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Preface

An elliptic surface locally looks like a subset of the complex plane, with a fiber above
each point. The fibers are generally complex tori, but are allowed to degenerate in
specific points. These degenerated tori are called singular elliptical fibers. Under certain
conditions these singular elliptical fibers have been classified by Kodaira [6-8]. Globally
all possible configurations of singular elliptical fibers on a restrictive class of elliptic
surfaces, so-called rational elliptic surfaces, have been classified by Persson [10]. The
different configurations may be put into a huge continuous parameterized family of elliptic
surfaces. If we move in parameter space, we see the singular fibers moving around. It
can happen that several singular fibers flow together into a single singular fiber if the
parameters are varied, this phenomenon is called a confluence.

Although there are publications on the subject of confluence, most notably by Naruki
[9], a great number of questions remain open. We shall focus on the local case, instead
of considering global configurations of singular elliptical fibers. In this thesis we will
discuss all local confluences on rational elliptic surfaces which form a singular fiber of the
non-starred type; that is singular fibers of type I, II, III and IV, according to Kodaira’s
classification. Some progress which we have made on other types of singular elliptical

fibers will also be reported.

The outline of this thesis will be as follows: Chapter 1 discusses some techniques used;
namely the Weierstrass preparation theorem, which helps to localize our problem, and
generalizations of the discriminant and resultant. This chapter relies on notes by Duis-
termaat as well as the books by Griffiths and Harris [5] and van der Waerden [12]. The
second chapter introduces elliptic surfaces, and families of elliptic surfaces. This chapter
is taken from [3], with the exception of sections 2.1, which relies on [5] and 2.7, which
amoung others uses results from [3, 9, 11]. One of the original articles by Kodaira [7]
has had some influence on section 2.4 In the third chapter we present the results of our
research. Apart from the sources mentioned above we have used the following general
references [1, 2, 4, 13] and Wikipedia, the German version of which proved to be partic-
ularly useful when translating [12], since each lemma in Wikipedia contains a link to the

same lemma in other languages.
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The research presented in this thesis greatly relies on explicit calculations all of which
have been done using Wolfram Mathematica, versions 5.0 through 7.0. The figures and
diagrams in the text are of the hand of the author and have been produced using Mathe-
matica, Microsoft Paint, Paintshop Pro and XY-pic, with the exception of the extended
Dynkin diagrams in section 2.4, which were made in LaTeX and courtesy of Hans Duis-

termaat.
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Chapter 1

Polynomials and zeros

This chapter introduces some elementary results from complex analysis and algebra.
These result will be used in chapter 3. We rely among others on [5] and [12].

1.1 The Weierstrass preparation theorem

This section discusses some classical results of complex analysis, in particular the Weier-
strass preparation theorem. The content is based on the first chapter of Griffiths and

Harris [5] and on notes by Duistermaat.

Let f be a complex analytic function in one variable, not identically equal to zero,
on a convex neighbourhood U of zero. The zeros of f form a discrete set. Now let
v 1 [0,1] — U\{0} be a closed curve, that is v(0) = (1), around the origin. For
simplicity we will assume that ([0, 1]) is homotopic to a circle in U\{0}. Denote the two
real dimensional surface in U enclosed by ~ by D. Furthermore we shall assume that

f o # 0.

We have that the number of zeros M. of f in D, counted with multiplicity, is given by

e 7(2)
i ), Fa T2 B

Proof 1t is clear that f’(z)/f(z) only has singularities in the zeros of f denoted by z;.
We now consider the Taylor expansion of f in such a point z;

f(2) = cm,(z — 2)™ + C’)((z - zi)mi“)).
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This in turn yields

f'(2) = micm,(z — )™+ O((z — 2)™))
f'(z)  micy, (2 — z)™il O((z — zl)m))
f) em(z =z + O((z — z)m)
m; + (9((2 — zl)))
(z—2)14+0((z — =)
=1 o),

z— z

which gives us that f/(z)/f(z) has only simple poles in U, since f is supposed to be
holomorphic in U. Moreover these poles are located at the same points as the zeros of
f. Furthermore the residue of f/'(z)/f(z) in the poles equals the order of the zero of f.
So we have that

REYFICT S

2w ), 1T A TG)

- Y m

z€f~1(0)ND

= M,
where m; denotes the multiplicity of the zero of f at z; as before. O
We now note that
1 /
2mi )., f(2)

If we let f(z) depend in a continuous manner on a perturbation parameter §, denoted by
a lower index!, then there exists a € > 0 such that for all § < ¢

ER SO Ny OF

2mi ), f(z) 2w ), fs(2)
This is a direct consequence of the continuity of fs with respect to §, the continuity of

L[ fi(2)
2mi J, fd(z)dz

and the discreteness of the set Z. Shortly summarized we have that the number of zeros

in D is invariant under small perturbations of f.

We now define

s, = RS Zk:f/(z)

2mi ), f(2)

!The function f5(2) = fo(2) will be denoted simply by f(z).

dz, with k € Z.
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Note that in z;, a zero of multiplicity m;, one has the following

(#7057 ) —tme

so that, by the same argument as before

S = E 2Fm.

zE€f~1(0)ND

Using these definitions we state the following theorem:

Theorem 1.1.1 (Weierstrass preparation theorem) Let f be as above and furthermore
assume that M = > m;. Then there ezists a unique Weierstrass polynomial W (z) of
degree M

Wi(z) =242 F oM+ +ay,

with the following properties:

i) W(z) has the same zeros as f in D or alternatively f(z) = W(z)u(z) with u(z) a

unit in D.

it) The cy,...,cy are polynomial expressions in the si,..., sy, as defined above.

Proof Note that we have

M
=1 (C!
J=1

with again z; € f~1(0) N D. The uniqueness of W(z) as well as property i) are a direct
consequence of this. Property i) follows from writing out the above expression for W (z)

and comparing it to the given form of the Weierstrass polynomial

W(z):Hz—zj

— M _ (;zj)zMUr (;zizj)z]”2—...+(—1)M(1;[zj>

M M-1 M—2
=z +z + oz + ...+ cup,
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using the expressions for s; derived above yields

61:—2 Zj = —5
J

s2 — 89
Cy = E ' Rikj = B
i#j
654 — 85153 — 355 + 65789 — 7
C3 = — E ZiZjZ = 24

i#jk

Note that this calculation also implies that the roots and coefficients of a polynomial are
related by simple polynomial expressions. O

The Weierstrass preparation theorem will facilitate a particular way of investigating the
effect of a perturbation of f(z) on the zeros inside D. We will assume that the function
depends in a C'*° manner on the perturbation parameters d1,...,Jd;, denoted by ¢ and
use the Weierstrass preparation theorem to write

f5(2) = Ws(2)us(2),

using that for sufficiently small J, fs(z) has the same number of zeros as f,(0) inside D,
again denoted by M ,we have that

M M-1 M—2
Ws(z) = 2" 4+ 152 + co5% + ...+ s

as well as that us(z) is a unit on D. It now suffices to study W;(z) if we are interested

in the bifurcation of the zeros of fs5(z).



1.2 Resultants and discriminants

This section contains a free translation and adaptation of parts of sections 33, 34 and 35
of the fifth chapter of Algebra by van der Waerden [12]. Although all adaptations must
be known, we have been unable to locate the classical literature.

Let

f(z) = aps" +ax" ' + ... +a,
g(x) = boz™ + bya™ ..+ by, (1.1)

be two polynomials, where we assume that ag # 0 and by # 0. We are looking for a
necessary and sufficient condition for these two polynomial to have N or more linear
factors ¢1(x), ..., ¢n(x) in common, where of course N < n,m. We shall not exclude
possibility ¢; = ;.

We shall show that f(x) and g(z) have common linear factors ¢(x),...,¢n(x) if and

only if there exists an equation

W) f(x) = k(x)g(x), (1.2)

where h(x) is of degree m — N, k(x) is of degree n — N and both k(x) and h(z) are not
identically equal to zero. Let us assume that (1.2) holds. If we now decompose both
sides of the equation into prime factors then we must see the appearance of the same
factors on both sides of the equation. In particular we must see all the factors of f(z)
on the right hand side appear as often as they do on the left. Since we assume that k(x)
has degree n — N at most it can contain n — N prime factors of f(x), which implies that
g(x) must contain N.

Reversely let ¢1(x),...,¢n(x) be N common linear factors of f(x) and g(z). Then one

may simply write

and equation (1.2) holds.
To investigate equation (1.2) further we write

h(z) = cor™ N 4+ 2™ N 4 4w,

]{Z(.T) = doLCniN + d1$n7N71 + ...+ dan- (13)
Writing out equation (1.2), using (1.1) and (1.3) yields

(cox™ N 4+ crg™ N+ emon) (a0 F a2 4L+ ay)

= (dox" ™™ + dyz" N+ d N (bex™ A+ b 4 by,



Equating the coefficients in front of the powers ™"~V gm+n=N=1 " 5 1 on both sides
yields the following system of linear equations, for the coefficients ¢; and d;

CoQo = dobo
CoQq —|—01(l0 = d0b1 +d1b0
coaz +ciaq +coag = doby +diby  +dabg
Cm—-N-10n  +Cm-NAp—1 = dn—N—lbm +dn—me—1
Cm—N0np = dn—me

which are n+m — N 41 equations for n+m — 2N + 2 variables. These may be rewritten
into the following matrix equation

@w 0 0 ... 0 b 0 .. 0 co 0

aq Qo 0 ... 0 b1 b() 0 :

(05} aq ag ... 0 b2 b1 0

Qn QAp—1 oo .. Qo bpa ... ... 0 Cm—-N = (1.4)
O a, ... ... ap bpy ... ... 0 —dp

0 0 ap ... Qa3 bm bm—l C bg :

0 ... ... 0 a, O ... ... bn —d 0

The matrix in (1.4) will be denoted by Mg(f,g), where we will often drop the (f,g) if
there is no chance for confusion to arise. To summarize we know that there exists a vector
(¢;, —d;) such that the above equation is satisfied if and only if polynomials h(x) and
k(x) exist such that equation (1.2) holds. If N = 1 the matrix Mg is a (n+m) X (n+m)
matrix and thus equation (1.4) may be satisfied for some vector (¢;, —d;) if and only if
the determinant of the matrix My is zero. The determinant of My is called the resultant
of the polynomials f(x) and g(z), and is denoted by

R=R(f,g) = det(Mg).

Note that the resultant R of the two polynomials is a homogeneous polynomial of degree
m in the variables a; and of degree n in the variables b;.

Before returning to (1.4) in a general setting, we will dwell on the resultant a bit longer.
We start by rewriting f(z) and g(z) as follows

r)(r —xa) ... (& — )

y)(@ =y (€ = Ym) (1.5)

The coefficients a,, of f(z), if written as (1.1), are the products of ap and elementary

ag(x

bo (.%

symmetric functions of the roots xq,...,z,. Likewise are the coefficients b, of g(x)
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products of by and elementary symmetric functions of the roots y1, ..., 4,. This may be
easily verified by writing out the product in equation (1.5). Because R is a polynomial of
degree m in a, and of degree n in b,, R equals a'bj times a symmetric function in x; and
y;. We now consider the roots x1,...,2,,y1,...,yn to be our variables. The polynomial
R is identically equal to zero if and only if z; = y;, for some 4, j, which is the same as
having a linear factor in common. This implies hat R can be divided by (z; — y;). The
independence of the various factors (x; — y;) implies that R is divisible by

= by H H (1.6)
This equation may be rewritten as

= ay’ Hg (x;), (1.7)
where we used (1.5) to find that
[T =o ]I -
i i
Likewise we can rewrite (1.6) using f(z) as

= ”mb”Hf y;)- (1.8)

From (1.7) one sees that S is homogeneous of degree n in b and from (1.8) one sees that
S homogeneous of degree m in a. Since moreover S divides R and is of the same degree

S =cR,

with c a constant. Comparing the terms proportional to ag'b}}, yields ¢ = 1. We may now
conclude that

S = R =det(Mg) = ay'by | [ [ [(xi — v))- (1.9)

i g

We will now apply this result to investigate the relation between the resultant of two
polynomials and the so-called discriminant. The discriminant of a polynomial

f(z) = apz" + arz" ' + ... 4 ay

is defined as

D =a" [ [(xi — ;). (1.10)

1<j
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It is clear that the discriminant vanishes if and only if x; = x; for some 4,5 € {1,...,n},
that is if some zero of f(z) is of quadratic or higher order. It is equally obvious that f(z)
has a zero of quadratic or higher order if f(z) and f’(x) have a zero in common, which is
equivalent to the resultant of f(x) and f'(x) being zero. This points at a relation between
the discriminant of a polynomial and the resultant of f(z) and f’(z). To determine the
exact nature of this relation we calculate R(f, f’). According to equation (1.8) we have

R(f. ) =ag™ [ ] f' (o). (1.11)

Moreover we may easily see

flx) = Zao(a: —z1) .. (@ — i) (@ —2i) .. (2 — @)
f(z) =ao(z; — 1) .o (v — wi1) (2 — xigq) -+ (@ — 2).

Inserting these equations into one another we get

R(f, f) = ag" " [ [ (@i — ).

i#]
Comparing this equation to (1.10) we see that

R(f, f/) = :tCL()D.

From this equality, interesting enough by itself, we may also derive that D is a polynomial

in the coefficients a,,.

We now revert to our original setting, where N was not set to the particular value of 1.
We now wish to find necessary and sufficient conditions on the (m +n — N +1) x (m +
n — 2N + 2)matrix Mg so that a non-trivial vector (¢;, d;) exists. A general result from
the theory of linear algebra says that such a vector exists if and only if the matrix is not
of maximal rank. This condition will not be very useful in our approach as the rank of a
matrix is not a continuous function of the indices of the matrix. It is therefore convenient

to turn our attention to the following lemmas, pointed out to me by Hans Duistermaat.

