimality
of Ay, we extend this to [J; U J» and obtain AgIUJZ C
ALP19P2 and for all B < Ay, BI1UT2 = BTriumy

Overall, this proves J; U J2 <cp Zp,up, as desired. O
We are now ready to properly prove Lemma 9.

Proof of Lemma 9. “1 = 2”. Assume there exists J = K
st. J <cp Z. Based on J, we build a subset P C AT
containing:

« for each role 7 s.t. 77 # (), an element w’. € (Ir~)7;

o foreach A € Ms.t. A7 ¢ A%, anelementey € BY \ BZ
for some B < A (Condition 3 in the definition of 7 <cp
7 ensures existence of such B and e4);

e an element ey € A7 \ AT for some A € M s.t. A7 ¢
AZ and for all B < A, BY = BT (Condition 4 in the
definition of 7 <cp Z ensures existence of such A and

em)-
Notice P has size at most 2|7 | + 1. We now build 7, as:
ATe — AZruier
ATe — AT A AT
r7e =17 N (ind(A) x ind(A))
U{(e,wl) |ee (3s), T =sCr}
U{(wl,e)|ec (3s)7, TEsCr}
It is easily verified that J. is a model of K, and we now

prove Je <cp Zpufe}- We check that all four conditions
from the definition of <cp are satisfied:

1. By definition, we have ATe = ATruiey,

2. Let A € F. Definitions of Zpyiy and J. ensure
AT N ATruter = ATrPuter and AT N ATrPuter = AT,
From J <cp I, we get AZ = A7 which thus yields
Alrutey = AT,



3. Let A € M such that A7e ¢ AZruiey. Therefore
A7 ¢ AT, and recall we kept in P an element e4 €
BY \ BZ for some B < A to belong to P. Joint with
BJe C BIruier being trivial, e 4 additionally witnesses
that B ¢ BIrute),

4. Recall we kept in P an element ey € A7 \ AZ for some
AeMst. A7 C AT andforall B < A, BY = BZ. 1t
gives immediately that A7 C AZPuier and for all B <
A, B7e = BTrutey,

This proves J. <cp Zpugey- It is straightforward from
the definition of each 7, that for all e, ¢’ in AT, we have
Telazer = JTer|azp, concluding the proof of “1 = 2”.

“2 = 1”. Assume there exist P C AT with |P| < 2|7+
1 and a family (7.).caz of models of X such that 7. <cp
Ipuger and Je|azp = Jer|azp foralle, e’ € AT, Consider
such a P C AZ, and family of models 7, for each e € AZ.

We build:
j: U je

ee AT

It is clear A7 = AT and since all J, agree on the shared
domain A7, we apply Lemma 23 to obtain 7 <cp Z. [

Theorem 6. UCQ evaluation on circumscribed DL-Litepo
KBs is in CONEXP w.r.t. combined complexity.

Proof. We exhibit a NEXP procedure to decide the comple-
ment of our problem, that is existence of a countermodel
for UCQ ¢ over DL-Litepoo cKB Circcp(K). Our proce-
dure starts by guessing a interpretation Z whose domain has
size at most A + 27119 This can be done in exponentially
many non-deterministic steps. It further checks whether 7
is a model of KC that does not entail ¢, and rejects otherwise.

This can essentially be done naively in |AZ| 7114} determin-
istic steps, that is still simply exponential w.r.t. our input.
The procedure finally checks whether Z complies with CP
by iterating over each P with [P| < 2|7| + 1 and over
each model Jp of K s.t. Jp < Zp. If, for a choice of P
and Jp, we can find a Jp . for each e € AT \ AP st
JIp.e E K with Tp . <cp Ipuiey and Jp e|psr = TP,
then our procedure rejects. Otherwise, that is all choices of
P and Jp led to the existence of a e € AT\ AP without
a fitting Jp ., then it accepts. Notice that: iterating over

such P can be done in |AI 2T Sterations since we re-
quire |P| < 2|7 + 1. Computing Zp follows directly from
the choice of P. Since each Zp has polynomial size, iter-
ating over each Jp can be done naively with exponentially
many steps. Further iterating over each e € AT\ A can
be done in ‘AZ’ steps, which is at most exponential by con-
struction. Since each Zpy ) has polynomial size, decid-
ing the existence of Jp . can be done naively in exponen-
tially many steps. Overall, the procedure uses an exponen-
tial number of non-deterministic steps at the beginning and
further performs several checks using exponentially many
more deterministic steps.

It remains to prove there exists an accepting run iff there
is a countermodel for g over Circcp (K). If there exists an ac-
cepting run, then the corresponding guessed interpretation 7

is a model of /C that does not entail ¢, and it must also com-
ply with CP otherwise the “1 = 2” direction from Lemma 9
ensures the procedure would have rejected it. Conversely,
if there exists a countermodel, then Lemma 8 ensures exis-
tence of a countermodel Z whose domain has exponential
size. This Z can be guessed by the procedure which checks
it is indeed a model of K not entailing ¢, hence do not re-
jectit at first. The “2 = 1” direction from Lemma 9 further
ensures Z also passes the remaining check performed by the
procedure as otherwise it would contradict Z being a model
of Circcp(K). O

Theorem 7. UCQ answering on circumscribed DL-Litecore
KBs is CONEXP-hard w.r.t. combined complexity. This holds
even with a single minimized concept name, no fixed concept
names and no disjointness constraints.

Proof. The proof proceeds by reduction from the comple-
ment of the NEXP-complete Succinct-3COL problem. An
instance of Succinct-3COL consists of a Boolean circuit C'
with 2n input gates. The graph G¢ encoded by C has 2"
vertices, identified by binary encodings on n bits. Two ver-
tices v and v, with respective binary encodings u; . . . u,, and
V1 ... Un, are adjacent in G¢ iff C returns True when given
as input uq . .. u, onits first n gates and v . . . v, on the sec-
ond half. The problem of deciding if G¢ is 3-colorable has
been proven to be NEXP-complete in (Papadimitriou and
Yannakakis 1986).

Let C be a Boolean circuit with 2n input gates. Let
G = (V,E) be the corresponding graph with V =
{v1,v9, -+ ,v2n}. We denote i the binary encoding on n
bits of vertex v;. We also identify t (True) and f (False)
with their usual binary valuation 1 and 0, respectively. We
construct a circumscribed DL-Litecore KB Circep(K) with
K = (T,.A) and a UCQ ¢ that encode a given problem in-
stance. With the aim to restrict colors and truth values to
those defined in the ABox (see axioms (50)), we minimize
exactly the concept name Min and let others vary freely. Our
reduction starts by representing the colors (46) and truth val-
ues (48) in the ABox. The role name neq makes the inequal-
ity relations within them explicit; see axioms (47) and (49).

Col(c) forall c € {r,g,b} (46)

neq(c, ) forall ¢, ¢’ € {r,g,b} withc # ¢ (47)
Valy(valy) forall b € {f,t} (48)
neq(valy, valy ) for all b, b’ € {f,t} with b # (49)
Min(z) for all x € {r, g, b, val,val¢} (50)

We aim countermodels to contain 22" elements that each
encode a pair (vj,v;) € V2. Towards this goal, we lay
the foundation to branch a binary tree of depth n from a
root atree, Which will be later enforced via the constructed
UCQ further down. The concept names (Index;);=1,... 2n,
encode the tree levels, which fork via the role names next;
and next; f, encoding whether the i-th bit in & - [ should be
set to t or f, respectively. The desired elements will there-
fore be (a subset of) the extension Indexs,. A role name
(hBit;) =1,... 2» Will later set the actual bit values. Note that
axioms (54) require any i-th tree level to set the bits 1 to ¢,



so that the UCQ can later ensure the truth values to coincide
with the choice via next. Formally:

Indexo(iree) (51D
Index;—1 & dnext; (52)
Hnext;b C Index; (53)

Index; C 3hBit;  forallje {1,---,i}  (54)
JhBit; T Min forallj € {1,---,2n} (55)
foralli € {1,---,2n}and b € {t,f}.

We encode the color assignments of (v, v;) only at the
2n-th level via the role name hCol for vy, and hCol’ for v;:

Indexs,, C 3hCol Indexs,, = FhCol’ (56)

FhCol™ C Min JhCol’” C Min (57)
Finally, the computation of a gate g in C'is enforced for
each pair by an outgoing edge gate, at the 2n-th level. Add:
Indexy,, C Jgate, (58)

Hgateg C Min 59)

for all gates g in C'.

