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Abstract

We study extensions of expressive decidable fragments of first-
order logic with circumscription, in particular the two-variable
fragment FO?, its extension C? with counting quantifiers, and
the guarded fragment GF. We prove that if only unary pred-
icates are minimized (or fixed) during circumscription, then
decidability of logical consequence is preserved. For FO? the
complexity increases from CONEXP to CONEXP"*-complete,
for GF it (remarkably!) increases from 2EXP to TOWER-
complete, and for C? the complexity remains open. We also
consider querying circumscribed knowledge bases whose on-
tology is a GF sentence, showing that the problem is decidable
for unions of conjunctive queries, TOWER-complete in com-
bined complexity, and elementary in data complexity. Already
for atomic queries and ontologies that are sets of guarded ex-
istential rules, however, for every k > 0 there is an ontology
and query that are k-EXP-hard in data complexity.

1 Introduction

There are various approaches to defining non-monotonic log-
ics such as default rules, autoepistemic operators, and circum-
scription. Most of these are mainly used with propositional
logic rather than with first-order logic (FO), for two reasons.
First, many of the approaches such as default rules can yield
non-intuitive results when used with first-order logics, inter-
acting in unexpected ways with existential quantification; see
for example (Baader and Hollunder 1995) for a discussion of
this issue. And second, the undecidability of first-order logic
of course carries over to its non-monotonic variants.
Description logics (DLs) are decidable fragments of FO
for which non-monotonic variations have been studied ex-
tensively, see e.g. (Baader and Hollunder 1995; Donini,
Nardi, and Rosati 2002; Bonatti, Lutz, and Wolter 2009;
Giordano et al. 2013; Bonatti et al. 2015b). It turned out that
circumscription provides one of the most well-behaved of
such variations: it does not interact in dramatic ways with ex-
istential quantification, has a simple and appealing semantics
that boils down to minimizing the interpretation of certain
predicates, and comes with a clean way to preserve the de-
cidability of the base logic. The latter is in fact achieved by
permitting only unary predicates to be minimized or fixed
during minimization while binary predicates must be allowed
to vary (Bonatti, Lutz, and Wolter 2009). This still covers the
main application of circumscription which is reasoning about

typical properties of objects that belong to a certain class. To
model the statement that KR papers are typically interesting,
for example, one may write
KRPaper(x) A —abKRpaper(z) — Interesting(z)

and then minimize the unary ‘abnormality predicate’
abKRpaper. In this way, one may conclude that any concrete
KR paper is interesting unless there is concrete evidence
against that. For more information on DLs with circumscrip-
tion, we refer to (Bonatti et al. 2015a; Stefano, Ortiz, and
Simkus 2023; Lutz, Mani¢re, and Nolte 2023)

It is well-known that DLs are generalized by various de-
cidable and more expressive FO fragments, of which the
two-variable fragment FO?, the guarded fragment GF, and
the extension C? of FO? with counting quantifiers are the
most important ones. In this paper, we ask the following
questions: Do expressive decidable fragments of FO remain
decidable when extended with circumscription (when only
unary predicates are minimized or fixed)? And if so, what is
the impact on computational complexity? The answers are,
in our opinion, somewhat surprising.

We study the reasoning problems of circumscribed con-
sequence and circumscribed querying. In the former, two
sentences ¢ and v are given along with a ‘circumscription
pattern’ CP that specifies which predicates are minimized,
fixed, and varying. We are then interested in deciding whether
1 holds in every model that is minimal in the sense specified
by CP, written ¢ |=cp ®. Circumscribed querying is defined
in the same way, but now ¢ is a knowledge base that con-
sists of a sentence from the FO fragment under consideration
(specifying an ontology) and a database, and 1 is a query.
As query languages, we consider single-atom queries (AQs),
conjunctive queries (CQs), and and unions thereof (UCQs).

We start with studying FO?. Similarly to the case of de-
scription logic (Bonatti, Lutz, and Wolter 2009), a crucial
step for proving decidability is to show that circumscribed
FO? has the finite model property (FMP) in the sense that
if ¢ [~cp 1, then there is a CP-minimal model 2 of ¢ with
2 b~ 9 that is of bounded size. To prove this, we build on a
well-known construction from (Gradel, Kolaitis, and Vardi
1997), used there to establish the FMP of non-circumscribed
FO?, which converts a potentially infinite model 2/ of an FO?
sentence ¢ into a model B of single exponential size. To
apply this construction in the circumscribed case, however,
we need an additional condition to be satisfied:



(Q) B must not realize any 1-type more often than 2l (for a
suitable notion of 1-type).

The construction of (Gridel, Kolaitis, and Vardi 1997) does
not satisfy this condition. We remark that this is in contrast to
filtration, the (much simpler) finite model construction used
for description logics such as ALC.

We thus rework the construction of (Gridel, Kolaitis, and
Vardi 1997) in a suitable way, obtaining a version that satis-
fies Condition (). This yields the FMP for circumscribed
FO? and decidability as well as a CONExPN? upper com-
plexity bound for circumscribed consequence. A matching
lower bound is obtained from ALC and thus circumscribed
consequence in FO? is of the same complexity as in (the
much less expressive) ALC. We obtain the same result for
the combined complexity of circumscribed AQ-querying and
also show IT5-completeness for data complexity, again the
same as in ALC. Querying with UCQs is undecidable already
for non-circumscribed FOZ2, so we do not study it.

For GF, we follow the same general approach, with a re-
markably different outcome. There are two constructions
that show the finite model property of GF, both of them
rather intricate. The historically first one was proposed by
Gridel, based on a combinatorial construction due to Her-
wig (Gradel 1999). Later, Rosati introduced a different fi-
nite model construction while studying certain integrity con-
straints for databases (Rosati 2006), and this construction,
now known as the Rosati cover, has been adapted to GF in
(Barany, Gottlob, and Otto 2014). Both constructions fail
to yield Property (©) and modifying them to achieve this
property turns out to be much more difficult than in the case
of FO%. We give a modified version of the Rosati cover that
yields finite models of non-elementary size, compared to
single exponential size as for the original Rosati cover. This
yields the FMP for circumscribed GF. We then show that the
non-elementary size of finite models is unavoidable: circum-
scribed consequence in GF is TOWER-complete! To us, this
huge difference to the FO? case came as a big surprise. We
also show that circumscribed querying in GF is decidable,
generalizing recent work on DLs (Lutz, Maniére, and Nolte
2023). In combined complexity, it is TOWER-complete with
the lower bound applying to AQs and the upper bound to
UCQs. Regarding data complexity, it is elementary in the
sense that for each GF ontology O, circumscription pattern
CP, and UCQ ¢, querying is in k-EXP for some k. We also
show that there is no uniform bound on k: for each k > 1
we identify an ontology O, circumscription pattern CP, and
AQ ¢ for which querying is k-ExP-hard. In fact, O is a set of
existential rules, a ‘positive’ fragment of GF that is important
for querying. We also show that with a single minimized
predicate and all other predicates varying, the data complex-
ity of AQ-querying is EXP-hard in GF. Note that since CQs
are sandwiched beween AQs and UCQs, this also completely
clarifies the (combined and data) complexity for this query
language.

In addition, we provide first results on circumscribed conse-
quence and AQ-querying in C2. Using a reduction to Boolean
algebra with Presburger arithmetic, we show that these prob-
lems are decidable. The complexity remains open.

An appendix with full proofs can be found in the long
version of this paper, see (Lutz and Maniere 2024).

2 Preliminaries

When speaking of first-order logic (FO), we generally mean
the version with equality and constants (unless otherwise
noted) and without function symbols. FO? is the two-variable
fragment of FO, obtained by fixing two variables x and y
and disallowing the use of any other variables (Scott 1962;
Mortimer 1975; Gridel, Kolaitis, and Vardi 1997). C2 is the
extension of FO? with counting quantifiers of the form J<,,,
3>,, and 3, for every n > 0 (Grédel, Otto, and Rosen
1997; Pacholski, Szwast, and Tendera 1997; Pratt-Hartmann
2005). In FO? and C?, we generally only admit predicates
of arity at most two. In the guarded fragment of FO, denoted
GF, quantification is restricted to the pattern

vy(e(z,9) = ¢(2,9)) 39z, 9) A (T, 7))

where ©(Z,y) is a GF formula with free variables among
Z,y and «(Z,y) is a relational atom R(Z,y) or an equal-
ity atom x = y that in either case contains all vari-
ables in Z,%y (Andréka, Németi, and van Benthem 1998;
Gridel 1999). The formula « is called the guard of the
quantified formula.

We use the standard notation of first-order logic, denoting
structures with 2( and B, their universes with A and B, and
the interpretation of predicates R with R* and R®. We
reserve a countably infinite set of predicates of each arity.
We use |¢| to denote the length of the formula ¢, that is, the
length of ¢ when encoded as a word over a suitable alphabet.

Circumscription. A circumscription pattern is a tuple CP =
(=<, M, F,V), where M, F and V partition the unary predicates
into minimized, fixed and varying predicates, and ~ is a strict
partial order on M called the preference relation. The order
=< also induces a preference relation <cp on structures by
setting B <cp 2 if the following conditions hold:

1. B= Aand ¢ = ¢® for all constants ¢,
2. forall P € F, P® = P%,

3. for all P € M with P® Z P% thereisa@Q € M, Q < P,
such that QT C Q2,

4. there exists a P € M such that P® ¢ P% and for all
Q €M, Q < Pimplies Q% = Q.

A CP-minimal model of an FO sentence ¢ is a model 2 of
¢ such that there is no B <cp 2 that is a model of ¢. Note
that predicates of arity larger than one always vary to avoid
undecidability (Bonatti, Lutz, and Wolter 2009). We also
assume that nullary predicates always vary, which is w.l.o.g.
as they can be simulated by unary predicates.

For FO sentences ¢ and 1), we write ¢ |=cp v if every CP-
minimal model 2 of ¢ satisfies 2 = 1. Take any fragment
F of FO such as FO?. With circumscribed consequence in
F we mean the problem to decide, given sentences ¢ and v
from F' and a circumscription pattern CP, whether ¢ =cp .

Ontology-mediated querying. Ontology-mediated querying
with circumscribed knowledge bases, as recently studied in
(Lutz, Maniere, and Nolte 2023), can be seen as a version



of circumscribed consequence where ¢ encodes an ontology
and a database and 1) is a query. We next make this precise.

A database is a finite set of ground atoms, in this context
called facts. We use adom(D) to denote the set of constants
that occur in D. A structure 2 satisfies a database D if (1) it
satisfies all facts in it and (2) interprets all constant symbols
cin adom(D) as ¢* = ¢ (and thus no two such ¢ denote the
same element of A). We then also say that 2l is a model of D
and write 2l = D. Note that Point (2) is the standard names
assumption, as usually made in the context of databases. A
knowledge base (KB) K takes the form A O A D with O
a finite set of FO sentences, called the ontology, and D a
database. We usually denote K as a pair (O, D). We call K
a GF-KB if all sentences in O fall into GF, and likewise for
other FO fragments.

A conjunctive query (CQ) is an FO formula of the form
g = 3% ¢(T) where ¢ is a conjunction of relational atoms,
possibly involving constants. An atomic query (AQ) is a
CQ of the simple form R(¢) with ¢ a tuple of constants. A
union of conjunctive queries (UCQ) q(Z) is a disjunction
of CQs. Let K be a KB and ¢ a UCQ. We write K |=cp ¢
if 2 |= ¢ for every CP-minimal model 2 of K. The notion
K = g is defined analogously, except that all models of X are
considered, not only CP-minimal ones. Take a fragment F’ of
FO such as GF and a query language () such as UCQs. With
circumscribed Q-querying in F', we mean the problem to
decide, given a knowledge base K = (O, D) with O a set of
sentences from F' and a query ¢ from @), whether K |=cp ¢.
When studying the combined complexity of this problem, all
of KC, CP, and q are treated as inputs. For data complexity,
we assume O, CP, and ¢ to be fixed and thus of constant
size. We remark that our queries are Boolean, that is, they do
not have answer variables. This is without loss of generality
since constants are admitted in queries.

We shall also consider ontologies O that are sets of
guarded existential rules. An existential rule is an FO sen-
tence of the form

Vavy (4(z,9) — 321(2, 2))
where ¢ and v are conjunctions of relational atoms. We call
¢ the body of the rule and v the head. The rule is guarded
if the body contains an atom that contains all variables in
it. When writing existential rules, we usually omit the uni-
versal quantifiers. For every ontology O that is a set of
guarded existential rules, there is a GF ontology O’ such
that for all databases D and UCQs ¢, we have (O, D) = ¢
iff (O', D) |= ¢ (Cali, Gottlob, and Lukasiewicz 2009). To
construct (', one simply adds a fresh predicate to the head
of each rule in O that contains all variables in the head, and
then translates the resulting set of rules into an equivalent GF

sentence in a straightforward way. This proof also applies to
circumscribed querying, letting the fresh predicates vary.

Example 1. Consider the database
D = {W(wy), W(ws), E(wy), E(ws), offers(s, p) }.

where offers(s, p) means that supplier s offers product p, W
stands for warehouse, and E for express. Assuming that
we have complete knowledge of all existing warehouses (e.g.

in our company), we use a circumscription pattern CP that
minimizes predicate W and lets all other predicates vary. Let
the ontology O contain the guarded existential rules

offers(x, y) — 3z supplies(z, y, 2)
supplies(x,y, z) = W(z)

where supplies(x,y, z) expresses that supplier x supplies
product y to warehouse z. Note that since W is minimized,
the existentially quantified variable z in the upper rule can
only bind to wy and wy. We thus obtain

(O, D) EEcp 3z (supplies(s, p, z) A E(z)).
We now illustrate a basic trick that underlies the hardness
proofs in Section 5. Extend the database with mirror(wy, ws)
and mirror(wsy, w1) expressing that wy and wy are supplied

with the same products by the same suppliers. We wish to
extend O with

supplies(x, y, z1) A mirror(z1, z2) — supplies(x, y, z2)
which yields
(O, D) [=cp supplies(s,p,w;) forall i € {1,2}. (%)

However, the above rule is not guarded. We may work around
this by using the guarded rules

supplies(z,y, z1) — 3z (mirror(z1, z2) A supplies(z, y, 22))
mirror(z,y) A mirror(x,y) — false

and extend the data with mirror(w;, w;) for i € {1,2}. Then
if z1 binds to w1, the existentially quantified variable zo can
only bind to ws and vice versa, and we again obtain (x).

Substitutions, Signatures, Types. For a tuple a, we gener-
ally use a; to denote the i-th element of a, for 1 < i < |a|. A
substitution o is a function that maps variables to variables.
We typically write o in place of o(z). For a tuple @ of vari-
ables and constants, we write o to denote the tuple obtained
by applying o componentwise, treating it as the identity on
constants.

A signature is a set of constants and relation symbols. For
an FO sentence ¢, we use sig(¢) to denote the set of such
symbols in ¢, const(¢) to denote the set of constants in ¢,
and const—(¢) to denote the set of constants used in ¢ in
an equality atom. A signature is unary if it only contains
constants symbols and unary predicates.