Lemma 1.2.1 Let k be a field, n < m and let A : k™ — k™ be a linear mapping, then A
is injective if and only if there exists a projection m : k™ — k™ which drops m —n of the

m coordinates of k™, such that o A is injective and thus bijective.

Proof We assume that A is injective and prove that there is a projection as described
above such that 7o A is injective. Since A is injective, A(k™) is a n-dimensional subspace
of k™. We shall denote this subspace of £™ by B. Since n < m some basis vector e;,
exists such that e;; ¢ B. We now consider the n+ 1-dimensional space B + k ¢;, and find

8



some basis vector e;, which does not lie in B + ke;,. This process terminates after m —n
steps. We shall denote the space spanned by these particular basis vectors as follows

C=ke,+ke,+...+ke;, ,.
We also have that
dim(B) =n dim(C) =m —n.

So that we may conclude that

k" =Ba&C.
We may now define a linear projection 7 : k™ — k™ by

7|lc = 0.

Now assume that 7 o A is not injective, that is

(mo A)(v) =0,

for some v # 0 and we derive a contradiction. The construction of B and the non-
injectivity of A imply that

A(v) € kerm =C A(v) € B
which implies
A(v) e BNC ={0}
and thus by injectivity of A we get that v = 0, which contradicts the assumption. This

gives us that m o A is injective. The converse implication is obvious. O

This lemma is a small variation of the Rank lemma, which can be found on page 113 and
114 of Duistermaat and Kolk [1], see also pages 313 through 315 of the same book.

The mapping mo A : k™ — k™ which is mentioned in the lemma is also a linear mapping,
to which a (n x n)-matrix is associated, which we shall also denote by mo A. We of course
have that the mapping 7o A is injective if and only if the determinant of the matrix mo A
is nonzero. Combining these results we get the following:

Lemma 1.2.2 Let A: k" — k™ be a linear mapping then the equation A(v) = 0 has a
nontrivial v as a solution if and only if all n X n-matrices produced by dropping m —n
columns of the matriz associated to A have a zero determinant.

9



We will now apply this lemma to equation (1.4). And we see that this equation has a
nontrivial solution if and only if all (m +n — 2N + 2) X (m + n — 2N + 2)-matrices
produced by dropping N — 1 columns of the matrix Mz have a zero determinant.?

This gives rise to the following statement; two polynomials

f(z) = apz"™ + arz" ' +... +ay
g(x) = box™ + bia™ + ..+ by,

have N or more linear factors in common if and only if all (m +n —2N +2) X (m+n —

2N + 2)-matrices produced by dropping N — 1 columns of the matrix

ap 0 0 .. 0 bo 0 ... 0
aq Qo 0 ... 0 bl bg 0
a9 aq ag ... 0 bg b1 0
MR_ Anp Qp—1 ... ... Qo bm_g ... 0
0O a, ... ... a by ... ... 0
0 0 Ap ... Qa9 bm bm,1 Ce bo
0 0 a, O b,

have a zero determinant.

We shall call the determinant of such a (m +n — 2N 4 2) x (m +n — 2N + 2)-matrix
produced by dropping N —1 columns of the matrix Mg a semi-resultant of order N. These
semiresultants will be denoted by Vz(N).®> This also inspires the definition of a semi-
discriminants of order NV, Vp(N) as the semi-resultants of f(x) and f'(x). We emphasize
that not all semi-discriminants are independent as polynomials in the coefficients of the
polynomial f(z).

The semi-discriminants give us some information about the form of f(x) but fail to dis-
criminate between a great number of separate cases. Let us illustrate this with the follow-
ing example: Let f(x) be a polynomial as before and assume that all semi-discriminants

of order two, Vp(2), are equal to zero, then f(z) may be written as
f(x) =ao(z — 21)*(x — 22) (2 — 23) ... (T — Tpr_2)
or

f(z) = ao(z — 21)*(x — 22)*(x — 23) ... (T — Tpa).

2The determinants of square submatrices of a matrix are referred to as minors.
3There is in general no nice expression for a semi-resultant in terms the roots of f(z) and g(z) like
for the resultant (1.9).

10



We shall now investigate a way to distinguish between these two possibilities.

Let f(x), g(z) and h(x) be three polynomials in x. Then f(x) — yg(z) and h(z) have at
least one linear factor in common for all y € C if and only if f(z), g(x) and h(x) have a
linear factor in common.

Proof For convenience we write

Suppose that f(x) — yg(x) and h(x) have a factor in common for all y € C, if we choose
such a non-zero y, then

f(x) —yg(z) = (x — z)p, (),

where p,(z) is a polynomial in z, for some z;. In section 1.1 it has been derived that
the roots of a polynomial depend continuously on the coefficients of the polynomial. We
will now consider f(x) — yg(x) to be a family of polynomials in z. It is obvious that the
coefficients of f(z) — yg(z) depend continuously on y, so the roots of f(z) — yg(z) must
depend continuously on y. Furthermore it is given that for all y, f(z) — yg(z) and h(x)
have a common linear factor. Finally we note that the roots of h(z) form a discrete set.
Continuity of the roots of f(x) — yg(z) and the discreetness of the rootset h(z) implies
that

f(@) —yg(x) = (& = z)py(2),
for all y. We now take the particular case of y = 0 and see that
f@) = (x = 2;)po(2).
Taking this expression for f(x) and letting y # 0, we see that
yg(x) = (& = 2)(po(2) — py(2)).

This implies that f(x), g(x) and h(z) have at least a common linear factor. The converse

is obvious. O

This in turn leads to the statement f(x), g(x) and h(z) have at least one common linear
factor if and only if the resultant of f(x) — yg(x) and h(x) with respect to x, which is a

polynomial in y, is identically equal to zero. It is now also clear that f(x) is of the form
f(z) =ao(z —21)%(x — 22) ... (T — Tp_s),

if and only if the resultant of f(z) — yf'(z) and f”(x) is identically equal to zero. Here
we note that if f is of order n then the resultant of f(z) — yf'(x) and f”(x) seen as a

11



polynomial in y is of order n — 2. This means that setting the resultant to zero yields
n — 1 equations? for the coefficients of f. This discussion implies that we can distinguish
the two possibilities for f(x) in the example above, where each Vp(2) = 0. The procedure
generalizes trivially to cases where the number of polynomials or the order of the zero
is higher then three. Combining this with previous results would also lead to a way to
detect for example multiple third order zeros, namely by considering the semi-resultants

of f(z) —yf'(x) and f"(x).

4These equations are in turn polynomial equations in the coefficients of f.

12



Chapter 2

Elliptic surfaces

This chapter introduces the concepts needed in chapter 3. The first section treats inter-
section numbers which will play a significant role in the classification of singular elliptical
fibers. This section relies of [3] and [5]. Although we shall use Kodaira’s classification of
singular elliptical fibers, we hope to give sufficient handles to those using the coarser clas-
sification by means of intersection or Dynkin diagrams. The second section introduces
elliptic curves and the Weierstrass normal form, which is a way to describe elliptic curves.
The third section briefly discusses blow ups, a technique used in the next section. Section
2.2 gives the definition of an elliptic surface and treats singular fibers, in particular the
classification of singular fibers by Kodaira. The aim of the fifth section is to define the
so-called monodromy of a singular fiber, which is characteristic for the type of singular
fiber. Monodromy will play an important role in section 2.7 and chapter 3. Section 2.6
deals with the Weierstrass model, a manner to describe an elliptic surface. The work
presented in chapter 3 will completely rely on this desciption. All these sections are taken
from [3], with the exception of section 2.3 which also uses [5]. These first sections are
meant as a short introduction and do not bestow the topics the attention they deserve,
nor do they include all proves. The final section discusses confluences, the main topic of
this thesis and bridges the gap between the second and third chapter.

In this chapter and the thesis in general we will follow the notation and terminology of
[3], except for the discriminant A, which we shall call the geometric discriminant. We do
this to avoid confusion when we discuss the discriminant of the geometric discriminant

divided by some factor, as we shall do in chapter 3.
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2.1 Intersection numbers

In this section we reproduce the discussion of intersection numbers of section 0.4 in
Griffiths and Harris [5] and section 3.2 in Duistermaat [3].

Consider the torus T as been depicted in figure 2.1 on the left . And let A and B be
two cycles! on T. We want to be able to say that A and B intersect one another once.
Furthermore we would also like a definition to be invariant under deformation. We extend
the concept of invariance under deformation of two cycles to homology invariance. We
note here that homology invariance is a weaker condition then homotopy invariance and
therefore deformations in the intuitive sense are included. A cycle A’ shifted slightly to
one side clearly should have the same intersection number. There is however a problem,
as has been depicted in figure 2.1, after some deformation we may find that we have
extra intersection points. We therefore need these extra intersection points to cancel out.
This may be done as follows: first choose an orientation on 7" Then if two cycles A and
B intersect transversely in a point p, we define the intersection index A -, B of A and
B at p to be +1 if the tangent vectors to A and B in turn form an oriented basis for
T,(M), and —1 if not. We define the intersection number A- B of cycles A and B meeting

p
transversely in smooth points to be the sum

A-B= > A,B

pEANB

Figure 2.1: Several intersections of cycles, whose intersection number we define to be
the same. Free interpretation of figures 1 and 2 of [5].

It is easy to see that this definition is homologically invariant. Let OC' denote the bound-
ary of a region C', and let the orientation of the boundary be outward. Take A to be
some cycle then A intersects the boundary dC an even number of times, half of them
going inward and half going outward, corresponding to intersection number —1 and 1
respectively. This implies that the intersection number of A and dC will be zero, since

the positive and negative intersection numbers cancel out.

We shall now extend the discussion to arbitrary real dimension and to chains, formal
sums of oriented simplices. Let M be a oriented smooth real d dimensional manifold and

1By cycle we simply mean that they have no boundary.
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let A and B be oriented chains of dimension a and b respectively, such that A and B
have complementary dimension. Furthermore let |A|N|B|be compact and |0A|N|B| # 0,
where |C| denotes the support of any chain C. ??Vragen Duistermaat niet zo duidelijk
in boek blz. 3477 We shall now assume that A and B are compactly supported cycles,
so that clearly these conditions hold. For each connected component I of |A| N |B| and
each open U with the following properties I C U and U N (|A| N |B|)\I = 0, there exist
oriented cycles A" and B’, such that

- A'— A= 0a, BB— B = 00, where a and 3 are chains of respective dimension a + 1
and b+ 1, with support in U

- A NU and B’ NU intersect only in their smooth parts

- every intersection of A’NU and B’ N U is transversal, that is Ty A’ NTy B’ = 0 for
every ' €e ANB' NU.

The intersection number A’ -y B" at i’ € AN B'NU is equal to +1 (—1) if the ba-
sis e1,...,€q, f1,... fp of Ty M is positively (negatively) oriented, where ey, ..., e, and
f1,... fp are positively oriented bases of Ty A and Ty B respectively, in analogy of the one

dimensional case. We now define the intersection number A-; B € Z of A and B along [

AyB= > A4B.

'€ A'NB'NU

We note that due to homology invariance, as discussed for the two dimensional case, the

definition is independent of the exact choice of o and 3, with support in U. The number

A-B=) A Bel,
1

where the sum indicates the sum over each connected component I of |A| N |B|, is the

intersection number of A and B.

We need to generalize this definition to a complex setting. To do so we first discuss
orientations on complex spaces. Let E and F' be two complex vector spaces of complex
dimension n. If A: E — F and B : E — F are linear isomorphisms, then A = Bo(C for a
linear automorphism C': £ — E. Let us now denote by Eg the vector space F viewed as a
vector space over R, then the determinant of the real linear transformation Cy : Fr — Ex
is equal to det Cg = |det C|> > 0. This implies that if we choose an orientation on one
complex n-dimensional vector space, seen as a real 2n-dimensional vector space, there
is an unique orientation on all vector spaces of the same dimension such that all linear
complex isomorphisms preserve orientation. This yields also an unique orientation on
each complex n dimensional manifold, such that transition maps from one chart to the
next are orientation preserving. The usual identification R? =% C : (z,y) — x + iy,
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defines a real linear isomorphism R?*" ~ (R?)" =C". In this way we see that every finite
dimensional complex vector space has a canonical orientation.

Let M be a complex n-dimensional manifold. M is now by the above an oriented real
2n-dimensional manifold. If A and B are complex analytic subsets of M, the common
zero sets of some holomorphic functions, of respective complex dimensions k and [, such
that k41 = n, then A and B are oriented cycles? in M of complementary real dimension
2k and 2[. This identification yields a well defined homologically invariant definition of

intersection of two complex analytic subsets of complementary dimension.

If M is a complex analytic surface, a complex analytic manifold of complex dimension
2, then any two divisors, some formal linear combination of analytic subsets of complex
dimension 1 (for a extensive general definition see section 2.4) are cycles of complementary
real dimension 2 in M. If |[A|N|B| is compact this leaves us with a well-defined intersection
number A-B. For a compact curve we have a well-defined self-intersection number A-A.3
We stress that the intersection number of two divisors is not necessarily positive, but a

negative intersection number is very restrictive as seen in the following result, lemma

3.1.8 of [3]:

Lemma 2.1.1 Let S be a compact complex analytic surface, A an irreducible compact
complex analytic curve in S and B an effective divisor in S. If A- B <0, then A is an
irreducible component of B, with A-A < 0. If A-A <0, and B is an irreducible complex

analytic curve in M, which is homologous to A, then B = A.