Let the constructed UCQ ¢ be the disjunction over all sub-
sequent queries. We first make sure that no color is used as a
truth value (CQs (60) and (61)) or vice-versa (CQs (62) and
(63)):

3z, y hBit;(x,y) A Col(y) forall j € {1,---,2n} (60)
3z, y gate, (,y) A Col(y) for all gates g in G’ (61)
Jz,y hCol(x,y) A Valy(y) for all b € {t,f} (62)
3z, yhCol'(z,y) A Valy(y) forall b € {t,f} (63)

We next simultaneously enforce that a) the structure con-
structed by axioms (51)—(53) really is a tree, and b) that the
valuation required by axioms (54) and (55) is consistent with
the branching of the tree. We achieve this via CQs (64),
which makes countermodels assign the bits by hBit as dic-
tated by next, and via CQs (65), which makes countermod-
els propagate the bit assignment of a node downwards the
tree to all successors:

Jx,y, 21, 22 next;_1 p(z, y) A hBit; (y, 1)
A neq(z1, z2) A Valp(z2)
3z, y, 21, z2 next;—1 p(z,y) A hBit;(z, z1)
A hBit]‘(l‘, 2’2) A neq(zl, 2’2)
foralli € {1,---,2n}, j € {1,---,i} and b € {t,f}.
Observe that the above indeed enforces a tree.
We go on to construct CQs (66) and (67), which prohibit
any two encoded pairs of vertices (v, u) and (v, u’) or (v, u)
and (u, ) to assign different colors to v or u, respectively:

Az, y,¢,d, 21, , 2, hCol(x, ¢) A hCol(y, d)
Aneq(c,d) A /\ (hBit; (y, z;) A hBit;(z, z;)) (66)
1<j<n
3w, y,¢,d, 21, , 2, hCol(z,¢) A hCol(y, d)
A neq(c,d) A /\ (hBit;(y, z;) A hBit) ., (, ;)

1<j<n

(64)

(65)

(67)

To make sure that the computation of the boolean circuit
is consistent, we construct CQs restricting gate, to follow
the logical operator of g. For this, we assume w.l.0.g. that
C only contains unary NOT-gates, binary AND- and OR-
gates, and 2n nullary INPUT-gates (each encoding a bit in
k- 1). Given an INPUT-gate g from C, we denote the index
of the encoded bit from % - [ with 4,. Construct, for each
INPUT-gate g from C, the CQ as given next:

3x,y, 2 gate, (z,y) A hBit;, (z,2) Aneq(y,z)  (68)

For all NOT-gates g with their parent ¢’, construct
3z, y gate, (x, y) A gate,, (x, y) (69)

For all AND-gates g with parents g1, g2, construct

3z,y, z gate, (z,y) A Vali(y) A gate,, (z, 2)

70
AN Valf(z) (70)
3z,y, z gate, (z,y) A Vali(y) A gate,, (z, 2) an
A Valg(z)
3z,y, z gate (z,y) A Vale(y) A gate,, (z, 2) )
A Vali(z) A gate,, (, 2)
For all OR-gates g with parents g1, go, construct
3z,y, z gate, (z,y) A Vale(y) A gate,, (z, 2) 73
A\ Valt(Z)
3z, y, z gate (z,y) A Vale(y) A gate,, (z, 2) 74)
A Valt(z)
3z, y, z gate (z,y) A Vali(y) A gate,, (z, 2) s

A Vale(z) A gatey, (, 2)

Finally, we rule out the existence of monochromatic edges
in countermodels via CQ (76):

3z,y, zhCol(x,y) A hCol'(z,y) A gatey(z, z) A Valy(2)
(76)

where we here and in what follows denote by ¢ the output
gate of C.

Lemma 24. G is 3-colorable iff Circcp (K) = g.

13

=". Let G be 3-colorable. Then there exists a 3-
coloring 7 : V. — {r,g,b} such that w(v) # m(u) for
all (v,u) € V. To show that Circcp(KC) B~ ¢, we con-
struct a countermodel Z of Circcp () as follows. Let X =

Ujz1... ani@j1, -+ @520 }; then set



AT =ind(A) U X
AT ={a | A(a) € A}
neq” :={(a,b) | neq(a,b) € A}

Indein ={aij1, - ,a;92}

{(@im15, ai25)}
{(aio1,,ai2j-1)}

({(a,val) | a € R(aiz2;)}
U{(a,vak) | a € R(aizj—1)})

for all concept names A € {Col, Val, Valg, Min, Index }
andi € {1,---,2n}, where we use

* ap,1 to denote ayree, and

* R(ay,) to denote the set of instances that are reachable in
1 from a,; € X via the family of role names next; ; and
next; ¢ (including ay, ; itself).

We furthermore set hCol® , hCol’” as follows. Given some
asn; € X withi € {1,---2?"}, we denote by J(az, ;)
the encoded pair (vi,u;) € V2, i.e., such that for all j €
{1,--+,2n}, we have (azn,i, valy) € hBit] iff the j-th bit in
k-lisbwithb € {t,f}.

hCol” = {(azn,i,m(v)) | ¥(azn) = (v,u)}

hCol'” = {(agm, W(u)) | ¥(azn,i) = (v, u)}
Finally, we set gate, for all gates g in G¢. We denote the
sub-circuit of G that contains exactly g and all its ancestors
with G, . Note that the output gate of G, is g, i.e., GL(, 1)
computes the value of g in G¢ given the input (k, ). Then,
for all gates g, set:

gateg ::{(a2n,iava|b) | ﬂ(a2n,i) = (vk’yul)

and G (k,1) = b}
It is obvious that Z is a model of K. As a € Min” iff
Min(a) for all a € AT, and Min is the only minimized con-

cept, Z must furthermore be minimal.
To see that Z }~ ¢, it is readily checked that

* 7 by definition has no answer to CQs (60)-(67),

* additionally, Z has no answer to CQs (68)—(75), as other-
wise, the computation of G would be inconsistent, and

* finally, Z has no answer to CQ (76), as otherwise, m would
not be a 3-coloring of G.

“<”. Let Circcp(K) £ ¢. Then there is a model Z of
Circcp(K) such that Z [~ q. We aim to extract a function
7w :V — {r,g,b} and to show that 7 is indeed a 3-coloring
of G. This is rather laborious, as we have to prepare the final
argument in five steps. In Claim (4)—(8), respectively, we

1. briefly argue that hBit and gate have the range {val, val¢}
and that hCol and hCol’ have the range {r,g, b}, which
will be convenient later on,

2. identify within 7 the intended tree-structure,

3. show that each leaf indeed encodes a pair (v, v;) € V2,
setting precisely the bits from & - [,

4. extract  from Z and show that it is sound in the sense that
any two leaves that encode the same vertex also assign it
the same color, and

5. proof that the leaves correctly compute all gates.
We start with the ranges of hBit, gate and hCol:

Claim 4. The following properties hold.

« both (x,y) € hBit} and (z,y) € gatel entail y €
{valy,val¢} foralli € {1,--- ,2n} and gates g in C, and

* both (z,y) € hCol* and (x,y) € hCol'” entail Yy €
{r.g,b}.

The proof is simple: As Z is a model of A, axioms (50)
imply {r, g, b, val,val¢} € Min”. Furthermore, it is obvi-
ous that there cannot be any a € Min” with Min(a) ¢ A,
since Z would otherwise not be <cp minimal (it would
then be straightforward to construct a smaller model). Ergo,
MinZ = {r, g, b,val;,val¢}.

The rest of the claim follows from axioms (46), (48), (55),
(57), (59), CQs (60)—(63), and Z [~ ¢: For example, in the
case of hCol, consider some (z,y) € hCol”®. By axiom (57),
we have that y € MinZ. CQ (62) and the fact that Z K q
together yield y € Min® \ (Val, U Valf). As {val,val¢} C
Val; U Val¢ by axioms (48), we thus have that y € {r, g, b}.
The other cases are analogous.

This finishes the proof of Claim (4).

We go on by identifying within Z the intended tree-
structure:

Claim 5. Foralli € {1,---,2n} thereis a set Y; C Index’
that satisfies the following properties:

1. for all y €Y;, there is exactly one parent p € Y;_; of
y with (p,y) € nextiz_lyb for some b € {t,f} (we set
Yo = {atree})y

2. forally € Y;and j € {1,--- i}, there is exactly one
b € {t,f} such that (y,val,,) € hBit;,

3. forall z,y € Y; with x # y, there is some j € {1,--- ,i}
such that (z,valy) € hBit; iff (y,val¢) € hBit;, and

4. |Y;| =24

The proof of Claim (5) goes via induction over ¢:

Base case (: = 1). Axioms (51)—(53) require the existence
of some 2,y € Index’ such that (aree, ) € next{  and
(atree,y) € nexti Set Yy = {z,y}. Property 1. of
Claim (5) obviously holds as aee is, on one hand, the
only element in Yy, and, on the other hand, the parent of
both z and y. Together with Claim (4), axioms (49), and
(54), and CQs (64) (and the fact that Z [~ q), we have that



(z,val;) € hBit} and (y,valf) € hBit, while (z,valf) ¢
hBit and (y,val:) ¢ hBit, i.e., also properties 2. and 3.
hold. The above furthermore entails  # y, which is why
also property 4. must hold.

Induction step (: > 1). By the induction hypothesis, there
is a set Y;_; with the claimed properties. For all
y € Y;_1, axioms (51)—(53) entail the existence of ele-
ments a,, a, € Index} such that (y,a,) € next/, and
(y,al,) € next]¢. Similar as in the base case, we deduct

that (ay,val)) € hBit] and (al,valf) € hBit], while
(ay,valf) ¢ hBit] and (ay,val) ¢ hBit? (1) via Claim
(4), axioms (49) and (54), and CQs (64) (and the fact that
T W q).SetY; = Ueriil{ay,a;}.

To see that Y; satisfies property 1., assume to the contrary
that there is some a € Y; with two parents from Y;_4, i.e.,
that there are two elements y, y' € Y;_; such that (y,a) €
next/ , , and (', a) € next]_, ,, for some b, ¥’ € {t,f}.
By property 3. of the induction hypothesis, there must be
some j € {1, -+ ,4 — 1} such that (z,val;) € hBitJI» iff
(a',valf) € hBit]I-. Furthermore observe that Claim (4)
and axioms (54) require a to assign the j-th bit, i.e., we
have (a,val;) € hBitJI- or (a,valf) € hBit]I. In either
case, due to axioms (49), we can find a homomorphism
from CQ (65) to Z, which contradicts the fact that Z is a
countermodel to q. Ergo, Y; must satisfy property 1.
Property 2. follows, in case of j = 4, from (}), and, if oth-
erwise j € {1,--- ,4 — 1}, from Y;_ satisfying property
2. and the fact that Claim (4), axioms (49) and (54), and
CQs (65) require all a € Y; to assign the bits 1,--- ;7 — 1
exactly as their parents.

For property 3, consider some a,a’ € Y; with a # a'.
If a and o’ have the same parent x, property 3. follows
from () and property 1. Otherwise, if a has a parent =
and o’ has a parent y such that & # y, observe that prop-
erty 3. of the induction hypothesis implies the existence
of some j € {1,---,i — 1} such that (z,val;) € hBit;
iff (y,val¢) € hBit;. Property 3. then follows from the
fact that Claim (4), axioms (49) and (54), and CQs (65)
require a and a’ to assign the bits 1,--- ;7 — 1 exactly as
their parents.