Fix a signature ¥. A term is a variable or a constant
from X. An atom is of the form R(a@) or v; = v with
R a relation symbol from ¥, @ a tuple of terms and vy, v
terms. A literal is an atom or a negated atom. For every
n > 1, fix a sequence of variables x1,...,x,. An n-type
on ¥ is a maximal satisfiable set of literals that uses exactly
the variables x1, ..., x,. Let 2 be a structure. If a € A",
then the n-type on ¥ realized at a in 2, denoted tpy (@),
is the unique n-type t on ¥ with 2 = ¢(a). We may drop
superscript n as n is always identical to the length of a. In
this paper, 1-types will play a crucial role. Foraset S C A,
we use tpy ,(S) to denote the set of 1-types {tpy x(a) | a €

S}. As an abbreviation, we may write tps(2) in place of
tp&l,l’Z (A). Moreover, For every 1-type ¢ on X, set

#a(t) = [{a € A tpy n(a) = t}].



3 The Two-Variables Fragment FO?

We show that circumscribed consequence is CONEXPNP-
complete in FO? and so is circumscribed AQ-querying, in
combined complexity. Note that querying with CQs or UCQs
is undecidable already for non-circumscribed FO?. We re-
mark that this section showcases the general approach that
we also use, in a more intricate form, for GF later on.

An FO? sentence is in Scott normal form if it has the form

¢ =VaVyp A /\ VaIy ¥, (*)

i:1..n3

with ¢ and 1); quantifier-free. It has been shown in (Scott
1962; Grédel, Kolaitis, and Vardi 1997) that every FO? sen-
tence ¢ can be converted in polynomial time into an FO?
sentence ¢ in Scott normal form that is a conservative exten-
sion of ¢q: every model of ¢ is a model of ¢ and, conversely,
every model of ¢y can be extended to a model of ¢ by in-
terpreting the fresh predicates in ¢. It can be verified that
the same holds for CP-minimal models, for any circumscrip-
tion pattern CP, where the fresh predicates are set to varying.
It follows that for deciding circumscribed consequence and
circumscribed querying, we can w.l.0.g. assume the input sen-
tence to be in Scott normal form. We thus assume throughout
this section that all FO? sentences are in Scott normal form.

We now establish an improved finite model property for
non-circumscribed FO? that satisfies Property (©) from the
introduction.

Proposition 1. Let ¢ be an FO? sentence with n3 existen-
tial quantifiers, > C sig(¢) a unary signature that contains
const—(¢), A a model of ¢, and k = |(sig(¢) \ const(¢)|) U
const_(¢). Then there exists a model B of ¢ such that

1. |B| < |¢‘n3+1 . 9na4(k+6)
2. tpy(A) = tps:(B);

3. #5(t) < #u(t) for each I-type t on 3;

4. #x(t) = #a(t) for each 1-type t on X s.t. #o(t) < 211,
S5

s

. =c®and tpy x(¢) = tpy x(c) for all constants c.

The reader should think of ¥ as containing all unary rela-
tions that are minimized and fixed in a circumscription pat-
tern. We remark that the construction from (Gridel, Kolaitis,
and Vardi 1997) only yields Proposition 1 without Points 3
and 4, that is, it may increase the number of instances of
some of the 1-types realized in the original model. We next
use Proposition 1 to establish the following.

Theorem 1. Circumscribed FO? has the finite model prop-
erty: if ¢, are FO?-sentences with ¢ [=cp 1, then there is
a CP-minimal model 2 of 9 = ¢ \ —p with |A] < [9|"3T1.
4na(k+6) \where ng is the number of existential quantifiers in
the Scott normal form of ¥ and k = |sig(¥) \ const(¥)|.

Proof. Assume that ¢ [~cp ¢ and let CP = (<, M, F,V).
Then there is a CP-minimal model 2/ of ¢ with 2 }= 1. Thus
20 is a model of ¢ A —1). Let ¥ = M U F U const_(¢). By
Proposition 1, there is a model *B of ¢ A —) that satisfies
Points 1-4 of the proposition, with ¥ = sig(¢ A —1)). We
show that 8 is a CP-minimal model of ¢.

Assume to the contrary that there is a model B’ of ¢ such
that B’ <cp 9B. To obtain a contradiction, we construct a
model 2’ of ¢ such that " <cp 2.

Of course, 2l must have the same universe as 2, thus we
set A’ = A. Due to Points 3 and 4 of Proposition 1, we find
an injection f : B — A such that

(i) tpy x(b) = tpy x(f(b)) forall b € B;
(ii) if ¢is a I-type on X with #¢ (t) < 2/*I, then tpy x(a) =1t
implies that « is in the range of f, for all ¢ € A.

We define 21’ so that its restriction to the range of f is isomor-
phic to ®B’, with f being an isomorphism. In particular, this
restriction interprets all constants ¢ € const=(¢). It can be
verified that ¢ = ¢¥ for all such c, see appendix.

To define the remaining part of 21, we use cloning. For
every a € A thatis not in the range of f we identify ana € A
that is in the range of f and such that tpy 5,(a@) = tpy x(a).
Take any such a and let tpy y;(a) = . From (ii), we obtain

#a(t) > 2*1. Point 4 yields #x(t) > 2/*I. Thus, we find
distinct b, 0" € B such that tpg, 5 (b) = tpy x(b') = t and

We then make each a € A that is not in the range of f a
clone of @ in 2, that is, for ' = sig(¢) we set

* tpg: r(a) = tpg p(@);
* tpy r(a,b) = tpy, p(@,b) for all b in the range of f;

. tp%t,’r (a,b) = tpgl,’r(ii,/l;) for all b not in the range of f.

It remains to interpret the constants ¢ € I' \ const—(¢): set
O/
c =c.

We prove in the appendix that 2’ is a model of ¢, since B’

is and it can be verified that A" <cp 2, since B’ <cp B. O

It is now easy to derive the main result of this section.

Theorem 2. Circumscribed consequence in FO? is
CONEXPNP-complete.

Proof. The lower bound is inherited from the description
logic ALC (Bonatti, Lutz, and Wolter 2009). The upper
bound is based on Theorem 1, as follows.

It is not hard to see that there exists an NP algorithm that
takes as input an FO? sentence ¢, a circumscription pattern
CP, and a finite structure 2l and checks whether 2l is nor a CP-
minimal model of ¢: the algorithm first checks in polynomial
time whether 2( is a model of ¢, answering “yes” if this is not
the case. Otherwise, it guesses a structure 2’ with A’ = A
and checks whether 2’ is a model of ¢ and ' <cp 2. It
answers “yes” if both checks succeed, and “no” otherwise.
Clearly, checking whether 2I' <cp 2l can be done in time
polynomial in the size of 2.

We use this NP algorithm as an oracle in a NEXP-
algorithm for deciding ¢ [~cp ¢: by Theorem 1, it suffices
to guess a structure 2 with |A| < [9]7a+1 . 2nad(k+6) check
that it is not a model of v, and then use the NP algorithm
from above to check that %[ is a CP-minimal model of ¢. [

From the above, we also obtain results on circumscribed
AQ-querying.



Theorem 3. Circumscribed AQ-querying in FO? is
CONEXPNP-complete in combined complexity and I15-
complete in data complexity.

Proof. For combined complexity, it suffices to show that
circumscribed consequence and circumscribed AQ-querying
mutually reduce to one another in polynomial time. First,
(O, D) E=cp R(c) is equivalent to ¢ =cpr R(C) where

¢=NOANADA N (Plon N —Pu(0).

c€adom(D) ¢’€adom(D)\{c}

with each P, a fresh unary predicate and CP’ identical to
CP except that the fresh predicates are varying. And second,
o Ecp 1 is equivalent to ¢’ =cpr P(c) where ¢’ = ¢ A
(¢ — P(c)), P is a fresh unary predicate that is varying in
CP’, and c a fresh constant.

The lower bound for data complexity is inherited from
ALC (Lutz, Maniére, and Nolte 2023). For the upper bound,
we may argue exactly as in the proof of Theorem 2, where
the structure 2 to be guessed is now of polynomial size since
n3 and k are now constants in Propositions 1 and Theorem 1.
For k, this depends on the assumption, which we may make
w.l.o.g., that the database contains only predicates that occur
also in the ontology or query. O

4 Upper Bounds for the Guarded Fragment

We show that circumscribed consequence in GF is in TOWER
and so is circumscribed UCQ-querying, in combined com-
plexity. We also show that UCQ-querying is in ELEMENTARY
in data complexity, that is, for every GF ontology O, circum-
scription pattern CP, and AQ A(Z), there is a k > 1 such
that given a database D, it is in k-EXP to decide whether
(Ov D) ':CP A(j)

We remind the reader of the relevant complexity classes,
namely ELEMENTARY = (J,~, k-EXP and

J seacg(tower(f(n))

fEFELEM

TOWER =

where FELEM is the class of all elementary functions and
tower(z) denotes a tower of twos of height .

4.1 Circumscribed Consequence
A GF sentence is in Scott normal form if it takes the form

N VE(ei=en N\ VE(B =3 (ands)) )

1<i<ny 1<i<ng

where the «;, 5; and +; are atoms and the ¢; and v; are
quantifier-free. It has been shown in (Gridel 1999) that every
GF sentence ¢ can be converted in polynomial time into a GF
sentence in Scott normal form that is a conservative extension
of ¢. As in the case of FO?2, we may thus assume that all
sentences are in Scott normal form.

We now state the improved finite model property for
GF that satisfies Property (©) from the introduction.
Let tower(0,n) := n and, for every k& > 1, define
tower(k,n) := 2tower(k=1.n) "o that tower(k, n) refers to
an exponentiation tower that consists of k twos followed by
an n.

Proposition 2. Let ¢ be a GF sentence in Scott normal form,
Y C sig(¢) a unary signature that contains const—(¢), and
A a model of ¢. Then there exists a model *B of ¢ that satisfies
the following properties:

1. |B| < tower(4/>1+4 |p));

2. tpy,(A) = tps;(B);

3. {a € B tpy s(a) =t} < [{a € A tpy p(a) =t}
for every I-type t on X;

4. ¢ = c® for all constants c in ¢.

To establish Proposition 2, we use a modified version of
the Rosati cover that leaves untouched a selected part A from
the original model. In addition, if A contains all the instances
of some unary type in the original model, then so does A in
the modified Rosati cover. The precise formulation follows.

Lemma 1. Let ¢ be a GF sentence in Scott normal form and
Y C sig(¢) a unary signature that contains const—(¢). For
all models A of ¢ and all A C A that contain ¢ for every
constant c in ¢, there exists a model *5 of ¢ that satisfies the
following properties:

1. |B| < 2AHeh#*1,

2. tp%t,z(a) = tP%}g(a)for alla € A;

3.ty x(A\A) = tpl (B \ A);

4 ACBandc® =% for all constants c in .

We now prove Proposition 2 by using Lemma 1 and choos-
ing an appropriate A. For any structure 2{ and A C A that
contains ¢* for all constants ¢ in ¢, we use rc(2, A) to de-
note the finite model of ¢ produced by Lemma 1 (where ‘rc’
stands for ‘Rosati cover’).

Let ¢, 3, and 2 be as in Proposition 2. The challenge is to
choose A so that Point 3 of Proposition 2 is satisfied. Call
a 1-type t stable w.rt. A C Aif #,c(a,a)(t) < #a(t) and
call A stabilizing if all 1-types are stable w.r.t. A. To attain
Point 3, it clearly suffices to choose a stabilizing A.

We use a set A that contains all instances of 1-types real-
ized only a certain number of times: for m > 1, set

A = {a € A| #ultpy s(a)) <m} U
{c* | ¢ € const(¢)}.

Now consider A,,, for some m > 1. For those 1-types
t that are realized in 2 at most m times, it is clear from
Points 2 and 3 of Lemma 1 that rc(2(, A,,,) has the very same
instances of ¢, and thus ¢ is stable w.r.t. A,,. Other types,
however, may not be stable.

So can we find a value for m to make A,, stabilizing?
This is trivially the case for

m := max({#ax(t) | t € tps(A)uc, #(t) < +o0}),

but we would like to have an m that is bounded from above
to comply with Point 1 in Proposition 2.

Lemma 2. There exists a stabilizing set A, such that 2 <
m < tower(22>+4 | ¢)).

Proof. We start with my = 2 (starting with 1 would also
work but using 2 simplifies calculations as we are deal-
ing with towers of 2s). If A, is stabilizing, we are done.



Otherwise there must be a 1-type ¢ on X that is not stable
wrt. A, ie. #rc(gl’Amo)(t) > F£o(t). This implies in par-
ticular that #(¢) is no larger than the size of the universe
of rc(2, A,,,). Using the bound from Point 1 of Lemma 1,

we set m; = 2(|A””0 H‘z")WHH. Now all instances of ¢ in
2( are contained in A,,, and by Points 2 and 3 of Lemma 1
we have # ¢ a,,,)(t) = #a(t), thus ¢ is stable w.r.t. A,
and in fact w.r.t. every A,, with m > my. We proceed in
this way, with m; in place of m, etc. This yields a sequence
mg, mi, Mo, ... and for each ¢+ > 0 the set of 1-types on
¥ that is stable w.r.t. A, is a strict superset of the set
of 1-types on X that is stable w.r.t. A,,,,. Since X is unary
and the 1-types of interest all come from the fixed interpre-
tation 2, thus agreeing on the constant symbols, there are
at most 2> many 1-types to consider. Therefore, after at
most 2>/ iterations we have found an 4 such that A,,, is
stabilizing. Let us argue that we have achieved the claimed
bound on m. Take any i > 0. Then |A,,,| < |¢] + 2/¥Im;.
Moreover, using the bound from Point 1 of Lemma 1 and

617 .
m; > 2, we can show that m;; < 2™: . From this, an
casy induction on i yields m; < tower(i + 1, |¢|™). Since
we stop at the latest at i = 2/*|, from this in turn we can

2!=l L .
show that m; < tower(2/®! + 1,]¢|"? ) ), which implies
m; < tower(22F144 |¢)). O

To conclude the proof of Proposition 2, it then suffices to
apply Lemma 1 with A = A,,,, where m is in Lemma 2, and
taking ®B to be the resulting Rosati cover rc(2(, A,,). Since
A,, is stabilizing, Point 3 of Proposition 2 is satisfied. For
Point 1, we may use Point 1 of Lemma 1 and the fact that
Al < 2Flm +[¢].

We now lift the finite model property from Proposition 2
to circumscribed consequence. To apply Proposition 2, we
choose a unary signature > that contains the minimized and
fixed predicates from the circumscription pattern used. The
rest of the proof is similar to that of Theorem 1.

Theorem 4. Circumscribed GF has the finite model prop-
erty. More precisely, every satisfiable GF sentence ¢ cir-
cumscribed by CP = (<,M,F V) has a model 2| with

|A| < tower(4/¥174|@|), where > = const—(¢) UM UF.
Building on Theorem 4, we now obtain the following using
a brute-force enumeration procedure.

Theorem 5. Circumscribed consequence in GF is decidable
and in TOWER.

4.2 Circumscribed Querying

We prove that UCQ-querying (and thus also CQ- and AQ-
querying) in GF is decidable.

Theorem 6. Circumscribed UCQ-querying in GF is in
TOWER w.r.t. combined complexity and in ELEMENTARY
w.r.t. data complexity.

Without circumscription, decidability of UCQ-querying in
GF is almost immediate as one can replace the UCQ ¢ with
the disjunction ¢’ of all acyclic CQs that imply a CQ in ¢
(up to a certain size) and then express ¢’ as a GF sentence,

obtaining a reduction to unsatisfiability (Bardny, Gottlob, and
Otto 2014). This does not work with circumscription.