2The regular parts of the complex analytic subsets A and B are complex manifolds (without bound-
ary), so the regular parts are clearly oriented cycles. The singular parts may be incorporated using the
so-called triangulation theorem of Lojasiewicz, see section 3.16 of [3].

3Note that it is essential that A has its own codimension.
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2.2 Elliptic curves and the Weierstrass normal form

In this section we copy the definitions given section 3.3 of [3] most important to our later
discussion.

Let C be a compact Riemann surface of genus 1, such a Riemann surface will be called an
elliptic curve. Furthermore let w be a holomorphic complex one-form on C' not identically
equal to zero. The Riemann-Roch formula* implies that w has no zeros because w has
no poles. Since w is nowhere zero there exists a unique tangent vector field on C,
which is holomorphic and everywhere nonzero, such that v - w = 1.° Moreover let u
be any holomorphic tangent vector field on C', then, because C' is assumed compact,
the maximum modulus principle holds and u - w = ¢ is a constant and hence u = cw.
Conversely if there exists a holomorphic vector field v without zeros, then the existence
of w follows.

Let us now start with such a v and denote for any ¢ € C the flow of the vector field v, the
flow after a so-called complex time ¢, by ¢”. Because C' is compact this flow is globally
defined. For every t € C we get a complex analytic diffeomorphism of C' onto itself. The
mapping (t,¢) — €"(c) : C x C' — C'is a complex analytic action of the additive group
C on C'. Since we have assumed that v has no zeros, all orbits of this action are open,
together with connectedness of C' this implies that there is but one orbit. This may be
put as follows for any initial point ¢ € C', the mapping t — e"(c) : C — C is surjective
and locally a complex analytic diffeomorphism, this is referred to as transitivity. We
now easily see that if for a fixed t € C and some ¢ € C we have €'(¢) = ¢, then
e’(d) = ¢ for every ¢ € C. This is easy to see since we may write ¢ = €"’¢ so that
e™e(c) = €™ (c) = ¢ = ee™(c) = €. We now define the period group P to be the
set of all ¢ € C such that e™(c¢) = c¢. It is clear that this is a subgroup of the additive
group C, because the zero is clearly in P and if e”(c) = ¢ as well as e™(c) = ¢, then
surely e+7)?(c) = ¢, furthermore if e”(c) = ¢, then e "e®(c) = e *(c) = 1¢ = c. Note
that P is independent of the initial point ¢ € C. For any choice of the initial point,
the mapping ¢ — e (c) induces a bijective mapping ® : C/P — C, which is locally a
complex analytic diffeomorphism, and therefore a complex analytic diffeomorphism from
C/P onto C. The additive group C/P is identified with the group of all translations on
C, the automorphisms of C' which preserve v, or equivalently the automorphisms which
preserve every holomorphic complex one-form on C.

The period group P is a discrete subgroup of C. Because of the diffeomorphism between
C' and C/P, we have that C/P must also be compact. From this we may conclude that P
is a so-called full lattice in C, that is P has a Z-basis p, ps, which is at the same time an
R-basis of C. The mapping (1, z2) — ®(x1p; + x9p2) : R? — C induces a real analytic

4See for example page 76 of [4].
5We use this notation to indicate the contraction of v with w.
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diffeomorphism from the standard real two-dimensional torus (R/Z)? onto C. We note
that this real diffeomorphism forgets the complex structure the elliptic curve C' has.

Let ® : C' — (' be an complex analytic diffeomorphism and let C' be an elliptic curve. It
follows that C’ is an elliptic curve too. Let v again be a nowhere zero tangent vector field
on C' and u a nowhere zero tangent vector field on C’ and denote by Q C C the period
lattice defined by u. Then the pushforward ®,v of v is a nowhere zero vector field on C".
We deduce that there is a nonzero constant A € C such that ®,v = Au, which implies
that @ = AP. It follows that two elliptic curves are isomorphic if and only if they have
the same period lattices up to multiplication by a nonzero complex number.

We have seen that every elliptic curve C' is complex analytically diffeomorphic to C/P
for some lattice P, and thus every elliptic curve may be characterized by such a lattice P.
We will now establish that every elliptic curve C/P is isomorphic to a cubic curve in the
projective plane P2, namely the solution curve curve of polynomial called the Weierstrass
normal form set to zero. This leads to another classification of (isomorphism classes of)
elliptic curves. We shall now discuss the classical proof.

Let C/P be an elliptic curve and define the Weierstrass p-function on C as follows

pt)=t2+) (t—p) > —p?). (2.1)
peP
p#0
We readily see that its derivative is given by

o) =-2 (t-p~" (2.2)

peEP

These series converge locally uniformly in the complement of P in C, and therefore define
holomorphic functions on the same complement of P. Moreover p(t) is invariant under
translations over elements of P. This means that g can be viewed as as a meromorphic
function on C/P with a pole at 0 + P € C/P. We now define

o(t) = o' (t)* — 4p(t)* + gap(t) + g3

and consider its Laurent expansion at ¢ = 0. To do so we write ¢ = 0 + 6t and note the

following
p(t) =6t (6t —p) 2 —p2)=6t2+3) p*6t>+5) p °ot" + O(5t°) (2.3)
peR peP peP
p#0 p#0 p#0
p(t)* =0t +9) p ot 415 pt+ 052
peP peEP
p#0 p#0
o) =40t 2+ (6t —p) )2 =45t 0 —24) p ot =80 p o+ O(6t?),
peEP peEP peEP
p#0 p#0 p#0
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where we have used that for an odd n

Zp_” =0.
peP
p#0

It is now clear that the Laurent expansion of ¢(t) at t = 0 reads

p(t) = ¢'(t)” — 4p(t)" + g20(t) + g5
=—60) p it 4+ gt 2 — 140> p o+ g5+ O(5t?),

peP peP
p#0 p#0
so that choosing
g2 =g2(P)=60) p~* g3 = gs(P) = 140> p~° (2.4)
peEP peEP
p#0 p#0

yields ¢(0) = 0. In particular we note that for this choice the function ¢(t) has no poles
and therefore defines a global holomorphic function on C/P. The maximum modulus
principle now tells us that ¢(¢) must be a constant, since ¢(0) = 0 we have that ¢(t) = 0.

Therefore the mapping ¢t +— [1: z : y| = [1 : p(¢) : ¢'(¢)] induces a holomorphic mapping
7 from C/P to the curve D in P? defined by the equation

y? = 42® — gox — g3 (2.5)

in affine coordinates. Here the problematic point ¢ = 0 + P is mapped to the point
[0:0: 1], the “north pole” on the Riemann sphere, this is readily seen as p(t) has a pole
in the origin. If we use homogeneous coordinates the equation for the curve D reads

2omy” — 4 + gowyzy + gsry’ = 0. (2.6)

The polynomial in the above equation is referred to as the Weierstrass normal form of
the elliptic curve C/P. We will prove that the curve D is smooth and that 7 is a complex
analytic diffeomorphism from C/P onto D.

If we now define the Hamiltonian on P? by®

1
q(x,y) = —(y* — 42° + gow + g3)
2

then 7(t) = [1 : «(t) : y(t)] is a solution on D, the solution set of ¢ = 0, of the
Hamiltionian system

dr  Oq(z,y) dy _ 0Oq(z,y)

_ — — — — 2 _
o oy Y, o e 62° — g2/2. (2.7)

5We use the notation ¢ as in [3] for the Hamiltonian to avoid confusion with the Hamiltonian vector
field.
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The first equation is equivalent to p(t) = = and ¢/(t) = y the second equation is estab-
lished by differentiating (2.5). The Hamiltonian system is that of a particle of unit mass
on the z-axis, with a potential equal to the cubic polynomial

1
§<—4I’3 + ga + 93),

the canonical momentum is associated to coordinate y. We now first focus our attention

on the behaviour of the solution near of the solution near ¢t = 0(4P), when 7(0(+P)) =

0:0:1], wewrite [1 :z:y|=[n:&:1] withn =1/y, £ = x/y. In these new affine

coordinates, for a neighbourhood of infinity, the differential equations (2.7) take the form
dn d§

1
el 2 2 R 2
yy 6£% + gon’/s, = =5 + g26m + 3931°/2, (2.8)

where we used (2.5) in the second differential equation. This is the Hamiltonian system

on r = 0 for the function
1
r(n,€) = 50— A6% + gan*E + gan®).

We now recognize the equation r = 0 as (2.6), where we take xo =1, 1 = £ and x5 = 1.
Note that d¢/dt # 0, when n = £ = 0. Due the the implicit function theorem we know
that the point (z,y) is a singular point of the curve {¢ = 0} if and only if ¢(z,y) = 0,
0q(z,y)/0x = 0 and Jq(z,y)/dy = 0, the latter statement is again equivalent to (z,y)
is a point on {¢ = 0}, where the Hamiltonian vector field H, vanishes. Because the
H, is holomorphic, we have uniqueness for the initial value problem on the Hamiltonian
system. This implies that a zero (z,y) of the Hamiltonian vector field H, is the only
possible solution going through (z,y) is the constant solution ¢ — (x,y). The solution
associated to the Weierstrass p-function, ¢ — (p(t), ¢'(t)) is not constant, and therefore
at least one of the equations ¢(z,y) = 0, dq(z,y)/0xr = 0 and 9dq(z,y)/0y = 0 does
not hold and we do not cross a singular point with our solution ¢ — (p(t), ¢'(t)). We
conclude that the image of 7 is contained in the set of smooth points of D. We now note
that 7 is continuous and C/P is compact and thus 7(C/P) is compact. Since 7(t) does
not cross a singular point we have that

d*p
Tz # 0,

for every t € C/P, which is equivalent to 7’(t) # 0, this implies that 7(C/P) is open.
Combining this with the fact the 7(C/P) is compact yields that 7(C/P) is open and
closed in D and therefore 7(C/P) = D.

We now define the geometric discriminant of the elliptic curve to be

d
d—f;«éo or

A= 923 - 279327

which is one sixteenth of the discriminant as defined in (1.10) of the polynomial f : z +—
423 — gox — g3. We have seen that A = 0 if and only if the polynomial f has multiple
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zeros. We have prove that 7(C/P) is smooth and 7(C/P) = D, so D is smooth, which
in turn implies that A # 0.

The mapping 7 : C/P — D is a holomorphic covering map without branch points, since
7'(t) # 0 and 7(C/P) = D. Because we have also shown that the point in infinity is well
behaved, we have that 7 is a complex analytic diffeomorphism from C/P to D.

We note that the coordinate ¢ on C/P satisfies dt = 7*(y~'dz), and therefore the fact
that 7 is an diffeomorphism, implies that the restriction to D of the complex one-form

y~tdx is a holomorphic complex one-form on D without zeros.

Now assume conversely that go and g3 are complex numbers, such that A = g, —27g,% #
0. This implies that setting the Weierstrass normal form equal to zero (2.6) defines a

smooth curve D in P2. Let”

w(t) =[L:x(t) - y@)] = [n(t): &) : 1], teC

be the solution, with affine coordinates z(t) and y(¢) on P*\{co} and n(t) and £(¢) on
P?\{0}, of the Hamilton system defined by (2.7) and (2.8) with the initial condition
7(0) = [0: 0 : 1]. With this initial condition it is obvious that 7(0) € D. Because ¢ and
r are exactly the Weierstrass normal form in affine coordinates, the Hamiltonian vector
field is tangent to D and therefore 7(t) € D for every t € C. Due to the fact that D is
smooth, 7/(t) # 0 for every t € C, and 7 : C — D is a holomorphic covering map. We
now denote by P, the so-called period group, the set of all t € C such that 7(t) = 7(0).
The mapping 7 induces a complex analytic diffeomorphism from C/P onto D. Because
D is compact, C/P is compact as well, and we see again that P must be a full lattice
in C, in the way we have discussed above. From equation (2.8) and the initial condition
which reads n(0) = £(0) = 0 it follows that n(t) = —t3/2+O(t%) and £(t) = —t/2+O(t°),
hence x(t) = £(t)/n(t) = 72 + O(t), as t — 0. On the other hand we have seen in (2.3)
that the Weierstrass p-function for the lattice P satisfies p(t) = t~2 + O(t) for t — 0.
This implies that the function z(¢) — p(t) extends to a holomorphic function on d on C/P.
If we now invoke the maximum moduli principle, we derive that d is constant. Since we
have defined d such that d(0) = 0 we find that d=0 and thus z(t) = p(t). By again
using Hamilton’s equations we see that y(t) = 2/(t) = p(t). Because [1: p(t) : ¢'(t)] runs
through the curve defined by

JIOLL’QQ — LL’13 + 92<P)I021’1 + gg(P)Io =0
as well as though the curve we started out with

2 3 2 3
Toly — X" + gowy w1 + g3xy” = 0,

"We denote this mapping by 7 instead of p which is the notation used in [3] to avoid confusion with
the points on the lattice P.
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we may deduce that go(P) = go and g3(P) = g3. We conclude that every smooth curve
defined by

2 3 2 3 _
ToTy — X" + goy Ty + g3xy” = 0,

is complex analytically diffeomorphic to a C/P for a suitable lattice P in C and the
polynomial set to zero may therefore be seen as the Weierstrass normal form of this
C/P.