Regarding property 4., observe that by (f), Y; contains
two elements ay, a; with a, # a; for each y € Y; ;.
Given any two elements x,y € Y;_1, it is furthermore
easy to see that {a,,a,} and {a,,a}} are disjoint, as
by property 2. and 3. of the induction hypothesis, there
must be some bit j € {1,---,4 — 1} that z and y as-
sign differently, which subsequently must then also be as-
signed differently by {a., a,} and {a,,a; } due to Claim
(4), axioms (49) and (54), and CQs (65). As, thus,
|Y;] = 2|Y;_1], property 4. of the induction hypothesis
implies |Y;| = 2°.

This finishes the proof of Claim (5).

We go on to identify the instances in Z that encode pairs
of vertices:

Claim 6. We can identify a set Y C Indexgn and a bijective
function ¥ 'Y — V? such that 9(z) = (vg,w;) implies
(z,valy) € hBit? iff the i-th bitin k - Lis b for all b € {t,f}
andi € {1,--- ,2n}.

Claim (6) builds upon Claim (5); set Y = Y5,,. By property
2. of Claim (5), each y € Y assigns a unique b € {t,f} to
every i-th bit with ¢ € {1,--- ,2n}, encoded via (y, valy) €
hBitiI . Ergo, we can find a function ¥ : ¥ — V2 such that
D(y) = (vk,w) implies (y,val,) € hBit? iff the i-th bit in
k-lisbforallb € {t,f}andi € {1,---,2n}.

Note that ¥ must be surjective, as by |Y| = 22" (property
4 of Claim (5)) and the fact that all z,y € Y pairwise assign
at least one bit differently (property 3. of Claim (5)).

To see that ¥ is injective, consider some x,y € Y with
¥ zx) = (vg,uw) = d(y). By definition of ¢J, we have that
(z,valy) € hBit! iff (y,valy) € hBit! for all with b € {t,f}
andi € {1,---,2n}, and, together with property 2 of Claim
(5), even that (z,val,) € hBit? iff (y,valf) ¢ hBit’. Prop-
erty 3. of Claim (5) then entails = y.

This finishes the proof of Claim (6).

We go on to extract w from Z and show that Z is sound
in the sense that any two elements x,y € Y that encode the
same vertex also assign it the same color as defined by 7.

Claim 7. The relation 7w : V — {r, g, b} with
m(v) ={c e {r,g b} [Ty € Y such that ¥(y) = (v,u)
and (y,¢) € hCol*}.

is a function such that (y, 1) € hCol® and (y, c3) € hCol’*
hold for all y € Y with ¥(y) = (v,u), n(v) = ¢ and
m(u) = ca.

Indeed, 7 is a function: On one hand, Claim (4) and ax-
ioms (56) ensure the existence of some ¢, d € {r, g, b} such
that (y,c) € hCol” and (y,d) € hCol'Z forally € Y. On
the other hand, 7(y) is unique for all y € Y: Assume to
the contrary that there are two elements y,3’ € Y such that
I(y) = (v,u) with (y,¢) € hCol* and ¥(y') = (v, ) with
(y/,c') € hCol* and ¢ # c. By definition of 9, y and ¢/’ as-
sign the bits with 1, -+, n the same, i.e., (y,2) € hBitiI iff
(y/,z) € hBit?. Furthermore, ¢ # c yields (¢, ¢) € neq”
via axioms (47). Then, however, there must be a homomor-
phism from CQ (66) to Z, which contradicts the fact that
T q.

Now, consider some y € Y with ¥(y) = (v,u), 7(v) =
c1 and w(u) = co. We first show that (y,¢;) € hCol”.
The definition of 7 requires the existence of some ' € YV
such that ¥(y') = (v,«’) and (3, ¢;) € hCol*, while there
must also be some ¢ € {r,g,b} such that (y,c) € hCol®
via Claim (4) and axioms (56). By ¥(y) = (v,u) and
I(y') = (v,u'), Claim (6) implies that (y,valy) € hBit’
iff (y/,val,) € hBit? foralli € {1,---,n} and b € {t,f}.
Then, we have that (c1, ¢) ¢ neq” via CQs (66) and the fact
that Z (£~ ¢q. Ergo, by Claim (4), and axioms (47) and (56),
we have that ¢ = ¢y, i.e., (y,c1) € hColZ.



We go on to show that (y, ca) € hCol'". Again, the def-
inition of 7 requires the existence of some 3’ € Y such
that 9(y') = (u,u) and (y,cz2) € hCol®, while there
must also be some ¢ € {r,g,b} such that (y,c) € hCol'*
via Claim (4) and axioms (56). By ¥(y) = (v,u) and
I(y') = (v,u), Claim (6) implies that (y,valy) € hBit7,,,
iff (y/,valy) € hBit? foralli € {1,--- ,n} and b € {t,f}.
Then, we have that (cz, ) ¢ neq? via CQs (67) and the fact
that Z }~ q. Ergo, by Claim (4), and axioms (47) and (56),

. /T
we have that ¢ = ¢y, i.e., (y,c1) € hCol™.

This finishes the proof of Claim (7).

As alast step before proving that 7 indeed is a 3-coloring,
we need to argue that the computation of the logical gates
within 7 is sound.

Claim 8. For all y € Y, we have that 9(y) € E implies
(y,vary) € gategI, where ¢ is the output gate of C.

As J(y) € E implies C9(k,l) = t, it suffices to show that
C9(k,l) = b implies (y,vary) € gateg for all y € Y with
I(y) = (uk, 1), gates g in C and b € {t,f}. We do this per
induction over the structure of CY:

g is an INPUT gate. Let C9(k,l) = b. Then, as g is an
INPUT gate, the 7,-th bit in k£ - I must be b. Thus,
(y,vary) € hBitZ-l;7 by definition of ¥. Claim (4) and ax-
ioms (58) entail (y, vary ) € gatef for some b’ € {t,f}.
Finally, (y,vary) € hBitiIg, axioms (49), CQs (68), and

the fact that Z [~ g entail b’ = b, i.e., (y,var,) € gatel.

g is a NOT gate with parent ¢’. Let C9(k,1) = b. As g is
a NOT gate with parent ¢/, we have that C9' (k,1) = ¥/
for some b’ € {t,f} such that b’ # b. By the induction
hypothesis, we then have that (y, vary) € gateg,. Claim

(4) and axioms (58) entail (y,vary:) € gateg for some

b" € {t,f}. Due to b’ # b, CQs (69) and the fact that
T ¥ q, it must be so that b = b, i.e., (y,vary) € gateg.

g is a AND or OR gate. We omit the details, as these cases
are very similar to the NOT case, with the exception that
the respective semantics of the logical operators need to
be applied.

We are now in the position to show that 7 indeed is a
3-coloring. Assume to the contrary that there is an edge
(v,u) € E with 7(v) = w(u) = c. Since 6 is a bi-
jection as of Claim (6), there exists a unique y € Y such
that 9(y) = (v,u). We have (y,m(v)) € hCol* and
(y,m(w)) € hCol'" by Claim (7), i.e., (y,c) € hCol” and
(y,¢) € hCol’". Furthermore, by Claim (8), (v,u) € E
entails (y,vary) € gateg . Together with axioms (48), there

must be a homomorphism from CQ (76) to AZ. However,
this contradicts the fact that Z is a countermodel to q. Ergo,
m must indeed be a 3-coloring, i.e., G is 3-colorable. O

E Proofs for Section 4.2

Lemma 10. The following are equivalent:
1. 7 ': Cil’Ccp(K),'
2. Ip [ Circcp(Kp) for all P C AT with |P| < 2|T| + 1.

Proof. Before proving the lemma, we recall the set I gath-
ers elements ey, ¢, which will serve as references for others
with same types. To lighten notation, we introduce the map-
ping ref : € — ey, (e ,tp,(¢) defined on AT,

“1 = 2”. Assume Z = Circcp(K). Consider P C A%
s.t.|P| < 2|T| + 1. We first verify that Zp models Kp:

e Tp models Ap as it inherits interpretations of concepts
on ind(.A") from Z, which is a model of A.

e Axiomsin 7 withshape TC A, A;MA, C A, AC —-B
or =B C A are satisfied since Zp inherits interpretations
of concept names from Z, which is a model of 7.

e Axioms in 7 with shape A T Jr are witnessed with an
r-edge pointing to w,..

e Axioms in 7 with shape Jr C A are satisfied since ev-
ery element in Zp receiving some r-edge already received
some in Z (and interpretations of concept names are pre-
served).

* Role inclusions r C s are satisfied directly from the defi-
nition of 7.

It remains to prove that Zp also complies with CP. As-
sume to the contrary that there exists a model J’ of Kp
with J’ <cp Zp. Notice that, for each role r s.t. 77 #+ 0,
there must be an element w’. € (3r~)7 . We can chose such
an element w/. for each such role r, and build the following
interpretation J:

AT — AT
AT = AT U{ee AT\ AT |ref(e) € AT}
r7 = {(a,b) | K = r(a, b)}
U{(e,w)) | ref(e) € (35)7 T = s Cr}
U{(w),e) | ref(e) € (3s)7, T s Cr}

It is easily verified that 7 is a model of /C, the most inter-
esting cases being axioms in 7 with shape either A C Jr or
Jr C A. The former are satisfied using the witness w;,.. The
latter, when triggered on a € AT\ A7 due to a pair (a, b)
s.t. £ = r(a,b), hold thanks to ref(a) having same ABox-
type as a. We now prove J <cp Z, which will contradict
T = Circep(K). It suffices to prove that for each concept
name A and © € {C, D}, wehave A7 ® AT iff A7 © ATP.
Let A be a concept name. We prove the claim for ©® = C
only; for ® = D, the arguments are similar.

