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Abstract: Lots of satisfactory results of high-precision lateral control have been reported with the assumption that
vehicles move without sliding. But this assumption never comes true under real working conditions. More and more anti-
sliding controllers have been designed which heavily relied on sophisticated control laws. Although the previous works
can actually improve the guidance accuracy, the complexity and the rigorous requirements for the controller abilities make
such controllers not very realistic for actual applications. In this paper a kinematic model is built which takes sliding
effects into account by introducing two additional tire sliding angles. Based on this model an anti-sliding controller
is designed. But unfortunately its efficiency completely depends on the estimation of the sliding parameters which
cannot be directly measured by sensors. To overcome this problem an adaptive observer is designed using Lyapunov
methods. With this observer, the cornering stiffness parameters instead of the sliding angles are estimated. The Lyapunov
stability theory guarantees that the estimated value of the cornering stiffness would converge to its real value when the
persistent excitation (PE) condition is satisfied. Consequently the sliding angles are reconstructed precisely. Simulation
and experimental results show that the sliding effects can be compensated effectively by the combination of the anti-
sliding controller and the sliding angle reconstruction.
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1 Introduction

Automatic steering control have been studied actively. Lots
of results have been reported in recent years, but most of
them focused their interests on control law design under
the pure rolling condition which is never true for actual ap-
plications. Therefore the control results may deviate from
its desired values. Sometimes stability and controllability
of the autonomous systems may be broken because of un-
expected sliding effects.
Until now there are very few papers dealing with sliding.
[1] prevents cars from skidding by robust decoupling of car
steering dynamics which is achieved by feedback of the in-
tegrated yaw rate into front wheel steering. [2] copes with
the control of WMR (Wheeled Mobile Robot) not satisfy-
ing the ideal kinematic constraints by using slow manifold
methods, but the parameters characterizing the sliding ef-
fects are assumed to be exactly known. In [3] a controller is
designed based on the averaged model allowing the track-
ing errors to converge to a limit cycle near the origin. In
[4] a general singular perturbation formulation is devel-
oped which leads to robust results for linearizing feedback
laws ensuring trajectory tracking. But above two schemes
only take into account sufficiently small sliding effects and
they are too complicated for real-time practical implemen-
tation. In [5] [6] Variable Structure Control (VSC) is used
to eliminate the harmful sliding effects when the bounds of
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the sliding effects have been known. The trajectory track-
ing problem of mobile robots in the presence of sliding is
solved in [7] by using discrete-time sliding mode control.
But the controllers [5]-[7] counteract sliding effects only
relying on high-gain controllers which is not realistic be-
cause of limited bandwidth and low level delay introduced
by steering systems. In [8] sliding effects are rejected by
re-scheming desired paths adaptively based on steady con-
trol errors which are mainly caused by modeled sliding ef-
fects. Moreover a robust adaptive controller is designed in
[9] which compensates sliding by parameter adaptation and
VSC. But the adaptive laws make the controller too com-
plicated to be realized.

In the latest research paper [10] and [11], kinematic-based
observers are designed with the concept of classical feed-
back control theories to estimate the sliding effects. The
estimated sliding angles are integrated into the kinematic
model which leads to an anti-sliding controller. But be-
cause only one GPS is available, a numerical derivation is
necessary for state vector estimation.

In this paper side acceleration of vehicles is measured
which provides necessary measurement data for sliding es-
timation. From these data the cornering stiffness which
is only relevant to tire-ground characteristics is identified.
Because it is rather difficult to identify a time-varying value
especially when it cannot be modeled exactly, the advan-
tage of the proposed scheme is that instead of the time-
varying sliding effects, the cornering stiffness which is
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nearly invariant is learned by an adaptive observer with
high accuracy.
The main idea of this paper is that first the sliding effects
are modeled by a function of the cornering stiffness, so
the problem of sliding estimation is transformed into the
problem of constant parameter identification which simpli-
fies the tasks greatly. This paper is organized as follows,
in section 2 the path following problem is described and a
kinematic model considering sliding by two sliding angles
is constructed. In section 3 an anti-sliding controller is de-
signed based on chained system theories. In section 4 an
adaptive observer is designed using Lyapunov analysis. In
section 5 some comparative control results are presented to
validate the proposed control laws.