Having established the converse we now focus on the following. From (2.4) we deduce
that g = g2(AP) = A %go(P) and g4 = g3(AP) = A %g3(P). This implies that a D’
defined by

2 3 /.2 /.3

is isomorphic to the curve D, in the sense that there is a complex analytic diffeomorphism
from D to D’. Since we have proven that two elliptic curves are isomorphic if and only
if the period lattices are the same up to multiplication with a nonzero factor A, we may
conclude that D and D’ are diffeomorphic if and only if g,%/g5> = g5 3/ g5 2. We now use
this to define the modulus J of an elliptic curve C' >~ C/P ~ D, the complex number

which parameters the isomorophism classes of the elliptic curves, to be
J(C) = 9" /A = g,/ (95° — 27g5%). (2.9)

If A = g,> —27g,> = 0 and both g, # 0 and g3 # 0, the solution curve of
2oy — 42,” + gaw*xy + g3y’ = 0

has a singular point and is isomorphic to a Kodaira fiber of type Iy, see section 2.4. If
on the other hand the discriminant equals zero and both g, = 0 and g3 = 0, the solution
curve has a cusp and is isomorphic to a Kodaira fiber of type II. The singular fibers of
type I; and II are the only irreducible singular fibers in Kodaira’s list. Other singular
fibers of the list are found by blowing up the Weierstrass model of an arbitrary elliptic
surface in a singular point in a fiber, see section 2.6.
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2.3 Blow up

In this section we give definitions and some results regarding the blow up of points, once
more we will not include proofs but refer the reader to section 4.2 of [3]. We have taken
the customary examples from notes by Hans Duistermaat and [5]. In this section we shall
denote the disk by D instead of A as is done in [5], since the letter A is already used
frequently.

&\

Figure 2.2: In the plane, before blowing up we see all lines through the origin, after
blowing up they pass through the projective plane which has replaced the
origin. The projective plane found after blowing up is drawn black. Note
that the projective plane is periodic. Adaptation of figure 1 of chapter 1
of [5].

Let us first give the customary example of a blow up. Let D be the disc in C" with
Euclidean coordinates z = (z1,..., 2,). We shall blow D up in the origin. To do so we
need P!, on which we shall use homogeneous coordinates [ = [I1, ..., [,]. We now define
the submanifold D ¢ D x P*~! given by

D= {(2,1) : zil; = zl;, for all i, j,}.

If we view points [ in P! as lines in C" then this simply mean that z € [. For points

outside the origin in D we have the following isomorphism
7 D\(0 x P" 1) — D\{0} : (2,1) — =.

This means that outside the origin D and D are identical but in the origin D “remembers”
directions of lines. This method is only local and therefore extends trivially to manifolds.
It can be used to desingularize the solution curve by separating several branches of the
solution curve all going through one point. The inverse operation of the blow up is called

a blow down.
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We will illustrate how we can desingularize a curve by the following example: Consider
the solution curve f = 0 of the following function®

f:C*—=C:(z,y) — zy.

Figure 2.3: The solution curve of the equation xy = 0.

It is clear that the pre-image of zero under f has a singular point, namely the origin. We
will blow up the plane in the origin to remove the singularity. We write [l; : l3] for the
homogeneous coordinates on P?, and define

D= {(J/‘ay; 51712) cxly = yll}’

In affine coordinates [1 : I5] on P2, which describe P? near the origin, we read

D = {(x,y,l5) : xly = y}.

If we now take & = z as our second local coordinate on D we find that

y = 1§
r=¢,

so that f = 0 reads

f(& 1) =18 =0.

If conversely we choose [l; : 1] as affine coordinates on P?, near infinity, we read

D= {(z,y,h) rx =yl }.

8We ignore infinity for the moment.
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If we now take y = 1 as our second coordinate we see that f = 0 now reads

f(n,ly) = lLin* = 0.

We now see that after blowing up one branch of the solution curve of xy = 0 intersects
P? in the origin and the other branch in infinity, and both branches of the solution no

longer intersect one another. After blowing up we see something as depicted in figure
2.4.

Figure 2.4: In the first two figures we have depicted D, in a manner corresponding
to the local coordinates (£,1l3) and (n,l1). In the third figure we have
sketched what D globally looks like. We have indicated the exceptional
curve by E in all three figures.

Any point can be blown up by this procedure, however blowing up a regular point does
not improve the structure of the curve or surface. We therefore wish to identify those
curves in surfaces which did arise from the blowing up. To make such a distinction, the
following results are useful:

Theorem 2.3.1 Let S be a connected complex two-dimensional holomorphic manifold,
and let b be a point of S. Then there exists S and m with the following properties.

i) S is a complex two-dimensional complex analytic manifold, and 7 is a proper com-
plex analytic mapping from S to S.

i) If we write E = 7' ({b}), then the restriction to S\E of 7 is a complex analytic
mapping from S onto S\{b}.

iii) For every e € E the tangent mapping T.m of © at e has rank one.

If i), i) and i) hold, then S is connnected and E is an emmbedded complex projective
line in S with self-intersection number

E-FE=-1
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If §' and ' satisfy i), ii) and iii) with S and 7 replaced by S' and ©', respectively, then
there exists a unique continuous map ® : S — S’ such that 7 o® = 7 and ® us a complex
analytic diffeomorphism from S onto S'.

This inspires the following definition. Let C' be any complex analytic curve in a complex
analytic surface S. The curve C' is called a rational curve if it is smooth and complex
diffeomorhoic to P'. The curve C is called an exceptional curve of the first kind or a —1
curve, if it is rational and satisfies C'- C' = —1. If 7 : S — S is a blowing up of S at the
point b € S, then E = 7~ *({b}) is a —1 curve in S.

The converse of the theorem 2.3.1 is the Castelnuovo-Enriques criterion:

Theorem 2.3.2 Let C' be a —1 curve in S. Then there is a smooth surface T and a
blowing up ©: S — T at a point b € T such that C = 7= *({b}). If S is algebraic, then T

1s complex analytic diffeomorphic to an algebraic surface.

We shall see that exceptional curves of the first kind or —1 curves occur in the fibers of
a surface S, if we have blown up too often. These cases will generally be excluded, see
the discussion regarding relatively minimal fibrations below.
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2.4 Elliptic surfaces and Kodaira’s classification

In this section we copy the definition of elliptic surfaces and their most important prop-
erties from [3]. The outline of the first sections of chapter 7 of this book will be adopted.
Our purpose is the review all relevant results, we will therefore not give full proves of the
more involved theorems and lemmas.

A complex analytic surface S is defined to be a two dimensional complex manifold. Let
S and C be a connected analytic surface and curve, respectively. A non-constant proper
analytic mapping ¢ : S — C, that is a non-constant analytic mapping of which the
inverse image of every compact set is compact, is called a fibration of the surface S over
the curve C. For any s € S the tangent mapping T of ¢ at s is a complex linear
mapping from the complex two dimensional tangent space T3S of S at s to the complex
one-dimensional tangent space Ty,5C' of C' at ¢(s). In local coordinates the tangent
mapping corresponds to the total derivative of ¢ at s. A point s € S is called a regular
point of for ¢ if the tangent map Ty at s is surjective. Surjectivity of Ty is equivalent to
Tsp # 0. We denote the set of all regular points for ¢ in S by S™8, and its complement,
S\S™¢ = {s € S|T,p = 0} the set of all singular points for ¢ in S, by S*"8. The image
of the singular points, the so-called set of all singular values of ¢ in C', is denoted by
Csine = (S%8). We write C™8 = C'\C*"# for the set of all regular values of C. The
fibers S. = ¢~ ({c}), with ¢ € C™8 and ¢ € C*™ are called the regular and singular fibers
of the fibration ¢ : S — C respectively. Let 2z be a complex analytic local coordinate on
an open neighbourhood of ¢ € C, such that z(c) = 0. If ¢ € C*" then it can happen that
the function z o ¢ vanishes to a order strictly greater then one along some irreducible
components of S.. In this case the fiber S. is defined as the socalled divisor Div(zo¢). A
divisor D on some complex manifold M of complex dimension n is a locally finite formal
linear combination

D = ZCLLZl

of irreducible analytic hypersurfaces of M. Z; being an irreducible analytic hypersurface
means firstly that Z; is analytic, that is for every m € M there is an open neighbourhood
U of m and a collection F' of holomorphic functions f : U — C such that Z; N U is
equal to the common zeroset of all f € F on U, secondly that Z; is irreducible which is
equivalent to the fact that Z; cannot be written as the union of two analytic subsets of
M unless one of those subsets is Z; itself, finally that Z; is a hypersurface; the dimension
of Z; is n — 1. It turns out that locally z o ¢ may be written as ug{* ...gy*, where u is
a unit, g;(0) = 0 and each g; can not be written as the product of two functions each
vanishing in the origin nor as the product of some unit and g;, with j # i. We now define
Z; to be the zeroset of g; and write

D(zop) = Z 0:7;.
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We have set o; = a; and refer to the o;s as the orders of vanishing. For a more detailed
discussion we refer the reader to section 3.1 of [3] or chapter 1 of [5]. For any ¢ € C,
denote by SI™™ the set of all irreducible components of the divisor S.. We further introduce
the notation

Se = Z /11997

©esir

where © is an irreducible component of S and pug € Z~q is the multiplicity with which
© € S in S..

In the interest of brevity we now give a number of lemmas from section 7.1 of [3] without
citing the proofs.

Lemma 2.4.1 The mapping ¢ : S — C is surjective. The set C*9" of singular values of
¢ is a locally finite subset of C'. For each reqular value ¢ € C™ the fiber S, = ¢~ ({c})
in S of ¢ over ¢, S. is a non-singular compact analytic curve in S, furthermore the
restriction of ¢ to o~ (C™) is a real analytic locally trivial fiber bundle over C™. The
surface S is compact if and only if the curve C' is compact. If this is the case, then ¢ has

only finitely many singular values.

A fibration ¢ : S — C' is not necessarily a topological trivial bundle because there may
exist singular fibers. The fibration ¢ : ¢~ 1(C*™) — (™8 that is ¢ restricted to the
regular points, however is a topologically trivial bundle, as we shall see. The fibration
restricted to the regular point nonetheless fails to be a complex analytic locally trivial
fiber bundle because in general two fibers are not complex analytically diffeomorphic.

Lemma 2.4.2 All fibers of ¢, viewed as divisors are homologous to each other. We have
S.- Sy =0 for all ¢, € C, including the case that ¢ = .

Lemma 2.4.3 There exists a fibration ¢ : S — C over a connected complex analytic

curve C and a branched covering map © : C' — C such that the following diagram

commutes
S
P
o\

C

and all the fibers of 1 are connected. All reqular fibers of 1 are compact Riemann surfaces
of the same genus. All components of all reqular fibers of ¢ are compact Riemann surfaces
of the same genus. Furthermore the following three statements are equivalent:
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- Some regular fiber of ¢ is connected.
- Every reqular fiber is connected.

- Any map 7 as above is a complex analytic diffeomorphism from C to C.

This inspires the following important definition:

An elliptic surface is a fibration ¢ : S — C with connected fibers such that some and
hence each regular fiber of ¢ is a compact Riemann surface of genus one. The name
elliptic surface is due to the fact that each regular fiber is an elliptic curve. The fibration
¢ : S — C in the definition is called an elliptic fibration of S.

A fibration where all exceptional curves of the first kind contained in the fibers of a
fibration have been successively blown down, so that there are no longer any exceptional

fibers of the first kind is referred to as a relatively minimal fibration.

Let ¢ € C*™* be a regular point of the elliptic fibration ¢ : S — C. Then the fiber
S over ¢ is an elliptic curve and one can associate a modulus as given in (2.9) to this
elliptic curve. This gives us a function J : C™ — C which maps a point ¢ € C™® to
J(c) = J(S.), called the modulus function. One can prove that the modulus function
extends to a meromorphic function on C.

From this point onward we will always assume that ¢ : S — C' is an relatively minimal
elliptic fibration.

Having given a definition of relatively minimal elliptic fibration, we now turn our attention
to Kodaira’s classification of singular fibers. The so-called intersection diagrams play a
mayor role is the classification. These intersection diagrams will be introduced first,
before giving Kodaira’s list of singular fibers.

Lemma 2.4.4 If the fiber S. has more then one irreducible component, then each ir-
reducible component of S. is a smoothly embedded complex projective line, with self-
intersection number © - © = —2. If S, has two distinct irreducible components ©, ©’,
then pe = per and © - ©' = 2. If S. has more than two irreducible components, then

these are disjoint, or intersect each other in only one point and transversally.

From this point onward, let C*™¢ denote the set of all ¢ € C such that S, has more then
one irreducible component. Since each regular fiber has only one irreducible component
it is clear the C™4 C C®"8 (51" is the finite set of all singular values of .

Let r € C™4, then the matrix whose elements are © - ©', with ©, ©' € S is called the
intersection matrix of S,. The intersection diagram of S, is the diagram of which the
vertices are the irreducible components of .S, and two vertices are connected by an edge
if the two irreducible components, represented by the vertices, intersect each other. The
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fact that S, is connected implies that the intersection diagram is connected, which is
equivalent to the fact that the intersection matrix is indecomposable. it has been proven
by Kodaira that the only possibilities for the intersection diagrams are: Al(l), Dl(l) and
El(l). The intersection diagrams are depicted below and are taken from section 7.2.4 of
[3]. The numbers attached to the vertices are the positive integers vg = ug/m, where m

is the greatest common divisor of all the ug, © € Si.9

1

Al(l) — . . . ~ [+ 1 vertices

1 1 1 1

1

[+ 1 vertices
2 i

1

D

1
o
1
1 2 3 2 1
E(l)
6 {2
1

1 2 3 4 3 2 1

2

2 4 6 5 4 3 2 1

3

9See discussion of multiple singular fibers below.
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These intersection diagrams are referred to as extended Dynkin diagrams, since if on
deletes the vertex corresponding to the irreducible component Oq, of which vg = 1, as
well as the edges connected to ©g, we find the familiar Dynkin diagrams.