“=” Let A7 C AT andd € A7 . In particular, d € A7
by definition of A7 . Thus, by hypothesis, d € AZ, and since
d e A7 = AP we obtain d € AL by definition of AZ7.

“e” Let A7 C ATP and d € A7; we need to show
de AL If d € A7, then it is straightforward. Otherwise,
we know that ref(d) € A7 by definition of A7. Therefore
ref(d) € AZ” by hypothesis, that is A € tp(ref(d)). Since



d and ref(d) have same type, it yields A € tpz(d), that is
de AT

“2 = 1”. Assume Zp |= Circcp(Kp) forall P C AT s.t.
|P| < 2|T|+ 1. By hypothesis, we already have Z |= K. By
contradiction, assume now there exists 7 < Z. Based on 7,
we build a subset P C A7 containing:

« for each role r s.t. 7 # (), an element w!. € (Ir~)7;

s foreach A € Ms.t. A7 ¢ AT, anelementey € B\ B?
for some B < A (Condition 3 in the definition of 7 <cp
T ensures existence of such B and e4);

s an element ey € A7 \ AT for some A € M s.t. A7 ¢
AT and for all B < A, B9 = B” (Condition 4 in the
definition of <¢p ensures the existence of such A and ey).

Notice P has size at most 2|7| 4+ 1. We now build 7" as:
AJ’ — AZP
AT = AT AT
7 ={lew)) e (37 NAT T EsCr)
U{(w.,e)|ee @) NAT T =sCr}

It is easily verified that 7' is a model of Kp, and we
now prove J' <cp Zp, which will contradict Zp |
Circcp(Kp). We now check that all four conditions from
the definition of <cp are satisfied:

1. By definition, we have AT = ATP,

2. Let A € F. Definitions of Zp and 7’ ensure AT N AT =
AZP and A7 N AZP = A7'. From J <cp Z, we get
AT = A7 which thus yields AP = A7

3. Let A € M such that A7 ¢ AZP_ Therefore A7 ¢ AT,
and recall we kept in P an element e4 € B7 \ BZ for
some B < A to belong to P. Joint with BY" C BZ»
being trivial, e 4 additionally witnesses that B ' C B?7.

4. Recall we kept in P an element ey € A7 \ AZ for some
A e Mst A7 - AZ and forall B < A, BY = BZ. It
gives immediately that A7’ C AT7 and for all B < A,
B7' = BT,

This proves J' <cp Zp, contradicting Zp = Circcp(Kp)
as desired. O

Theorem 8. UCQ evaluation on circumscribed DL-Litel!
KBs is in CONP w.r.t. data complexity.

Proof. We exhibit an NP procedure to decide the comple-
ment of our problem, that is existence of a countermodel
for UCQ ¢ over DL-Lite! ; cKB Circcp(K). Our proce-
dure starts by guessing an interpretation Z whose domain
has size at most |.A| + (2/71+2 + 1)3l4l. This can be done in
linearly many non-deterministic steps (w.r.t. data complex-
ity) It further checks whether Z is a model of K that does not
entail ¢, and rejects otherwise. This can essentially be done

naively in |AI||THq| deterministic steps, that is still poly-
nomial w.r.t. data complexity. The procedure finally checks
whether Z complies with CP by iterating over each P with
|P| < 2|T| 4+ 1 and checking whether there exists a model

Jp of K s.t. Jp < Ip. If, for a choice of P and we can
find such a 7p then our procedure rejects. Notice that iterat-

. . AT+ . . .
ing over such P can be done in |AZ| 71+ fterations since

we require |P| < 2|7| + 1. Computing Zp follows directly
from the choice of P. Since each Zp has constant size w.r.t.
data complexity, iterating over each possible Jp» can be done
naively with constantly many steps. Overall, the procedure
uses a linear number of non-deterministic steps at the begin-
ning and further performs several checks using a polynomial
number of additional deterministic steps.

It remains to prove that there exists an accepting run iff
there is a countermodel for g over Circcp(K). If there exists
an accepting run, then the corresponding guessed interpreta-
tion Z is a model of K that does not entail ¢, and the “2 = 17
direction from Lemma 10 ensures it also comply with CP.
Conversely, if there exists a countermodel, then Lemma 7
ensures existence of a countermodel Z whose domain has
size at most |A| + (2/71+2 4 1)3l9l. This Z can be guessed
by the procedure, and as Z is indeed a model of K not en-
tailing ¢, will not be rejected. The “1 = 2” direction from
Lemma 9 further ensures Z also passes the remaining checks
performed by the procedure. O

Theorem 9. CQ evaluation on circumscribed DL-Lite e
KBs is CONP-hard w.rt. data complexity. This holds even
with a single minimized concept name, no fixed concept
names, and no disjointness constraints.

Proof. We reduce the complement of the graph 3-
colorability problem (3Col) to evaluating the Boolean CQ:

q = Jy1 Jy2 Jy edge(y1, y2) AhasCol(y1, y) AhasCol(ys, y)
over the DL-Litepos TBox:

T = {Vertex C JhasCol, IhasCol ™ C Color},

where Color is minimized while all other predicates varying.
Let CP be the resulting circumscription pattern. Given an in-
stance G = (V, £) of 3Col, we build an ABox A containing
the following assertions:

Vertex(v) forall v € V )
edge(vy,vq) for all {vy,ve} € & (78)
Color(c) for all ¢ € {r, g, b} (79)

We now prove the following claim:
G ¢ 3Col <= Circcp(K) Eq

First notice that every model Z of Circcp(K) verifies
Colort = {r,g,b}. Indeed, by contradiction, if Z contains

e € Color® \ {r,g,b}, then we can build 7 a model of K
with J <cp Z by modifying Z as follows:

« remove e from Color?, that is Color” = Color” \ {e};
« reroute hasCol as: hasCol” = {(v,7) | v € (3hasCol)*}.

It is then straightforward that 7 satisfies the desired proper-
ties, contradicting Z being a model of Circcp (KC).

“=”. Assume G ¢ 3Col and consider a model Z of 7.
By the above remark, we have Color” = {r, g, b} and from



7 being a model of K, we can find a mapping 7 : V —
{r,g,b} of G such that for all v € V, if 7(v) = ¢ then
(v,¢) € hasCol”. Since, by assumption, G ¢ 3Col, there
exists an edge {v1, v2} € £ such that 7(vy) = 7(vg) = ¢ for
some ¢ € {r, g, b}, which ensures y1 — v1,y2 — V2, Yy —> C
is an homomorphism of ¢ in Z.

“<”. Assume G € 3Col and consider a 3-coloring
7:V — {r,g,b}. We build a model Z, of Circcp(K) by
interpreting all concepts and roles as in .4 except for hasCol,
which is interpreted as:

hasCol’™ = {(v,¢) | v € V,7(v) = c}.

It is straightforward that Z models Circcp(K) and does not
embed ¢ (since 7 is a 3-coloring). O

F Proofs for Section 5.1

We briefly discuss the variation of Proposition 1 mentioned
in the main part of the paper. Assume given a circum-
scribed ALCHZO KB Circcp(K) with K = (T, .A), an AQ
Ap(z) and an individual ag € ind(A). We again replace
all occurrences of a nominal a with fresh concept A,, add
Ag(a), By(a) to A, minimize B, and set B, < A for all
A € M. However, in contrast with Proposition 1, we also
add axioms A, M =B, C Ir.(X MAp) and X C Y to
T for some fresh concept names X and Y and fresh role
name r, and Y (ag) to A. Finally, we also minimize YV
with higher preference than concept from M, that is we set
Y < Aforall A € M. Denoting Circcps (K') the result-
ing circumscribed ALCHZ KB, it can then be verified that
CiI’CCp(]C) ): Ao(ao) iff CirCCp'(K/) ': Ao(ao).

We now move to a proof of Theorem 11.

Theorem 11. AQ evaluation on circumscribed £L KBs is
CONEXPNP-hard w.rt. combined complexity. This holds
even without fixed concept names and with an empty pref-
erence order.

Proof. Let Circcp(K) be a circumscribed ALC KB, with
K = (T,A), Ap an AQ, and a¢ € ind(A). We construct
a circumscribed ££ KB Circcp(K'), with K' = (T, A’),
such that Circcp(K) = Ag(ag) iff Circcp(K') = Ao(ag).

With £LU | , we mean the extension of £L with disjunc-
tion and L. It is well-known that every ALC TBox T can be
rewritten in polynomial time into an £L£U ;| TBox T * that is
a conservative extension of 7 in the sense that every model
of 7* is amodel of 7 and every model of 7 can be extended
to a model of 7* by interpreting the fresh concept and role
names in 7* (Baader, Brandt, and Lutz 2005). It follows
that CiI’CCP(IC) ): A()(CL()) iff CiI’CCP(T*, A) ’: A()(a(]), as-
suming that all the fresh concept names in 7* vary in CP.
In the following, we recall the rewriting, which proceeds in
three steps:

1. Remove value restrictions by replacing every subconcept
Vr.C with =3r.=C.

2. Remove negation of compound concepts by replacing ev-
ery subconcept —-C, with C' compound, by =X where X
is a fresh concept name, and adding the CIs

cCX XCC.

3. Remove negation entirely by replacing every subconcept
— A with the fresh concept name A, and adding the CIs

TCAUA AnNAC L.

We may thus assume w.l.0.g. that the TBox 7 in the given
circumscribed KB K is an £LU; TBox. We may further
assume that disjunction occurs in 7 only in CIs of the form

BC B UB,

where B, By, By are concept names, by replacing every dis-
junction C; U C5 with a fresh concept name X and adding
the CIs

XCYiuY, Y1 X YoCO X
C;CY; Y, C C; fOI‘iE{LQ}

where also Y7, Y are fresh concept names. Finally, we may
assume that 7 contains only a single CI B C By U By by
replacing every such CI with

B E ElTBl,Bg-D HTBl,BQ-Dl E Bl E|T317B2.D2 E Bg

where 75, B, is a fresh role name and D, Dy, D are fresh
concept names, and adding the CI

D C D; UDa.