2 Kinematic Model for Path Following Control

2.1 Notation and Problem Description

In this paper the vehicle is simplified into a bicycle model.
The kinematic model is expressed with respect to the path
in frame (M, ηt, ηn), variables necessary in the kinematic
model are denoted as follows:

• C is the path to be followed.

• O is the center of the vehicle virtual rear wheel.

• M is the orthogonal projection of O on path C.

• ηt is the tangent vector to the path at M .

• ηn is the normal vector at M .

• y is the lateral deviation between O and M

• s is the curvilinear coordinates (arc-length) of point
M along the path from an initial position.

• c(s) is the curvature of the path at point M .

• θd(s) is the orientation of the tangent to the path at
point M with respect to the inertia frame.

• θ is the orientation of the vehicle centerline with re-
spect to the inertia frame.

• θ̃ = θ − θd is the orientation error.

• l is the vehicle wheelbase.

• v is the vehicle linear velocity.

• δ is the steering angle of the virtual front wheel

2.2 Kinematic Model

When autonomous vehicles move without sliding, the ideal
kinematic model of the vehicles is (see [12] for details).⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ṡ =
v cos θ̃

1 − c(s)y
ẏ = v sin θ̃

˙̃
θ = v

( tan δ

l
−

c(s) cos θ̃

1 − c(s)y

) (1)

δb δ
vy

v

O

y

x

o

C

αr

Figure 1: Notations of sliding effects

But when autonomous vehicles move on a steep slope or
the ground is slippery, sliding occurs inevitably, (1) is no
longer valid. The violation of the pure rolling constraints
is described by introducing the rear sliding angle αr and
the front sliding angle (also called Steering Angle Bias) δb

(figure 1). The kinematic constraints let δb, αr be calcu-
lated by

δb = δ −
lfγ + v tan β

v
(2)

αr =
−lrγ + v tan β

v
(3)

where β is the sideslip angle and γ is the raw rate at the
mass center, lf (lr) is the distance between the front (rear)
wheel and the mass center.
Similar developing methods lead to a kinematic model with
sliding⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ṡ =
v cos(θ̃ + αr)

1 − c(s)y
ẏ = v sin(θ̃ + αr)

˙̃
θ = v

[
cosαr

tan(δ + δb) − tan αr

l
−

c(s) cos(θ̃ + αr)

1 − c(s)y

]
(4)

3 Anti-sliding controller design

3.1 Anti-sliding controller design based on chained
form system

As presented in [12], in our previous work a path follow-
ing controller has been designed by converting the model
(1) into a chained system which allows using linear system
theories to design nonlinear controllers(see [13]).
For a 3-D nonlinear system with two control inputs, the
general chained system is written as

derivation w.r.t t

⎧⎨⎩
ȧ1 = m1

ȧ2 = a3m1

ȧ3 = m2

(5)

Via state transformation as following

(a1, a2, a3) =
(
s, y, (1 − c(s)y) tan(θ̃ + αr)

)
(6)

the kinematic model (4) can be transformed into the general
chained system (5) in which⎧⎪⎨⎪⎩ m1 =

v cos θ̃s

Γ

m2 =
d

dt
Γ tan θ̃s

(7)
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where

θ̃s = θ̃ + αr (8)

Γ = 1 − c(s)y (9)

From (5)(6)(7), the expression of a single-input linear sys-
tem can be obtained.

derivation w.r.t a1

⎧⎪⎨⎪⎩
a′

1 = 1
a′

2 = a3

a′

3 = m3 =
m2

m1

(10)

where m3 is the virtual control input. As designed by [12]
the virtual control input m3 is designed to be a PD-type
controller

m3 = −Kda3 − Kpa2 (Kp, Kd) ∈ R+2 (11)

which leads to

a′′

2 + Kda
′

2 + Kpa2 = 0 (12)

It is easy to prove that both the state a2 and a3 can converge
to zero asymptotically by choosing Kd, Kp.
Through inverse conversion, the physical anti-sliding con-
trol law is obtained as