We now give Kodaira’s list of singular fibers including so-called multiple singular fibers.
Multiple singular fibers are singular fibers of which the greatest common divisor of the
multiplicities of the irreducible components is equal to m, for some m > 1. It can be
shown that locally there exists a local m-fold cover, which is an elliptic fibration without
multiple singular fibers. Globally elliptic fibrations with multiple singular fibers may be
reduced to elliptical fibrations without these multiple singular fibers, as has been proven
by Kodaira in theorem 6.3 of [7]. We shall always impose that our elliptic fibrations do
not have multiple singular fibers. We have inserted figures for most types of singular
fibers, these are inspired of the representation sketched in figure 1 of [7].

Io A smooth fiber, which is an elliptic curve. Its self-intersection number is zero.

I; A singular fiber, which is an irreducible curve with a rational curve, that is a curve
which is isomorphic to a complex projective line, as its desingularisation.'® Its
self-intersection number is zero. For this singular fiber there is no real intersection
diagram of Dynkin type, since there is only one irreducible component and therefore
the intersection diagram would be a single point, however we will refer to this single
point as the intersection diagram and refer to it as A(()l).

I, For this description we will assume that b € Z>,. A singular fiber of this type con-
sists of a cycle of smooth rational curves ©;, i € Z/bZ, its irreducible components.
Each irreducible component has self-intersection number —2. The b singular points
of the fiber, denoted by s;, are the points where ©; intersects ©;,; transversally.
There are no other singular points. Intersection diagram: Al()l_)l.

10The dissingularisation is a blow up as discussed in section 2.3, after which we are faced with a
projective line as the image of the curve and another projective line created by blowing up.
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I

IT

Here m € Z+4, b € Z>y, a fiber of type I, occurring with multiplicity m, see the

discussion above.

The fiber is the union of one smooth rational curve ©, which occurs with multi-
plicity 2 and four smooth rational curves ©;, Oy, O3 and Oy, each occurring with
multiplicity 1. Every irreducible component has self-intersection number —2. Each
of ©;, with ¢ # 2, intersects O, at one point. These are all intersection points and

they are distinct. Intersection diagram: Dfll).

Here we take b € Z~(. The fiber is the union of the following:

- b+ 1 smooth rational curves, each with multiplicity one 2, denoted by ©;, with
2<i<b+2.

- four smooth rational curves of multiplicity 1 denoted by Oy, ©1, O3 and

@b+4.

Every irreducible component ©; has self-intersection number —2. The ©;, 2 < <
b+ 2 form a chain in the sense that for each 2 <7 < b+ 2, the curve ©; intersects
the curve ©;,, transversally at one point. ©y and ©; both intersect ©,, each at a
distinct point and transversally. Likewise ©,.3 and O, intersect the irreducible
component O, each at a distinct point and transversally. There are no other
intersection points. We stress once again that all intersection points are distinct.
The intersection diagram associated to this is ngi)zy

L

2

The fiber is an irreducible curve with one singular point p, which is an ordinary
cusp point of the curve. The desingularisation is a rational curve on which one
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I

I1I

r-

point corresponds to the cusp point. The self-intersection number is 0. Once more
we associate to this curve the intersection diagram Aél), see item I.

The fiber is the union of 9 smooth rational curves ©;, 0 < ¢ < 8, with multi-

plicities 1, 2, 3, 4, 6, 5, 4, 3, 2, respectively. Each irreducible component ©; has

self-intersection number —2. For 3 < ¢ < 7, ©; intersects ©;,1, moreover Og in-

tersects ©g, whereas ©; intersects ©3 and O, intersects ©4. All intersections have

multiplicity 1 and all intersection points are distinct. Every intersection has been
. . . C (1)

mentioned. Intersection diagram: Fg .

3
2 |
1

The fiber is the union of two smooth rational curves, which intersect each other

at one point, with a second order contact. The self intersection of each irreducible
component is equal to —2. Intersection diagram: Agl).

e

1

The fiber is the union of 8 smooth rational curves ©;, 0 < ¢ < 7, with multiplic-
ities 1, 2, 3, 4, 6, 5, 4, 3, 2, respectively. Oy intersects ©; and for 3 < i < 6, O,
intersects ©,.1, whereas ©; intersects O3 and O, intersects ©4. Every intersection
has multiplicity 1. All intersection points are distinct and there are no other inter-

section points then the ones discussed. Each of the irreducible component ©; has

self-intersection number —2. Intersection diagram: Eél).
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IV The fiber is the union of three rational curves each of multiplicity one, intersecting

v*

each other in a single point, with their tangent lines in general position. Each of the
3 irreducible components has self-intersection number —2, and there are no other

intersections. Intersection diagram: Agl).

The union of 7 smooth rational curves 0;, 0 < ¢ < 6, with multiplicities 1, 1, 2, 2,
3, 2 and 1, respectively. The intersections are as follows:

- O intersects O, which in turn intersects ©,.

- O, intersects O3, which in turn intersects ©y,.

- B4 intersects Oy, which in turn intersects ©y,.
This list is exhaustive. All these intersections have multiplicity one. Each of the

intersection points is distinct from the others. Every irreducible component has
self-intersection number —2.

This completes our discussion of Kodaira’s classification of singular fibers on elliptic

surfaces.
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2.5 Monodromy

This section treats the monodromy for relatively minimal elliptic surfaces without mul-
tiple singular fibers and is taken from subsections 3.3.3, 7.2.7, 7.2.10 and 7.2.11 of [3].

We shall revert for now to the setting where C' is an elliptic curve. In section 2.2 we
have discussed the period group P as a subgroup of C. We will now regard this group in
a slightly different manner. The one-dimensional space of all holomorphic vector fields
on the elliptic curve C' will be denoted by g. Its dual space g* is the space of complex
analytic one-forms on C. By the same argument as in section 2.2 we have that the
mapping v — e”(c) induces a complex analytic diffeomorphism from g/P onto C', where
P is now the set of all v € g such that ¢’(c) = c. In section 2.2 we fixed v € g, v # 0
and defined P C C as the set of all ¢ such that e’ (c) = ¢. The P defined in this manner,
which we shall denote by P, to emphasize that we fixated v, is isomorphic to the P
regarded as a subset of g via the linear isomorphism ¢ +— tv, which maps C to g and
P, to P. The mapping v — e”, which is by itself a mapping from the additive group g
onto the group of all translations on C' denoted by G induces as isomorphism from g/ P
onto G. The Lie group G is the identity component Aut(C)? of the group Aut(C) of all
automorphisms of C. G acts freely and transitively on C. g is the Lie algebra of the Lie
group GG. We conclude that we have the following isomorphisms

C/P,~g/P ~G~C.

Before returning to the more general setting of elliptic fibrations we remark the following.
If vy and vy as well as v} and v} are two positively oriented Z-bases of P, then there exists
a unique M € SL(2,7Z), a 2 x 2 matrix with integral coefficients and determinant one
such that

2
: ML M}
v =Y Mv;, i = 1,2, where M = L I (2.10)
2 (34 )

As already implied in the short introduction to this section we will now assume that
p S — (' is a relatively minimal elliptic fibration without multiple singular fibers. For
every ¢ € C™ we have that the fiber ¢1(c) is an elliptic curve. For such a regular point
¢ the space g, of all holomorphic vector fields on the elliptic curve S, is the Lie algebra
of the Lie group G, of all translations on the elliptic curve S.. The g. form a complex
line bundle over C", in the set theoretical sense. We shall now give some results, from
section 7.2.7 of [3], which endow the line bundle with a complex holomorphic structure
and allow extensions to the entire C'.

Lemma 2.5.1 Let Cy be an open subset of C™, o a holomorphic section over Cy of
@, and w a holomorphic section of o*(ker(T ¢)). That is, for every ¢ € Cy, w(c) is an

35



element of the tangent space Ty (S.) = ker(T, ) of S at o(c), depending holomorphi-
cally on c. Let v denote the unique vector field on p=*(Cy), such that for each c € Cy,
vls, € 8. and v(o(c)) = w(c). Then v is holomorphic vector field on o~ (Cy).

Theorem 2.5.2 The bundle of g., with c € C™, extends to a unique holomorphic com-
plex line bundle g over C' such that, for each holomorphic section o : Cy — S of ¢ over
an open subset Cy of C, the mapping which assigns to each v € g,., ¢ € Coy N C"™, its
value v(o(c)) € ker T,(e)p extends to an isomorphism from g|c, onto (ker Tp)|s(cy). For
every open subset Cy of C', the holomorphic sections v of g correspond bijectively to the

fiber-tangent holomorphic vector fields on ¢=1(Cy), which will be denoted be the same
letter v.

Figure 2.5: In this picture we sketch the behaviour of a Z-basis of P, for a closed
curve v running around a singular point with a fiber of Kodaira type I;.
Above some points of the curve v we see P C g ~ C as well as the fibers,
which are elliptic curves isomorphic to C/P. One of the basis vectors
is blue while the other one is purple. We have give particular attention
to one fiber where we compare the original basis to basis found after
running around the singular point once. We have chosen not to depict C

explicitly.
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The lattice P, has a Z-basis which is also a R-basis of g,,as has been established in section
2.2. We shall now give a lemma taken from subsection 7.2.10 of [3], which gives us a
holomorphic structure on the bundle of which the fibers are P..

Lemma 2.5.3 The P., ¢ € C™, form a holomorphic subbundle P of g over C™ with
discrete fibers.

We shall use the holomorphic structure on P to define the so-called monodromy, which
will be used as a restriction in our investigation of confluence of singular fibers in chapter
3, as follows. For each continuous mapping 7 : [0, 1] — C™® : ¢ — ~(t) called a path in
C¢, and every vy € Py, there is an unique (lifted) path v is P such that v(0) = v, and
v(t) € Py for every 0 <t < 1. The mapping 7" : vo — v(1) is an orientation preserving
isomorphism from P, to Py1). Let ¢, be a fixed point in C™¥, called a basepoint and
let v be a loop in C™8 based at c,, that is a path in C* such that v(0) = v(1) = ¢,,
then T" as an orientation preserving automorphism of P, . If v7 and v; form an oriented
Z-basis of P, _, then T'(v]) = v; also forms an oriented Z-basis of P, and thus, as we have
seen in formula (2.10), there exists a unique matrix M € SL(2,7Z) called the monodromy
matrix defined by the loop 7, such that

V; = E MZJU;

Since the fibers of P are discreet we see that the matrix M is invariant under homotopic
deformations of the loop 7 in C*™#, and therefore we can write M = M([y]), where
[7] denotes the homotopy class of «. The set of all homotopy classes of loops in C"™8
based at c,, provided with the group structure of concatenation of loops, is called the
fundamental group m;(C™8, c,) of C™# with respect to the base point ¢,. The mapping
M : [y] — M([7]), is a homomorphism from 7 (C™®,¢,) to the group SL(2,Z), called
the monodromy representation of the elliptic surface ¢ : S — C. The subgroup M :=
M (m(C™8,¢c,)) of SL(2,7Z) is called the monodromy group. In figures 2.5 and 2.6 we
have sketched the behaviour of the period lattice and a Z-basis of this lattice for some

curve .

We are now ready to give the definition of the monodromy associated to a singular value
of the fibration ¢ : S — C. We will revert to the view of the period lattice P as a subset
of C instead of a subset of g, as elucidated below. Let ¢y € C*™8 be a singular value of
the elliptic fibration ¢ : S — C, with the singular fiber S, of ¢ over ¢y. Let z : Cp — C
be a complex analytic coordinate function on an open neighbourhood Cj of ¢y in C' such
that z(cp) = 0. Shrinking Cj if necessary, we may assume that z is a complex analytic
diffeomorphism from Cj onto

D ={z€C||z| < d},
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PcC

Figure 2.6: In this picture we sketch the behaviour of a Z-basis of P, for a curve 7y
running around a singular point with a fiber of Kodaira type III. In this
figure we clearly see the finite order of the monodromy of a singular fiber
of Kodaira type III. The monodromy associated to a singular fiber of
type I; on the other hand is not finite. In chapter 3 we will see that it is
possible to perturb a singular fiber to which a monodromy of finite order
is assocated into several singular fiber of infinite order. See the caption
of figure 2.5 for further description.

where 6 € R.y. From this point onwards we shall write ¢, S and Sy instead of z o ¢,
01 (Cy) = (z09)71(D) and S.,, respectively. Shrinking D if necessary, it can be arranged
that Sy is the only singular fiber of ¢ is D. Due to theorem 2.5.2 we have that there
exists a holomorphic section v of g over D, v is regarded as a holomorphic vector field
on S. For each z € D let P,(z) denote, as before, the set of all ¢ € C such that

e'V(s) = s, where ¢(s) = 2.!!

As we have discussed in the beginning of this section,
one has that for z € D\{0} the period group P,(z) is isomorphic to P, C g,, via the
mapping C — g : t — tv,. We also have that the fundamental group of D™ = D\{0} is
isomorphic to Z and is generated by a loop v € D\{0}, with base point z,, winding itself
once around the singular point with positive orientation. The monodromy representation
M (m (D8, z,), is determined by the monodromy of the generating loop M([y]), the

matrix in SL(2,Z) is called the monodromy matrix around the singular value of ¢. As

HWe have that the zeroset of v is equal to ¢ =1(D) N Sy = Sp, see the proof of theorem 7.2.15 of [3],
so that e V(s) = s becomes an empty condition on ¢, if ¢(s) = 0.
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the monodromy representation depends on the choice of Z-basis of P(z,) and every other
choice of basis is related to a given basis by acting with an element of SL(2,Z) on the
basis it follows that a change of basis corresponds to conjugation of the monodromy
representation M ([y]) by an arbitrary element of SL(2,7Z), see formula (2.10). It is only
the conjugacy class of M in SL(2,7Z), which is invariantly defined. Therefore we shall
refer to a suitable element in the conjugation class as the entire conjugation class as the

monodromy matrix.