We may clearly also assume that | occurs in 7 only in the
form C' C 1 with C' an £L-concept. Note that the TBoxes
resulting from these transformations are conservative exten-
sions of the original ones. In CP, all of the freshly intro-
duced concept names are varying.

We are now ready for the actual reduction, which com-
bines ideas from the proofs of Theorems 2 and 4. To con-
struct the TBox 77, We start with relativized versions of the
EL-ClIs in T. For an £L concept C, inductively define the
concept C'x as follows:

AX =XMNA (HTD)X ZZXHET.DX
TX =X (DHD/)X ::DXI_ID'X
We then include in 7 all CIs

Cx C Dx (80)

such that C C D € T is neither the unique disjunctive CI
B C B U By nor of the form C T 1. To construct the
ABox A’, we start with the extension of A by

X(a) foralla € ind(A). (81)

Of course, we need to compensate the removal of the
mentioned CIs. To simulate the disjunctive C1 B C B; LI B,
we extend 7’ with

B C 3rp.(D M Pos) drp.D1 E By (82)
B C 3rp.(D M Neg) drp.Dy C By (83)
where D, D1, D, Pos, and Neg are fresh concept names and

rp is a fresh role name. We update CP so that D is mini-
mized. We further extend A with the assertions

D(df)  D(dy)  D(dF) D(dy)  (84)
Dy(df)  Di(dy)  Da(ds)  Da(dy) (85)
Pos(df) Neg(dy) Pos(dy) Neg(dy). (86)



where di, d; ,d3 ,d; are fresh individuals. Note that these
individuals are not marked with X, exempting them from 7
is why the Cls from 7 are relativized in 7’. Note that the
way we simulate disjunction is similar to the way in which
we choose truth values in the proof of Theorem 4, and also
the reason for using a positive and a negative witness is the
same. We need to make sure that the positive and negative
witness are distinct, which is achieved by otherwise making
the query true. To this end, we introduce a fresh role name
u and fresh concept names G, Aj,. We update CP so that G
is minimized and extend 7 with:

Pos M Neg C Ju.(G M Ap) (87)
A C Ay (88)

We add G(ap) to A’ and the new query is Aj.

For the compensation of the removal of the CIs C' C L,
we consider another fresh concept name M and update CP
so that M is minimized. We further extend 7~ with

CCMNIu(GnAy) foralCCLeT. (89)

So if a concept C' with C' C | € T is satisfied, then we
force the minimized concept name M to be non-empty and
make the (new) query true.

Let CP’ be the extended circumscription pattern. It re-
mains to establish correctness of the reduction.

Claim. Circcp(K) = Ao(ap) iff Circep(K') = Al (ap).

To prepare for the proof of the claim, we first observe that
every model Z of /C gives rise to a model Z’ of K’ in a natural
way. More precisely, we set AZ = ATw{d,d,dS,d; },
define the extension of all concept and role names that occur
in IC exactly as in Z, and interpret the fresh concept and role
names as follows:

xZ — AZ

DY = {df,dy.d3,dy}

DY = {df,d7}forie{1,2}

Pos? = {df,df}

Neg” = {di,d;}

rh = {(d,df),(d.dy)|de (BN B)FIU

{(d,d3),(d.dy) | d € (B B2)"}

check? = {(ag,a) | a € ind(A)

ar = AT

R

MT = 0

"' = {ao}

It is easily checked that 7’ is indeed a model of K’. Now for
the actual proof of the claim

“<”. Assume that Circcp(K) = Ao(ap). Then there
is a model Z of K that is minimal w.r.t. CP and satisfies
T £ Ag(ap). Let I’ be the corresponding model of K’ de-
fined above. We clearly have Z' [~ A{(ap). To show that

Circcp(K') H A/’O(ao), it thus remains to show that 7’ is
minimal w.r.t. CP’.

Assume to the contrary that there is a model J' <cps
7' of K. As T’ interprets D, M, and G minimally
among all models of K/, we must have DY = DT =
{df ,dy,df,dy}, M7 =0,and G7' = GT' = {ap}. We
show that the restriction 7 of 7’ to domain X7 " is a model
of K. Moreover, J' <cpr I, D7 = DT, M9 = MT,
and G7' = G imply J <cp Z, which then yields a con-
tradiction against the minimality of Z.

Based on the facts that 7' is a model of A’, ind(A) C
X7 due to (81),and A C A', itis clear that 7 is a model of
A. Moreover, since J' is a model of 7, by construction of
J itis easy to see that 7 satisfies all CIs in 7 with the possi-
ble exceptions of the disjunctive CI B T B;LIB5 and the CIs
of the form C' T L. The former, however, is satisfied due to
Cls (82) and (83) and since D7 = {d,dy,dJ, d; }. And
the latter is satisfied due to the CIs (89) and since MY " =0.

“=”. Assume that Circcp(K') & A{(ag). Then there
is a model Z’ of K’ that is minimal W.LL CP’ and satisfies
T' = A)(ag). We first argue that G = {ag} as, otherwise,
we can find a model J' <cpr Z’ of K, contradicting the
minimality of Z’. We have GZ' C {a} since Z' is a model
of A’. Assume to the contrary of what we want to show that
the converse fails. Then we construct 7’ by modifying Z’ as
follows:

e set G = {ap};
e add ag to A7 ;

« reroute u as u? = {(e,aq) | e € (Fu)T }.

It is easy to see that, indeed, J’ is still a model of K’ and
J’! <cp’ 7.

Since 7' satisfies CIs (82) and (83), for every e € BT
we can choose two elements et € (D M Pos)T and e~ €
(DrNeg)? such that (e, e™), (e,e™) € r5. If et = e~ for
some e, then by (87) and GT = {ao}, we have a¢ € Agl,
which is impossible since Z' [~ A{,(ap). Thus e™ # e~ for
all e.

We next argue that the following conditions are satisfied:

1. foralle € BY: {et, e~} N {df,d,df,dy } #0;
2. MT =).
If, in fact, any of the above conditions is violated, then we

can again find a model 7' <cp T’ of K, contradicting the
minimality of Z'. We start with Condition 1.

Assume to the contrary that for some e € BI/, et,e” ¢
{df,d,d$,d;}. Then we construct J' by modifying J
as follows:
 remove e~ from DY /;

e add et to Negjl;
* add ag to A()j/;
e add (et a) tou? .



It is easy to see that, indeed, 7' is still a model of K’ and
J <cpr T'.

In the case of Condition 2, we can construct the model 7’
simply as 7 modified by setting M " = (). The resulting
J' is a model of K'. The only potentially problematic item
are the CIs (89). But since 7' f= A)(ao) and GT = {ao},
we can infer from (89) that CT =(forallC C L €T,
and thus the same holds for 7. Consequently, the CIs (89)
are never triggered in 7’ and it is safe to set M7 "=,

Let Z be the restriction of Z’ to XZ . It can be verified
that 7’ is a model of A and that it satisfies all CIs in 7 with
the possible exceptions of the disjunctive CI B T B; LI By
and the CIs of the form C' T L. The former, however, is
satisfied by Condition 1 and due to CIs (82) and (83). And
the latter is satisfied by Condition 2 and due to CI (89).

Since 7' = Aj(ag) and by (88), we have Z = Ag(agp).
To show that K [~ Ag(ap), it thus remains to show that 7
is minimal w.r.t. <cp. Assume to the contrary that there is
a model J <cp Z of K and let J’ be the corresponding
model of K’ constructed at the beginning of the correctness
proof. Since J' interprets the minimized concept names D,
M, and G in a minimal way among the models of K, it
follows from 7 <cp Z that 7' <cps Z’, in contradiction to
7' being minimal. O

G Proofs for Section 5.2

We now move to a proof of Theorem 13, which strongly
combines DL-Lite,,o expressiveness with fixed concept
names. Interestingly, fixed concept names are actually not
needed. Indeed, given a circumscribed DL-Litepoo KB
Circcp (K), each A € F can be replaced by the two mini-
mized predicates A and A, where A is a fresh concept name
set to be the complement of A via the DL-Liteqo axioms
A C —-Aand ~A C A that can be added in the TBox. Con-
cept names A and A are then given higher preference than
any other concept name from the original set of minimized
concept names M. It is then straightforward to verify that
the resulting circumscribed DL-Litepoo KB Circcps (K') has
the same models as Circcp (K) (up to the interpretation of A,
which always equals the interpretation of = A).

Theorem 13. AQ evaluation on circumscribed DL-Litepo
KBs is CONEXP-hard w.r.t. combined complexity.

Proof. The proof proceeds by reduction from the comple-
ment of the NExXP-complete Succinct-3COL problem. An
instance of Succinct-3COL consists of a Boolean circuit C
with 2n input gates. The graph G¢ encoded by C has 27
vertices, identified by binary encodings on n bits. Two ver-
tices v and v, with respective binary encodings 1 . . . u,, and
V1 ...Up, are adjacent in G¢ iff C returns True when given as
input uy ... uy on its first n gates and v ... v, on the sec-
ond half. The problem of deciding if G¢ is 3-colorable has
been proven to be NEXP-complete in (Papadimitriou and
Yannakakis 1986).

Let C be a Boolean circuit with 2n input gates. We build
a DL-Litepoo ¢KB Circep(K) with £ = (T, A) s.t. the AQ
Goal(x) admits the individual a as a certain answer iff C

does not belong to Succinct-3COL. Let us already clar-
ify that CP uses three minimized concept names, namely
Center, AllPairs and GoodCol, with the following prefer-
ence relation <:

Center < AllPairs < GoodCol (90)

It also uses fixed concept names: each Bit; for 1 < i < 2n
and the six concept names Ry, Gy, By, R2, G and Bs, which
will be useful to respectively represent binary encodings and
color assignments. All other predicates are varying.