Example 2. Take the ontology O that consists of the sentence
YV (A(x) — Jy(R(z,y) A Iz(R(y,z) A
Fu (R(z,u) A Au))))),

the database D = {A(a)}, and let CP minimize A and vary
all other predicates. Then (O, D) =cp q where:

q:=3x 3y Iz R(x,y) A R(y, z) A R(z, z),

but there is no acyclic CQ ¢ that implies q and satisfies
(O,D) Ecp ¢

We thus use a more sophisticated approach which exploits
the fact that if (O, D) F~cp ¢, then this is witnessed by a
model ®B that, in a certain loose sense, has the shape of a
forest. More precisely, B can be obtained from any model 2
that witnesses (O, D) [=cp ¢ by a version of guarded unrav-
eling (see e.g. (Gridel and Otto 2014)) that leaves untouched
a ‘core’ of 2 defined as

corex; () := {a € A | #u(tpy x(a)) < tower(4FIF |¢])}

for a suitable signature >. With ‘leaving untouched’, we
mean that elements from this core are not duplicated during
unraveling, but ‘reused’ whenever needed. This serves the
purpose of guaranteeing minimality w.r.t. the circumscription
pattern. We do not explicitly define this unraveling as this is
not needed for the proofs, but we hope that this discussion
guides the reader’s intuition.

To prepare for the subsequent development, we give a
central lemma that establishes a sufficient condition for a
model B to be CP-minimal, based on comparing it to a CP-
minimal reference model 2(. This is a version of the ‘core
lemma’ of (Lutz, Maniere, and Nolte 2023).

Lemma 3. Let ¢ be a GF sentence, CP = (<, M, F,V), and
Y = const—(¢) UM UF. Further let A be a CP-minimal
model of ¢ and let B be a model of ¢ such that

1. corex;(A) C B and c® = c* for all ¢ € const(¢);
2. tpy x(a) = tpy s (a) for all a € cores;(A);

3. tpy (B \ cores(2)) = tpy (A \ cores(2)),
Then ‘B is a CP-minimal model of ¢.

Intuitively, Lemma 3 says that the exact multiplicity of
types realized in 21 outside of cores () is irrelevant for CP-
minimality.

Assume that we are given as an input a GF knowledge base
(O, D), a circumscription pattern CP, and a Boolean UCQ q.
We want to decide whether there is a countermodel Z against
(O, D) E=cp q(a). This may be rephrased as ¢ =cp ¢(a) for

o=NOAADA N\ (Plon N -Pul).

c€adom(D) ¢’€adom(D)\{c}
We shall use the latter formulation. We may assume that
¢ is in Scott normal form, that is, of the form (). Let
Y = const_(¢) UM UF. Set M = |const(e)| + 2/¥I .
tower(4/¥174|¢|) + 2/*|, and fix a set U of size M. In an
outer loop, our algorithm iterates over all pairs (o, Tsre)
with 2 a finite structure that interprets all constants from ¢
and Tesre a set of 1-types such that the following conditions
are satisfied:
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We define A := {a € Ag | tpy, 5 (a) ¢ Teore}-
For each pair (o, Tesre), we then check whether the fol-
lowing additional conditions are satisfied:

(D Ay can be extended to a model 2 of ¢ such that
(@) Ala, = Ao,

(b) tpl 5 (A\ A) = Tee,

(©) A q;

(II) there exists a CP-minimal model B of ¢ such that
(d) corex(B) = A;

(e) tpy x(a) = tpy, n(a) foralla € A and

(H) tP%yz(B \A) = Teore
We return ‘yes’ if all pairs fail the check and ‘no’ otherwise.

If the checks succeed, then the model 2 of ¢ from Con-
dition (I) is a countermodel against (O, D) Ecp ¢. In par-
ticular, we may apply Lemma 3, using the model B from
Condition (IT) as the reference model, to show that 2 is
CP-minimal. Conversely, from any countermodel 2( against
(O, D) =cp ¢, we can read off a pair (2o, Tzere) by choosing
Teore := tpg 5 (A \ cores;(2A)) and 2, to be the restriction of
2l to universe

Us = {c® | ¢ € const(p)} U cores;(A) U {w; | t € Teore}

where w; € A is chosen arbitrarily such that tpil,l’E (wy) = t.
Then 2 witnesses Condition (I) and choosing 8 = 2 wit-
nesses Condition (II).

Of course, we have to prove that Conditions (I) and (II) are
decidable. For Condition (II), we prove that the following is
a consequence of Theorem 1 and Lemma 3.

Lemma 4. Let ¢ be a GF sentence, CP = (<,M,F,V), and
Y = const—(¢) UMUF. Let 2 be a CP-minimal model of ¢.
Then there exists a CP-minimal model B of ¢ such that

1. corex;(B) = corex(2A);

2. tpl%,z(a) = tpélyz(a)for all a € corex;(A);

3. tpy n(B \ cores () = tpélyz(A \ corex(21));
4. |B| < 2P1(1 + tower (4144 |¢))).

It follows that if a model as in (II) exists, then there exists
one of size at most 21>/ (1 4 tower(4/*14,|¢])) and thus we
can iterate over all candidate structures 8 up to this size,
check whether 23 is a model of ¢ that satisfies Conditions (d)
to (f), and then iterate over all models B’ of ¢ with B’ = B
to check that 95 is CP-minimal.

Condition (I) requires more work. We use a mosaic ap-
proach, that is, we attempt to assemble the structure 2l re-
quired by Condition (I) by combining small pieces called
mosaics. Fix a pair (2o, Tesre). A mosaic for (o, Teere) is
a decorated finite structure whose universe contains 2(y and
possibly elements from a fixed set UT of 2 - ar elements
where ar is the maximum arity of predicates in ¢.

The purpose of the decoration is to trace partial homomor-
phisms from CQs in g through the mosaics, as follows. A
match triple for a structure ‘B takes the form (p, p, h) such

that pisa CQin ¢, p C p, and h is a partial map from var(p)
to B that is a homomorphism from plgem(n) to B where
ﬁ]dom(h) denotes the restriction of p to the variables in the
domain of h. Intuitively, 9B is a mosaic and the triple (p, D, h)
expresses that a homomorphism from p to 2 exists, with the
variables in dom(h) being mapped to the current piece ‘B
and the variables in var(p) \ dom(h) mapped to other pieces
of 2. A match triple is complete if p = p and incomplete oth-
erwise. To make 2( a countermodel, we must avoid complete
match triples. A specification for a structure 5 is a set S of
match triples for B and we call S saturated if the following
conditions are satisfied:

e ifpisaCQin g, p C p, and h is a homomorphism from p
to B, then (p, p, h) € S;

o if (p,p, ), (p, D', 1) € S and h(x) = h'(x) is defined for
all z € var(p) Nvar(p’), then (p,pUp ,hURK) € S.

In the following, we use the symbols introduced in (x).

Definition 1. A mosaic for (o, Tesre) is a pair M = (B, .5)
where

* B is a finite structure such that
1. BCAyUUT;
2. Bla, = Ao;s
3. tp}BE(B \ A) C Teore;
4. B satisfies VT (o; — ;), for 1 <1 < ny;

e S is a saturated specification for B that contains only
incomplete match triples.

We use B to refer to B and Sy to referto S.

Let M be a set of mosaics for (o, Teers). We say that
M € M is good in M if for 1 < i < nz, the following
condition is satisfied: if 5; = R(2) and @ € R®, then we
find a mosaic M’ € M such that

1' tp‘B}u,Z(a’) = tp‘Blu/,E(a);
2. By =3y (v Ai)lal;

3. if (p,p,h') € Sy, then (p, D, h) € Sy where h is the
restriction of A’ to range Ag U a.

To verify Condition (I), we start with the set of all mosaics
for (Ao, Tesre) and repeatedly and exhaustively eliminate
mosaics that are not good.

Lemma 5. 2y can be extended to a model 2 of ¢ that satis-
fies Conditions (a) to (c) iff at least one mosaic survives the
elimination process.

At this point, we have established Theorem 6. It should
be clear that the presented algorithm establishes membership
in TOWER in combined complexity. For data complexity,
note that the size M of the stuctures 2 in pairs (o, Tre)
is now k-exponential for a constant k: it is essentially an
exponentiation tower of twos followed by |¢| whose height
is independent of D (while |¢| depends linearly on | D|). The
same is true for the bound established by Lemma 4 and the
size of mosaics.



S Lower Bounds for the Guarded Fragment

We prove lower bounds that match the upper bounds given
in Section 4. Our proofs are formulated in terms of the data
complexity of AQ-querying, but we also derive from them
tight complexity results for circumscribed consequence.

We start with an EXP lower bound on the data complexity
of AQ-querying for the restricted yet natural case where only
a single predicate is minimized and no predicate is fixed.
It is then of course pointless to use a preference relation
in the circumscription pattern. The bound applies even for
ontologies O that are sets of existential rules.

Theorem 7. AQ-querying in GF is EXP-hard in data com-
plexity even for ontologies that are sets of existential rules,
with a single minimized predicate and no fixed predicates,
and with a fixed signature.

For UCQ-querying, the same even holds for a fixed signa-
ture in which all predicates have arity at most two.

We invite the reader to verify the proof of Theorem 7,
provided in the appendix, as a warmup for the proof of the
main result of this section, which is up next.

We show that, when using multiple minimized predicates
as well as a preference order, then the data complexity is no
longer in k-EXP for any & > 1. In other words, while for
every fixed ontology O, query ¢, and circumscription pattern
CP querying is in k-EXP in data complexity for some & (c.f.
Theorem 6), k cannot be uniformly bounded by a constant
from above for all O, ¢, and CP. In combined complexity,
AQ-querying is even TOWER-hard.

Theorem 8. AQ-querying in GF is

1. TOWER-hard in combined complexity (under logspace re-
ductions) and

2. k-EXP-hard for every k > 1 in data complexity.

This holds already for circumscribed sets of guarded existen-
tial rules and without fixed predicates.

We prove Point 2 as follows. It is known that, for every
K > 1, there is a fixed (x — 1)-exponentially space-bounded
alternating Turing machine (ATM) whose word problem is
k-EXP-hard (Chandra, Kozen, and Stockmeyer 1981). We
provide a reduction from the word problem of each of these
ATMs to AQ-querying in GE.! Our reductions are uniform
across all x and, as discussed in (Schmitz 2016), this also
yields TOWER-hardness in combined complexity.

Let x > 1 and let M be a (k — 1)-exponentially space-
bounded alternating Turing machine (ATM) whose word
problem is k-EXP-hard. We exhibit a set of existential rules
O and a circumscription pattern CP such that given an input
e=-e;---e, € X" to M, we can construct in polynomial
time a database D such that M accepts e iff O, D Ecp
goal(a), where goal is a unary predicate and a a dedicated
constant symbol.

One main challenge is to generate a tape of the required
length and we first focus on achieving that. To this end, we
produce « linear orders, with the k™ order being of length

'We use ATMs for uniformity with the proof of Theorem 7. We
could also work with deterministic Turing machines which, however,
would only simplify the proof in a minor way.

tower(k — 1, p(n)). In other words, the first order has length

p(n), the second has length 2P(™), the third 22" and so
on, until the ™ order which has length tower(x — 1,p(n))
and will be used as the tape for the ATM computation. The
positions in the (k1) order will be encoded in binary using
elements of the k™ order as bit positions. For each k, the
element of the k™ order are marked with the unary predicate
ord;. To guarantee that the encoding of a position in the
(k + 1)* order indeed only uses bit positions from the k™
tape, the predicates ordy, . .., ord, are minimized.

We also use other minimized predicates, arranged in a
preference order as follows:

root < erry <ordy <--- <err, <ord, < errgi.

The predicate erry, is used to ‘report’ errors in the k-th or-
der by being made true on the constant a. This shall then
make the query predicate goal true on a and in this way rule
out erroneous models. The preferred minimization of erry
over ordy, acts as an incentive to avoid such errors. We use
an additional predicate err,; to detect errors in the ATM
computation. To enforce that erry, is reported precisely on a,
we use root and include in D
root(a).

Any other predicate used is varying, which concludes the
definition of CP. We now clarify how error reporting works.
Since the minimization of root is preferred over that of all
other predicates, in every CP-minimal model 2[ we have
root® = {a®}. When an error on the k" tape is detected at
some element x, we generate an instance y of err;. We then
require err; to be subsumed by root, so that, in every CP-
minimal model, y is actually a. We also require err to be
subsumed by goal so that goal holds at a® whenever an error
is detected in the representation of the k™ order. Formally,
we include in O, forevery k € {1,...,x + 1}, the rules

erri(z) — root(x), goal(z).
We do not want distinct orders to share elements and report

an error if they do. We also require a not to be used as an
order element. For 1 < < 5 < k, add

ord;(x),ord;(z) — Jy err;(y)
ordy(z), root(x) — Jy errg(y).
Elements of the first order are represented in the database D
as constants c}, 1 <1< pn):
ordy(c}) for 0 < i < p(n).
The k™ order is represented by the binary predicate succy,
for 1 < k < k. We use a unary predicate end to mark the

elements of orders that are not the final element. For all
ke {l,...,x}, we add the rules

succg(z,x’) — ordy(x), ordy (z')
ordy (), end(z) — 3z’ succy(z, 2).

For the first order, we ensure the intended interpretation of
succ; via a binary predicate Succy, the following facts in D:

succﬂc},c}) for0 <4,j < p(n)withj #i+1,
start(c}) for 0 < i < p(n)

end(c}) for0 < i < p(n) — 1,



ones4(x,y), start(y), ordx_1(y) — 3y’ onesy(x,y’), succk—_1(y', y), bity 1(x,y') (1)
zerosy(z,y), start(y), ordi—1(y) — Jy’ zerosq(x,y’),succk—1(y', y), bitg o(x,y') 2)
copy,. (x,z',), end(y), ordy._1 (y) — 3y’ copy, (z,z',y"),succk_1(y', y), copy(z, z', ') 3)

Figure 1: Additional rules used in the proof of Theorem 8 for every k € {2,...,x}.

and the rule

succy (z,y),succ (z,y) — Iz erry(2).

Note that we also introduced a start predicate, for later use.

For the k™ order, with k € {2,...,x}, the positions of
elements are represented by the two binary predicates bity, o
and bity, ; pointing to the elements of the (k — 1) order,
which serve as bit positions. Intuitively, bity, ,(z, y) says that
the y'" bit in the binary encoding of the position of element
x in the k™ order is b. We add the following rules, for every
ke{2,....,k}and b€ {0,1}:

bity, 4 (z,y) — ordy(z), ordx_1(y)
bity o(z,y) — end(x)
bity, 1 (x, y) — start(z)

bity, o(x, y), bitk 1 (x, y) — Iz errg(2).

We need to guarantee that the encoding of positions is
incremented when moving along the predicate succy, gener-
ally assuming that the least significant bit position is the first
element in the order. We use a binary predicate fz;, (for First
Zero) and the following rules, for all k € {2,...,x}:

ordy (), end(z) — Jy fzx(x,y)
fz)(z,y) — bty o(x, y), onesy(z, y).

The second rule makes sure that the position represented by y
has value 0 and that all positions to the left of i have value 1.
The latter is enforced by the binary predicate ones, which
propagates to every position strictly to the left of y, enforcing
a bit value of 1; see Rule 1 in Figure 1.

The following rules introduce a ternary predicate nextfzy
extending each instance of succy(z, ") to further include
the position of the first zero in the encoding of x. We use
nextfz, to properly set up the bit values in the encoding of
the position of 2’. Add, for every k € {2,...,x},

succk (z, ') — Jy nextfzy(z,2',y), fzx (z, )

nextfzy, (z, 2, y) — bitg 1(2', y), zerosq (2, y), copy, (z,2', y).