δ(y, θ̃) = arctan

(
l

cosαr

[
cos3 θ̃s

Γ2

(dc(s)

ds
y tan θ̃s

−Kda3 − Kpa2 + c(s)Γ tan2 θ̃s

)
−

1

v

dαr

dt
+

c(s) cos θ̃s

Γ

]
+ tan αr

)
− δb (13)

Therefore the sliding effects may be completely compen-
sated leading to accurate lateral control results when the
sliding angles αr, δb are exactly known.
Remark that when αr = δb = 0 which is to say that no
sliding occurs, (13) is equal to the lateral controller with
pure rolling assumption in [12].

3.2 Stability Analysis

(12) indicates both a2 and a3 converge to zero which means
that

y = 0 (14)

(1 − c(s)y) tan(θ̃ + αr) = 0 (15)

The singular condition y =
1

c(s)
is not considered in this

paper, so it can be deduced that the system state {y, θ̃} will
converge to {0,−αr}. Consequently the vehicle would ex-
actly follow the desired path in lateral direction, while its
orientation error is still caused by the sliding effects. This
“crab sliding” fact is consistent with the nature of the non-
holonomic system which intends to control three states via
two control inputs.

4 Sliding angle estimation by adaptive observer

In this section the unknown sliding angles will be recon-
structed and the cornering stiffness will be identified by de-
signing an adaptive observer. The main idea of this section
is derived from [14]

4.1 2DOF bicycle model

The proposed observer is deduced from a 2DOF dynamic
model of a vehicle which is simplified into a bicycle. By
applying Newton’s laws and considering the linear lateral
tire force model Fy = kαα, the 2DOF dynamic model is
defined as follows

ẋ = A1x + B1u (16)

where
x =

[
β γ θ

]
(17)

A1 =

⎡⎢⎢⎢⎣
−

2p1

mv
−1 −

2p2

mv2
0

−
2p2

Iz

−
2p3

Izv
0

0 1 0

⎤⎥⎥⎥⎦ (18)

B1 =

[
2kf

mv

2kf lf

Iz

0

]
(19)

Iz = mlrlf (20)

p1 = kf + kr (21)

p2 = kf lf − krlr (22)

p3 = kf l2f + krl
2
r (23)

u is the vector of the steering law. β, γ, θ are defined as
before. kf (kr) is the constant representing the cornering
stiffness of the front (rear) tire.
Moreover by differentiating (16) we have

ẍ = A1ẋ + B1u̇ (24)

4.2 State Equation of Side Acceleration

The side acceleration af , ar at the front and rear axis can
be written as

af = v(β̇ + θ̇) + lf γ̇ (25)

ar = v(β̇ + θ̇) − lrγ̇ (26)

Defining a new state vector as

z =

⎡⎣af

ar

γ

⎤⎦ =

⎡⎣v lf v

v −lr v

0 0 1

⎤⎦⎡⎣β̇

γ̇

θ̇

⎤⎦ = T ẋ (27)

The derivative of (27) is

ż = T ẍ = TA1T
−1z + TB1u̇ (28)

Considering the first two row of (28) yields the following
equation with a = (af , ar)

T as the state vector

ȧ = A2(A3a + ũ) (29)

where

A2 =

[
kf 0
0 kr

]
(30)

A3 =

⎡⎢⎣
−2l

lrmv
0

0
−2l

lfmv

⎤⎥⎦ (31)
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ũ =

⎡⎢⎣
2l

lrm
(γ + u̇)

2l

lfm
γ

⎤⎥⎦ (32)

Substitute (16) into (27) and regard ar, af as known valu-
ables, the expression of β and γ can be obtained as follow-
ing by solving the resulting equation⎧⎪⎪⎨⎪⎪⎩

β =
lr

l
u −

ml2r
2kf l2

af −
ml2f

2krl2
ar

γ =
v

l
u −

mvlr

2kf l2
af +

mvlf

2krl2
ar

(33)

Remark that the side accelerations ar, af can be measured
by accelerometers and v can be obtained by GPS, so the un-
measurable sideslip angle β can be reconstructed by (33)
when the cornering stiffness kf , kr are identified. There-
fore the identification of kf , kr becomes a key issue for
sliding angle estimation thanks to (2)(3).

