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Abstract. It is known that when performing high-speed pick-and-place
motions in robot manipulators, an enormous amount of energy is dis-
sipated in order to stop the robot during the braking phase. Typically,
this energy is lost as heat in the braking resistances of the motor drivers,
leading to increase the energetic losses in the actuation chain. In order
to improve the energy efficiency while ensuring accuracy at high-speeds,
this paper proposes the use of variable stiffness springs (VSS) in parallel
configuration with the motors. This actuation chain is combined with a
motion generator which seeks to exploit the robot natural dynamics by
adjusting the equilibrium position of the VSS so that the robot is put in
near resonance, thus decreasing the energetic losses. Simulations of the
suggested approach on a Delta robot are performed and show the drastic
reduction of energy consumption.
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1 Introduction

The design trends to operate at high-speeds are changing to the design of energy-
efficient robots in order to measure as well the robot performance based on the
energy consumed by the actuators [1].

The conventional technique to reduce the energy consumption at high speeds
consists in designing lightweight robot architectures, thus permitting the use of
less powerful motors [2][3]. However, this leads to worsen the robot stiffness,
affecting the accuracy of the robot at high speeds. Recently, a novel energy-
efficient type of actuation, for a SCARA robot in [4], for a five-bar mechanism
in [5], and for a Delta robot in [6], proposes the use of constant stiffness springs in
parallel to the motors in order to increase the energy efficiency of pick-and-place
robots while ensuring accuracy. The main idea of placing the springs in parallel
is to distribute the required torque to move the output load between the motor
and the spring in parallel. Even if the results for increasing the energy efficiency
in [4][5][6] are remarkable, the level of adaptation for quasi-periodic motions, i.e.
variable travel times and amplitudes, is limited by the spring constant.
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In order to overcome the limitations in terms of adaptability, the authors in
[7] for a slow manipulator, and the authors of the present work in [8][9] for high-
speed robots, proposed to use variable stiffness springs (VSS) [10] in parallel
configuration with the motors. VSS are compliant actuators in which an addi-
tional motor is used to vary the stiffness of the springs placed in parallel to the
motors that actuate the robot active joints. The work in [7] proposes a control-
based approach by means of a VSS elasticity adaptation law, in which the output
stiffness of the VSS can be controlled by means of a nonlinear force/displacement
relation for the springs. Even if the results presented in [7] for slow quasi-periodic
motions are impressive, the energy required to adjust the stiffness of the VSS
is not considered when analyzing the energy savings, which makes difficult to
conclude of the real energy gains. In order to solve this lack of energetic analysis,
the work in [8] for high-speed robots proposed an energy-based optimal motion
generator which minimizes the losses of the full actuation, i.e. robot-plus-VSS,
thus considering as well the energy to adjust the VSS. Even if the energy effi-
ciency is increased by 48 %, the main issue is that the trajectories are generated
by means of polynomials that do not fully exploit the natural dynamics of the
system leading to the convergence towards local minima of energy reduction.
Hence, the work in [9] presents a strategy to exploit the robot natural motions
by adjusting the stiffness of the VSS in parallel so that the robot pseudo-periodic
pick-and-place oscillations match the limit cycle of the system. This strategy al-
lows to minimize the input efforts of the parallel robot active joints, and therefore
the energy consumed by the actuators by 53 %. Nevertheless, the efforts required
to adjust the VSS stiffness are not optimized leading to become preponderant
when analyzing the energetic losses of the full actuation chain (robot-plus-VSS).

Therefore, this paper improves the results obtained previously in [9], by ex-
ploiting the combined motion of the active joints of a Delta robot and the VSS
placed in parallel, thus minimizing the robot and VSS energy consumption si-
multaneously. It is worth emphasizing that for the first time, the use of VSS for
performing energy savings is validated on a spatial robot, which was not the case
at all in [7][8][9]. This is done thanks to the formulation of a boundary value
problem (BVP) in which both, the parallel robot and VSS dynamic equations,
are coupled and solved for the desired boundary conditions.

2 Physical background

2.1 Dynamic model of Delta robot with variable stiffness springs in
parallel to the motors

In this section, we will consider the model of a 3-DOF Delta robot with variable
stiffness springs in parallel as shown in Fig. 1a. It consists of a base 1 in which
three articulated links 2 provide the actuation of the robot in order to move the
platform 4 , and each articulated arm is connected to a pair of parallel rods 3 .
Furthermore, three torsional VSS 5 are connected in parallel to the articulated
links. This leads to have one of the extremities of the spring connected to a motor,
which is coupled at the base, and the other spring extremity connected to the
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(a) Delta robot and VSS parameteriza-
tion.