Predicate zerosq(2’, y) enforces that all 1 bits to the left of
the first zero in the encoding of the position of x, which is at
position y, are flipped to Os in the encoding of the position
of /. The 0 in position y for x is flipped to a 1 for ’.
All other positions keep their bit values thanks to predicate
copy,, which instantiates a copy that, in turn, complies with
the following rule for b = 0, 1:

copy(x, 2, y), bitp (2, y) — bitgp (2, y).

Details can be found as Rules 2 and 3 in Figure 1.
As explained above, the k™ order has the desired length
and we use its elements as positions of tape cells in the ATM

computation. We show in the appendix how to encode that
computation. The challenging part is to ensure that the tape
symbols that are not under the head are preserved when the
ATM makes a transition. This is enforced by a mechanism
similar to the propagation of the predicate ones4 above.

The (straightforward) polynomial time reduction from
circumscribed AQ-querying to circumscribed consequence
given in the proof of Theorem 3 also applies to GF. Thus,
Theorem 8§ also yields the following.

Corollary 1. Circumscribed consequence in GF is TOWER-
hard.

6 FO? with Counting: C>
We observe that in C2, circumscribed consequence and cir-
cumscribed AQ-querying are decidable. This is achieved by
combining a result from (Wies, Piskac, and Kuncak 2009)
with ideas from (Bonatti et al. 2015a).

Recall that Presburger arithmetic is the first-order theory
of the natural numbers with addition and equality. BAPA is a
multisorted theory that combines Presburger arithmetic with
the theory of (uninterpreted) sets and their cardinalities. We
refer to (Kuncak, Nguyen, and Rinard 2006) for full details
and only remark that numerical variables are denoted with
x,y, 2, set variables with B, and set cardinality with |B|.

For a structure 2 and a 1-type ¢, we write t¥ to denote the
set of elements {a € A | tp)(a) = t}. The following was
proved in (Wies, Piskac, and Kuncak 2009), making intense
use of the results of (Pratt-Hartmann 2005).

Theorem 9. Let ¢ be a C? sentence and let t1, . .. ,t, be the
I-types for ¢. One can compute a formula x (1, ..., %) of
Presburger arithmetic such that

1. for every model 2 of ¢, x4[|t3], . .., |t2]] is true;

2. if xglka, ..., kn) is true, then there is a model 2 of ¢ with

\t?‘| =k;forl <i<n.

The above provides a reduction from conse-
quence in C? to unsatisfiability in BAPA: the C2
consequence ¢ 1 holds iff the BAPA sentence
3By -+ 3By, X¢a-w||Bil/x1, .. ., |Bn|/xy] is unsatisfiable.
We extend this to circumscribed consequence.

Assume that we want to decide ¢ =cp 9, with ¢, 1 two C?
sentences and CP = (<, M, F, V). We may assume w.L.o.g.
that ¢ and v contain the same predicates and thus have the
same 1-types. With 1, we denote the BAPA formula

XollBil/z1,.. . |Bal/zal A\ (Ba= |J Bi)

AEMUF ti|A(z1)EL;

and we define ¥’ to be like ¥, but using set variables B! in
place of B; and B’, in place of B4. Let B be the tuple of set



variables in 9 and let B’ be the corresponding tuple for .
We write B <cp B to denote the conjunction of

* By=DBforall AeF;
e forall Ae M: By € By — \/
ATEM|A’<A
«\/ BagBan )\ Bl =Bu).
AeM A’EM|A’<A
Now let x denote the BAPA sentence
3B (9 A xyl|Bil/z1,. .., | Bal/za] A
VB (B <cp B — ).

B;l’ g BA/;

It can be verified that ¢ |=cp 9 iff x is unsatisfiable. Since
satisfiability in BAPA 1is decidable (Feferman and Vaught
1959; Kuncak, Nguyen, and Rinard 2006), we obtain decid-
ability of circumscribed consequence in C2. This carries over
to circumscribed AQ-querying in the same straightforward
way as for FO?.

Theorem 10. In C2, circumscribed consequence and circum-
scribed AQ-querying are decidable.

Since BAPA is also decidable over finite models, we also
obtain the version of Theorem 10 where circumscribed con-
sequence and querying are defined w.r.t. finite models.

7 Conclusion

We have studied the impact on computational complexity
of adding circumscription to decidable fragments of first-
order logic, which turns out to be remarkably varied: while
FO? is very tame and does not have higher complexity than
ALC in its circumscribed version, GF suffers from a dra-
matic complexity explosion. We remark that there is a
close connection between circumscription and querying with
closed predicates as studied in (Ngo, Ortiz, and Simkus 2016;
Lutz, Seylan, and Wolter 2019), see also Example 1. More
details are in (Lutz, Maniere, and Nolte 2023). As an ex-
ample, Theorem 7 also applies to AQ-querying of guarded
existential rules with a single unary closed predicate. This,
in turn, is related to results in (Benedikt et al. 2016).

Several interesting questions remain open. What is the
exact complexity of circumscribed consequence in C2? We
speculate that by making careful use of the techniques in
(Pratt-Hartmann 2005), one can bring it down to CONExpPNP,
What is the complexity of circumscribed consequence in
GF with only a single minimized predicate or with multiple
such predicates but no preference order? Is circumscribed
UCQ-querying in GF finitely controllable? What is the com-
plexity of circumscribed querying with less expressive classes
of existential rules such as inclusion dependencies? Is cir-
cumscribed consequence decidable in the unary / guarded
negation fragments of FO? Note that satisfiability in the latter
fragment is known to be reducible to UCQ-querying in GF
(Bérany, ten Cate, and Segoufin 2015), but that this reduction
relies on arguments based on treeifications of some subformu-
las of interest, a technique that cannot be applied in presence
of circumscription as discussed with Example 2.
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A Proofs for Section 3

Proposition 1. Let ¢ be an FO? sentence with n3 existen-

tial quantifiers, ¥ C sig(¢) a unary signature that contains
const—(¢), A a model of ¢, and k = |(sig(¢) \ const(¢)|) U
const_(¢). Then there exists a model B of ¢ such that

) |B| < |¢‘n3+1 . 2n34(k+6);

tps,(2A) = tp3,(B);

. #Ha (t) < #a(t) for each 1-type t on 3;

. Fas(t) = #a(t) for each I-type t on X s.t. #o(t) < 21%I;

A =c® and tpy x(€) = tpig x,(¢) for all constants c.

LA W N~

Proof. 1t is straightforward to verify that it suffices to prove
the proposition for the (not necessarily unary) signature ¥ =
(sig(¢) \ const(¢)) U const—(¢). This is what we do in the
following. Let ¢, 2, and k be as in the proposition. We say
that a € A is a noble if

#a(t) < max{3nz, 2/} for t = tp} 5 (a).

Note that this is different from the construction in (Gridel,
Kolaitis, and Vardi 1997) where nobles are replaced by kings,
meaning that the bound max{3nz, 2/*!} is replaced by the
bound 1. Let IV be the set of all nobles in 2[. Also note that
a noble element and a non-noble element cannot realize the
same 1-type. It thus also makes sense to speak about noble
1-types and non-noble 1-types.

Forevery a € Aandi € {1,...,n3}, choose an a’ € A
such that 2 = 9;[a, a’]. In other words, a; is a witness for
the fact that a satisfies the formula Jy v, (z, y).

An extended I-type is a pair (¢, S) where t is a 1-type on
Y and S is a set of pairs (T, a) with T a 2-type on ¥ and
a € N. The cardinality of S must be at most n3. Fora € A,
the extended 1-type realized at a, denoted etpy (a), is (¢, S)
where tpy 1 (a) = t and

S = {(tp%yg(a,ai),ai) | 1 <i < nzanda’is anoble}.

Let T be the set of all extended 1-types (¢, S) realized in
2( such that the restriction t|y; of ¢ to atoms that only use
predicates and constants from X is a non-noble type, that is,

#g{(t‘g) > max{3n3,2|2|}.
We now define the desired structure 8. Its universe B is
NUCU{(t,S,i,j) | (t,5) € T,1 < i < s, j € {0,1,2}}

where
C = {c¥ | caconstantin X} \ N.

Note that, in contrast to the construction in (Grédel, Kolaitis,
and Vardi 1997), the model ‘B does not comprise a royal
court. This is possible since we work with extended 1-types.
We call elements of the form (¢, S, 4, j) the fresh elements
of B.

For every constant c in ¢, we set B =c
Point 5 of the proposition.

It remains to define the extension of the relation symbols
in 8. To this end, it suffices to define all 1-types and 2-types
in B. We set tpy 5(a) = tpélyz(a) foralla € N UC and

tpg x;(a) = t forall (¢, 5,4, j) € B. The reader may verify

A as required by

that this achieves Points 2-5 of the proposition. In particular,
each noble 1-type is realized in 2 exactly as many times
as in B and every non-noble 1-typeis realized at most 3n3
times in ‘B, but more than 3n3 times in 2. This ensures
Property 3. For Property 4 it suffices to additionally note that
every 1-type t with #¢(t) < 2/l is noble.

We further set tp?B)Z(a, b) tpglj(a, b) for all
a,b € N UC, that is, the restrictions of 2l and 23 to universe
N U C are identical. This leaves us with determining the
2-types of pairs (a, b) that involve at least one fresh element.
This proceeds in four steps.

In the first step, we connect nobles to fresh elements as
recorded in the extended 1-types of the latter: if (¢, S,4,5) €
Band (T,a) € S, then tpg, 5, ((t,S,4,7),a) = T. It can be
verified that after this step, nobles have all required existential
witnesses. If, in fact,a € N and i € {1,...,n3}, then either
a’ € N and thus B = 9;[a,a’], or B = i[a, (t,S,14,7)]
for (t,5) = etpy(a’) and every i € {1,...,n3} and j €
{0,1,2}.

In the second step, we make sure that the existential de-
mands of fresh elements are also satisfied. Let (¢, S,7,j) € B
and 1 < i < n3. Choose any a € A with etp} (a) = (t, 5).
If a’ is a noble, then B = v;[(t, S, 1, j), a'] and there is noth-
ing to do. Otherwise, we set tpg, x((t, S, 4, ), (t',5",4,j+1
mod 3)) = tpy 5(a,a’) for (¢, S") = etpy(a’).

In the third step, we satisfy the existential demands of
elements from C' \ N. Leta € C\ Nand 1 < i < ng. If
a' is a noble, then B = 1);[a, a'] and there is nothing to do.
Otherwise, we set tp?B,E(a, (t,S,i,1)) = tpglj(a, a') for
(t',S") = etpy (a®).

Now that all existential demands are satisfied, in the fourth
step it remains to ‘fill up’ the remaining 2-types. We may
distinguish the following cases:

* First assume that tp%x(a7 (t,S,i,5)) was not yet de-
termined with @ € N U c. Then choose any b € A
with etpy (b) = (t,S) and set tpg y,(a, (t,S,4,5)) =
tp%)z(a,b).

* Now assume that tp3; 5,((t, S, i, ), (', S', 7', ")) was not
yet determined. Then choose any a,a’ € A with
etpy(a) = (¢,5) and etpj(a’) = (#,5) and set

tp?l%_’E((ta Sai7j)7 (tla Slai/aj/)) = tp%[yg(aa a/l)'

The reader may verify that no conflicts arise when determin-
ing the 2-types in ‘B above, that is, that we do not assign two
different 2-types to the same pair of elements. This relies on
the use of extended types and of the - and j-components of
the fresh elements in B. In fact, we use the latter in exactly
the same way as in the construction in (Gridel, Kolaitis, and
Vardi 1997).

It is now straightforward to show that ‘B is indeed a model
of ¢, using the fact that 2 is a model of ¢. In fact, this
would follow immediately from the fact that ¢ is in Scott
normal form and that 2 and ‘B realize the same 1-types and
2-types in X if we had ¥ = sig(y). Since the constants from
const(¢) \ const_(¢) are not in X, however, we additionally
need the fact that by construction of B, for all constants



¢, ¢ in ¢ we have tpg 5 (c) = tpYy 5(c) and tpg 5 (¢, ) =
tph’g(c, ).

It remains to analyze the size of 8. The number of 1-types
on ¥ realized in 2 is bounded by 2*, because k = |%|. The
number of nobles is thus bounded by 7523, We next analyze
the size of T, that is, the number of extended 1-types (¢, S)
realized in 2. For every constant c¢ in ¢, there is exactly
one 1-type £ on ¥ with 1 = ¢ € ¢ that is realized in 2,
and the number of 1-types on X that contain x; # c for all
c € const(¢) is bounded by 2*. The number of options for ¢
is thus bounded by |¢| + 2% < |¢| - 28+, Regarding S, we
may choose at most n3 many kings a’ for which we include
the pair (tp3 s;(a,a’),a’). Note that the two 1-types (on
variable 7 and on variable z5) in the 2-type tp%[,z (a,a’) are

already determined by the choice of ¢ and a’, and thus only
22k choices for the 2-type remain. The number of choices for
S is thus bounded by

((|g] - 2571 - 2%%) 4 1) < |2 - 2na3(+2)
and we obtain an overall upper bound on ¥ of

(|¢| . 2k+1) . (|¢|n3 . 2n33(k+2)) < |¢‘n3+1 . 2n34(k+2).

We may thus bound from above the number of elements in B
by

n323k+|¢|+‘¢|”3+1.2”34(k+2).3n3 < |¢|n3+1.2n34(k+6).
O

Theorem 1. Circumscribed FO? has the finite model prop-
erty: if ¢, are FO?-sentences with ¢ [=cp 1, then there is
a CP-minimal model 24 of 9 = ¢ \ —p with |A] < 9|3+ .
413 (k+6) \where ng is the number of existential quantifiers in
the Scott normal form of ¢ and k = |sig(9) \ const(9)|.

Proof. We here complete the proof of Theorem 1 given in
the main part of the paper.

We first verify that, as claimed, ¢ = ¢ for all ¢ €
const—(¢). Since ¢ € const=(¢) C ¥ and A is a model
of ¢, there is exactly one type ¢ such that x = ¢ € ¢ and
only one element, namely ¢* does realize this type ¢. In
particular, #g(t) = 1 < 2/®I. Therefore, from Point (ii)
in the definition of f, c¢* is in the range of f. As f is an
injection, there is a unique b € B such that f(b) = c*. From
Point (i) in the definition of f, we have tpy 5 (f(b)) = t.
Recalling that x = ¢ € ¢ and *B is a model of ¢, we obtain
b = c®. Therefore, f(c®) = ¢* which, by construction of
2A’, guarantees A= 2,

Joint with ¢ = ¢¥ for every constant ¢ € I"\ const—_(¢),

this notably guarantees ¢® = ¢ for all ¢ € const ().
We now prove that 2’ is a model of ¢. Recall that ¢ is in
Scott normal form, i.e.

p=Vavyon [\ Vadyy;
i=1..n3

with ¢ and 1; quantifier-free. We start by proving that 21’ is
a model of VaVy ¢. Let a,b € A’. If a has been obtained by

cloning, we set @ the element in the range of f that a is a clone
of, otherwise a is already in the range of f and we set a = a.
We define b in a similar manner. By definition of the cloning,
notice we have tpy, (@, b) = tpy, p(a,b). We denote ¢ the
type tpg, p(a,b). Since f is an isomorphism from B’ to
2’ restricted to the range of f, there exists a’,b” € B’ with
fla’) =a, f(t/) = band tpg, p(a’,0') = t. Now, since
B’ is a model of ¢, it is in particular a model of VaVy .
Therefore B’ |= ¢(a’, ). Since ¢ is quantifier-free and I' =
sig(¢), this yields t = ¢(z,y) and therefore A" = (a, b).
We now prove that 21" is a model of Vz3y 1 for every
¥ € {¢1,...,na}. Lety € {¢1,...,n3}. Notice that by
definition, v is quantifier-free. Let a € A’. If a has been
obtained by cloning, we set a the element in the range of f
that a is a clone of, otherwise a is already in the range of
f and we set & = a. Consider &’ € B’ such that f(a') =
a. Since B’ is a model of ¢, it is in particular a model of
Va3y 1. Therefore, there exists some &’ € B’ such that B’ =
¥(a’,b'). Since 1) is quantifier-free and T' = sig(¢), this
yields ¢ {= t(x,y) where t = tpg, p(a’,b’). By definition
of ', we have tpy, (@, f(b')) = t. By definition of the
cloning (in case a is a clone), this gives tpgy. r-(a, f(b') = t.
And from ¢ = ¢ (x,y) we obtain A’ = 1 (a, f(b')), proving
that f (') is a valid witness for y.
O

B Proofs for Section 4.1, Except Lemma 1

Theorem 4. Circumscribed GF has the finite model prop-
erty. More precisely, every satisfiable GF sentence ¢ cir-
cumscribed by CP = (<,M,F,V) has a model 2 with
|A| < tower(4/¥14, @), where & = const—(¢) UM UF.