Models of K contain a central element a, that we enforce
via the ABox A = {Center(a)} and which will be unique by
virtue of the preference relation. This central element will
further be used to detect undesired behaviors of the mod-
els via the AQ. In a model, each element represents a pair
(v1, ) of vertices by its combination of fixed concepts Bit;
with 1 < ¢ < 2n that corresponds to the binary encodings of
v1 and vs. To detect models that do not represent all possible
pairs, we require each element representing a pair (vy, v2) to
“send” at the center a binary sequence of 2n bits that must
be different from the encoding of (v1,v2). This is achieved
by the following axioms in 7

TC3dr;udr; foreachl <i<2n ©n
JIr; C Center foreach1l <7 < 2n (92)
J7;~ C Center foreach1 <i <2n (93)
TC U (3r;n-Bit) U (I NBit;) (94)

0<i<2n

We now require the number of sent sequences to be unique,
if possible, via the minimized concept name AllPairs, trig-
gered by the following axioms in 7T

Jr;” Mdr;- E AllPairs  foreach 1 <i¢ < 2n 95)

Therefore, if (at least) a pair is not represented in a model,
then all elements can send the binary encoding of a same
missing pair to avoid instantiating AllPairs. If, on the other
hand, each pairs is represented (at least once), then the num-
ber of sent sequences cannot be unique and AllPairs must
be satisfied on the central element a. To detect this with the
AQ, we add the following axiom to 7 :

—AllPairs C Goal (96)

Now that we can detect whether all pairs are represented, we
move to the encoding of colors. The respective color of vy
and vy is chosen locally via the following axioms in 7:

TER UG UB, o7
TLE Ry UG LBy (98)

Recall concept names Ry, G1,B; and Ry, Go, By are fixed.
We additionally enforce that if an element represents a pair
(v1,v2) corresponding to an edge {vi,v2} in Ge, then it
must assign different colors to v; and v,. This is achieved
by computing the output of C on input v; and vs via a fresh
concept GG for each gate G of C and adding the following



axioms in 7T :
G = Bit; if G is the 7™ input gate of C (99)
G =G NGy if Gisa A-gate with inputs G1, Go
(100)
G =G UGy if GisaV-gate with inputs G1, G2
(101)
G=-G if G is a —-gate with input G’ (102)

Assuming the output gate of C is G,, it now suffices to add
the following axioms in 7 :

G,MRi MR, C L (103)
G,MG NGy, C L (104)
G,MBMByC L (105)

While the above allows to ensures each element e represent-
ing an edge {v1,v2} assign different colors to v; and vs,
there might still be inconsistent colorings in the sense that
v1 might have been assigned another color by some other
element e’ representing an edge {vy, vs}. To detect such in-
consistent colorings, the central element “scans” all colors
assigned to a tested vertex, whose encoding correspond to a
binary sequence of n bits represented by dedicated concepts
T;. To do so, the interpretation of each T; on the center ele-
ment is first copied by all elements via the following axioms
in 7, defined foreach 1 < i < n:

TC3u3 (106)
3t; C Center1T;  3t; C Centern1—T,  (107)
U, C T, Er (108)

Each element representing a pair (vq,vs) then compares
whether the encoding of either v; or v, matches the se-
quence T, via the following axioms:

[] ((Bit: 1 T;) U (-Bit; M =T,))
1<i<n

|_| ((Bity4i M1T;) U (—Bitypg M)

1<i<n

= Test; (109)
= Testy, (110)

It then sends the corresponding assigned color back to the
central element via the following axioms in 7, defined for
each C' € {R, G, B}:

Test1 1 Cl = HSC (111)
Testg 1 02 = E'SC (112)
ds. E Center (113)

The center now detects whether it receives two different col-
ors for the tested vertex:

LI (3sgM3sc,) = —~GoodCol (114)

C,C'e{R,G,B}
c#C’

where GoodCol is a minimized concept name, which forces
the center element to detect an inconsistent coloring if it ex-
ists. This is further translated in term of the AQ with:

—GoodCol C Goal (115)

We are now done with the construction of Circcp(K). Tt
remains to prove that:

Circcp(K) |= Goal(a) <= C ¢ Succinct-3COL.

“=”. Assume C € Succinct-3COL and let p :
{0,...,2" — 1} — {R, G, B} be a (legal) 3-coloring of the
encoded graph Gc. We build a model Z of Circcp(K) based
on p, whose domain AZ contains a and one fresh element
€vy vy Per (v1,v2) € {0,...,2" — 1} x {0,...,2" — 1}.
Model 7 further interprets concept and role names as fol-
lows:

Center’” = GoodCol* = AllPairs” = {a}
Bit! = {ey, ., | 1" bitin (vy,vs) encoding is 1}

CzI = {611171)2 | p(’Ui) = C}

G = {ey, v, | G € C evaluates to 1 on input (v1,v2)}
Testi = {evlm | V; = 0}
Goalf =TZ =)
Tz‘z = {(ev1,v5, @) | i

= {(epy vpr ) | "

bit in (v1, v2) encoding is 0}

bit in (v1,v2) encoding is 1}

0
{(evy,05,@) | 0 < w09 <2 — 1}
{

(€U17U2’ a) ‘ P( )=C
and either v; = 0 or v2 = 0}

Notice we’ve arbitrarily chosen each element representing a
pair to send back to the center its own encoding in which
all bits have been flipped (see interpretations of roles r; and
7;), and the tested vertex to be O (interpretations of each T;
being empty and t;, ¢; and T; being set accordingly). With
the two above remarks, it is easily verified Z models /C, and,
by definition a ¢ Goal®. It remains to verify Z complies
with CP. By contradiction, assume there exists J <cp Z.
Notice that from the fixed predicates, J still encodes one
instance of each possible pair and the very same coloring p.
From 7 being a model of A , we have a € Center” . From
Center” = {a} and Center being the most preferred mini-
mized predicate, it follows that Center” = {a} as otherwise
we would have Z <cp J. Therefore, since each possible
pair is represented at least once, the r; and 7; mechanism
ensures a € AllPairs”. Together with AllPairs” = {a}
and AllPairs being second most preferred minimized pred-
icates, we obtain AllPairs” = {a} (as otherwise, again,
we would have 7 <cp J). Finally, since the coloring
encoded in J must be exactly p, whatever the interpreta-
tions of concepts T;, the concept s M Is, will always
be empty for all C, C’ € {R, G, B} s.t. C' # C’. Therefore,
a € GoodCol” . Now, from GoodCol being also minimized
and GoodCol” = {a}, we obtain GoodCol” = {a}. Over-
all J interprets the minimized predicates as Z does, hence
the desired contradiction of [ <cp Z.

“<”. Assume C ¢ Succinct-3COL. Cons1der a model
T of Circcp(K). First notice that Center” = {a}. Indeed,

7 models A hence a € Center?, and, if there were b €



Center? with b = a, then we could find a model J of K
with J <cp Z by:

1. take A7 = A7 and preserve all interpretations of fixed
concept names;

. setting Center” = {a};

. replace every (e, e’) € r¥ by (e,a) € r{ and same for 77;

. define accordingly AllPairs” ;

.setforalle € AY: e € TY iffa € TZ;

setty = {(e,a) | e € T Yand &7 = {(e,a) | e ¢ TV };

. define accordingly interpretations of concepts evaluating
the circuit and Test{, Testg ;

8. sets = {(e,a) | e € ((Test; MCy) U (Testa M Cy))7 };
9. define accordingly GoodCol” and Goal” .

~N N B W

In particular, notice Step 1 removes b from the interpretation
of Center.

We now want to prove that if a pair (vq, v3) is not repre-
sented in Z, that is:

N Bt/n

1€O0nes(v1,v2) 1E€Zeros(v1,v2)

(_‘Bltl)j = wa

where Ones(v1,v7) is the set of 0 < i < 2n — 1 s.t. the i
bit in the binary encoding of (v1,vs) is 1 and Zeros(v, va)
is its complement, then the query must be satisfied. Indeed,
if such a (v1, vo) exists, then we must have AllPairs” = ),

thus a € Goalj, as otherwise we can obtain a model J of
Kst.J <cp T by:

1. take A7 = AT and preserve all interpretations of fixed
concept names and Center;

2. setry = AT x {a} if i € Ones(vy,v2) and 7y = 0
otherwise; set 7,7 = AT x {a} if i € Zeros(vy,vz) and
7Y = () otherwise;

3. follow steps 3 to 8 from the previous construction of 7.

In particular, Step 2 of the above complies with Equation 94
as (v1,vy) is not represented in Z. It further implies that
AllPairs” = (, which ensures the desired contradiction
J <cp I.

We are thus left with the case in which each possible pair
(v1,v2) is represented at least once in Z. From Equations 97
and 98, we know each element representing a pair assigns
colors to its v; and vy. From Equations 99 to 105, these
colors cannot be the same if there is an edge {v1, v} in the
graph Ge. Thus, since we assume C ¢ Succinct-3COL, the
overall choices of colors cannot be consistent: there must
exists a vertex vy which is assigned a color C; by a ele-
ment e; representing a pair p; and a different color C5 by
an element ey representing a pair po. Let us assume p; has
shape (vg,v1) and po has shape (vg, v2) (other cases works
similarly). We can now prove that GoodCol” = (), thus
a € Goal, as otherwise we could find a model J of K with
J <cp L by:

1. take A7 = AZ and preserve all interpretations of fixed
concept names, of Center and AllPairs, and of roles r;
and 7;;

2. setforalle € A7: e € TY iff i € Ones(vy);

3. setty ={(e,a) |ec TV }and ;" ={(e.a) | e ¢ T };
4. define accordingly interpretations of concepts evaluating
the circuit and Test‘17, Testzj;

5. set s ={(e,a) | e € ((Test; M Cy) L (Test2 MC3))7 };
6. define accordingly GoodCol” and Goal” .