Braking phase

(b) Graphical interpretation motion gener-
ator based on BVP.

Fig. 1: On the left, the robot parameterization is defined with three actuated
joints q1, q2 and q3. The variable stiffness torsional springs are located in parallel
to the three actuated joints defined by qs1, qs2 and qs3. On the right, the graphical
interpretation of the BVP algorithm for the robot-plus-VSS system is shown.

articulated links 2 . The actuation of the three articulated arms is provided by
q = [q1, q2, q3]T (Fig. 1a). The vector of platform pose is denoted as x = [x, y, z]T .
The actuation of the variable stiffness joints is given by qs = [qs1, qs2, qs3]T .
For the dynamic modeling of the Delta robot, the model of a real Delta robot
from [11] was used. Skipping all the mathematical derivations and following the
Lagrange formalism, the dynamic model of the Delta robot with VSS in parallel
to the actuated links can be expressed according to [12], by:

τ =

τ1τ2
τ3

 = Mq̈ + c + τ s + fa, τ vss =

τvss1τvss2
τvss3

 = Jsq̈s − τ s + fs (1)

where τ and τ vss represent respectively the vector of robot input torques and the
vector of input torques associated to the VSS dynamics. M is the positive matrix
of inertia, c is the vector of Coriolis, centrifugal and gravitational effects, fa is the
vector of active joint friction terms, Js = diag(J1, J2, J3) represent the inertias
of the couplings between the motors and the VSS, and fs is the vector grouping
the variable stiffness joint friction terms. Finally, τ s = K(q− qs) is the torque
vector associated to the force/displacement relation due to the VSS coupled in
parallel to the robot with K = diag(k1, k2, k3) being the spring constants.

2.2 Energy consumption modeling

In order to analyze the energetic losses from the motors actuating the Delta robot
during the high-speed pick-and-place tasks, we consider the energetic model
presented in [8], by the following expression:∫ tf

0

Plossesdt =

∫ tf

0

(Pmotor + Pbrake + Pdamp + Pcond + Pswitch + Prectifier)dt

(2)
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where Pmotor and Pbrake group the resistive losses (from motor and braking
phase), Pdamp represents the mechanical losses due to mechanical coupling, Pcond

groups the conduction losses, Pswitch corresponds to the switching losses, and
Prectifier represents the losses due to rectification, tf is the final time. The
mathematical expressions describing each power loss can be found in [8].

3 Exploiting robot natural motions for reducing the
energy consumption

According to [8], in which the model of losses (2) has been analyzed for high-
speed pick-and-place tasks, most of the energetic losses are accumulated during
the braking phase, i.e. when the motor operation switch to generator mode and
the electric currents circulate towards the braking resistors of the motor drivers.

For systems that are required to oscillate at a constant frequency, it is possi-
ble to find a unique set of spring constants grouped in matrix K, such that the
system remains with a periodic exchange of kinetic and spring potential energy.
However, for pick-and-place robots, such as the Delta is not the same as the
motions are defined by pseudo-periodic sequences. That is why, by tuning online
the VSS we seek to put the robot near a resonance mode for pseudo-periodic
motions. In order to do that, based on the dynamic equations in (1), to exploit
the robot natural dynamics for the full actuation chain, i.e. the robot-plus-VSS,
it is necessary to find a combined motion of the spring and parallel robot coordi-
nates. This is due to the fact that the force/displacement relation τ s, associated
to the VSS optimal stiffness and which couples the dynamic expressions (1), is
dependent on qs and q, which are controllable variables. Additionally, since dur-
ing an energy-efficient pick-and-place operation, there is no restriction for the
robot on how to go from the initial to the final positions, except external envi-
ronment or singularity loci, we only need to ensure accuracy in the boundaries.
That is why, here we propose the formulation of a BVP in which by integrating
the dynamic equations (τ , τ vss) for the desired boundary constraints (pick or
place states), we calculate an optimal trajectory which satisfies the boundary
constraints. This will ensure that the robot behaves as an unforced system, i.e.
with minimum input torques, during the braking phase in which the energetic
losses increase due to the energy dissipated on the braking resistances.

