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Outline of the talk

© Traffic flow models
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Road traffic flow models
Three possible scales:

@ Microscopic:
o ODEs system
Vit — Vs
@i =, v =C L7 (“follow-the-leader”)
Titl — Tg

¢ numerical simulations (http://www.traffic-simulation.de/)
@ many parameters
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Road traffic flow models
Three possible scales:

@ Microscopic:
o ODEs system
Vit — Vs
@i =, v =C L7 (“follow-the-leader”)
Titl — Tg

¢ numerical simulations (http://www.traffic-simulation.de/)
@ many parameters

@ Kinetic:
¢ distribution function of the microscopic states
o Boltzmann-like equations

@ Macroscopic:
o PDEs from fluid dynamics
¢ analytical theory
o few parameters
@ suitable to formulate control and optimization problems
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Outline of the talk

© Introduction to macroscopic models
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Macroscopic models

b
[number of vehicles in [a, b] at time t] = / p(t,z) dx

must be conserved!

Y ptta— orde = [ pttr 4 2)de
/. /.

/t2 f(t, at)dt  — /f'2 F(t, b—)dt
Jtq Jt1
4

divergence theorem for (p, f)

¢

ta b
/ /8tp—|—8zfda:dt:0
t1 a
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Basic requirements

8tp(t7 JJ) + 8If(t7 JJ) =0

@ No information propagates faster than vehicles (anisotropy)

@ Flux-density relation: f(t,z) = p(t, z)v(t, x).

@ Density and mean velocity must be non-negative and bounded:

0 < p(t,z), v(t,x) < o0, Va,t > 0.

@ Different from fluid dynamics:
o preferred direction
¢ no conservation of momentum / energy
@ no viscosity )
@ Avogadro number for vehicles: 106 vh/lanexkm < 6 - 1023
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First order models
Lighthill-Whitham ’55, Richards ’56, Greenshields ’35:
@ Non-linear transport equation: scalar conservation law
Oep+0:f(p) =0, [f(p) = pv(p)

@ Empirical flux function: fundamental diagram

f f SZ/

9 Qe

| |
| |
| |
| |
| |
| |
| |
1 1

Pe R » 0 Pe R
Newell-Daganzo Greenshields
with R the maximal or jam density and p. the critical density:

9 flux is increasing for p < p.: free-flow phase

o flux is decreasing for p > p.: congestion phase
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First order models: fundamental diagrams

Greenshields (1935): v(p) =V ( - —)

<<

VR/2[T—~~ 7

0 R p 0 Pec ::}%/2 R p
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First order models: fundamental diagrams

Greenshields (gen.): v(p) =V <1 - <%>n), neN

nVR
ntl

(1) 5

<<
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First order models: fundamental diagrams

Newell-Daganzo (triangular): v(p) = min {V, w (E — 1) }
p

v f
14 VwR - — — — —
V4w I
|
|
|
|
|
|
0 R »p 0 R »p
_ _wR
Pe = V4w
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Motivation for higher order models

@ Traffic satisfies “mass” conservation. What about other fundamental
conservation principles from fluid dynamics: conservation of
momentum, conservation of energy?

@ Experimental observations of fundamental diagrams are more complex
than postulated by first order traffic models

2000

zsp(veh/mile)

Viale Muro Torto, Roma
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Motivation for higher order models

@ Traffic satisfies “mass” conservation. What about other fundamental
conservation principles from fluid dynamics: conservation of
momentum, conservation of energy?

@ Experimental observations of fundamental diagrams are more complex
than postulated by first order traffic models

. v .
fluid flow ( A congestion

v=vp(p) —f e C v=wlp?)

