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Confluence of singular fibers on rational elliptic surfaces

Results

Of all confluences to Singular Fibers of Kodaira type 11, Il and 1V, superficially
allowed by conservation of the Euler number, the following occur:

II—1 +1I I — 314 mn—-L+ M—-0O+4+1 IV— 4l
IV—-1I3+1; IV—-II+1L IV-I+L IV—-20 IV — I, + 2I4
IV — I+ 21I4.

Moreover the confluence which does not occur namely IV — 21, is obstructed by
monodromy considerations.

Every type of confluence of singular elliptical fibers on a rational elliptical surface
of type 1, into a singular fiber of type I with b =" b; occurs.
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Elliptic curves

An elliptic curve C is Riemann surface of genus 1.
We shall now give two equivalent ways of describing a Riemann
surface:
o C ~ C/P, for some Lattice P.
@ Cis the solution curve of the equation y2 = 4x3 — gox — g3 in
affine coordinates, with g,% — 27g,2 # 0.
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C~C/P

@ Pick a nonzero holomorphic vector field v.

o (c,t)— e(c) : C x C — C is a complex analytic action of C
on C, with one orbit

o P={teCle"(c)=c} (indep of ¢

@ Induces ¢ : C/P — C a complex analytic diffeomorphism.

@ P has a Z-basis py, po, which is an R-basis of C.
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C as a solution curve

Consider the Weierstrass g-function

p()=t2+ > (t-p)2-p?

peP\{0}

%2=0:(P)=60 > p* gs=gs(P)=140 > p°

peP\{0}

we have ¢/ (1)? — 4p(t)2 + gop(t) + g3 = 0.
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o' (1)2 — 4p(t)° + gop(t) + g3 = 0

Letm:t—[1:x:y]=[1:p(t): ' (t)] then:
o m(C/P)c D={[1:x:ylly? = 4x° — gox — g3}
o 7'(t) # 0= 7(C/P) open
@ C/P compact = 7(C/P) compact

= m is a holomorphic covering map.

pt)=t2+ > (t-p)2-p?

peP\{0}

p has only polesin 0+ P =7 mapsonly 0 + Pto oo

= C/P covers D but once, 7 is a diffeomorphism.

Smoothness = The geometric discriminant A = g, — 27g,2 # 0.
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Elliptic surfaces
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Definition of Elliptic surfaces

¢ : § — C non-constant proper analytic map.

notation tangent map  Fiber

Regular  S*¢, C™* Tsp #0 Elliptic curve (donut)
Singular S, Gt T =0 Element Kodaira’s list
(failed donut/misbaksel)
NS — - —
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Kodaira’s classification

We make the following technical assumptions: S is a relatively
minimal elliptical surface without multiple singular fibers.
I4 Ip I

II Ir* III
6 |
r* v Iv*
4| \ |
| .3 2 3 2| _ . 2
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Monodromy

The monodromy is unique up to conjugation with elements of
1.(2,Z), because we can pick any Z-basis of P we like.
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Type | Intersection diagram  Monodromy matrix

Euler number

Ip
I
I
I
I
I~
v

v*

STy

1 b
AL (o 7)

g, =
A (%)
Eg” ((1) _11 )
(% 0)
(2 3)
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The Weierstrass model

We now write every regular fiber as a solution curve to the equation
y? = 4x3 — gox — g3, Where g» and g; depend on c¢. So we can
more or less describe a (relatively minimal) elliptical surface
(without multiple singular fibers) by giving g-(c) and gs(c), where

Kodaira Type | Order zero of g» of g3 of A, Euler #

Iy >0 >0 O

Ip, b>1 0 0 b

15 >2 >3 6

I;,6>0 2 3 b+6

I >1 1 2

I >4 5 10

111 1 >2 38

r* 3 >5 9

v >2 2 4

Iv* >3 4 8
\\W/’
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An elliptic surface is called rational if

ZEuler #=12.