Table 2.1: In this table we only give one monodromy matrix characterizing the con-
jugation class. The b is a positive integer.

Type | Intersection diagram Monodromy matrix Euler number

1 b
I, AL (0 1) b

L | DY, <_01 :i) b+6
11 ALY _11 (1) 2
i | EBY 2 _11 10
m | AY _01 é 3
ur | gV (1) _01 9

1

v | Al ( 0 ) 4
-1 -1

v | EY <_1 _1> 8
1 0

Before giving the most important result of this section we remind ourselves of the defi-

nition of the topological Euler number, also referred to as the Euler characteristic. The
topological Euler number of any real n-dimensional simplicial complex M is defined as
the alternating sum

n

X(M) =) (~1)FN,

k=0

where Ny is the number of simplices of dimension k.

Having defined the monodromy representation of a singular fiber and reviewed the def-
inition of the Euler characteristic we can give the following result taken from lemmas

39



7.2.25 and 7.2.31 of [3].

Lemma 2.5.4 The monodromy matriz and the topological Euler number of a singular
fiber of given Kodaira type is as in table 2.1. We have also added the intersection diagrams
as discussed in section 2.4.

Inspection of table 2.1 yields the following corollary:
Corollary 2.5.5 Two singular fibers of elliptic surfaces have the same Kodaira type if
and only if the monodromy matrices around these fibers are conjugate by an element of

SL(2,Z).

We will now give some result regarding the Euler number of elliptic surfaces, a combina-
tion of lemmas 7.2.25 and 7.2.26 of [3], see also Remark 7.3.4 of the same book

Lemma 2.5.6 The topological Euler number x(S) of a compact elliptic surface S is equal
to the sum of the topological Euler numbers of the singular fibers. Moreover the topolocigal

FEuler number of every compact relatively minimal elliptic surface is a multiple of 12.

Elliptic surfaces whose topological Euler number is 12 are called rational elliptic surfaces.

While those with an Euler number of 24 are referred to as K3 surfaces.
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2.6 The Weierstrass model

In this section we apply the construction which brings every elliptic curve into its Weier-
strass normal form, as we have seen in section 2.2, to every regular fiber of an elliptic
fibration. Extending this to every fiber gives the Weierstrass Model of an elliptic sur-
face. The converse will also be proven. We shall assume that ¢ : S — C is a relatively
minimal elliptic fibration with a holomorphic section o : C' — S, S and C' not necessarily
compact. Our discussion relies on subsection 3.1.3 and section 7.3 of [3] and notes by
Hans Duistermaat.

Before applying, as announced, the construction of section 2.2, we remind ourselves about
complex holomorphic line bundles. If 7 : L — M is a holomorphic complex line bundle
then there is a covering of M, with non-empty open subsets U,, such that 7—1(U,) admits
a trivialisation. This means that for every « there is a complex diffeomorphism 7, from
7Y (U,) onto U, x C, such that the restriction to 7= (U,) of 7 is equal to 7, composed
with the projection U, x C — U, : (m,¢) — m to the first component. It follows that
for each «, 8 such that U, N Uz # 0, the retrivialisation 7, o 5 Uis diffeomorphism of
(Uy NUgz) x C onto itself of the form

(m7 C) = (m> faﬁ(m>c>7

for a unique nowhere zero complex holomorphic function f,s on U, N Upg, called a tran-
sition function. The system of functions f,s satisfies the cocycle condition fu5fsy = fay
on U, NUzNU,.

For each m € M, L,, is a one-dimensional complex vector space. The k-th tensor power
of Ly, L& denoted by LF , is a one-dimensional vector space, which is isomorphic to the
space of all homogeneous functions of degree k on (L,,)*\{0}, where the * indicates the
dual. This construction for each fiber extends to the entire bundle and yields a bundle
denoted by L*. The transition functions of the bundle L* are the functions (f,s)*.

Applying the construction of section 2.2 to every fiber of the elliptic fibration ¢ : S — C
is referred to as exhibiting S as a family W of Weierstrass curves. If this family has
singularities, it can be viewed as obtained from S by contracting, for every reducible
fiber S, of ¢, all irreducible components of S,, which do not intersect o(C).'> We start
our construction by denoting g*, the dual of the Lie algebra bundle over C, by L. For every
c € C™8 and v € g.\{0}, the mapping C — S, : t — €™ (o(c)) induces an isomorphism
from the elliptic curve C/P,, onto the fiber S, of ¢ over ¢. Let t., : S. — C/P.,
denote the inverse of this isomorphism. Here P., denotes the period lattice in C, which
is isomorphic, via the linear mapping C — g, : t — tv, to P. the period lattice in g,.

We now apply for each ¢ € C*™ and each v € g.\{0} the construction of section 2.2,
where P., plays the role of P. The Weierstrass function (2.1) and its derivative (2.2)

12Note that every Weierstrass curve is irreducible.
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yield meromorphic functions z., and y., on S, as follows

Tew(s) = pp., (tew(S)) and Yeo(s) = @/Pc,v (tew(s)), s € 5,

as well as the complex cumbers on S,

g2(c,v) = g2(P.) and g3(c,v) == g3(P.y).

For each A € C\{0} we have AT — v and P.)»o = A'P.,. In analogy of our
discussion of isomorphisms of elliptic curves in section 2.2 we note that due to formulae
(2.1) and (2.2)

xc,)\v($> = )\Zxc,v(5>7 yc,)\v(s> = )\gyc,v(s> (211)

and due to formula (2.4) that
gZ(Ca )‘U) = A492<C7 U)v 93(07 /\U> = )‘692<Ca U)' (212)

These functions are clearly homogeneous of degree k, with k = 2, 3, 4 and 6 respectively,
in the variable v € g, \{0}. As has been discussed above the space of all homogeneous
function of degree k, on in this case g\{0}, is isomorphic to the k-th tensor power of the
dual of the space, in this case (g*)*.!3 This one-dimensional vector space will be denoted
by Lk, where L. = (g,.)*. So due to (2.11) we have that v — z.,(s) and v — y.,(s) are
elements z(s) of L2 and y(s) of L3, respectively. Likewise (2.12) implies that v — ga(c, v)
and v — g3(c,v) are elements go(c) of L. and g3(c) of LS5, respectively.

We now have the equation

y(s)* = 4a(s)’ — ga(c)z — gs(o),

which is equation (2.5), with the coordinates z and y and the numbers g, and g3 replaced
by z(s) and y(s), and gs(c) and g3 in L2 L2, L,* and LS, respectively. Because both

o(t) and ¢'(t) have a pole at t = t.,(s) = 0 modulo P.,, where s = o(c), of order 2 and
3, respectively, one needs to pass to the projective Weierstrass equation

Tomy” — x> + go(c)w’x + g3(c)xy® = 0, (2.13)

to include a description of a neighbourhood of ¢t = 0. The Weierstrass equation will now
be viewed, for a given ¢, as a homogeneous equation of degree three in (g, x1,zs) €
LY x L2x L2, where we define L, to be equal to C. The solution set of the Weierstrass
equation is a cubic curve in the complex projective plane P(L" x L2 x L,*) = P(L &
L2® L2), the space of all one-dimensional linear subspaces of the 3-dimensional vector
space LY x L2 x L.

*

Because L = g* is a holomorphic line bundle over C, the L with ¢ € C form a

13We again omit the tensor product ®.
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holomorphic line bundle over C' as discussed above, which is denoted by L¥. We now
have the corresponding holomorphic bundle P(L° @ L? @ L?) over C, whose fibers are the
complex projective planes

P(L°@® L2 [3). = P(L° x L2 x L2).
We now have the following lemma 7.3.1. of [3]:

Lemma 2.6.1 The mappings z : ¢ (C™) — L* and y : ¢ (C™) — L3 extend to
holomorphic mappings x : S — L? and y : S — L3, respectively, with pyox = @ = p3 oy
if pr. : LF — C denotes the canonical projection.

The sections gy : C™ — L* and g3 : O™ — LS extend to holomorphic sections gy : C —
L* and g3 : C — L5 of L* and LS, respectively. If co € C*™, then the orders of zeros at
¢y of g2, g3, and the holomorphic section A = g,* — 27g,* of L'? are given in table 2.2.

Table 2.2: The behaviour of the zeros of the defining sections g2, g3 and geometric
discriminant A of a Weierstrass model for singular and non-singular fibers.

Kodaira Type | Order zero of g5 Order zero of g3  Order zero of A
Iy >0 >0 0

I, b>1 0 0 b

I >2 >3 6
,b>0 2 3 b+6
II >1 1 2

I >4 5 10
I11 1 > 2 3
[T~ 3 >5 9

v >2 2 4
v* >3 4 8

To exhibit the elliptic surface as a family of Weierstrass curves we have theorem 7.3.6 of

3]:

Theorem 2.6.2 Let p : S — C be a relatively minimal elliptic fibration with a holo-
morphic section o : C' — S. Let g denote the Lie algebra line bundle over C', with dual
bundle L = g*. Then the formulas (2.4) define the sections go and gs of the line bundles
L* and L% over C. The geometric discriminant A, which is equal to g,> — 27g5% is a
holomorphic section of the line bundle L'* over C' and A(c) = 0 and only if c € C*™9 |
where the order of the zero of A at ¢ is equal to the Euler number x(S.) of the singular
fiber S.. The orders of the zeros of ga, g3 and A are given in table 2.2. In particular, at
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any ¢ € C the order of the zero of go at ¢ is < 4 or the order of the zero of g3 at ¢ is < 6.
Let W be the complex analytic subset of the complex projective plane bundle

P’ L*®L?) - C
over C, defined by the projective Weierstrass equation (2.13) that is
W ={(c,[z]) e P(L° @ L* @ L*)|wow,® — 42,* + go(c)w’m1 + gs(c)x,® =0}, (2.14)

Then the mapping s — (p(s),[1 : p(s) : ©'(s)]) defined by the Weierstrass g-function
and its deriwative extends to a proper holomorphic mapping f : S — W, such that
pof = ifp: W — C is the restriction to W of m, and co := f oo is the section
c— (¢, {0} x {0} x L) at infinity of p: W — C, where oo(C) is contained in the non-
singular part of W. For each reducible fiber S. of v, f maps the union of the irreducible
components of S., which do not intersect o(C') to a point w € W, and these points w
form the set W* of all singular points of W.

To appreciate the role of the function f in theorem 2.6.2 we develop the following language
as used in subsection 7.2.12 of [3]. A modification of an analytic space X, locally the

4 is a surjective proper holomorphic map f from an

common zeroset of some functions,
analytic space Y onto X, such that there is a a nowhere dense closed analytic subset S
of X, whose inverse image f~1(S) is nowhere dense in Y and such that the restriction of
F to Y\ f71(S) is a biholomorphic mapping from Y\ f~!(S) onto X\S. That is, there
exists a holomorphic mapping g = gs : X\S — Y\ f~!(S) such that fogand go f are
equal to the identity on X\S and Y\ f~1(S), respectively.

A modification f : Y — X of X with Y smooth is called a resolution of singularities
of the complex analytic surface X. Resolutions of singularities are not unique, since for
any resolution of singularities f : Y — X, the blow-up of Y through the blow-up map
g: Z — Y, with Z a non-singular complex analytic surface, gives us fog: Z — X,
which is also a resolution of singularities of X. As discussed in section 2.3, ¢ maps a
—1 curve in Z to a point in Y and therefore f o g maps the same —1 curve in Z to a
point in X. The mapping g : Z — Y is a resolution of singularities even though Y is
non-singular. A resolution of singularities f : Y — X of X is called minimal if f does
not map a —1 curve in Y to a point in X. We have the following result, lemmas 7.2.45

and 7.2.46 of [3], regarding existence and uniqueness

Lemma 2.6.3 FEvery complex analytic surface admits a minimal resolution of singular-
ities.  Moreover let X be a complex analytic surface and f 'Y — X, g : Z — X
resolutions of singularities of X, with f :' Y — X minimal. Then there is a unique
holomorphic mapping h : Z — Y such that g = foh. If g: Z — X is also minimal, then

h is a complex analytic diffeomorphism from Z to Y .

1See also section 2.4.
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We conclude from our discussion that the mapping f : S — W in theorem 2.6.2 is a
minimal resolution of singularities. The surface W, together with its minimal resolution
of singularities f : S — W is called the Weierstrass model of the elliptic fibration
p:S5—=C.

We shall now prove the converse of 2.6.2, namely that suitable g» and g3, that is with
some restrictions on the nature of the zeroset of both functions, yield a Weierstrass model
of an elliptic surface. In the following we shall not impose that the elliptic fibration is
relatively minimal. Let C' be a complex analytic curve, L a holomorphic complex line
bundle over C' and §» and s holomorphic sections of L* and LS, respectively, such that
the holomorphic section

A =g,° - 275"

of L' is not identically equal to zero. Let W be the analytic subset of the complex
projective plane bundle P(L° @ L? @ L?) over C, which is defined as

W = {(c,[2]) € P(L° @ L? ® L?)|xoxy® — 4x,® + Go(c)a1 + gs(c)zy® = 0},

as in formula (2.14). Let p : W — C be the restriction to W of the projection 7 :
IP’(EO ® L@ [~/3) — C'. As for W, W has only isolated singularities and p : W — C'is an
elliptic fibration with the provision that W is allowed to have singularities. The mapping
7:C — W, defined by

7o) = (e, {0} @ {0} & L),

for every ¢ € C' is a holomorphic section of p, such that 7(C') is contained in the non-
singular part W0 = W\ W*

Due to lemma 2.6.3 there exists a minimal resolution of singularities f' .S — W of W,
which is unique up to isomorphism. The mapping ¢ := po f : S — C is an elliptic
fibration and o := f‘l o 7 is a holomorphic section of ¢. Successively blowing down
—1 curves in fibers of the elliptic fibrations, when these occur, we arrive at a relatively
minimal elliptic fibration ¢ : S — C such that » = @ ob, where b : S — S denotes
the mapping which blows the —1 curves in fibers of the elliptic fibrations down. The
mapping o :=bo & : C' — S is holomorphic and ¢ o0 = pobod = ¢ o is equal to the
identity in C, which shows that ¢ is a holomorphic section of .