% *} @‘i*} * *: .
& *%,
2000 i W) ***f}** *
B e

) 100 225 p(veh/mlle)

Viale Muro Torto, Roma
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Second order models

¢ Payne ’71:

Op+ 0z(pv) =0
2 J—
O + vO0zv = —C—Oazp—k vlp) v
p T

Critics (Del Castillo et al. '94, Daganzo ’95):

@ drivers should have only positive speeds;
¢ anisotropy: drivers should react only to stimuli from the front.
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Second order models

¢ Payne ’71:
Oip + 0z (pv) =0

2 J—
Bv + v0pv = — 2 P+ vlp) v
p T

@ Aw-Rascle ’00:

{ Op + 9z(pv) =0

O(pw) 4 Oz (prw) =0 v =v(p,w)

w = v + p(p) Lagrangian marker, p = p(p) “pressure"
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Second order models

¢ Payne ’71:
Oip + 0z (pv) =0
2 J—
Bv + v0pv = — 2 P+ vlp) v
p T
@ Aw-Rascle ’00:

{ Op + 9z(pv) =0

O(pw) 4 Oz (prw) =0 v =v(p,w)

w = v + p(p) Lagrangian marker, p = p(p) “pressure"

@ Colombo ’02:

Otp + 9z(pv) =0 i

q “momentum”, ) road parameter
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Other macroscopic models (not a complete list)

Non-local LWR:

S. Blandin, P. Goatin. Well-posedness of a conservation law with non-local flux
arising in traffic flow modeling. Numer. Math. 2016.

Multi-class LWR:

S. Benzoni-Gavage, R. M. Colombo. An n-populations model for traffic flow.
European J. Appl. Math. 2003.

Phase-transition:

R. M. Colombo. Hyperbolic phase transitions in traffic flow. STAM J. Appl.
Math. 2002.

Multilane:

J. M. Greenberg, A. Klar, M. Rascle. Congestion on multilane highways.
SIAM J. Appl. Math. 2003.

Third order:

D. Helbing. Improved fluid-dynamic model for vehicular traffic. Phys. Rev. E
1995.
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Outline of the talk

© Conservation laws
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Hyperbolic systems of conservation laws

te Rt
Oru+ divy f(t,z,u) =0 zeRY
ueR”

N=1n>1
Existence: Glimm (1965) Existence: Kruzkov (1970)
Well posedness: Well posed.: Kruzkov (1970)

Bressan, Colombo (1995)
Bressan, Liu, Yang (1999)
Bressan, Crasta, Piccoli (2000)
Bianchini, Bressan (2005)
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Hyperbolic systems of conservation laws

We deal with a system of PDEs of the form

Oru+ Oz f(u)

=0,
u(0,z) = uo(x),

where t € [0, 400, z € R',
u = u(t,z) € IR™ conserved quantities,
f:R" — R" flux.
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Hyperbolic systems of conservation laws

We deal with a system of PDEs of the form

Oru+ Oz f(u) =0,
u(0,z) = uo(x),

where t € [0, 400, z € R',
u = u(t,z) € IR™ conserved quantities,
f:R" — R" flux.

We need to answer the following questions:
@ Does a solution always exist?
@ Is it unique?
@ How to find it?
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Linear case: f(u) = Au, with A € R™*" matrix

The system is (strictly) hyperbolic if A admits n real distinct eigenvalues

n
otu; =1;-u, u= E UiT5
i=1

O + NiOzui =0
u(0,z) = u(x)
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Linear case: f(u) = Au, with A € R™*" matrix

The system is (strictly) hyperbolic if A admits n real distinct eigenvalues

n
otu; =1;-u, u= E UiT5
i=1

O + NiOzui =0
u(0,z) = u(x)

Characteristics method:
Eui(t,yi(t)) = Oru; + XiOzu; =0

=
= wi(t,yi(t)) = ui(yo)
= wi(t, @) = wi(r — Ait)
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Linear case: f(u) = Au, with A € R™*™ matrix

Waves superposition:

vy

vg

= existence and uniqueness
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NON-linear case

Strictly hyperbolic: the Jacobian matrix Df(u) has n distinct real
eigenvalues
Ar(u) < Az(u) < ... < Ap(u)

eigenvectors ri(u),...,rp(u)

Genuinely non-linear: V; - r; > 0 (~ convex flux)

Linearly degenerate: V; - r; =0 (~ linear flux)
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Conservation laws

Basic tools:

@ Discontinuous weak solutions: Rankine-Hugoniot relation
o(uy —uy) = f(uy) — f(u-)
@ Uniqueness: Lax entropy condition
Ai(us) >0 > Ai(uy)
@ Riemann problem:
Ou+ 9z f(u) =0

u(O ) u siz<0
71‘ - .
u. siz>0
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Non-linear flux = shock formation!