Typically, in order to parameterize a desired pick-and-place task for a parallel
robot, the boundary conditions for positions, velocities and accelerations must
be specified. Thus, since we seek to apply the BVP formulation to constrain up
to the accelerations of the pick-and-place points, it is required to have higher-
order dynamic equations. This is due to the fact that the order of the system in
(1) allows to constrain up the velocities of the pick-and-place task. Therefore, we
timed differentiate the expressions in (1) to obtain the jerk equations as follows:

τ̇ = M
...
q + Ṁq̈ + ċ + K(q̇− q̇s) + ḟa, τ̇ vss = Js

...
qs −K(q̇− q̇s) + ḟs (3)

where the sign functions from the active joint friction terms in fa and fs, in
order to obtain ḟa and ḟs, respectively, are approximated to be time differen-
tiable. Then, the BVP formulation applied to find the combined spring and
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Algorithm 1 : BVP applied on robot and VSS jerk equations.

Input: i ← 0,maxi ← 100, tint ← [tk, ..., tf ], h > 0 (integration step), sk0 ←
[1, 1, ..., 1]T , tk > 0, tf > 0
while |Eq|>ε1, |Eq̇|>ε2, |Eq̈|>ε3, |Eqs |>ε4, |Eq̇s |>ε5, |Eq̈s |>ε6, i ≤ maxi do

[q, q̇, q̈,qs, q̇s, q̈s]i = RK4(tint, sk, h, (
...
q ,

...
qs)) . Numerical integration with

Runge-Kutta 4-th order of eqs. (4)

[E(tf , sk)]i =



Eq(sk) = q(tf , sk)− q∗
tf

Eq̇(sk) = q̇(tf , sk)− q̇∗
tf

Eq̈(sk) = q̈(tf , sk)− q̈∗
tf

Eqs(sk) = qs(tf , sk)− q∗
stf

Eq̇s(sk) = q̇s(tf , sk)− q̇∗
stf

Eq̈s(sk) = q̈s(tf , sk)− q̈∗
stf

. BVP errors (* means desired value)

[J]i =
∂E(tf , sk)

∂sk
. Gradients

[∆sk]i = LMUpdate(sk,J) . Levenberg-Marquardt update based on [13]
[sk]i+1 = [sk]i + [∆sk]i . Update of parameter vector sk = [q(tk), q̇(tk), q̈(tk),

qs(tk), q̇s(tk), q̈s(tk)]T

end while
Output: sk, q(tint, sk), q̇(tint, sk), q̈(tint, sk),qs(tint, sk), q̇s(tint, sk), q̈s(tint, sk)

robot coordinates qs and q, respectively, seeks to solve the coupled robot-plus-
VSS system (3) for τ̇=0 and τ̇ vss=0, i.e.:

...
q = −M−1(Ṁq̈ + ċ + K(q̇− q̇s) + ḟa),

...
q s = J−1

s (K(q̇− q̇s)− ḟs) (4)

with the boundary conditions defined as the desired positions, velocities and
accelerations at the braking phase by q(tf ) = q∗

tf
, q̇(tf ) = q̇∗

tf
, q̈(tf ) = q̈∗

tf
, and

the desired final VSS positions, velocities and accelerations by qs(tf ) = q∗
stf

,

q̇s(tf ) = q̇∗
stf

, and q̈s(tf ) = q̈∗
stf

by formulating the nonlinear BVP defined
in Algorithm 1. It should be noted that from the aforementioned algorithm, to
compute the BVP error vectors grouped in E(tf , sk), it is necessary for M to be
numerically invertible, i.e. out of Type 2 singularity [14]. Thus, in the integration
step, an inversion-checking condition representing the proximity to singularity
is added to verify the invertibility of the decoupling matrix M.

The different elements of the pseudo-code provided in Algorithm 1 are defined
as follows: maxi is the maximum number of iterations i, ε1...6 represent the BVP
errors thresholds, q̈, q̇, q and q̈s, q̇s, qs are obtained from numerical integration
of

...
q and

...
qs, respectively, and E(tf , sk) groups the BVP error vectors to be

minimized. The parameter vector sk, used as decision variable vector to enforce
the convergence of the BVP error vectors (See Algorithm 1), is defined as a
vector of robot positions, velocities and accelerations, and of VSS positions,
velocities and accelerations, at the time instant tk representing the time when
the robot braking phase starts, and occurring between t0 and tf of the BVP:
sk = [q(tk), q̇(tk), q̈(tk),qs(tk), q̇s(tk), q̈s(tk)]T as shown in Fig. 1b, tk ∈ [t0, tf ]
(only one tk is defined since we have a squared BVP problem). In order to define
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Table 1: RMS values of torques for nominal and VSS actuation modes.