4.3 Side acceleration observation

To identify kf , kr the following side acceleration observer
is used [14]

˙̂a = Amâ + (Â2A3 − Am)a + Â2ũ (34)

where Â2 = diag(k̂f , k̂r) is the estimation of the unknown
cornering stiffness to be identified. Am = diag(pm1, pm2)
is a matrix satisfying Lyapunov equation. â = [âf , âr] is
the estimated value of the side acceleration.
Define the error of the acceleration estimation e = â − a,
the following equation holds because of (29) and (34)

ė = Ame + W̃φ (35)

where

W̃ =

⎡⎢⎣
−2l

lrmv
af +

2l

lrm
(γ + u̇) 0

0
−2l

lfmv
ar +

2l

lfm
γ

⎤⎥⎦ (36)

φ =

[
k̂f − kf

k̂r − kr

]
(37)

The adaptive learning laws for k̂f , k̂r may be obtained by
using Lyapunov stability theory. The Lyapunov function is
defined as

V = eT P0e + φT Q0φ (38)

where P0 and Q0 are positive symmetric definite matrices
and satisfy AT

mP0 + P0Am = −Q1 < 0, then the time
derivative of V is

V̇ = −eT Q1e + 2φT (W̃T P0e + Q0φ̇) (39)

Let

φ̇ =

[
˙̂
kf

˙̂
kr

]
= −Q−1

0 W̃T P0e (40)

It can be obtained that

V̇ = −eT Q1e (41)

which guarantees the convergence of the acceleration esti-
mation errors.

4.4 Sliding angle reconstruction via identifying cor-
nering stiffness

(41) leads to an accurate acceleration estimation. Further-
more the direct application of LaSalle invariance principle
yields that ė → 0 and e → 0 which may consequently
reach a conclusion that W̃φ = 0.
The definition of W̃ (36) guarantees that it is very easy to
let W̃ be a full rank matrix thanks to sufficient excitation
of the steering law u. Therefore the result of φ = 0 can be
deduced which leads to the results of k̂f = kf and k̂r =
kr. So the cornering stiffness can be identified precisely
by (40) if the operator provides sufficient excitation to the
system.
Let Q0 be a identity matrix, P0 = diag(pf , pr) > 0, the
adaptive learning law can be represented by[

˙̂
kf

˙̂
kr

]
=

[
−wfpf (âf − af )
−wrpr(âr − ar)

]
(42)

where

wf =
−2l

lrmv
af +

2l

lrm
(γ + u̇) (43)

wr =
−2l

lfmv
ar +

2l

lfm
γ (44)

The key problem of identification of the cornering stiffness
has been solved, then the vehicle sideslip angle β is esti-
mated quite straightforward by

β̂ =
lr

l
u −

ml2r

2k̂f l2
af −

ml2f

2k̂rl2
ar (45)

By substituting (45) into (2) and (3), the unknown sliding
angles δb, αr can be estimated which would make the anti-
sliding controller (13) feasible and effective to moderate
negative sliding effects.

5 Comparative Results

5.1 Cornering stiffness identification

Identification of the cornering stiffness is most important
to estimate the sliding angles. In order to validate the adap-
tive learning laws (42), a simulation is performed in which
the the parameters are set as m=500kg, lf =1.1m, lr=1.3m,
kf =25000N/rad, kr=32000N/rad.
A classical “U” path with perturbations is followed. In the
simulations, the cornering stiffness parameters are initial-
ized to zero, the gains used in (42) and (35) are set as
pf = 500000, pr = 2750000, pm1 = −20, pm2 = −3.
The larger ||pm1||, ||pm2|| are, the faster the acceleration
estimation errors tend to zero, but the slower the estimation
of k̂f , k̂r converges to the real values. On the other hand if
pf , pr go too large, it may cause too much vibration of the
estimation results of k̂f , k̂r, so in actual implementations
these gains should be tuned gradually to make an optimal
compromise between convergence rate and accuracy.
The estimation results of kf , kr are shown by figure 2 and
3 respectively. From these two figures it is known that al-
though k̂f and k̂r have important initial errors, they can
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Figure 2: The estimation of kf

converge to their real values with high accuracy which pro-
vides necessary conditions for sideslip angle estimation.
The sideslip angle β is estimated based on (45), the re-
sult is shown by figure 4. In this figure the solid line is
the sideslip angle which is solved by dynamic model (16)
providing the normal lab values of the sideslip angle. The
dashed line depicts the estimated value of β̂ from (45). Be-
cause the cornering stiffness has been identified with high
accuracy, a good estimation of the sideslip angle may be
obtained properly.