In particular, Equation 109 and Step 4 in the above ensure

e1,e9 € Test‘17 . Therefore Step 5 above yields (e1,a) € sgl

and (es,a) € sg2, which triggers Equation 114 in Step 6
and ensures GoodCol” = (). This yields the desired con-
tradiction J <cp Z. Thus, GoodCol? = (), in particular

Equation 115 yields a € Goal”.
O

We work towards a proof of Theorem 14. Assume given
a model Z of a DL-Lite/t, cKB Circcp(K). We “forget”
about some parts of Z, only retaining which roles may be
needed due to a combination of fixed predicates in the for-
gotten part. To this end, we define the fixed-type ftpz(e) of
an element e € A7 as the set of DL-Lite concepts C' such
that 7 |= ([1.epz, per I) E C. Givenarole r € NrE, we

say that 7 is forced in T if there exists an element f, € AT
such that 3r € ftpz(f.). For each forced role in Z, we as-
sume chosen such an element f,.. Similarly, for each role
r € NrT, we assume chosen an element w, € (Ir)T if
(3r=)% # (). We now construct an interpretation Zo whose
domain Ao consists in ind(.A), all chosen f,. and all chosen
w,. The interpretation Z; is now defined as:

Ao = AT 0 ATo

7o =7 N (ind(A) x ind(A))
U{(e,ws) [e€ 3s)FnAT T EsCr}
U{(ws,e) |[ee 3s)InAT, T=sCr}

Remark 5. Notice 1y is a special case of the models Lp
considered in Section 4.1, and that |Iy| < |A| + 2|T].

The key-result is now the following:

Lemma 25. Let q be an AQ. If T is a countermodel for q
over Circcp(K), then so is T.

Proof. Assume Z is a countermodel for ¢ over Circcp(K).
Setting P = {f, | ris forced in Z}, we have Tp = Z; (see
Section 4.1) and thus Lemma 22 ensures Z, = K. Since
concept interpretations in Zy are inherited from Z, it is clear
Ty does not entail g. It remains to prove Zy also complies
with CP. By contradiction assume there exists Jy a model
of IC with Jy <cp Zyp. Notice that, for each forced role r in
7, there must exists an element w!. € (3r~)7° as we kept
element f, € AZo and r is a consequence of the fixed predi-
cates on f, that must have been preserved in Jj (see Condi-
tion 2 from the definition of <cp). We assume chosen such



an element w,. per forced role and build an interpretation J:
AT = AT
AT = AT Ufeec AT\ AT | A c ftpr(e)}

J _ T / BEAI\AJ‘)
A U{(G’MS) ds € ftpz(e), T EsCr
’ GEAI\A‘%
U{(ws,e) ds € ftpg(e), T EsCr™

It is easily verified that 7 is a model of /C, and we now
prove J <cp Z, which will contradict Z |= Circcp(K). We
first notice a useful property: for all concept name A, we
have A7 N (AT \ AZo) € AT N (AT \ AZ0) (%). Indeed,
if e € A7 N (AT \ A%o), then A € ftpz(e), and therefore
e € AT. The converse does not holds in general. We now
check that all four conditions from the definition of <cp are
satisfied:

1. By definition, we have A7 = AZ,

2. Let A € F. Definitions of Zy and J ensure AT N AZo =
ATo and AT N ATo = AT From Jy <cp Tp, we get
Ao = AJo which yields AT N ATo = A9 n Ao, For
an element e € AT\ AZo, we remark: e € AT iff A €
ftps(e) iff e € A7 . Altogether, we obtain A = A7,

3. Let A € M such that A7 ¢ AZ. Letthuse € A7 \ AL,
Notice e must belong to AZ0, as otherwise % yields e €
AT, Tt follows that e € A70 ¢ A%o. Since Jy <cp Lo,
there exists B < A s.t. B%0 C B0, By x, this extends
into BY C BT and we found B as desired.

4. From J, <cp Ty, there exists A € M s.t. A7 - AZo and
for all B < A, B70 = BZo_ Joint with , it follows that
A7 C AT and for all B < A, BY C BZ. If ever there
exists such a B < A, such that additionally B C BZ,
then we select a minimal such B w.r.t. <, which provides
the desired minimized concept. Otherwise, A fits.

It 7 <cp Z, contradicting Z |= Circcp(K) as desired. [

Theorem 14. AQ evaluation on circumscribed DL-Lite}t,
KBs is in TS w.r.t. combined complexity.

Proof. Guess a candidate interpretation Z with size |A| +
2|T|. Check whether it is a model of K and if the AQ of in-
terest is not satisfied in Z. Using a NP oracle, check whether
Z is a model of Circcp(K). If all above tests succeed, then
accept, otherwise reject. From Lemma 25, it is immediate
that there exists a accepting run if there exists a counter-
model for the AQ over Circcp(K). Conversely, if a run ac-
cepts, then the guessed model Z is a countermodel. O

Lemma 11. Circcp(K) = Ag(ao)iff Circep(K') = Ao(ap).

Proof. “=". Assume Circcp(K) = Aop(ap) and let Z’ be a
model of Circcp(K').

We extend Z' into an interpretation Z whose domain is
AT = AT U (ind(A) \ ind(.A")). To define a suitable inter-
pretation of concepts on an individual a from A = ind(.A) \
ind(A’), we consider its ABox-type t = tp4(a). Notice
my = 47T 4 1, otherwise a would have been kept in W.

Consider now the types in Z of elements a1, ... a; 417141-
Since there are 4/71 4+ 1 such elements for only 2!7! possible
types, there exists a type ¢’ realized in Z at least 2!7! times.

We now chose an element ref(t) € A s.t. tp 4 (ref(t)) =t
and tp (ref(t)) = t’. Such an element ref (t) serves as a ref-
erence to interpret concepts and roles on individuals a € A
with ABox type ¢, as the following construction shows:

AT = AT U {a|a € A ref(tp 4(a)) € AT}
p =p" U {(a,b) | K = pla,b)}
U{(a,e) |a € A, (ref(tp 4(a),e) € p~'}
U{(e,a)|a € A, (e, ref(tpy(a)) € pI/}.

It is easily verified that Z is a model of /C, and in particu-
lar that it satisfies role assertions from .A. We now prove
T E Circep(K), which, by hypothesis, gives Z = Ag(ag),
and thus Z' |= Ag(ao) by definition of AZ. Assume by con-
tradiction one can find a model J of I s.t. J <cp Z. We
construct J’ <cp Z’ which will contradict Z' being a model
of Circcp(K'). Intuitively, we proceed as in Lemma 2 and
simulate 7 in J'. For each ABox type t s.t. there exists
a € A with tp 4(a) = t, we set:

Dy ={d e AT | tp4(d) = t,tpy,(d) = tpy (ref(t))}
Sy = {tp7(d) | tp(d) = t,tpz (d) = tpz (ref(t))}

From the definition of ref(t), we have |D;| > 2171, while,
clearly, |S;| < 2!7I. Since S; # 0 (it contains e.g.
tp s (ref(t))), we can find a surjective function w, : D, —
S¢. We consider 7 the union of all such 7, that is with ¢ s.t.
there exists a € A with tp 4(a) = ¢. We further extend the

domain of definition of 7 to AZ" by setting 7(d) = tp 7(d)
for the remaining elements of AT’ We now define the inter-
pretation J' as:

Aj/ — AI/

AT ={de AT | Acn(d)}

7" ={(d,e) € AT x AT | 1(d) ~, 7(e)}.
It can now be verified that 7 is a model of X’ such that
j/ <cp 7.

“«<”. Assume Circcp(K') = Ao(ap) and let Z be a model
of Circcp(K). Here again, we denote A = ind(A) \ ind(A").
By definition of W, all elements from A have an ABox type
t that is already realized at least 417! + 1 times in W. There-
fore, we can define a permutation o on AZ such that for all
d € AT, the following conditions are respected:

1. o(ag) = ao;

2. tpy(a(d)) = tpa(d);
3. If d € A, then there exists an element ref(d) € W with
tp 4(ref(d)) = tp 4(d) and tpz(ref(d)) = tpz(d).
We can then define an interpretation Z,, as follows:
AIU — AI
Als = o (AT)
rfe = {(d,e) | K Er(d,e)} U (o x o)(r?).



It is straightforward that 7, models K (notably relying on
Condition 2), that preserves interpretation of concepts on
the individual ag of interest (from Condition 1). Addition-
ally, Z, models Circcp(K) as otherwise a model J of K
with J <cp Z, immediately yields a model J,-: of K with
Js-1 <cp Z, contradicting Z being a model of Circcp(K).

We extend the mapping ref from Condition 3 to the iden-
tity for elements from A% \ A, and define an interpretation
7’ as follows:

AT = AT\ A
AT = ATe 0 AT
T = (ref x ref)(rZe N (AT x AT)).

It can be verified that 7’ is a model of X'. We now prove it
is also a model of Circcp(K'), which, by hypothesis, gives
7' = Ap(aog), and thus T = Ag(ap) as unfolding defini-
tions gives ag € A7 iff ag € AL7 iff ap € AL (notably
via Condition 1 on o). Assume by contradiction one can
find a model J’ of K’ with J' <cp Z’. We now con-
struct J <cp Z which will contradict Z being a model of
Circcp(K). Relying on the mapping ref, we set:

AT = AZ
AT = ref 1 (A7)
r7 ={(d,e) | K =r(d,e)} U (ref71 X refﬁl)(rj/).

It is easily checked that J models K. From Condition 3 on
o, it then follows J <cp Z, ie the desired contradiction. []

H Proofs for Section 5.3
H

Theorem 16. AQ evaluation on circumscribed DL-Lite’,,
KBs with negative role inclusions is T15-hard. This holds
even without fixed concept names and with a single negative
role inclusion.

Proof. We give a polynomial time reduction from V33SAT,
c.f. the proof of Theorem 4. Let a V3-3CNF sentence
Vz3y ¢ be given where & = x1 -+ Ty, Y = Y1 - - Yn, and
@ = /\f:1 \/;’:1 L;j with L;; = v or L;; = —v for some
vE€{T1,. ... Tm,Y1,--.,Yn}. We construct a circumscribed
DL-Lite” . KB Circcp(K) and an atomic query ¢ such that
Circcp(K) = qiff VZ3g ¢ is true.