We may write
4 ' 6 ,
%(2) =) g %(2) = 052,
i=0 i=0

locally (over C, z is an affine coordinate).
@ Perturbing g- ; and gz ; gives a family of elliptic surfaces.
© B(7) € (92,i» 93,i) curve.
@ Along g the singular fibers in the elliptic surfaces can merge:
Confluence.
The monodromy of the singular fibers before and after confluence
are related as follows

Se ™ WSeoqny "1 T WSepmy
NICY
= B = Universiteit Utrecht Mathematical Institute Utrecht University Mathijs Wintraecken

N



Confluence of singular fibers on rational elliptic surfaces > Elliptic surfaces

5
Va(r)

NI
= B 5 Universiteit Utrecht Mathematical Institute Utrecht University Mathijs Wintraecken

NS



Confluence of singular fibers on rational elliptic surfaces > Elliptic surfaces

5
Va(r)

STy

= B 5 Universiteit Utrecht Mathematical Institute Utrecht University Mathijs Wintraecken

NS



Confluence of singular fibers on rational elliptic surfaces > Elliptic surfaces

p
NI
= B 5 Universiteit Utrecht Mathematical Institute Utrecht University Mathijs Wintraecken

NS



Confluence of singular fibers on rational elliptic surfaces > Elliptic surfaces

TB(7)
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¥B(T)

p
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Resultants

Consider f and g polynomials in one variable.

f(x) = aox"+ax" ' +... +ap
9(x) = box™ + byx™ 1+ ..+ by,

f and g have (at least) N common zeros if and only if

for h(x) and k(x) polynomials of degree m — N and n — N.

\\W/’
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where

f(x)=apx"+a;x" 1"+ ... +ap
9(x) = box™ + byx™ 1+ ...+ by,

If we write

h(x) = cox™ N 4 e x™ N1+ 4w,

k(x) = dox"™N + dyx" N1 4+ d,_n,

we find equations for the coefficients of the polynomials.
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This may be written in matrix form

0
a 0 0 ... 0 b 0 ... 0 Go
a ao 0 0 b1 bo 0
ao ay ap 0 b2 b1 0
an a1 ... ... a bmo 0 Con |~
0 an R - 1 bm_1 0 —do
0 0 an ... & bm bm1 ... bo :
0 ... .. 0 a 0 .. .. by —dn :

Linear algebra yields that this equation has solutions if and only if
all determinants of (m+n—2N+2) x (m+n—2N + 2)
submatrices are zero. If N = 1 the single discriminant is called the
resultant, denoted by R(f, g).

NA
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The resultant of f and f’ is related to the discriminant of a
polynomial:

R(f,f) = +ayD,

where f(x) = agx" 4+ a;x"~' 4 ... + ap and D denotes the
discriminant

D =a"?T[(x — x)?,
i<j

where the x; are the roots of f(x).
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Let f(x), g(x) and h(x) be three polynomials in x. Then

f(x) — yg(x) and h(x) have at least one linear factor in common for
ally € C if and only if f(x), g(x) and h(x) have a linear factor in
common.

If the resultant R(f — yg, h) with respect to x as a polynomial in y is
zero, then f(x), g(x) and h(x) have a linear factor in common.
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Configurations including I1*, IIT* and IV*

We consider a configuration of singular fibers where I1* is fixed in
infinity.
This gives

%(z)=a

g3(z) = bz + c,

By rescaling and a Tschirnhausen transformation we may write
R(z)=a
g3(2) = z.

It is obvious that for a # 0 we have two singular fibers of Kodaira
type Iy and I if a = 0.
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IT1* is fixed in infinity.
We in affine coordinates (we already rescaled and transformed)

92(2) = z+9¢°
g3(z)=cz+d
A(z) = 22 + (243¢* — 54cd)z + 739¢° — 2742,
The discriminant of the geometric discriminant A(z) now reads

19683 (5c3 - d) (9c3 - d)3

and the resultant of g» and gz —9¢® + d.