For the relatively minimal elliptic fibration ¢ : S — C', with the holomorphic section
o : C' — S, we have the line bundle L = g*, the holomorphic sections g, and g5 of L* and
LS respectively and the Weierstrass model

s—tow-tsc,
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as in theorem 2.6.2. The above discussion yields the following commutative diagram

~ f
S .

P

(2.15)

o
Qv
Bl
Q- !
e h S %
™

q
AN

3
sl

S

Let ord.(m) denote the order at ¢ € C' of the meromorphic section m of a holomorphic
line bundle K over C, where m has a zero of order ord.(m) at c if ord.(m) € Zo, a pole
of order —ord.(m) at ¢ if ord.(m) € Zp, and no zero or pole at ¢ if ord.(m) = 0. We
write ord.(m) = oo if m is identically equal to zero. With these notations we have the
following result, which is the converse of theorem 2.6.2, theorem 7.3.12 of [3]:

Theorem 2.6.4 Let Z be the set of all ¢ € C such that ord.(m)(g2) > 4 and ord.(m)(gs) >
6. Because the geometric discriminant A = Go> — 27g5% is not identically equal to zero,
and therefore Z is a discrete subset of C', where the empty set is allowed. For every
c € Z, let k. be the unique k € Z~q such that

0 <ord.(m)(g2) — 4k < 4 or 0 <ord.(m)(gs) — 6k < 6.

Then the following conditions i)- iv) are equivalent

i) For every ¢ € C we have ord.(m)(g2) < 4 or ord.(m)(gs) < 6.

i1) There is an isomorphism ¢ : L — L of holomorphic line bundles over C, such that
g2 =1 0 gy and g3 =1%o gs.

i11) The elliptic fibration $ = p o f:8 = C is relatively minimal.
iv) The elliptic fibration ¢ = p o f: S — C is relatively minimal, L is isomorphic to
the dual of the Lie algebra bundle of ¢ : S — C, and the sequence

exhibits W as the Weierstrass model of ¢ : S — C.

We conclude from theorem 2.6.4 and 2.6.2 that g, and g3 yield the Weierstrass model
of a rational (relatively minimal) elliptic surface if and only if the total number of zeros
counted with multiplicity of the geometric discriminant A equals 12 and the zeros of ¢»,
g3 and A satisfy the conditions set in table 2.2.
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2.7 Families and confluences

In this section we give the definition of a confluence of singular fibers. This section
partially relies on remark 7.3.4 of [3] and the article of Naruki [9]. Our definition of
confluence is different from that of Naruki. We rely on Tyurina [11] for one result relating
families of Weierstrass models to families of elliptic surfaces.

In a deformation of elliptic surfaces, we will let the deformation depend on some defor-
mation parameter e. One will often observe several singular fibers S, (€), ..., S., (€) with
c1, ... cy singular points of surfaces nearby some special surface flowing together into one
singular fiber S.(0) at the special surface S(0) of the deformation.'® Such a phenomenon
is called a confluence of singular fibers. In the next chapter we shall often adhere to the
opposite view, where we start with a singular fiber S.(0) which is perturbed into several
singular fibers S, (€),. .., Sy (€). This is of course simply a matter of point of view. We
may associate monodromy matrices (or conjugacy classes thereof) Ms,, to the singular
fibers S., in the way described in section 2.5, by defining the monodromy associated to
the singular fibers as the monodromy of curve 7; which encircles the singular fiber S,
once and counterclockwise. For a certain perturbation o of indices, the concatenation
Yo(1) * - - - * Yo(n) 18 homotopic to 7, after deformation. For this perturbations of indices

o we have the identity Mg, = Mg, PR Msg, .

We will now make this statement more precise. Suppose that we are given a commutative

diagram of the form

where >, I' and £ are complex analytic manifolds of dimension n + 2, n + 1 and n
respectively and ¢, § and 7 are proper surjections. Let us set

S, =n""(e), C. =51(e), ecé&

and further assume that § and 7 are complex analytic submersions and the fibers S, are
compact.'® The data (X,T, &, ¢,d,n) above is called a C* n-parameter deformation of
elliptic surfaces, if the following conditions are satisfied

i) § and 7 are locally trivial C*°-fibrations.

15We shall generally assume that € = 0 is the special value of the perturbation parameter, this

assumption is of course made without loss of generality.
16In this we differ from Naruki.
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ii) The restriction ¢|. : S — C¢ is an elliptic fibration.

In the work presented in chapter 3 we will often take £ to be a closed subset of C" with
its origin in the boundary of £ and allow ¢ and 7 to exhibit root-like behaviour. This
means more precisely that § and n are locally trivial C-fibrations in this case we will
refer to the data (X,T,&,p,d,7n) as a C° n-parameter deformation. We are in general
only interested in local confluence of singular fibers, so we may often even take § and 7
to be trivial C* or C° n-parameter deformations.

From this point onward we will always consider a C* n-parameter deformation. In
accordance with section 2.4 we denote by C®"8 the set of singular points on C, and by

C?°® its complement in C.. We further define

Fsing _ U Csing7 res — U C«:eg'

ec€ ec&

We denote by 7z(t) the C* family of loops parameterized by t, where ~(t) € C:*® for
all t and ¢ € £ a m-dimensional submanifold of £ which contains the special point 0.17
For every € € £ we may associate a monodromy to the loop vz; M([v¢]). Furthermore we
have that the period lattice P depends continuously on the parameter €. Discreetness of
the period lattice P implies that M ([7¢]) is constant with respect to €. If for some fixed
€, 72(t) is homotopic to the concatenation vy *. .. %~y of loops, where naturally v; C C:®,
then we have that M ([ve]) = M([n1]) - - - M ([))-

We now apply this notion to the confluence of singular fibers. To do so let us first give
a precise definition of a confluence of singular fibers.

We say that the singular fibers S,, ¢, with ¢;(¢) € C2"8 i =1,..., N of S, flow together
into the same singular fiber S, o of Sg"¢, if there is a curve § C €, which is parameterized
by 7 and sends 0 to the special point 0, such that ¢;(5(7)) are discrete for 7 in a small
neighbourhood of 0, but not for 7 = 0 itself, as well as

lim ¢;(3(7)) = ¢o.

T—0

Notice that this definition differs greatly from the definition given in [9]. For 7 = 0 we
have a small neighbourhood if the origin Uy C Cp, analytically diffeomorphic to D = {z €
C||z| < 6}, where § € R, such that & is the only singular point in Uy. We choose 7, (t) to
be the curve which winds around ¢ once in the counterclockwise direction. Assuming U
and £ to be sufficiently small, 79 may be extended to some family v3(;) C C’ge(f) of loops as
mentioned above by, for example, imposing a (trivial) connection of § : I' — £. ¥ Note
that every (- is homotopic to 7o in I'™*¢. A member ~3(;)(t) of this family with 7 # 0
runs around all the ¢;’s into which ¢y breaks up. If fyém (t) denotes a counterclockwise
loop winding around c; once, there is a permutation o such that g, is homotopic to

TFor our purpose it will not be necessary to endow £ with a complex structure.
18The same holds for the set Up.

48



7;((3 *7;((3 ... 'y;((g), as can be seen by the following argument. Let us fix some base point,

which we choose to lie on the curve g, for a given 7, denoted by p. Moreover choose
for each ¢; a parameterized curve 7/ connecting p with some point on the curve '723(7)7 such
that the 4/ do not intersect each other nor the yé(T)s and 7(r). Finally let ¢ be a loop
starting and ending at a point on vg(;) winding around p once, counterclockwise, such
that 0 intersects 7% only once and vy twice, as sketched in figure 2.7. Denote by o the

@ second et cetera. We shall

permutation of indices such that § intersects -y, ) first, o
focus on the concatenation ) *vj . * (v;) !, where (v,)~" denotes the curve 7, inversely
Wiy x (10 D) bl @iy g 2w (77 )

may be deformed such that it

encloses Ca(l) and CU(2)7 where we note that (’}/v(l)> 1 * Yo @)
o(1 a(1l)y— a(N a(N g(N)\—
*’}/3((7_3*(’}/1)( )) 1*...*’}/1)( )*’}/3((7_))*(’}/”( )) 1

e
clearly encloses ¢y, ..., cy and is homotopic to ya(;).

parameterized. The concatenation 7, ~1 for example

no longer intersects p. The concatenation 7,

V8(7)

Figure 2.7: In this picture we sketch the curves 7%(7)’ A, & and VB(r)-

The consideration above yield that!’

Ms, = Ms, ...~ Ms,_ . (2.16)

9The Ms are actually conjugacy classes in SL(2,Z)

49



We will in chapter 3 consider deformations of Weierstrass models of elliptic surfaces,
instead of the deformations of elliptic surfaces themselves, this turns out to be equivalent.
We shall explain this in the following. If we choose to work in the local coordinate z
(on O, for the Weierstrass model of a rational elliptic surface ¢ : S — C, g5 and g5 are
simply polynomials of fourth and sixth order in z, as has been established in section 2.6.
We now write

4
92(2) = Z%,z’zi
=0
6 .
g3(2) = Zgg,izl. (2.17)
=0

We will now consider the go;s and g3 ;s to be the parameters of deformation of a family
of Weierstrass models of elliptic surfaces; corresponding to the coordinates of £. This

implies that we are faced with the following commutative diagram

)

e

p 0 ;'

N

where 2 denotes the family of Weierstrass models W, p is the projection so that p|.

r

n

maps W, to C,, f! is a minimal resolution of singularities, the restriction ¢|. : C. — S,
is a minimal resolution of singularities and ¢, n and w are locally trivial C'**°-fibrations.
The work of Tyurina [11] guarantees that the family of Weierstrass models generates a
family of elliptic surfaces in a continuous manner, in particular she has proven that the
resolution of singularities f|. extends continuously to a resolution of singularities of the
entire family. So investigating the deformation of Weierstrass models of elliptic surfaces
is equivalent to investigating the deformation of elliptic surfaces.

We end this section with some observations taken from remark 7.3.4 of [3]. As we have
noticed in section 1.1 the zeros of a polynomial depend continuously on the coefficients
of the polynomial and the number of zeros in D, a small neighbourhood, counted with
multiplicity is invariant under small perturbations of the polynomial. Moreover we have
seen in section 2.6 that singular fibers correspond to zeros of the geometric discriminant
A and the topological Euler number of a singular fiber equals the order of the zero of the
geometric discriminant. Combining these two remarks we find that the Euler number
is conserved in confluences, in the sense that if several singular fibers flow together into
one singular fiber that then the sum of the Euler numbers of the singular fibers before
the confluence is equal to the Euler number of the singular fiber which was the product
of the confluence. Likewise we have that the number zeros of g, and g3 in D is invariant
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under perturbation, but since the zeros of g, and g3 do not necessarily coincide to form
the zero of the geometric discriminant, we have that the sum of the orders of the zeros
of g2 (g3) of the merging singular fibers is less or equal to the order of the zero of go
(g3) of the resulting singular fiber. This implies for example that singular fibers of type
I, may only be the result of a confluence of singular fibers of type I,,, with > b; = b.
The same argument gives that two “starred” types that is two singular fibers of the set
{I5, I3, ..., IV*, III*, IT*}, cannot merge. Finally note that if g» and g3 have a linear factor
in common, the discriminant of the geometric discriminant A(z) = ga(2)3 — 27g3(2)? is
zero, implying that the resultant of go(z) and g3(z) factors discriminant of the geometric

discriminant.
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Chapter 3

Confluence of singular fibres

As remarked in section 2.7 we may look upon confluences as the flowing together of
several singular fibers or take the opposite view and consider a perturbation of a singular
fiber from which a number of singular fibers of other type arise. We shall not distinguish
between both views in this chapter. In the work presented we consider all possible
singular fibers on rational elliptic surfaces, which may arise from the perturbation of a
single singular fiber of type Io, I5, Iy, I5, Ig, I7, Is, Lo, II, III, VI or I§. We also remark
on the perturbation of I. We always use that the topological Euler number is conserved
under perturbations. For all confluences that do not arise we give one of the following
arguments we have discussed in section 2.7:

- The sum of the zeros of g» (g3) associated to merging singular fibers counted with
multiplicity is less or equal the the zeros of go (g3) associated to the resulting
singular fiber counted with multiplicity.

- The product of the conjugacy classes of the monodromy matrices associated to the
merging singular fibers does not lie in the same conjugacy class as the monodromy
matrix of the resulting singular fiber, see formula (2.16).

There has been previous work on the monodromy restrictions of the confluences of singu-
lar fibers, namely by Naruki [9], but this work focusses on the confluence of three singular
fibers of type I,. Moreover the article does not provide arguments to prove the existence
of those confluences which are allowed by monodromy considerations. We present in the
work below an explicit argument for the existence of the confluence 3l — I, which
according to section 5 [9] of would be disallowed.
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3.1 The objective

As we have discussed in section 2.7 we can consider the coefficients of the polynomials
g2 and g3 to be the parameters of a family of elliptic curves, which is relatively minimal
if the zeros of g, and g3 satisfy the conditions set in table 2.2. If we further confine g,
and g3 so that the geometric discriminant A has 12 zeros counted with multiplicity, the
elliptic surface is rational.