Proof. Let ¢ be a satisfiable GF sentence and CP =
(<, M, F,V) a circumscription pattern. Take a CP-minimal
model 2 of ¢. Then 2( is a model of ¢ and by Proposition 2,
using ¥ = const—(¢) UM U F, there is a model B of ¢ that
satisfies Points 1-3 of the proposition. We show that ‘B is
also a CP-minimal model of ¢.

Assume to the contrary that there is a model B’ of ¢ such
that B’ <cp B. To obtain a contradiction, we construct a
model 2’ of ¢ such that 2" <cp 2.

Of course, 21’ must have the same universe as 2, thus
A’ = A. By Point 3 of Proposition 2, we find an injection f :
B — Asuch that tpy 5, (b) = tpy 5, (f (b)) forallb € B. We
define 2l so that its restriction to the range of f is isomorphic
to B’, with f being an isomorphism. Note in particular that
A’ interprets all constants that occur in ¢ exactly as B’ does
(up to the isomorphism f), thus, by Point 4 of Proposition 2
and the definition of B’ <cp B, exactly as 2 does. To define
the remaining part of 2’, we use cloning.

By Point 2 of Proposition 2 and choice of f, for every
a € A that is not in the range of f we find a a € A that is in
the range of f and such that tpy 5,(a@) = tpy 5 (a). We then
make a a clone of @ in ', that is, for every relation symbol
R, we set

R¥ = R¥ U{ala/n(t))] |a € R*'}



where afa/m(b')] denotes the tuple obtained from @ by re-
placing every occurrence of a with a. This finishes the con-
struction of the structure 21’.

Using the fact that 2B’ is a model of ¢, it is now straightfor-
ward to show that, as desired, also 2’ is a model of ¢. Note
in particular that the cloning does not duplicate any constants
occurring in some equality atom of ¢, that is, if we make ele-
ment a a clone of @, then there is no constant ¢ € const—(¢)
with ¢® = G. This can be seen as follows. By contradic-
tion, assume that we can find such a constant c. Since @ is
in the range of f, the definition of ¢¥', gives f(¢®') = @.
From B’ <cp B, we obtain ¢® = ¢®. Now from the
definition of f, we have tpj y(c®) = tpy 5 (f(c®)), ie.
tph 5 (¢®) = tpy (@) By virtue of ¢ € const_(¢) C ¥,
we get ¢® = @ and in particular @ is the only element of 2
with type ¢ := tpy (@), since ¢ contains the atom z; = c.

It can also be verified that 2 <cp A, since B’ <cp B
and M,F C X, O

Theorem 5. Circumscribed consequence in GF is decidable
and in TOWER.

Proof. Let ¥ = const—(¢) UM U F. Our algorithm iterates
over all structures 2 (in the signature of ¢) with universe
A C A, where A is a fixed set of size tower(4/>I74, |4|).
For each such 2, it checks whether (i) 2 | ¢, (ii) 2 [~ ¢,
and (iii) / is CP-minimal. If such an 2 is found, it returns
‘no’, otherwise it returns ‘yes’.

By Theorem 4, the algorithm returns ‘no’ iff ¢ Fcp 1.
It can be implemented by a tower (414 |¢| + |4)|)-space
bounded Turing machine. In particular, Point (iii) can be
decided by iterating over all interpretations 8 with B = A
and checking whether B = ¢ and B <cp 2. O

C Proof of Lemma 1

We now prove Lemma 1. Let ¢ be a GF sentence, X a
unary signature that contains const_(¢), 2 a model of ¢, and
A C A with ¢® € A forall ¢ € const(¢).

In the following, we actually focus on signature > :=
¥ U A Usig(¢). We argue it is sufficient for our purpose:
Points 1 and 4 are independent from X, and Points 2 and
3 being valid for 5 clearly implies the same properties for
Y since X C 3. Note in particular that 3 needs not to be
unary and that a type on the X stores full information about
the restriction of 2 to its subdomain made of A and the
constants in ¢.

A set of elements S C A\ A is guarded if it is a singleton
or there is a relation symbol R such that some tuple in R*
contains all elements of S. A tuple of elements a is guarded if
the set of elements that occur in @ is guarded. A guarded tuple
a is maximal if there is no guarded tuple b such that the set of
elements in a is a strict subset of the set of elements in b. We
use mgt(2) to denote the set of all maximal guarded tuples
in 2 that do not contain repeated elements and gtp(2l) to

denote the set of all types on S realized by maximal guarded
tuples in 2.

We now move to the actual proof of Lemma 1. Let 2
be a model of ¢ with A C A. Notice that if A = A, then
2 itself already satisfies all conditions from Lemma 1 and
there is nothing to do. In the following, we thus assume
A C A, which guarantees that both mgt(2() and gtp(2)
are non-empty. The maximal arity of a predicate in ¢ is
denoted w, and we assume w.l.o.g. that w > 1.

For two tuples a@,b without repeated elements, we
use p(a,b) to denote the injective substitution p
{z1,... 25} — {ml,...,x‘g‘} that maps z; to x; iff
a; = bj. Note that this is well-defined since b does not
contain repeated elements and injective since a does not con-
tain repeated elements. We use dom(p) and ran(p) to denote
the domain and range of p.

Let K = w?. For an n-type t on 3, we use var(t) to
denote the set of variables {z1, ..., z,}. We introduce the
following constants and function symbols, for 0 < 57 < K:
* for all n-types t € gtp(2A) and i € [n], a fresh constant

symbol ¢/ ;;

o for all types t1,to € gtp(2A), partial functions p
var(t1) — var(t2), and x; € var(t2) \ img(p), a function
symbol f/ ., ; of arity [dom(p)].

For each term 6, let J(60) denote the set of values that occur
in the superscript of a constant or function symbol in 6. This
notion extends to tuples of terms in the expected way. The
truncation of a term 6 at depth k& € {0, 1}, denoted 6/, is
defined as follows:

e = d,

fgl,p,tg,i(ei)/o = CZ2,Z B
ftjl,p,tQ,i(e)/l = fzsjl,p,t2,i(0/0)~
We use trunc(6) to denote the the term 6/5.

For each type t € gtp(2), we define sets £ (t) of in-
stances of ¢ at height r.

Initialization » = 0. For each n-type ¢t € gtp(2l), we set:
KO(t) = {el | 0<j < K},

where & stands for the tuple of constants (C{)l, ce cgn)

From r tor + 1. Assume that we have already constructed
the sets K" (t) for all t € gtp(2l). We define the set "1 (¢),
for all ¢ € gtp(2), by starting with the empty set and then
applying the following saturation step as long as possible.
For each type s, each partial bijection p, each b € K" (s),
and each index j € {0,..., K} \ J(blgom(p)) such that there
are 4,0 € mgt(2A) with tpy () = s, tpy 5(v) = ¢, and
p(i,9) = p, extend K"T1(¢) with the tuple @ whose i™

component a; is defined as:

{ bg if (l'g,ﬁ(}i) cp
a; = j T . .
2 o.i(bldom(py /1) if 2; & img(p)

Note that, because of truncation, the maximum height
of each term a; is two. Furthermore, it is easily verified



by induction on r that each tuple @ € K" (¢), and even its
truncation a/4, is without repetition. This property crucially
relies on the condition j ¢ .J(b|dom(,)) dictating the permitted
function symbol at the root of each term.

Lemma 6. Ler a € K™ (t) for some m > 0 and t € gtp(2).
The tuple @/, and a fortiori tuples a/1 and @, do not contain
repeated elements, that is a; /o = ai /o iff i = k.

Proof. We proceed by induction on r. For » = 0, this is
immediate by definition of X°(¢). For the induction step,
assume the claim holds for all integers smaller than some
r > 0. Leta € K" (¢) for some ¢. Since r > 0, there is some
type s and b € K"~ 1(s) from which @ has been obtained in
the construction of IC" (), that is, there exist @, 7 € mgt()
with tpy () = s, tpy 5(v) = tandforalli =1,...,la|:

if (zg,25) €p

be
a; = ; — . ]
{ f2 .4 (bldom(p) /1) if i & img(p)

where p = p(u,v) and j & J(blgom(p))- By induction hy-
pothesis, it is clear that if x;, ), € img(p), then a; /o = ax /o
iff ¢ = k. In the case x;, z), ¢ img(p) then we have a; /¢ =

ak/o iff fgp t z(b|dom(p)/ )/0 = Js p,t,k(Bldom(p)/l)/O iff
c7 = cj & iff i = k. It remains to treat the case of

xz € |mg( ) and z, € img(p), for which we clearly have
i # k and thus aim to prove a; /0 ax/o. Note that

ag/o = 07 ~while a; /¢ has shape c], ., for some j' € J(by)
with ¢ such that p(z¢) = ;. From by € bldom(p) and
J & J(bldom(p))> We obtain a; /o # ax/o. O

We now define the structure 8. The universe B consists
of all elements in A and all elements that appear in a tuple in
one of the sets K" (). Set

rR®=J (J {a/e | R(e) e tanda € K (t)}.

r>0 tegtp(A

for each relation symbol R where [a/é] denotes the tuple
obtained from e by replacing every variable z; with the ¢-th
element a; of a. Note that € may involve elements from A

which are left unchanged. For each constant ¢, set ¢® = ¢,

We remark that the above model construction is exactly
the one from (Barany, Gottlob, and Otto 2014) except that
we have defined types and the set gtp(2l) in a different way,
giving a special role to the elements of A. Moreover, we trun-
cate terms at height 1 while (Bardny, Gottlob, and Otto 2014),
which additionally deals with conjunctive queries, truncates
at larger heights. Without truncation, the above construc-
tion falls back to being a standard unraveling construction.
Such a construction, however, does not deliver finite models
and truncation is used as a way to reuse elements so as to
achieve finiteneness. One has to be careful, though, because
reusing elements in a too agressive way will result in dif-
ferent guarded types to overlap, which effectively generates
guarded types that are not present in the original structure
2l and may result in the constructed structure ‘B to not be a
model of ¢. An extreme case of such aggressive reuse is the
filtration technique from modal logic which is well-known

to fail for the guarded fragment. The indexes -/ result in
several copies of each element to be introduced which makes
it possible to avoid too aggressive reuse when truncating.

We have to show that B is a model of ¢ and satisfies
Conditions 1-4 from Lemma 1.

The following lemma establishes a central ‘compatibility
property’ for the sets K™ (¢). If we find tuples a € K™ (t)
and @’ € K™(t') that overlap, then ¢ and ¢’ agree regarding
the positions in which @ and @’ overlap. If that property
would fail, then our construction of 8 could generate types
that did not exist in the original model 2, and this would lead
to B not necessarily being a model of ¢.

Lemma7. Lera € K™(t), a’ € K"(t') and let o = p(a,a’).
If R(e) € t and all variables in € are in dom(o), then
R(ce) e t'.

Proof. The proof is by a nested induction on m and n.
For the outer induction start, assume that m = 0.

For the inner induction start, assume thatn = 0. Leta €
K°(t)and @’ € K°(t') for some t and ¢/, and let o = p(a, a’).
By definition of KY(t) and K°(¢'), there are j and j’ such
thata = ¢ anda’ = EZ,/ . Let R(&) € ¢ such that all variables
in € are in dom(o).

If € indeed contains a variable z;, say with ox; = x;,
then from a; = aj, we obtain ¢] ; = cg,lz, Therefore, t = ¢/,
j=j',i=1,thus a = @’ and o is the identity. It follows
trivially that R(o€) € t'.

Otherwise there is no variable in €, and thus e only involves
elements from A. Since ¢ is a A-extended type from gtp(2l),
by definition of such types we have 2 = R(€), which in turn
yields R(e) € t'.

Now for the (inner) induction step. Assume that the claim
holds for m = 0 and all integers smaller than some n > 0.
Leta € K°(¢) and @’ € K™ (t') for some ¢ and ¢’ and let ¢ =
p(a,a’). Asm = 0, there is again a j such that @ = ¢;. Since
n > 0, there is some type s” and b’ € K" ~1(s") from which
a’ has been obtained in the construction of K" (#'), that is,
there exist &, 0 € mgt(2) with tpy 5(a) = s, tpy 5(v) =
t'and foralli =1,...,|@|:

a={% it (s €
fg’,p,t’7i(bl|d0m(p)/l) ifJJi ¢ img(p)

where p = p(u,v) and j' ¢ J(V'|gom(,)). Since a does not
contain any function symbol, it must be that every variable
in the image of o is also in the image of p, that is img(o) C
img(p). Since p is injective, we can consider p~! o &, which
is the restriction to dom(c) of ¢’ := p(a,b’). Let R(e) € t
such that all variables in € are in dom(o) and, a fortiori, in
dom(o’). By induction hypothesis, we obtain R(a’é) € s,
thus R(p~toe) € s'. Now, from tpy (i) = &', it follows
that A |= R(p~ 106)[ ]. Recalling p = p(@,v), this yields
A = R(o€)[v]. Recalling that tpy () = t' now guarantees
R(oe) € t'.

Now for the outer induction step. Assume that the claim
holds for all integers smaller than some m > 0.



For the inner induction start, where n = 0, the arguments
are similar to those used in the case m = 0 and n > 0.
For the inner induction step, assume that the claim holds for
all integers smaller than some n > 0. Leta € K™ (t) and
a’ € K"(t') for some ¢t and ¢’ and 0 = p(a,a’). Let b €
K™=1(s) and b’ € K"~1(s") be tuples from which @ and @’
have been obtained in the construction of K™ (¢) and K" (t'),
meaning there exist @, v, @', v € mgt(2A) with tpy (1) = s,
tpy 5(0) =1, tpy 5 (') = ', tpy 5(?') = ¢’ such that for
alli=1,...,|a|:

{ be if (xg, ;) € p
a; = . — . ]
fsj,p,t,i(b‘dom(p)/l) if X, ¢ 1mg(p)

where p = p(u,v) and j ¢ J(blom(p)), and for all i =
L. (@)

a/4 = { bé/ _ lf (‘rfaxi) S p/
fg’,p’,t’ﬂ‘(blldom(p’)/1> if.%’i ¢ img(p')

where p = p(u/,v') and j' & J(V'|gom(,))- Let R(€) € t
such that all variables in € are in dom(o).