Nominal Using VSS in parallel Gain Gain
RMS. Torques RMS. Torques Torques Energy

Seg. Time(s) τRMS (Nm) τRMS (Nm) τ vssRMS (Nm) % %

Fig. 2a 0.51 [5.65, 3.41, 3.85] [0.43, 0.49, 0.58] [0.48, 0.56, 0.59] 75 72

Fig. 3a 0.52 [5.35, 6.53, 3.89] [0.47, 0.51, 0.60] [0.52, 0.61, 0.65] 77 71

the braking instant tk, we evaluate the dynamic equations grouped in (1) for
different values of tk on the motion segment valued from t0 to tk. This is done
in order to choose the one which demands less input torques (τ , τ vss), similar
to what it is done in [15] in which the total motion segment from t0 to tf is
divided to solve the BVP. Finally, RK4 represents the numerical integration of
the expressions in (4) by using a Runge-Kutta method, and LMUpdate is a
function representing the Levenberg-Marquardt updating law based on [13].

4 Simulation Results

For validating the proposed approach, the numerical values of the dynamic pa-
rameters for the Delta robot were defined according to a real 3-DOF Delta robot
from MG-Tech [11], with the following values: (i) proximal links 2 mass and
inertia, respectively: 0.82 kg and 0.017 kg.m2 about its center of mass, located
at a distance of 0.115 m from the rotation center of the motors qi; (ii) paral-
lelogram 3 mass and inertia, respectively: 0.68 kg and 0.024 kg.m2 about its
center of mass, located at the middle of the parallelogram; (iii) platform mass
4 : 0.72 kg; (iv) Coulomb friction terms of the actuated joints: 0.45 Nm.

The numerical values of the dynamic parameters associated to the VSS placed
in parallel to the actuated links were defined, respectively: inertias of the cou-
plings between the motors and the VSS, J1 = J2 = J3 = 0.0051 kg.m2, and
stiffness constants, k1 = k2 = k3 = 4.95 Nm/rad. It is worth to mention that
the rotor inertias, J1, J2 and J3 were defined according to the motor specifica-
tions in [8], whereas the spring constants of the VSS, k1, k2 and k3 were defined
according to the maximum allowable spring deformation, computed by setting
the maximum input torques for the robot actuators based on the specifications
in [8], and testing for several typical high-speed trajectories.

To validate the theoretical formulations, two actuation modes are considered
in the numerical simulations: (i) nominal actuation, which consists of the Delta
robot without springs, and with a classical fifth-degree polynomial trajectory,
and (ii) by using VSS in parallel, and with the proposed formulation from Al-
gorithm 1. Additionally, the BVP approach is tested in two scenarios according
to the sequence defined in Fig. 2a and Fig. 3a, respectively. Based on the RMS
values of the torques in Table 1, it can be seen that the reduction in the full
actuation chain by using VSS can reach 75 % and 77 % with respect to the nom-
inal actuation mode, respectively for each task. In terms of energy reduction,
from evaluating the energetic model (2), in Fig. 2b, and Fig. 3b, it can be seen
that by using VSS, it is possible to reduce the energetic losses up to 71 %, and
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(a) Pick-and-place sequence. (b) Energetic losses.

Fig. 2: On the left, the sequence is defined by: G → H (time: 0.12 s), H → I
(time: 0.06 s), I → J (time: 0.14 s), J → K (time: 0.08 s), K → L (time: 0.11
s). On the right, the energetic losses for the two actuation cases.

(a) Pick-and-place sequence. (b) Energetic losses.

Fig. 3: On the left, the sequence defined by: G→ H (time: 0.12 s), H → I (time:
0.06 s), I → J (time: 0.1 s), J → K (time: 0.06 s), K → L (time: 0.1 s), L →
M (time: 0.08 s). On the right, the energetic losses for the two actuation cases.

72 %, respectively, in the full actuation chain (robot and VSS) with respect to
the nominal case. It is worth noticing that here only two scenarios in Fig. 2a
and Fig. 3a are presented. Nevertheless, other simulations, not presented here
due to page limitations, gave similar results in terms of energy reduction.

5 Conclusions and future works
This paper proposes a strategy for generating offline optimal motions in order to
increase the energy efficiency of a Delta robot by placing variable stiffness springs
(VSS) in parallel to the robot active joints. The VSS in parallel configuration
was combined with a BVP to find a combined optimal motion of robot and
VSS joints. Simulations led to a considerably increase of energy efficiency with
multiple-point trajectories on a Delta robot for two cases: nominal (without VSS)
and by using VSS. Results show that by using VSS, the energy reduction for the
full actuation chain on the Delta robot, i.e. robot-plus-VSS, can reach up to 70 %
with respect to the nominal case. The future works include the development of
a strategy that takes into account the uncertainties on the dynamic parameters
as here we assume the numerical integration of a perfect model. In addition to
that, future works include as well the experimental validation of our approach.
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