5.2 Experimental Results

The adaptive observer and sliding compensation sys-
tem has been implemented and successfully tested on a
combine-harvester. First the vehicle moved randomly on
the ground which was slippery ( such as a grass land or
a slippery slope) for a while to identify the actual corner-
ing stiffness. After the variation of the estimated values
of the cornering stiffness was less than a defined threshold
which meant that the estimated cornering stiffness has ap-
proached its real value, the vehicle begun to follow a refer-
ence path. The front and rear sliding angles were computed
on board and were fed into the anti-sliding controller (13).
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Figure 3: The estimation of kr
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Figure 4: Estimation of side slip angle
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Figure 5: Front sliding angle estimation

Because the sliding angles could be reconstructed with high
accuracy, the controller (13) moderated the negative sliding
effects and improved the path following accuracy in great
deal.
The experimental results are shown by figure 5-8. In fig-
ure 5 and 6, the results of the front/rear sliding angle es-
timation are displayed. Large sliding angles at the begin-
ning of the test are recorded which are caused by initial
adjustment of the vehicle’s body attitude. Then the sliding
angles are about zero which means that no obvious slid-
ing occurs. When the vehicle follows a curve, the sliding
angles increase which indicates that sliding would occur.
Hence the lateral control results are deteriorated. In figure
7 the lateral deviations are demonstrated. The solid line
is the lateral control result without sliding compensation.
The dashed line is the result of the anti-sliding controller
with sliding angle reconstruction. From those figures it is
noticed that both experiments suffer from noticeable initial
lateral errors caused by the initial orientation errors. As
the vehicle follows the straight parts of the reference path,
the lateral deviation obviously decreases vibrating within
the range of 10cm which can meet the actual requirements.
But when the vehicle steps into a circle, due to the slip-
pery ground the maximum static-friction force of the tires
cannot supply enough lateral forces to maintain the vehicle
motion, tire sliding appears consequently resulting in sig-
nificant lateral deviations (Solid line in figure 7). Thanks
to the sliding angle estimation, the negative sliding effects
can be moderated. So when the vehicle begins to follow
a curve, although the low level delay may lead to impor-
tant errors at the beginning and end of the curve tracing,
the anti-sliding controller can still guarantee satisfying path
following results with around 10cm accuracy (Dashed line)
in spite of the sliding influences. The orientation errors are
also displayed by figure 8. It is demonstrated that the con-
troller with sliding compensation may improve the orienta-
tion control accuracy. But as analyzed by section (3.2), the
orientation errors cannot be totally eliminated, so a crab-
wise motion is recorded. It is quite fit with the performance
of the vehicle in actual experiments.

6 Conclusion

The problem of path following control of autonomous ve-
hicles in presence of sliding is investigated in this paper.
A kinematic model which considers sliding effects by two
sliding angles is built. From this model, an anti-sliding
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Figure 6: Rear sliding angle estimation

0 100 200 300 400 500 600 700
−0.4

−0.2

0

0.2

0.4

0.6

Sample Number (T=0.1s)

La
te

ra
l D

ev
ia

tio
n 

(m
)

Sliding Occurs

Figure 7: Lateral deviation of experimental results

controller is designed based on chained system theories.
Since the sliding angles cannot be measured precisely, an
adaptive observer is proposed based on Lyapunov analysis
which leads to an accurate identification of the cornering
stiffness. Simulation and experimental results show that by
reconstructing the sliding angles online the sliding effects
can be properly moderated. The conclusion of this paper is
also remarkable for general vehicles.
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