If dom(c) C img(p), then we can form o o p, which
restricts o’ = p(a’, b) to dom(p). We may then conclude by
applying the induction hypothesis on m, with @ := b, t = s,
m =m — 1,and R(¢) = R(p~'e).

Similarly, if img(c) C img(p’), then we can form p~ o &
which restricts o/ = p(a, ') to dom(c). In that case, the
induction hypothesis on n lets us conclude.

In the remaining case, that is dom(c) ¢ img(p) and
img(o) € img(p’), there are z, € dom(c) \ img(p) and
z. € img(o) \ img(p'). De facto, a, = f7 , 4, (blaom(p)/1)
and a/, = fg,:p,)t,’n, (Vdom(pry/1)- We let ¢/ and £ be the
indexes such that o(z,) =z, and o(z,) = T

We now prove ¢ = Id and ¢ = ¢/, which will directly
conclude the proof. Let z; € dom(o) and let x; := ox;. We
want to prove i’ = i.

Consider first the case of x;» & img(p’), thatis a; = al, =
fg,"p,_’t,’i,(5’\dom(pl)/1). Notably, we have j' € J(a;/1).
This latter remark enforces z; ¢ img(p). Indeed, if
x; € img(p), then a; € blgom(p) thus j° € J(blaom(p)/1)-
In particular, j € J(a,). If a/, € img(p’), it yields
§" € J('|gom(p))> Which is a contradiction. Similarly, if
a,, & img(p), then we have j = 5/, thus j € J(bldom(p)/1)
which is a contradiction. Therefore, we know z; & img(p),
which yields a; = fI , , ;(blaom(p)/1)- Coupled with a; =
fg,/7p,,t,7i, (V|dom(pr)/1), we obtain i’ = i as desired.

Notice the above case covers i’ = ¢/, and in particular
gives fsj,p’t,u(b|dom(p)/1) = fsj’,p’,t’,L’ (bl|d0m(ﬂ')/1)' We
therefore just proved that t = ¢/, p = p/, s = ¢/, j = j'
and b/‘dom(p’)/l = b|dom(p)/1-

We now move to ;s € img(p'), thus a; = a}, € b'|qom(p)-
This enforces x; € img(p). Indeed, if z; ¢ img(p),
then a; = aj, = fI,,:(blaom(p)/1) and therefore j €
J(V'|dom(pr))- Recalling j = j’, this would contradict
3" & J(V'|gom(p))- Therefore, we know z; € img(p) and

recall we have x;; € img(p’). Thus, there is £ and ¢’ such
that p(x¢) = x; and p'(xe) = x4, thatis p(zp) = 2 since
p = p', and we have a; = by and a, = bj,. From q; =
al,, it gives by = bj, and thus, in particular, by/1 = by, /1.
Recalling b'|gom(,7)/1 = ldom(p)/1. and since both £ and ¢/
clearly belong to dom(p), we get by/1 = by/1. Lemma 6
yields £ = ¢/, which in turn gives ¢ = 4’ as desired.

O

Lemma 8. Ifa € K™ (t), then tpy ¢(a) = t.

Proof. Lett € gtp(2A) be an n-type on X and a € K™ (t)
for some m. We have to show that for any atom « using as
terms only variables among z1, ..., z,, and constants from
A, we have a € tiff B = «fa]. From the maximality of ¢
and tpy, 5(a), it will follow that the same equivalence holds
also for literals, concluding the proof. Now for an atom «,
we distinguish the following cases:

e o has the form z; = ¢, with1l < i <nandc € A.
Assume that x; = ¢ € t. Since ¢ € gtp(2l), there exists a
b € mgt(2() with type t. However, by definition, b does
not contain any element from A, hence a contradiction.
Conversely, notice that, by definition of K™ (t), none of its
tuples contains an element from A. Therefore, assuming
B = (x; = ¢)[a] already yields a contradiction.

* « has the form z; = x;, with 1 <4,5 < n.
Recall that, from Lemma 6, a is without repetition. Now,
if x; = x; € t, recalling that ¢ is the type of a maximally
guarded tuple in 2{, hence of a repetition-free tuple, it
must be that 4 = j. Naturally, 8 | a; = a;. For the
other direction, assume B = a; = a;. Since a is without
repetition, it must be that ¢ = j. Every type from 2
trivially contains z; = x;.

¢ « has the form ¢; = co, with ¢1, ¢o € A.
Since elements of A are treated as constants in 25 and
we defined ¢® = ¢% for each constant ¢, we immediately
have B Ec; = o iff A E ¢; = g iff 1 = ¢y € t (by
definition of gtp(2l)).

* « has the form R(é).
It is immediate by construction of B that R(€) € ¢ implies
B = R(e)[a]. Conversely, assume that B = R(e)[a).
Then by construction of B there is some n’-type t/,
m' > 0,a € K™ (t'), and atom R(¢') € t' such that
R(€")[a'] = R(e)[al, thatis: ej, = z; and e, = x; implies
a; = a;. Letting 0 = p(@’, a), the above yields &’ = ¢
and, in particular, all variables occurring in & are con-
tained in dom(o). Lemma 7 thus delivers R(c€’) € t, that
is R(€) € t as desired.

O
Lemma 9. B is a model of ¢.
Proof. Let
¢ = \VZ (0 = i) A \VZ(B; = 35 (1 Aby).

J

It is a direct consequence of Lemma 8 that all conjuncts of
the form VZ (o — ¢) are satisfied in B.
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K™t)> a = (a,b,e,d) > t(x1, x2, T3, Ta )
g,p,t I: / P /
Km=t(s)3 b = (e,d) > s(x1, 2)

t'(x1, 22, x3) < (byd,a) = @ € K" (')
f I |
/ Ly’
p :s’,p’,t’

[ | ?

3/( 1, T2, fE3 < (dv faa) = B/ elcn—l(sl)

Figure 2: Inductive case on both m and n in the proof of Lemma 7. If R(z2, §, 21,71, %4) € t, we need to prove R(x2,d, x5, 73, 71) € t'.

Thus consider a conjunct VZ (5 — 37 (YA)) and assume
that B |= S[@’]. By definition of B, there is an s € gtp(2l),
ann > 0, and an @ € K"(s) such that all elements of a’
occur in a. Let vy, ..., v; be the variables in 3 and let 3’
be obtained from [ by replacing each variable v; with x;
if aj = a; (this is well-defined because @ does not have
repeated elements). By Lemma 8, we have 3’ € s. Take
any tuple u € mgt(2l) such that tp, (@) = s. Since 2 is a
model of ¢, we have A |= 37 (y Av)[a]. Let v € mgt(2A) be
a tuple witnessing this and let tpy (v) = t and p = p(u, V).
Choose any j € {0,..., K} \ J(@|dom(p))> Which must exist
since the length of the tuples in X" () is bounded from above
by the maximum arity of relation symbols w, and K > w. By
definition, "1 (¢) contains a tuple b whose i component
b; is defined as:

if (xg,2;) €p

ag
b; = ; B 3 '
{ fg,p,t,i(a|dom(p)/1) if x; ¢ img(p).

By Lemma 8, tpy, 5(b) = t. Thus, b witnesses that B =
3y (v A)al, as required. O

Lemma 10. ‘B satisfies Conditions 1-4 from Lemma 1.

Proof. Notice that in the case A = A, we defined B = A
and the conditions are trivially satisfied. We verify each
condition for the case A C A:

1. We exhibit an upper bound on the size of B. We recall
that w > 2 is the maximal arity of predicates from ¢ and
we let p > 1 be the number of predicates occurring in ¢.

Let us denote 7" the number of types on . Since each
n-type on S is essentially an interpretation over domain
AU {xy,...,x,}, there are at most 2PUAI+™)™ distinct
n-types on 5. The type of a maximally guarded tuple from
2l is a n-type on S for some n < w, thus we obtain:
w
T< Z op(Al+n)" < gpw(|Al+w)®
n=0
Now, notice B is split between elements from A and those
composed of constant symbols ci , and of functions sym-

bols fS p.t,i- The number of such partial bijection p from
{z1,.. xm} to {z1,...,x,}, assuming s is a m-type
and ¢ an n-type, is bounded by (w + 1) thus by 2v” Re-
call that superscript j ranges over 1, ..., K, with K = w?,

and ¢ over 1,. .., w. Therefore, the number C of constant
symbols c; ; is at most T'w®, and the number F of function

symbols at most T22v° . Because of the truncation mecha-
nism, every non-A element e of B can be determined by
a function that assigns to each node of the complete tree
with depth 2 and branching degree w, either a constant
symbol, a function symbol, or a special value indicating
that this node is not needed to degscribe e. It follows that
there are at most (C' + F' + 1) non-A elements in 5.
Therefore, unraveling the bounds on C' and F', we get:

IB| < |A| + (Tw® + T?2*° + 1)*”,
which we can abruptly bound with:
IB| < |A|+ 2" T
Now, unraveling the bound on 7', we obtain:

IB| < |A] 4 2w tpel(1A1HFw)"

)

which we can further bound by:

|B| < 2v( Al

This exhibits a double-exponential dependency w.r.t. the
maximal arity, but only single-exponential dependency in
terms of the number of predicates and the size of A. Now,
using p, w < |¢|, we can slightly simplify this bound as:

|B| < o(IA[+]]) I+t

. Leta € A. From A C A, we have that gtp(2l) is non-

empty. In particular, there is a type ¢ € gtp(2l). Since a
is treated as a constant symbol by types on X, we have
a € tp; 5 (a) iff afa] € t. In particular, if o is positive lit-
eral, that is an atom, then o € tpl% i(a). Furthermore, the

above equivalence holds for all type ¢ on S from gtp(2A),
which guarantees that no other atom only involving a oc-

curs in tp}& (a), thus tpg{ g(a) = tp}Bj(a).

. (Q). Lett € th[ «(A\ A). By definition, there exists

e € A\ A with tpél s(e) =t. Since e € A\ A, there must

exist some @ € mgt(A) such that a; = e for some i. Let
s = tpy 5 (@). We now prove that the element ¢t ;» belong-

ing to B\ A, has unary type tp ( i) = t. Notice s fully



determines the unary type of its variable x; variable, that is
t. Thus, since (c! -1€4 ja) € K%(s) and from the defi-

5,10+

nition of -, every atom of ¢ is in tp;’i(céﬂ-). Lemma 8
guarantees there are no other atom in tp}Bj(c;,i), thus
tpgg(ci,z‘) =t

(D). Lett € tp}Bi(B \ A). By definition, there exists
e € B\ A with tp}B‘i(e) = t. By definition of B, there

must exist a type s € gtp(2), an integer m and a tuple
a € K™ (s)s.t. a; = e for some 7. Since s € gtp(2A), there
exists b € mgt(2l) such that tpy ¢(b) = s. In particular,
b; € A\ A, and it is easily verified that tp}, o (b;) = .

4. From the very definition of B, resp. of B, we have A C B,
resp. ¢ = ¢ for all ¢ € const(¢), as desired.

O

D Proofs for Section 4.2

We start with explaining why it is not straightfoward to prove
finite controllability of circumscribed (U)CQ-querying in GF
using the Rosati cover. The whole point of using the Rosati
cover in (Barany, Gottlob, and Otto 2014) is to start from a
model 2 that satisfies a GF sentence ¢ while not satisfying a
Boolean CQ ¢, and to convert it into a finite model B with
the same properties. This only works, however, under the
assumption that the original model 2 does not satisfy any
‘treeifications’ of g, that is, there is no homomorphism h
from ¢ to 2 such that the homomorphic image of g under A
is acyclic. In the case without circumscription as in (Bérany,
Gottlob, and Otto 2014), this assumption is for free since we
can simply take 2( to be a model of the GF sentence ¢ A =,
where Y, is the disjunction of all treeifications of g. This
works, because, trivially, a model of ¢ A x4 is also a model
of ¢. With circumscription, however, we would need the
same statement for minimal models and it is easy to find
examples which falsify this.

D.1 Proof of Lemma 3

Lemma 3. Let ¢ be a GF sentence, CP = (<, M,F,V), and
Y = const_(¢) UM U F. Further let A be a CP-minimal
model of ¢ and let B be a model of ¢ such that

1. corex(2) C B and c® = c® forall c € const(¢);

2. tpy x(a) = tpy x(a) for all a € cores;(A);

3. tpy u(B \ cores (1)) = tpy 5 (A \ cores(2A)),
Then *B is a CP-minimal model of ¢.

Proof. Assume to the contrary of what is to be shown that
5 is not a CP-minimal model of ¢. As B is a model of ¢ by
assumption, there is thus a model 2B’ of ¢ with B’ <cp B
(and thus B’ = B). To derive a contradiction, we construct a
model 2" of ¢ with 2l <cp 2.

Applying Proposition 2 to 8’ and ¥, we obtain a model
B of ¢ such that the following conditions are satisfied:

(a) |B"| < tower(4/*!+4 |¢));
(b) tpy;(B") = tpy,(B');

(c) #wr(t) < #3(¢) for every 1-type t on X;
(d) ¢®" = ¢® for all constants ¢ in ¢.

To assemble the desired model 2’, we first determine the
intended 1-type of each element a of 2. To this end, we
define a surjection from A to B” which is obtained as the
union of several mappings exposed as follows.

For each t € tph(21) s.t. #(t) < tower(4=1+4|¢]), we
set:

Dy :={t € A|tpyx(a) =t}
Sp:={beB" |3 € B tpy (V) =1t
Atpg 5 (b) = tpyy 5 (b)}

Note that by definition | D;| = #a((t) > tower(4/=1+4 |¢|)
while |S;| < |B”| < tower(4/*!%4 |¢|) from Condition (a)
in the definition of B”. We can thus chose 7; : D; — Sy a
surjective mapping.

We now form the union 7y of all mappings 7 s.t.
#q(t) < tower(4/¥IT% |¢|). Note that the domain of
is A\ cores;(2), and that its range is exactly the elements
from B’ whose type in B” is realized in B’ at least once
outside of corex (). Thus, the remaining elements that need
to be reached to cover all of B” are those whose type in
B" is realized in B’ exclusively in corex;(2). Let us denote
the set of those latter types S. For each ¢ in S, it follows
from Point (c) in the definition of 9B”, that we can pick a
surjection o; : {b € B’ | tp 5(b) =t} — {b € B" |
tpay »(b) = t}. We complete 7 into 7y by adding to 7o
the union of all mappings o for ¢t € S. Note that the range
of m is already the whole B”, but that it’s domain is still
missing those elements of cores (2() whose type in B8’ is not
among S. To complete m; we simply pick, for each such
a € corex () s.t. tpy, 5y(a) ¢ S an element b € B” s.t.
tpy 5 (a) = tpy. 5 (b). We denote 7 the resulting surjec-
tion from A to B”.

Since 7 is surjective, we can pick a partial inverse function:
p:B"” — Abeings.t. pom = Id.

We can now define the restriction of 2’ to ran(p):

« R = {p(a) | a € R®"} for every relation symbol R;
o ' = p(c®') for every constant c.