/
Configuration Parameter
IIT* + 111 c=d=0 //
I +Lh+ly 58 —-d=0 ————
I 4+1+1; 93 -d=0

II* + 314
PN
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IV* is fixed in infinity.

Configuration

IV + 1V, IV* + 211,

IV I+, IVF + T4 14,
IV* + 11 + 214 (generic)

IV 4+ I3+ L, IV + 11+ 1o,
V¥ + T+ L4,

IV* 1, 214 (generic)

IV* + 414

Colour

Rainbow

Green-blue
None
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Configuration
IvV* 211

IV 11,

IV L4

IV* I3 14

RN
I

‘ /N
p!
0
Colour k //
black - ]
red
purple
cyan -2
f o 4
-5 5
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IV — 21

We have that the monodromy equivalence classes must satisfy
Ms, = Mscam S MSCG(N)'
So in particular
Tr(My) = Tr(M, AM;, A1)
—1
0o 1 1 2 a b 1 2 ab
Tr(—1 —1>_Tr<<o 1><c d>(0 1><c d) )
—1=2(1-2c%),

where A € SL(2,Z): a contradiction.

\\W/

S Universiteit Utrecht Mathematical Institute Utrecht University Mathijs Wintraecken

7/4»\\



Confluence of singular fibers on rational elliptic surfaces > Resultants

Of all confluences to Singular Fibers of Kodaira type 11, Il and 1V,
superficially allowed by conservation of the Euler number, the
following occur:

II—1I + I 11 — 3l M-I+ M—-IO+1 IV— 4l
IV—-I1+1 IV—-H+5L IV-I+1L IV—-2l IV - I + 2I4
IV — 11 4 2I4.

Moreover the confluence which does not occur namely IV — 215 is
obstructed by monodromy considerations.
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Welierstrass preparation theorem
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Weierstrass preparation theorem

f holomorphic U neighbourhood of the origin
the zeros are given by |

—
¥

1 f(z) ,_ f'(2) .
F=5 ﬂ/f(z)dz_ Z Res .

Let f be as above and furthermore assume that M = m;. Then
there exists a unique Weierstrass polynomial W(z) of degree M
W(z)=zM + ¢ Z2M " + Z2M2 + .. + ¢y,
where W(z) has the same zeros as f in D or alternatively
f(z) = W(z)u(z) with u(z) a unitin D.
T
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Suppose we are given A.(z). We now write
A (z2) = W(2)u(2),

where W.(z) is of order b. By differentiating with respect to ¢ we
can determine W.(z) up to second order in ¢.

anAE(Z)L&‘:O = UO(Z)as,- Ws(z)|€:0 + We(z)ae,'us(z)‘azo
= Up(2)8:, We(2)|.=0 + O(2P).

In theory we can successively determine the W()(z) in the power
series expansion in ¢; W. = 3" kW) (z) by this method.
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Confluences to I

I, arise only from I,s.
This implies that if A.(z), g2.(2), 93..(2) and 3(7) € e-space are
such that
© Ws(r—o =2
® 92 5(r)=0(0) #
© G3,5(r)=0(0) #
Qo Wﬁ =(z- e¢1 Zong(q.))b1 (2= e"Wzoﬁ(T))bk
then we have Ip, + ... +1p, — Ip.
To impose the form of Wjy we use the Weierstrass preparation
theorem and the implicit function theorem (details to be found in the
thesis).

b

Every type of confluence of singular elliptical fibers on a rational elliptical surface
of type 1, into a singular fiber of type I, with b =" b; occurs.
ALY
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Conclusions and outlook

HAVE DONE:

@ We have fully discussed confluences to II, III, 1V, 1, and Ij
(not presented here).

@ We have made progress on the confluences to I and II*.
@ We have in the course of doing so provided a fair number of
Weierstrass model for global configurations.
TO DO:
@ Find for every local confluence an example or obstruction.

@ Understand how every configuration of singular elliptical fibers
fits in the space of parameters of g» and gs.
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