The circumscription pattern CP involves four minimized
concept names with the preference

VVal < XVal < CVal < FVal,

and no fixed concept names. We now describe the con-
struction of the KB IC = (7,.A), not strictly separating 7
from A. We first introduce an ABox individual for each
variable, marking the existential variables with the concept
name XVar and the universal ones with YVar:

XVar(z) forallx € & (116)
YVar(y) forally € 3. 117)

To choose truth values for variables, we use the minimized
concept name VVal. We introduce two instances of VVal for

each variable, one representing true and the other false:

Wal(t,) forallvezUy (118)
Wal(f,) forallv e zUy. (119)
Each variable must choose an instance of VVal via the role

names evalyx an evaly, depending on whether it is existential
or universal:

XVar C devalyx (120)
YVar C devaly (121)
Jevalx™ C VVal (122)
Jevaly ™ C VVal. (123)

There is no guarantee yet, however, that a variable v chooses
one of the instances ¢, and f, of VVal reserved for it. To
ensure this, we first install the following role inclusions:

evaly C eval (124)
evaly C eval (125)
eval C —eval. (126)

The negative role inclusion allows us to control in a flexible
way the targets for the existential restrictions in CIs (120)
and (121), as follows:

eval(v,t,) forallv,v’ € ZUgwithv #v  (127)
eval(v, f,r) forallv,v’ € zUgywithv #v'.  (128)

To force the truth values of the variables in T to be identical
in all models that are smaller w.r.t. ‘<cp’, we mark those
truth values with the minimized concept name XVal:

Jevalx ™ £ XVal. (129)
‘We next introduce an individual for each clause:
Clause(¢;) forl <i <. (130)

We also assign a truth value to every clause, via the role
name evalc, another subrole of eval. Every element with an
incoming evalc-edge must make the concept name CVal true
which is minimized, but with lower priority than VVal and
XVal. This reflects the fact that the truth values of variables
determine the truth values of clauses. We put:

Clause = devalc (131)
evalc C eval (132)
Jevalc™ C CVal (133)

The truth values of clauses are represented by the same in-
dividuals as the truth values of variables:

CVal(t,) forallv e zUgy (134)
CVal(f,) forallvezUy (135)

We again use the role eval to control which instance of
Clause can be used as truth values for which clause. This
is based on the literals that occur in the clause. If a variable
v occurs positively in the i clause, then ¢; has access to f,,,
while if v occurs negatively, then c¢; has access to t,,. And



those are the only instances of VVal to which ¢; has access:
forl <i</landallv ez Uy, put

eval(c;,t,) if—v & {Li1,Li2, L3} (136)
m(ci,fv) if v ¢ {Li,l,Li,QvLi,S}' (137)

Note that clause individual ¢; has access via evalc to t, if
making v false leads to satisfaction of the i*" clause, and
likewise for f,, and making v true. Moreover, v being made
true is represented by an evalyx- or evaly-edge from v to ¢,
and likewise for v being made false and f,. Also recall that
t, and f, cannot have such incoming edges from elsewhere.
Consequently, the i*" clause evaluates to true if we can find
a target for the evalc-edge that does not have an incoming

evalx- or evaly-edge:
devaly™ © —devalc™ (138)

—devalc ™. (139)

1M1

Jdevaly ™

In the case that a clause evaluates to false, it cannot reuse
one of the admitted instances of CVal. We introduce an extra
instance f of CVal that can be used instead:

CVal(f). (140)

To make sure that f is indeed used as an evalc-target only if
at least one clause is falsified, we use the fourth minimized
concept name FVal. Note that it is minimized with least pri-
ority. We make sure that f must have an outgoing evalg-edge
leading to an instance of FVal, that f itself is an instance
of FVal, and that having an incoming evalg-edge precludes
having an incoming evalc-edge. If all clauses evaluate to
true, then there is no need to use f as a target for evalc and
f can use itself as the evalg-target. But if a clause evaluates
to false, then we must use f as a last resort evalc-target and
cannot use it as an evalg-target. Since FVal is minimized
with least priority, the latter will simply lead to a fresh in-
stance of evalg to be created. In summary, all clauses evalu-
ate to true if and only of f has an incoming evalg-edge. We
put:

Formula(f) FVal(f) (141)
Formula C devalg (142)
Jevalg~ C FVal (143)
Jevalc™ C —Jevalg . (144)

By what was said above, to finish the reduction it suffices to
add

Jevalg™ C Goal. (145)

to choose as the query ¢ = Goal(z), and to ask whether f is
an answer.
To prove correctness, we thus have to show the following.

Claim. Circcp(K) = q(f) iff VZ37y ¢ is true.

To prepare for the proof of the claim, we first observe that
every valuation V' for z U y gives rise to a corresponding
model Zy of K. We use domain

ATV =ind(A)

and set
AT ={a | A(a) € A}

for all concept names

A € {XVar, YVar, VVal, CVal, Clause, Formula}.
We interpret evalx and evaly according to V/, that is

evallV = {(z,t,) |z €Zand V(zr)=1}U

{(z, fy) | z € zand V(z) = 0}

and analogously for evaly. Next we put

XVal™V = {e | (e,d) € evaly" }.

If V makes the it clause true, then there is a literal in it that
is true. Choose such a literal L and set w; = ¢, if L = —w
an w; = f, if L = v. If V makes the i*” clause false, then
set w; = f. We proceed with the definition of Zy :

evallV = {(ci,w;) | 1< <4}
eval™ = eval}” UevaldV Uevall"
eval’’ = {(a,b) ] eval(a,b) € A}
FVal™ = {f e}

evall¥ = {(f,¢10)}

Goal™v = {a}.

The choice of ¢; is somewhat arbitrary in the last three state-
ments, any other individual without an incoming evalc-edge
would also do. It is straightforward to verify that Zy is a
model of K with Zy = q(f).

We can define a variation Z{, of Zy that is still a model
of IC provided that all clauses are satisfied by V' (which guar-
antees that f has no incoming evalc-edge), and that satisfies
Zi, = q(f). To achieve this, we replace the last three lines
from the definition of Zy, with

Fval®™v = {f}
evale” = {(f./)}
Goal™ = {f}.

Now for the actual proof of the claim

“=". Assume that VZ3y ¢ is false, and thus 3zVy —p
is true and there is a valuation Vz : Z — {0, 1} such that
V' ¢’ holds where ' is obtained from ¢ by replacing every
variable z € T with the truth constant Vz(z). Consider any
extension V' of Vz to the variables in ¢ and the interpretation
Ty Since Zy is a model of K with Zy = ¢(f), to show that
Circcp(KC) = q(f) it remains to prove that there is no model
J <cp L of K.

Assume to the contrary that there is such a J. We first
observe that A7 = A%V for all A € {VVal, XVal,CVal}.
This holds for VVVal since VVal? C VVal?V means that J
does not satisfy A, and likewise for CVal. It also holds for
XVal since every model of X must make XVal true at at least
one of t, and f, for all x € Z. This is because of CIs (120),
(122), (124), and (129), the role disjointness (126), the as-
sertions (127) and (128), and the fact that minimization



of VVal is preferred over minimization of XVal. But no
subset of XVal?V satisfies this condition, so we must have
XValtv C XVaIJ, consequently XValY = xval?v.

The above and J <cp Z means that FVal” - FVal?v.
Since 7 is a model of K, this implies FVal? = {f}.

Since XVal? = XVal?V and 7 is a model of K, Viz)=1
implies (z,1,) € eval” and V(z) = 0 implies (z, f,) €
eval” . Moreover, since WalY = WwWal?" and J is a model
of IC, for every y € y we have (y,t,) € eval” or (y, fy) €
eval”?. We thus find an extension V' of Vz to & U g that is
compatible with [J in the sense that for all v € x U ¥,

« V'(v) = 1 implies (v,t,) € eval and
« V/(v) = 0 implies (v, f,,) € eval”.

Choose some such V’. Since Vi —¢’ holds, at least one of
the clauses must be made false by V’. As explained along-
side the construction of /C, that clause can only have an
evalc-edge to f. By (144), the outgoing evalg-edge from
f cannot end at f. But FVal” = {f} and thus (131) implies
that f is the only point where that edge may end. We have
arrived at a contradiction.

“”. Assume that VZ3y p(Z,7) is true and let Z be a
model of Circcp(K). We have to show that Z = ¢(f). To
this end, we first observe that

Walt = {a | Wal(a) € A}. (*)

If this is not the case, in fact, then we find a model J <cp Z
of I, contradicting the minimality of 7. This model 7 is es-
sentially Zy except that we might have to extend the domain
with additional elements that do not occur in the extension
of any concept or role name, to make sure that the domains
of 7 and of Zy, are identical.

It follows from (x) and the fact that Z is a model of
K that for every z € &, we have (z,t,) € eval’ or
(z, f.) € eval’ . Consequently, we find a valuation V; for Z
that is compatible with 7 as defined in the “=-" direction of
the proof. Since VZ3y ¢(Z, §) is true, we can extend V3 to
a valuation V for z U y that satisfies ¢. Consider the model
Z{,, extended to domain AZ. By construction of Z{, and (%),
we have VWal” = WVal™v. Using the facts that Z is a min-
imal model of K and the construction of Z},, it can now be
observed that XVal? = XVal? (’. Moreover, by construction
Z{, interprets CVal and FVal in a the minimal possible way
among all models of /C. Since 7 is a minimal model, this im-
plies CVal® = CVal®" and FVal” = FVal®v. In particular,
FVal* = {f}. But this implies (f, f) € evalf as all objects
with an incoming evalp-edge must satisfy FVal. It follows
that f € Goal” and thus Z = ¢(f), as desired. O
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