As a consequence, the restriction of 2l to ran(p) is simply
an isomorphic copy of B”. By definition of 7 and due to
Points (b) in the definition of 8" and Condition 2 on B, it
additionally satisfies the condition that for all a € ran(p),

(*) there is a b € B such that tpy, y(a) = tpg 5 (b) and
tpél,z(a) = tplﬁs,z(b)

We want to extend the definition of 2’ to the elements a €
A\ ran(p) so that Condition (x) is satisfied. Informally, we
do this by ‘cloning’ already existing elements. It is then
easy to use Condition (x) to show that 2’ <cp 2 as desired,
details are left to the reader.

We can do the cloning for any a € A\ ran(p) in isolation.
We want to assign to a the type tpl%,,,z(w(a)) by making it a



clone of the element o’ := p(m(a)) that already satisfies this
property and is already present in 21’. This is done by setting,
for every relation symbol R,

R¥ = R¥ U{ala/d'] |a € R®"}

where @[a/a’] denotes the tuple obtained from a by replacing
every occurrence of a’ with a. This finishes the construction
of the structure 21’.

Using the fact that 8" is a model of ¢, it is now straight-
forward to show that, as desired, also 21" is a model of ¢. [

D.2 Proof of Lemma 4

Lemma 4. Let ¢ be a GF sentence, CP = (<,M,F,V), and
Y = const—(¢) UMUF. Let 2 be a CP-minimal model of ¢.
Then there exists a CP-minimal model B of ¢ such that

1. corex;(B) = corex;(2A);
2. tpl%,z(a) = tpélvz(a)for all a € corex;(2A);

3. tpy n(B \ cores () = tpélyz(A \ corex(21));
4. |B| < 2IPI(1 + tower(4=1+4 | 9))).

Proof. We apply Proposition 2 on 2l and 3 to obtain a model
2 whose size is at most tower(4/=1+4|4|). By Point 2 of
Proposition 3, for each type ¢t € tpém(A), we can find an
element a; € A’ whose type is t. We now extend 2’ into a
model B by cloning those elements a; until we have:

© #u(t) = #alt) if t € tpy (A);
o #m(t) =14 tower(4Z1+ |g]) if £ € tpy (A \ A).

For types t € tp%lyE(A), this is well-defined as we know
that #q(t) < #g(t) from Point 3 of Proposition 2. For
types t € tpy 5(A\ A), this is also well-defined as we
know that #q (1) < || < tower(4/1+4 |¢|). Tt is read-
ily verified that ‘B satisfies all the desired properties. In
particular, Lemma 3 using 2l as the reference model ap-
plies and guarantees the CP-minimality of 8. Regarding
the size of B, it is exactly |A| + M (1 + tower(4/*174 |4]))
where M is the number of types in tpélyz(A \ A). Using
IA] < (2% — M)tower(4>1+4|4|) and M < 2/*I, we
obtained the claimed bound. O

D.3 Proof of Lemma 5

Lemma 5. 2(y can be extended to a model A of ¢ that satis-
fies Conditions (a) to (c) iff at least one mosaic survives the
elimination process.

To prove the “<«<” direction of Lemma 5, assume we are
given a good mosaic M. For each good mosaic M, each
1<i<ngifac R?M, then we choose a good mosaic M’
such that:

L tpy,, »(@) =tpy , »(a);
2. By = 3y (i Ai)al;
3. if (p,p,h’) € Sy, then (p,p,h) € Sy where h is the

restriction of A’ to range Ay U a.

We use cthﬁ to denote this chosen M. Then, starting from
My, we build a forest-shaped set of words which witnesses

the acceptance of M.

Definition 2. The mosaic forest M Tree is the smallest set of

words such that:

o (Mo,0,0) € MTree;

o Ifw € MTree ends with (M, z,y) with M a mosaic, and
a € R®M for some 1 < i < ng with 3; = R(Z), then
w - (chyy 4,4,a) € MTree.

It remains to ‘glue’ together the interpretations ‘B, ac-
cording to the structure of MTree. Since a mosaic M may
occur more than once, we create a copy of 5, for each node
in MTree of the form w - (M, z,y). We do not duplicate
elements from Ag as they precisely are those we want to
reuse. Hence only elements from U™ may be duplicated. We
also take into consideration the overlap between successive
mosaics in the tree and introduce a copy of an element only
when necessary. Formally, this is achieved by the following

duplicating functions, defined inductively on MTree. For
(Mo, 0, 0), define:

A(Mm@,@) : B]\/jo — AO U {:c(M(”@’@) | S B]wo}
b s b if b € Ap
b(Mo.0.0)  otherwise

If w- (M,i,a) € MTree with w not empty, define:

Aw-(Myia) - By — AgU{u™ [ue U, m e MTree}

b if b € AO
b —> /\w-(M,j,&) (b) lf b S a \ AO
pw-(Mi,a) otherwise

The desired model 2 can then be defined as:

= U

w-(M,i,a) EMTree
w possibly empty

Aw-(M,i,a) (Bum),

that is the domain (resp. the interpretation of each predicate)
of 2 is the union across all w - (M,i,a) € MTree of the
image by Ay,.(ar,i,a) Of the domain (resp. the interpretation
of each predicate) of B ,,.

By definition, each A,,.(yr; 3y is @ homomorphism from
B, to 2. It is also easily verified that this homomorphism
is injective. Due to Point 1 in the definition of good mosaics,
if the range of two duplicating functions overlap, then the
common element agree on the interpretation of all predicates.
More formally, the following lemma is an immediate conse-
quence of the definition of functions A.,.(as,4,5) and Point 1
in the definition of good mosaics.

Lemma 11. Forallw - (M,i,a) € MTree and all b € B]|51|

we have tpy s;(Aw.(11,i,a) (b)) = tPg,, 5 (b).

Note that, in the above, exact values of 7 and a do not
affect the statement. Henceforth, we often use w - (M, _, _) to
refer to an element of MTree in which values of the second
and third components of its last triple are not important. We
are ready to show that 2l is a model of ¢.

Lemma 12. A is a model of ¢.



Proof. Let1 < i < ny. We prove 2 satisfies VZ (a; — ;).
Assume there is @ € R, where a; = R(Z). By def-
inition of @, there exists w - (M, _, ) and b € R®M s.t.

a = Ay.(M,,)(b). From Point 4 of the definition of a
mosaic, we get By, = ¢;[b]. By Lemma 11 we obtain
2 = ©i[Aw.(a,_,) ()] that is 2 |= o;[a] as desired.

Let 1 < ¢ < n3. We prove 2 satisfies Vz (3, —
3y (v A 1bi)). Assume there is @ € R¥, where 3; = R(Z).
By definition of @, there exists w - (M, _, ) and b € R®™ s.t.
@ = Ay.(um,.,.) (). By definition of the mosaic tree, we get
w- (M, _, ) (chiy 5, b) € MTree. We let M’ := chiy  for
readability. By definition of A/’ and from Point 2 of the def-
inition of good mosaics, we obtain B = 3y(v: A ¢;)[b].
Thus there exists an extension d € ST’ of b such that
B E ;[d], where v; = S(z'). By Lemma 11, we

obtain A = d’i[)‘w(M,,,,)-(IVI/,i,E)(J)]' By definition of

Auw(]\i,,,,)-(M/,i,B)’ we haVe ):’LU-(M,,,,)-(JV[,,’L',B) (b) - C_L. ThllS
the tuple Ay,.(as,_ y.(a1v,5,5)(d) is an extension of a (that ex-
tends @ as d extends b) that satisfies v A 1; in A as de-
sired. O

This proves 2y can indeed by extended into a model of ¢.
Notice that Condition (a) is clearly satisfied due to Point 2 in
the definition of mosaics. The C direction of Condition (b) is
clearly satisfied from Point 3 in the definition of mosaics joint
with Lemma 11. Its D direction of Condition (b) is satisfied
from the basic conditions on the pair (g, Tesre), that is 2
already contains at least one witness for each type from 7gsre.
It remains to verify Condition (c), that is for all p € g, there
is no homomorphism from p in 2.

By contradiction, assume there exists a CQ p € ¢ and
a homomorphism 7 : p — 2. Therefore, for each atom
a := R(Z) in p, it follows from the definition of R* that there
exists anode w, 1= w- (M, _, ) € MTreeanda € R®M s.t.
Aw, (@) = m(Z). We assume chosen such a node w,, for each
o € p. On MTree, we consider the order given by the prefix
relation, that is for all wy,ws € MTree, we denote wy < ws
iff wy is a prefix of wo. We define a set of words W), as
containing all words from MTree that are prefixes of a word
W, for some o € p. We let pg := {a € p | Ay | 7()} the
subquery of p that is mapped by 7 in o and hg := 7|var(p,)
the corresponding mapping of variables. For a word w €
MTree, we set p,, ;= poU{a € p\po | w < wy} and hy, a
mapping defined on every v € var(p,) s.t. 7(v) € A\, (Bar)
by h(v) = (\,) " 1(7(v)). Note that h,, always extends hg
since all mosaics agree on the interpretation of 2y (Point 2
in the definition of mosaics).

Lemma 13. Forallw - (M, _,.) € Wp, (P, Pw, hw) € Sum-

In particular, since (Mo, ),0) € W, and p(rs,,0,0) = Ps
this guarantees (p, p, h(n,,0,0)) € S(ao,0,0)> Which contra-
dicts M, being a mosaic (it contains a complete match triple!)
and thus concludes the proof of Condition (c).

We now prove the above lemma.

Proof. We proceed by induction on elements of W), starting
from its maximal elements w.r.t. <. Notice there are at most
|p| such maximal elements.

Base case. Assume v = w - (M, _,_) € W, is maximal
for <. Therefore, p, = po U {a € p\ po | wo = u}. By
definition of each w,, h, defines a homomorphism from
P to B . Since Sy is saturated, it follows from the first
saturation condition that (p, py, hy) € Sa.

Induction case. Consider v = w - (M, _,_) € W, and
assume the property holds for all v’ € W, with u < u'.
We refine the subset p, C p of atoms by a smaller subset
Py = poU{a € py, \ po | wa = u}. As in the base
case, the definition of words w,, guarantees there is a homo-
morphism from p_,, to By, given by h—, := \; ' o7|p,
where D,, = 77 Y(\,(Bas)). From S)y; being saturated,
we obtain (p, p—y, h—,,) € Sy For the other atoms of p,,
that is « € p,, \ p—, we have u < w, thus there exists
Ug = U - (My,ia,0a) € Wy with uy, < w,. We denote
U1, ..., U, the distinct elements from {u,, | @ € py \ p=v }
and if ugp, = uq, we let (Mg, iy, ax) := (My, iq, G ). Note
that p,, can now be partitioned as p—,, W;'_, (pu, \ o). For
each 1 < k < n, we apply the induction hypothesis to obtain
(p7puka huk) € SMk From w - (M7 - 7) : (Mku ik, ak) €
MTree and Point 3 of in the definition of a good mosaic,
we obtain (p, py, , gu,) € Su Where g, is the restriction
of hy, torange A U ax. Recall that Sy, is saturated, thus
using the second condition from definition of saturation, we
can derive (p, py, h=y UU}_, gu,) € Su if we prove that
partial mappings h—,, Gu,, - - -, Gu, are pairwise compatible
(in the sense specified in the definition of saturation).

We first treat the case of g,, and g,, (any other combi-
nation of g, and g,, with k # ¢ being treated similarly).
Assume x € var(p,, ) Nvar(p,, ), we have to prove that both
gu, and g,,, are defined on x and that g, (z) = gy, (z). If
& € var(po), this is clear. Otherwise, () = d*’ for some
d € U and w’ € MTree. By definition of h,, and h,,,
we get d¥" € A, (Bay,) and d*' € A, (Byy, ) respectively.
Thus w’ must be a prefix of both u; and us, by definition of
the functions \,, and A,,. The longest common prefix of u;
and u, being u, we obtain that w’ is a prefix of u. In particu-
lar, d* € Ay (Bas) and hy, (x) € a1 and hy, (z) € az. Thus
gu, and g, are both defined on  and equal to A\ (7 (x)),
that is h,, (z).

The argument for the case of h—,, and g, is similar, ob-
serving that if © € (var(p=,) Nvar(py,)) \ var(po), we
have h,, € ax thus g,, being defined on = and equal to
A7l (w(x)), that is by (z).

We thus obtain (p, pu, h—y U Uj_; 9u,) € Sar and it was
already verified within the above cases that h, = h—, U
Ur—1 Gur» thus (p, py, hy) € Sar as desired.

O

This concludes the proof of the ‘<=’ direction in Lemma 5.

We now turn to the ‘=’ direction. Assume that 2, can
be extended to a model 2 of ¢ that satisfies Conditions (a)
to (c). We extract a set of good mosaics from 2. To this end,
we define the notion of paths in 2.

A path in 2 is a sequence ai,...,a, of maximally
guarded tuples from mgt(2) that contain at least one ele-
ment of A\ A. For each path p = @y, ...,a, in A, we now

inductively define a mosaic M), as follows.



If p=aisoflength 1, welet L, := {i | a; € @\ Ao} and
pick for each 7 € L, a fresh element u; € U. We denote ), :
a; — u; the corresponding bijection between elements of @
that are not in Ag and the chosen fresh elements. We extend
Ap to Ag U a by defining A, to be the identity on elements
from Ay. We now define M, by By, = \p(A|4,0a) and
S, as the set of all triples (p,p, Ap © hla,ua) st p € q.
p C pand h : p — 2Ais a homomorphism. Note that 1M,
is a well-defined mosaic: regarding By, Point 1 is clear
by construction, Points 2 and 3 follow respectively from
Conditions (a) and (b) being satisfied by 2, Point 4 from
2l being a model of ¢; regarding Sy, it is saturated by
construction and does not contain a complete match triple
from Condition (c) being satisfied by .

If p = ai,...,Gn, apy1 has length > 1, we let L, :=
{i| a; € @ps1 \ (Ao U a,)} and pick for eachi € L, a
fresh element u; € U. Note that this is always possible as U
has size twice the maximal arity of a predicate. We denote
Ap © a; — u; the corresponding bijection elements of Gy,
that are neither in Ay nor in a,,, and the chosen fresh elements.
We extend A, to Ag U Gy, by defining A, to be the identity
on elements from A and to be Az, 5, on elements from
n N Gnq1. We now define M, by By = A\p(A|a0ua,,)
and Sy, as the set of all triples (¢/, 7\ Ao hlagua,..) st.
¢ €q¢q¢ Cqandh:q — Ais a homomorphism. As in
the base case, it is easily verified that M, is a well-defined
mosaic.

We now let M := {M, | pisapathin A} and claim
all mosaics in M are good in M. Let M, € M for
some path p = aj,...,a, in A. Assume there exists
a € R®M» where R(z) = p; for some 1 < i < ng. Since
2 is a model of ¢, there exists a tuple a’ € S where
S(Z') = v; s.t. @’ witnesses A = Jy(y; A ¢;)[a]. Conse-
quently, p’ = @y, ...,an,a is a path in 2. We prove M, is
a mosaic satisfying Conditions 1 to 3 in the definition of good
mosaics. Condition 1 is clear by construction of M, which
is inductively defined from M), and thus their ‘overlap’ is
consistent as expected. Condition 2 is also guaranteed from
the very definition of a’. For Condition 3, recall that each

match triple (¢’, qA’ ,h) €S M,, is such that A,y ~1 o h is the

restriction to Ag U @’ of a complete homomorphism from qA’

to 2. By considering instead the restriction of ¢’ to Ag U a
we obtain the desired match triple in Sy, .