Example:
Oip + Oz[p(1 = p)] =0

ot 0 siz<O
POSE N sz

Characteristics: p(t,y(t)) = po(yo) for y(t) solution of
9(t) = f(p(t,y(1) = 1= 2p(t, y(t)) = 1 = 2p0(yo)

1 if <0
= y<t>—<1—2po<yo>>t—{ e
-1 if Yo > 1

t
P
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Weak solutions

Distributions: if u smooth

+oo p4oo
/ / (Oru+ 0z f(u)) ¢ de dt =
0 —oo

/W/ﬂo u O+ f(u) udp dz dt =0 Vo € CLHR" x R)
0 —o0

Definition

ue L, (RT x R;R") is a weak solution if

“+o00 p+oo
/ / (u 8:p+ f(u) 8.¢)de dt =0 V¢ € Co(RT x R;R™)
0 —o0
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Weak solutions

Distributions: if u smooth

+oo p4oo
/ / (Oru+ 0z f(u)) ¢ de dt =
0 —oo

/W/ﬂo u O+ f(u) udp dz dt =0 Vo € CLHR" x R)
0 —o0

Definition

ue L, (RT x R;R") is a weak solution if

“+o00 p+oo
/ / (u 8:p+ f(u) 8.¢)de dt =0 V¢ € Co(RT x R;R™)
0 —o0

Adding an initial condition u(0, z) = up(z), this becomes

“+o00 p+oo +o00
/ / (0 O + f(u) Do) dar dit / o(2)6(0,2) dz = 0 Vg € CL(RxR; R™
0 —oo — 0o
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Weak solutions

Along a discontinuity (shock) =z = £(t):
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Rankine-Hugoniot conditions

Using Green’s formula:

o://wuatwf(u) 0o du dt

://wf+//bj+u3t¢+f(U) 0:¢ dx dt

:/@w_ (w_ny + f(u_)ng)e ds — //w_(atu + 0u f (w))dt da
+/6w (uyny + fluy)n)e ds—//w (Oru + Oz f(u))dt dx
- / e e ds+ [ et + faini)o ds

w=€(t)
= /:w (uy —u)ng + (f(uy) — f(u))ng)¢ ds

= fuy —u) = fuy) - flu)
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Rankine-Hugoniot condition

In the previous example:
Owp + 0z[p(1 —p)] =0

0o 5.6 {0 six <O
o S.t.

1 siz>1
therefore
. f — flp=
p- =0, pr=1 = gzwzl_m__p_:()
P+ — p-

it is a stationary shock!
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Non-uniqueness of weak solutions

Example:

Oip + Ox[p(1 = p)] =0

po(z) =1/2

We can construct an infinite number of solutions satisfying RH Va > 0:

1/2
1/24a
1/2 —«
1/2

p(t,x) =

>
Il
[N

T < —at
—at<zx <0
O<zx<at
T > at
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Entropy conditions

u® solution of dyu® + 9, f(u¥) = £dzzu®

converges to u solution of dyu + 9, f(u) =0
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Entropy conditions
u® solution of dyu® + 9, f(u¥) = £dzzu®
converges to u solution of dyu + 9, f(u) =0

Entropy: E = FE(u) convex entropy: D?E(u) > 0
F = F(u) s.t. VF(u) = VE(u)Df(u) entropy flux

then u® satisfies

HE®) + 0, F(u®) =VE(u®)(du® + 0. f(u°)) = eVE(u")sou’
=£0,.E(u) —eD*E(u°)(8;u° ® 9u°) < edpz E(u°)
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Entropy conditions
u® solution of dyu® + 9, f(u¥) = £dzzu®
converges to u solution of dyu + 9, f(u) =0

Entropy: E = FE(u) convex entropy: D?E(u) > 0
F = F(u) s.t. VF(u) = VE(u)Df(u) entropy flux

then u® satisfies

HE®) + 0, F(u®) =VE(u®)(du® + 0. f(u°)) = eVE(u")sou’
=£0,.E(u) —eD*E(u°)(8;u° ® 9u°) < edpz E(u°)

Passing to the limit € — 0, u we get
OE(u) 4+ 0. F(u) <0

or, in weak sense,

// E(w)0:6+ F(u)dsé dz dt >0, VYo eClio>0
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Entropy conditions

Definition
E € C*(R™;R) is an entropy if it is convex and there exists F' € C*(R";R)
such that

VE(u)-Df(u) = VF(u) Vu

F' is an entropy flux for F.
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Entropy conditions

Definition

E € C*(R™;R) is an entropy if it is convex and there exists F' € C*(R";R)
such that
VE(u)-Df(u) = VF(u) Vu

F' is an entropy flux for F.