E Proofs for Section 5

To fix notation, we recall that an ATM M is specified by a
6-tuple M = (Q, %, T, 6, qo, g) where:

* () is the finite set of states;
* Y is the finite input alphabet;

 I' O X is the finite tape alphabet with a special blank
symbol . € T'\ %;

¢ §5:QxT — (Q xT x {«,>})? is the transition function;
* qo € @ is the initial state;

* ¢g: Q — {univ, exist, accept, reject} specifies the type of
each state.

Note that without loss of generality, we consider TMs having
the following properties:

« for every universal or existential configuration, there exist
exactly two applicable transitions;

* the machine directly accepts any configuration whose state
s is such that g(s) = accept;

 the ATM never tries to go to the left of the initial position.

We say that M is polynomially space-bounded if there exists
a polynomial p such that on input z, M visits only the first
p(|z|) tape cells. M being k-exponentially space-bounded,
for some x > 1, is defined accordingly, allowing the ATM
to visit tower(k, p(|z|)) tape cells. We consider only ATMs
that terminate on every input. It is known that there is a fixed
polynomially space-bounded ATM M = (Q, %, T, 4, qo, 9)
whose word problem is ExXP-hard (Chandra, Kozen, and
Stockmeyer 1981).

E.1 Proof of Theorem 7

We exhibit a set of existential rules O and a circumscription
pattern CP such that, given a word e = €7 - - - ¢,, € X%, we
can construct in polynomial time a database D such that
M accepts e iff Circcp(O, D) |= goal(a), where goal is a
unary predicate and a a dedicated constant symbol. To give
a better intuition of the involved mechanisms, we describe
the constructions of O and D together. It can, however, be
verified that O is independent of e.

We use all tape positions ¢ with 1 < ¢ < p(n) as constants
in the database D. In addition, we use the constant a that
occurs inside the query above. In D, we mark the constant
symbols that represent positions by a

pos(i) for 1 < i < p(n).

To ensure that, in every minimal model, the positions are
picked from the intended constants, we require the predicate
pos to be minimized.

We introduce binary predicates config, for every ¢ € @

and tape; for every s € I'. Intuitively, config,(z,z5) says
that z is a configuration of M where M is in state ¢ and the
head is on position z;, of the tape. Likewise, tape,(x,x,)
says that in configuration x, the symbol s is on position x,,
of the tape. For all ¢ € () and s € T', we require that

confy(x, ) — pos(zy)
tape,(z,zp) — pos(zp).
The initial configuration is now encoded by
confg, (a,1)
tape, (a,i) for1 <i<n
tape_(a, i) forn <1i < p(n).

To generate the other configurations of the ATM computation
on input e, we use existential quantifiers in rules. We need
some preparation. To start with, we add auxiliary facts on the
constants 1, ..., n that pertain to their order:

succ(i, j) for 1 < 4,5 < p(n) with i # j
start(i) for 1 < i < p(n)
end(i) for 1 < i < p(n).



confy(x, zp) — confy(z, xp), confy (z, zp) 4)

confy(z,,), start(z,) — Jy, next(y,, ¥,), confy (z,y,), confa(z,y,) 5)
RD (CL‘, 5Cp)7 R(xp) - Hyp neXt(xpv yp)? mtﬂ (x7 yp)ﬂ WD (mv yp)‘ (6)
nextConf, (z, y, x1) — copyq(2,y, Tn), copys (7, Y, ¥r) (M
copya(z, y, xp), start(z,) — Jyp next(yp, ), copya (2, ¥, yp), copy(x, Y, Yp) ®)
copys (7, Y, 7)), end(zp,) — 3y, next(z,, Yp), COPYs (T, Y, Yp), COPY(T, Y, Yp) 9)
copy(z,y, zp), tape, (z, z,) — tape,(y, z,) (10)

Figure 3: Additional rules used in the proof of Theorem 7, for all ¢ € {1, 2}.

We will later also use a ‘positive’ version next of the succ
predicate. We want these predicates to be disjoint in models
that falsify goal(a). This is achieved by adding the rules

next(z,y), next(x,y) — err(x)
getError(z,y), err(z) — goal(x).

and facts
getError(a,i) for 1 < i < p(n).

This mechanism will be used in the following to detect also
other violations of the intended encoding. We also want next
to be restricted to positions:

next(x,y) — pos(x), pos(y).

We next make sure that the state, head position, and tape
content is unique for every configuration. Regarding the tape
content, for all distinct s, s’ € " we put

tape,(x, xp), tape, (z, xp) — error(zp).

To ensure uniqueness of the state and head position, for all
q,q" € Q we add Rules (4) to (6) shown in Figure 3. More-
over, for distinct ¢, ¢’ € Q, we add

confy(x, xp), confy (x, xy) — error(xp,)
confy(x, xp), confy(x, x,) — error(x,).

We now generate the additional configurations. For all ¢ €
Q with g(q) ¢ {accept,reject}, all s € T, if §(¢,s) =
(g1, 81, M1, qo, S2, m2) then put for all ¢ € {1,2},

conf,(x, xp,), tapey(z, z1,)— Jy Jyp, nextConf,(x, y, z1),

confql. (ya yh)v tapesi (ya xh)v
MOV

where MOV is next(zp, yn) if m; = > and next(yp, zp,) if
m; = <. The above rule sets up correctly the state and head
position of the new configuration, as well as the symbol on
the tape at the position where the head was located previously.
We still need to say that the other symbols didn’t change. For
allg € Q,i € {1,2},and s € T, add Rules (7) to (10) shown
in Figure 3.

Note that the constant «a is the root of a tree of configura-
tions that are connected by the (projection to the first two
components of the) predicates nextConf,, i € {1,2}. We

now propagate acceptance information upwards in that tree.
For all states ¢ € @ with g(q) = accept, add

confy(x, ) — acc(z).
Further add, forall ¢ € Q and i € {1, 2},
nextConf;(z,y, xp), acc(y) — acc;(x).

Now, for all ¢ € @ with g(q) = univ, all ¢ € @ with
g(q") = exist, and all ¢ € {1,2}, add

confy(x,zp),accy(x),acco(x) — acc(x)
confy (z,z1), acc;(z) — acc(z).

At the root of the configuration tree, which is a, acceptance
makes the query true:

acc(z) — goal(z).

We use O to denote the obtained set of rules and D for the
obtained database. The circumscription pattern CP has a
minimized predicate pos and all other predicates are vary-
ing. In particular, CP has no fixed predicates. It is now
straightforward to prove the following.

Lemma 14. M accepts on input e iff Circcp(O, D) |
goal(a).

We omit the details, but remark that, as a crucial point,
in every minimal model 2( of K = (O, D), we must have
pos® = {1,...,p(n)}. This can be seen as follows. First,
1,...,p(n) have been asserted to satisfy pos in D and must
be distinct due to the semantics of databases. And second,
for any model B8 of K in which pos® is a strict superset of
{1,...,p(n)}, we can create a model 2 of K with 2 <cp B
in the following way:

 setpos® = {1,...,p(n)};

o set next® = pos? x pos¥;

o set R* = A x {1,...,p(n)} for all relations R of the
form conf, and tape,;

* interpret all other predicates as total.

We now consider the second part of Theorem 7, claiming
that when switching from AQ-querying to UCQ-querying
we can make do with predicates of arity at most two. Note
that the only predicates in the above reduction that are of
higher arity are nextConf;, copy, copyy, and copy,. These



predicates are used to ensure that the content of tape cells
that are not under the head remain the same when the ATM
makes a transition.

We modify the reduction by making nextConf; binary,
dropping the third position that records the head position of
the configuration that is in the first position. The (impor-
tant) rule that generates additional configurations otherwise
remains unchanged. We drop the relations copy, copy, and
copy,. as well as Rules (4) to (7) in Figure 3 in which they
are used.

To compensate for this, we add additional disjuncts to
the query. In fact, we use one disjunct for any two distinct
s,s’ eTandalli € {1,2}:

nextConf;(z, y) A tape,(z,p) A tape, (y,p) A
/\qu confq(z,p).

E.2 Proof of Theorem 8

It remains to describe how the computation of the ATM
M =(Q,%,T,4d,qo, g) is represented.

We introduce a unary predicate state, for every ¢ € Q and
binary predicates head and tape, for every s € I'. Intuitively,
state,(x) and head(x, x},) say that x is a configuration of
M where M is in state ¢ and the head is on position xj, of
the tape. Likewise, tape,(z, zp) says that in configuration
x, the symbol s is written on position x;, of the tape. For all
s € I', we require that

head(z,z;) — ord.(xp)
tape,(z,xp,) —  ordg(mp).

We next make sure that the state, head position, and tape
content are unique for every configuration. Regarding the
state and tape content, for all distinct s, s’ € T" and all distinct

q,q' € Q we put:
state, (), state, (z) — Jy erret1(y)
tape,(x, xp), tape, (z,zp,) = Jy errei1(y).

To ensure uniqueness of the head position, we scan the tape
in both directions, which is initialized by the rule

head(z, ) — headq(x, zp,), head, (z, zp,).

Predicates head, and head, follow the same propagation
mechanism as zerosg, ones, and copy,,, see Rules 11 and 12
in Figure 4. To prevent multiple head positions, we add the
rule

head(z, z,), head(z, z,) — Jy errei1(y).

The initial configuration is represented by the constant a
and encoded with the following facts in D:

state,, (a)
head(a, cf)
tape, (a,cf ;) for1 <i<n
tape_(a, cf), blanks; (a, cf¥)

The predicate blanks;, (a, cf) initiates another propagation,
see Rule 13 in Figure 4. For the above to work, we want each

constant cf to represent the i™ element of the k™ order, for
1 < i < n. To achieve this, we actually need constants cf for
allk € {1,...,k}and all i € {1,...,n}. This is because
we need to properly setup the bit values for the constants c;’
for which we need the first elements of the (x — 1)*, and
so on, recursively. Fori € {1,...,n}, we use béz) e be)
to denote the binary encoding of ¢ with n + 1 bits. Notice

that bg ) is always 0 since we use n + 1 bits to encode an
integer that is bounded by n. Forevery k € {2,...,x}, every
i,7 € {0,...,n}, we now add facts:

. k—
bltk’,béi) (C?, ¢; 1)

zeros,, (¥, ck=1).

Also here, a predicate zeros; is used to complete the encoding
on long tapes, via Rule 14 in Figure 4.

To generate the other configurations of the ATM com-
putation on input e, we use existential quantifiers in rules.
For all ¢ € Q with g(q) ¢ {accept, reject}, all s € T, if
0(q,8) = (q1, 81, M1, g2, S2, M) then put for all ¢ € {1,2}:

state,(x), head(z, x1), tape,(z, xp) —
Jy Jyp, nextConf;(x, y, x1), statey, (y)
conf(y, yn), tape,, (y, z1), MOV.

where MOV is succy (zp, yp) if m; = > and succ, (yn, 1)
if m; = <. The above rule sets up correctly the state and head
position of the new configuration, as well as the symbol on
the tape at the position where the head was located previously.
We still need to ensure that the other symbols didn’t change.
To this end, we reuse the predicate copy used to copy bit
values when moving along each succy. First, we add the
following rule:

neXtconfi (3?, y7 .’l?h) — Copyﬂ ([L’7 ya l'h), CopyD (.’17, y7 xh)a
along with copies of Rule 15 from Figure 4 and Rule 3 from
Figure 1 for k = k. To guarantee that the symbols are copied,
we add, for every s € T, the rule
copy(z,y, xp), tape,(z, xp) — tape,(y, zp).

Note that the constant a is the root of a tree of configura-
tions that are connected by the (projection to the first two
components of the) predicates nextConf;, i € {1,2}. We
now propagate acceptance information upwards in that tree.
For all states ¢ € @ with g(q) = accept, add

state,(z) — acc(z).
Further add, forall ¢ € Q and 7 € {1, 2},
nextConf;(x,y, xp), acc(y) — acc;(x).

Now, for all ¢ € @ with g(q) = univ, all ¢ € @ with
g(q') = exist, and all ¢ € {1,2}, add

statey(x),acci(x), acca(x) — acc(x)
statey (z), acc; (z) — acc(z).
At the root of the configuration tree, which is a, acceptance
makes the query true:
acc(z) — goal(z).
We denote O the obtained set of rules and D the obtained
database. We can now prove the following.



head,(x,y), start(y) — 3y head,(x,5),succ. (v, y), head(z,y’) (11)

head, (z,y), end(y) — 3y head:. (2, y'), succ.(y, '), head(z, y/') (12)

blanks, (z,y),end(y) — 3y’ blanks, (z, "), succ.(y,y'), tape_(x, ) (13)

zeros, (z,y), end(y), ord,_1(y) — Jy’ zeros, (z,y'), succk—1(y, y'), bitk o (z, ') (14)
copy(z, 2’ y),start(y), ordy_1(y) — 3y copy,(z,2",y"),succk—1(y, y'), copy(z, ', ) (15)

Figure 4: Additional rules used in the proof of Theorem 8 for every k € {2,...,k}.

Lemma 15. M accepts on input e iff O, D =cp goal(a).

First, notice every CP-minimal model 2( of (O, D) satis-
fies root® = {a®}. It is clear, from D, that a® € root™.
Now assume by contradiction that {a®} C root™. Then we
easily construct a model B <cp 2 by setting B = A and
interpreting every constant by a® and every predicate of arity
r>1as {a®}".

From there and the rules stating each erry, is subsumed by
root and goal, it follows that in every CP-minimal model 2
of (O, D) and for every k € {1,...,x + 1}, if errd # 0,
then err} = {a*} and 2 = goal(a).

For the (=) direction of Lemma 15, it thus remains to
treat the case of CP-minimal models A of (O, D) such that
err? = () for every k € {1,...,x + 1}. We prove that

in such a model 2, we have ‘ord‘f‘ = p(n) and for every
ke{2,...,k}: ‘ord%’ _ glord?, |

For ordy, recall that D already specifies p(n) instances
of this predicate, namely the constants c{, . . ., c}lj(n)fl. Fur-
thermore, with the predicate diff, all these constants must be
interpreted as distinct elements, as otherwise err; = (). Thus

‘ord%‘ > p(n). Now, assume by contradiction that there

exists another instance of ord; somewhere in A. We can then
construct a model B <cp 2, yielding a contradiction, by
interpreting ord; as specified in D and by collapsing every
further constants and predicates on a*. Notice that a® can-
not be among interpretations of constants ¢, . . . 7011)(n)—1 as
it would have triggered err;. Note that the obtained model
B satisfies erry = {a®} D errd fork € {2,...,5 + 1}
but that B <cp 2 still holds due to the preference order
on minimized predicates, prioritizing ord; over those further
predicates.

We then proceed by induction on k. The argument is sensi-
bly the same: due to erry = () and the (k — 1) tape having
the intended size, it is readily verified that each constant clg
starts a tape, following predicate succy, of length at least

2A . .
9lerdi 1], The existence of an extra instance beyond those

9lordi 1| is denied in the same manner, that is by constructing
aB <cp A collapsing all predicates concerning further tapes
on a* and crucially relying on the preference order.

We thus proved that all CP-minimal models of (O, D)
either have a non-empty erry, for some k € {1,...,x+ 1},
in which case they satisfy the query, or produce a ™ tape
with exactly the correct size for our ATM to run on. In this

latter case, err,,1 being empty guarantees that the model
encodes a valid computation of M on input e. Therefore,
if M accepts on input e, then the acc predicate is carried
back to the root and yields 20 = goal(a), which concludes
the (=) direction of Lemma 15. For the (<) direction, we
assume M does not accept on input e, and we construct
representing the computation of M on e exactly as intended.
CP-minimality of 2 follows from the intermediate claims we
already proved.
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