Definition (n > 1)

A weak solution u = u(¢, x) is entropy admissible if for every
entropy-entropy flux pairs (E, F') it holds

// E(u)do + F(u)det dz dt > 0, Vo € CL(RY x R;RY)

26 /42



Entropy conditions

Definition
E € C*(R™;R) is an entropy if it is convex and there exists F' € C*(R";R)
such that

VE(u)-Df(u) = VF(u) Vu
F' is an entropy flux for F.

Definition (n > 1)

A weak solution u = u(¢, x) is entropy admissible if for every
entropy-entropy flux pairs (E, F') it holds

// E(u)do + F(u)det dz dt > 0, Vo € CL(RY x R;RY)

Definition (n = 1) [A.l. Volpert, Math. USSR Sbornik, 1967]

A weak solution u = u(¢, z) is entropy admissible if for every x € R
it holds

/ lu — 1| Dedtsgn(u—r) (F(u) — F(5)) Dadpda dt > 0, Vo € CLR* xR;RY)
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Lax entropy conditions

If f is strictly convex (f”(u) > ¢ > 0) or concave (f”(u) < —c < 0),
the entropy condition is equivalent to

fllu)>&> f'(uy) (scalar case)

characteristics impinge on the shock

Ay
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Lax condition (scalar case)

Example: concave flux
Oip + Oz[p(1 = p)] =0
Lax condition writes:

1-2p->1—p_—pyr>1-2py4

= the shock is admissible iff p_ < py
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Riemann problem

The simplest non-trivial Cauchy problem:

Oru+ 0z f(u) =0

u(O ) ur siz <0
7:1‘, =
urp siz>0

Solution must be self-similar
u(t,z) = u(at,ax) Va >0

= we look for u of the form u(t,z) = v(z/t)
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The Riemann Solver

Definition

The Riemann Solver corresponding to
Oru+ 0z f(u) =0

RP if
(RP) u(o’x):{UL 1 <0
ug ifx >0

is the map RS : Q® — L},.(R; Q)
(t,z) — RS(ur,ur)(z/t)

given by the weak entropy solution of (RP)
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The Riemann Solver (n = 1)

o if f/(ur) > f'(ur) = shock of speed ¢ = Lep)=F(up)

UR—UL,

9 if f'(ur) < f'(ur) = rarefaction wave:

w(t, ) = v(@/t), B/t =A = di)\f(v):)\%v

(F'(0) = ) o

d /
Y #0 = fl(v)=A
that is: w(t,z) = v(z/t) s.t. f'(u(t,z)) = z/t

What if f is not strictly convex/concave?
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The Riemann Solver (n > 1)

9 u= (u1,...,un) € R" conserved quantities
@ f=(f1,---,fn) : R® — R" fluxes

Orur + Oz f1(u1,...,un) =0

Ottun + Oz frn(ut, ..., un) =0

on on
our  Oup

Jacobian matrix: Df(u) = cee e
Ofn Ofn
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The Riemann Solver (n > 1)

du+ 0. f(u)=0

Definition
The system is strictly hyperbolic if the Jacobian matrix D f(u) has n
real and distinct eigenvalues

Ar(u) < Az2(u) < ... < An(u)

Right eigenvectors: ri(u),...,rn(u)
Left eigenvectors: ¢1(u),..., ¢, (u)

Definition

@ The i-th field is genuinely non-linear if D;(u)-7;(u) > 0 for every u
@ The i-th field is linearly degenarate if DA;(u) - r;(u) = 0 for every u
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The Riemann Solver (n > 1)

9 i-rarefaction curve through ug: o — R;(0)(uo)
Integral curve of r; through uo:

{%Ri(a)(uo) = ri(Ri(0)(uo))
R;(0)(uo) = uo

@ i-shock curve through ug: o — S;(0)(uo)
Set of points u connected to up by an i-shock:

F(Si(0)(w0)) = f(un) = A7 (0) [Si(0) (wo) — o]
with A7 (o) = Xi(Si(0)(u0)) (and A7 (0) = Ai(uo))
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The Riemann Solver (n > 1)

@ i-rarefaction curve through up: o — R;(0)(uo)
Integral curve of r; through uo:

{%Rxaxuo) = (s () ()
Ri (0) (llo) = Uo

@ i-shock curve through ug: o — S;(0)(uo)
Set of points u connected to up by an i-shock:

£(Si(o) (o)) = f(uo) = A7 (0) [Si() (o) — uo]
with MY (0) = Xi(Si(0)(u0)) (and X7 (0) = Ai(uo))

If 4-th field is linearly degenerate, then R;(o)(uo) = Si(o)(uo) for all o
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The Riemann Solver (n > 1)

Centered rarefaction wave:
i-th field genuinely non-linear and u™ = R;(¢)(u~) for some & > 0

u~ z < Ai(u)t
ut,z) =< Ri(o)(u™) N(u”) <z/t < (uh),z/t = \i(0),0 € 10,5
ut x> X(uh)e
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The Riemann Solver (n > 1)

Shock or contact discontinuity:
if ut = 5;(5)(u") for some & > 0

u oz <\ (o)t
t ) =
u(t,z) {u"' x>\ (a)t
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Solution of the general Riemann problem (P. Lax, 1957)

Find states wo,w1,...,wy such that wo = ur Wn = UR and

either w; = Ri(ai)(wi_l) o, >0
or w; = Si(oi)(wi_l) o; <0

Let the system be strictly hyperbolic and each characteristic field either
genuinely non-linear or linearly degenerate. Then for every compact set
K C Q, there exists § > 0 s.t. the Riemann problem has a unique weak
solution for all ur € K, |[ur —ur| <6.
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The Riemann problem for ARZ system

Aw-Rascle-Zhang:

{ Otp + 0z(pv) =0
Oe(p(v+p(p))) + Oz (pv(v +p(p))) =0

w := v + p(p) Lagrangian marker,
p(p) = p, % > 0, pressure, p'(p) > 0

) conserved variables

—yp(p) > flux

y == pw = p(v+p(p)) — u= <

[y
—
[=1
=
Il
PN <D
s[See
I
)
i
=
X
>
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The Riemann problem for ARZ system

In (p,v) variables:

{ Oip + 0z(pv) =0
dev + (v —pp'(p))dev) = 0

i) = (o Ly ) M=o (o) < () =, 920

and

VAL-m = < _p/(p);pp"(p) )-(p,_l) ):2p'(p)+pp”(p)>0

Vo s — <(1’)<(1)):
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The Riemann problem for ARZ system
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The Riemann problem for ARZ system
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Well-posedness

Oru+ 0z f(u) =0, t>0,zeR
u(0, ) = uo(z)

Theorem (n=1)

Let f locally Lipschitz continuous and u € BV(R). Then the Cauchy
problem admits a (unique) entropy weak solution u = u(¢, x).
Moreover:

@ TV(u(t,-)) < TV(uo) t>0

o Jlut )l <luoll,  t>0

8 [ju(t,-) —u(s,)|l; < Ljt — s|/TV(uo) t,s >0

o Jlut, ) —v(t, )l < llwo—wvof, t>0

o w(z)<vo(z)VceR = u(t,z)<v(t,z)VzeRt>0
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Well-posedness

du+d,f(u)=0, t>0,zcR

u(0,z) = uo(x)

Theorem (n>1)

Let the system be strictly hyperbolic and each characteristic field either
genuinely non-linear or linearly degenerate.
The there exists § > 0 such that if

TV(I]()) S 1

the Cauchy problem admits a weak solution u = u(¢, z) defined for all ¢ > 0.
If the system admits an entropy E, there exists a E-admissible solution.

Remark

@ No TVD property
@ No maximum principle
@ No uniqueness

@ No comparison principle
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