We should be interested in the relation between the configuration of singular elliptical
fibers and the values of the coefficients of g, and g3. The generic configuration of sin-
gular fibers has 12 singular fibers of Kodaira type I;. The fact that this is the generic
configuration is can be seen as follows; if there would have been any other configuration
the geometric discriminant A would have had zeros of at least second order, which would
imply that the discriminant of the geometric discriminant would be zero. As noted in
section 1.2 the discriminant is a polynomial in the coefficients of A, which in turn are
polynomials in the coefficients of g and g3. This gives us that the set of coefficients of g,
and g3, which corresponds to non-generic configurations of singular fibers, is a complex
analytic set, denoted by N, of codimension 1.' The generalized resultants and discrim-
inants we have discussed in section 1.2 allow us to subdivide the space of coefficients of
the polynomials g, and g3 further. A more complicated configuration of singular ellip-
tical fibers (in the sense that the zeros of gs, g3 or A are of higher order, see table 2.2)
corresponds to complex analytic subsets of IV, of greater codimension. This subdivision
of N, into analytic sets of increasing codimension, where the set corresponding to a more
complicated configuration of singular fibers may lie in the boundary of a less complicated
one, is called a stratification.? We note that it is not clear whether the analytic set
corresponding to a specific configuration is connected. The ultimate object of our line of
research would be to have a complete understanding of the structure of set N,. Should
we understand the structure of N, completely, we would know if certain singular fibers
could flow together simply because (the connected components of) the strata associated
to the different configurations are adjacent. Or, even stronger, we would know which
(global) configurations of singular fibers can arise from the perturbation of a given con-
figuration of singular fibers. This imposes a hierarchial structure on the list of all allowed
configurations as found by Persson [10].

Completely determining the structure of this space NNV, is far beyond the scope of this

IThe fact that the dimension of N, is one less then the dimension of the space in which it is imbedded
in implies that every configuration of singular fibers, see [10], can be perturbed into a configuration with
12 singular fibers of type I;.

2The codimension is not strictly increasing; for example set of configurations of singular fibers con-
taining at least a singular fiber of type II, III, IV, IT*, IIT*, IV* or I} distinguishes itself by the condition
that the resultant of g5 and g3 is zero, yielding a set of codimension one. The fact that the resultant of
g2 and g3 is zero automatically implies that the discriminant of the geometric discriminant is also zero,
see also section 2.7.
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thesis, mainly because of the following difficulty: Section 1.2 provides us, at least in
theory, with an explicit collection of sets of polynomials for a given stratum, satisfying
the following condition: all polynomials in one of these sets are identically equal to zero
on the stratum, while at least one of the polynomials of each other set is unequal to zero at
every given point of the stratum. The polynomials in each of these sets, the generalized
discriminants of A and the generalized resultants of go and g3, are very difficulty to
calculate and not independent. It must be noted that there are computer algorithms
which provide one with an independent basis, but applying these on the scale necessary
to confront this problem is not feasible given the use present-day personal computers.?
However we are provided with a collection of sets of polynomials, where each polynomial
in every set is independent from any other polynomial in the same set, we are still faced
with the problem that the conditions on the different sets of polynomials may be mutually
exclusive. This last problem clearly arises as we can conclude from Persson [10]. Again
in theory computer algebra should help to confront this problem, but fails to do so in
practice.

Having considered the above difficulties we set about to work on a simpler problem;
whether we can (locally) find confluences of a number of singular fibers into on singular
fiber, in the sense we have discussed in section 2.7. This provides information on the
relation between different strata, namely it tells us if one stratum lies in the boundary
of another one.

We shall give examples of confluences by providing a family of the Weierstrass models.
In section 3.2 a proof of the existence of confluences into a singular fiber of Kodaira type
I, out of any combination of singular fibers I, with > b; = b is provided. In section 3.3
we find that apart from the obvious constriction of the Euler number before and after
confluence, but one confluence of all confluence to singular fibers of type II, III and IV to
be restricted by monodromy considerations, and provide explicit examples for the other
confluences. In section 3.4 we do the same for the singular fiber of type Ij, though in
this case 7 confluences are restricted by monodromy considerations.

3Mathematica for example can find a Grébner basis.
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3.2 Confluence to singular fibers of Kodaira type I,.

As remarked in section 2.7 only singular fibers of type I,, may flow together to form a
singular fiber of type I, with b = > b;. This is easy to see because for any I, the defining
go and g3 are not equal to zero if the geometric discriminant is equal to zero. This implies
that for a small perturbation of go and g3, these functions g, and g3 and the geometric
discriminant still do not share zeros and thus we are faced with a number of singular
fibers of type I;,. In this section we will prove that every confluence of singular fibers
on rational elliptic surfaces of type I, into a singular fiber of type I, with b = > b; may
occur. We note that the restriction to rational elliptic surfaces implies that b < 9, as we
can verify easily in the list of Persson [10]. The proof of existence given below differs

from confluence to confluence:

- For a perturbation of a singular fiber of Kodaira type I, into a singular fiber of
type I,_. and e singular fibers of type [; we will give an explicit example by giving
formulae for gs and g3 and verify the fact that el; singular fibers are created by
using the discriminant, see section 1.2.

- For all singular fibers of Kodaira type I, with b < 6, not of the above type, we are
able to give explicit examples, again by giving g, and g3, moreover we will give the
roots of the geometric discriminant A explicitly.

- ForI; =I5+ 15, I; = Iy + 15+ I; and Iy — I + I; we again use the discriminant,
however we are no longer able to give g and g3 explicitly. Instead we give equations
which the coefficients of the polynomials g, and g3 must satisfy.

- For every other confluence we will use the combination of the Weierstrass prepara-
tion theorem and the implicit function theorem to prove existence of the confluence,
this method is very implicit when it concerns the coefficients of g, and gs. *

Ib_>Ib—e+Il+--'+Il:Ib—e+€Il

We will give an outline of the argument for existence of all confluences of the form
Ih = Lhe+ L +...+11 =1,_. + el;. We start out with a singular fiber of type I, in
the origin. The g, and g3 yielding the singular fiber I, are found by setting the first b
coefficients of the geometric discriminant A to zero consecutively. Allowing the final e
coefficients of the b coefficients set to zero to be perturbed into nonzero values generally
yields a singular fiber of type I,_. and e singular fibers of type I;.

The actual proof of existence will be given by the construction of examples. We will for
now distinguish between b =2,...6 and b = 7,8, 9.

4Method suggested by Hans Duistermaat.
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b=2,...,6

As before we take

We choose g2 9 = 3 and thus to ensure that
A(z) = g2(2)” = 27g3(2)* = O(2)

that is to study singular fibers of Kodaira type I, we take g3 = —1. It is easy to see
using table 2.2 that setting all other g,; and g3, to zero except gs;, we create a singular
fiber of type I, in the origin. Globally other singular fibers are created as well, generally
of type I, but we will not concern ourselves with these global considerations.

Table 3.1: In this table the geometric discriminant in denoted by A and the discrim-
inant with D.

Confluence | ga(2) g3(2) Behaviour of A(z)

I, — 2L, 3 —1+ex+22 D(A(2)) = 21386%(8 + ¢2)

I; — 3L 3 —1+ez+2°  D(A(z)) = 2193306327 + €3)

I; = I, +1; |3 —1+ez2+ 22 D(A(2)/z) = 223246%(—2133 + 32¢3)
I, — 4L 3 —1+ex+2t  D(A(z)) = 283%¢ (2! + 27¢3)

I, = L+2L |3 —1+e22+ 2" D(A(2)/z) = 2133%63(2 + ¢2)?
-1+ |3 —1+e*+ 24 D(A(2)/2%) = 2233062 (213 — 2133¢)
Is; — 51 3 —1+ez+2° D(A(2)) = 2223%63(5° + 166°)

I; = I3+21; |3 —1+e*+2° D(A(z)/2%) = 2'1231263(5° + 27¢°)
IL—-L+L |3 —1+ext+2° D(A(2)/2%) = 28336¢2(55 4 27¢5)

I¢ — 61 3 —1+ez+25 D(A(z)) = 2123%655¢0(21136 + 59¢5)
Il — I +41 | 3 —1+e22+2° D(A(2)/z) = 2293%09¢>(27 + €3)?

I — I3 +31; |3 —1+e*+25 D(A(2)/2%) = 2'93%e>(8 + ¢2)3

Ig = I, +21; |3 —1+et+25 D(A(2)/2%) = 219318e3(—27 + €3)?
If—=1L+L |3 —1+e®+25 D(A(2)/2") = 28312¢2(2735 + 55¢°)

If we now perturb gs;_. that is we take g3 = € we get for each € > 0 a singular
fiber of type I,_. in the origin. Furthermore we know that the roots of a polynomial
are continuous functions of the coefficients of the polynomial, so this perturbation yields
also e new zeros near zero. Since that g2(0) # 0 as well as g3(0) # 0, and therefore
that go(2) # 0 and g3(z) # 0 for all z € D, a sufficiently small neighbourhood of the
origin, these e new zeros correspond to singular fibers of type I,. It now suffices to show
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that there are no singular fibers of type Iy, 13, ..., I., to prove that we have constructed
a confluence of I,_. + el; to a singular fiber of type I,. This can be done by verifying
that the geometric discriminant has no zeros of order greater than 1, which is in turn
equivalent to showing that the discriminant of the geometric discriminant A divided by
2’=¢ is not equal to zero for ¢ > 0. The final step, showing to non-triviality of the
A(z)/2"7¢ is done by explicit calculation, see table 3.1. We note that if e = 1 that then
this step is not necessary because we know thanks to table 2.2 that I; is the only singular

fiber where the geometric discriminant A has a zero of order one.
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b=178,9

The main difference between the case whereb =1, ...

,Gandb: 7,8,9isthat 92,1,---,0924

are no longer set to zero and we thus are faced with more complicated perturbations,

especially in the case Is — Iy +I; and Iy — Ig + I;.> We shall again give g»(2) and g3(2)

depending on € in table 3.2 as well as the discriminant of the geometrical discriminant

divided by 2°7¢. The fact that this discriminant is nonzero if the perturbation parameter

€ is nonzero implies that there are only singular fibers of type I; outside of the origin,

as before. To summarize the fact that the discriminant of the geometrical discriminant

divided by z~¢ is nonzero implies that we have found a confluence of type I, — I_.+elj.

Table 3.2: In this table the geometric discriminant in denoted by A and the discrim-

inant with D.

Confluence | ¢a(2) 93(2) Behaviour of A(z)
I; = 7 3+ z —1+ez —sg - %G—i- % D(A(z)) = 21Z;Z31€ + O(€®)
—ar T 2534 - 22536
I, > T, 450 | 3+2 1= 5 g e’ + g D(R2) = 58 + O(€)
_;T + 28;42 B 2%:36
I; » I3+4L | 3+2 —1—E— 24 e D(AY) = — ;T2 + O(e%)
— 5 + P —
I; - L, +3L | 3+2 -y DAY = -T2t + O(&)
—g T e+ i — ok
I; > I3+ 20, | 3+2 —1—;—%%+% 6 D(AE) = Some® + O(eh)
I, > Ig+1; |3 _f?hg_%ﬂzi_% DR = 12 O(%)
r—le+h (342 —l—=5 o taim o) = grmgme +
— ot T 25—; — % + €25
Iy — 8L 342432 1 Efer- 32 D(A(z)) = —21334772017 8
423 4 24 - + O(e)
Is — I+ 6l | 342+ 22 —1— 232 4 ¢ D(RE)) = 2193459017 ¢T
423 4 24 R S S + O(e®)
Ig — I3+ 5L | 342+ B2 ~1-2- 3= D(22) = 212334552017 8
+23 4 24 ST |t B 2 + O(€)
Iy — I + 41, | 342+ B2 -1z 3= D(2Y)) = 2193292017 ¢
+23 4+ 24 ~Tle _Fe et -2 + O(e%)
Iy — Iy + 31, | 342+ B2 -1z 3z D(22) = 2103279017 ¢!
+23 4 24 —%—%—éqLezf’ + O(€%)
Is — I+ 20, | 342+ 32 —1-z- 32 D(2E)) = 2113192017 ¢
+23 + 24 ~Tle _FE 2 4 ef + O(eh)

5The Weierstrass model for global configuration Iy 3I; used in the construction of the confluences to

a singular fiber of type Iy was pointed out to me by Hans Duistermaat.
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Table 3.2 — continued from previous page

Confluence | go(2) g3(2) Behaviour of A(z)
73z z _ 37+2:3¢ .2 A(z) 330923.313 €2
k—=I+0L |34+2+55 —1-35—55>z D(=5) = *—%
-3142-32
+ez? + 23 +z4 —I3l4as 8 + O(e)
_2:194223¢+¢€2
292 2323
2°3“—¢e“ 5
T TaoizE <
243342333¢45.7¢2 4263 _6
2533 <
1 z 1 z 53 A(z)y _ 5941
19_>9:[1 ﬁ—i_g _2333_2232_2332+ D( > >_243806 +O( )
22 71124 1325 2714326
tez+ 3 tos T 2334
52323 76724
32 2232
1 z 1 z 522 A(z)y _ 775938 6
I9 - 12 + 711 12 3 792333 T 9232 T 9332 D( ) ) - 212367 + O( )
2 11 4
= +ez? + 23 + 7235
52323 7672 _1_1325 2714325
32 2232 22 2334 ) A( ) a5
1 z 1 5z Z)\ _ 59 6 7
Iy — I3 + 61 12 T3 _2333 - 2232 - 2337 D( 23 ) = 59360€ T O<€ )
+z2 + 2 4z + 7-112*
7 TEx —553 233
52323 76724 +1325 271432
32 2232 22 2334 AG) S
1 z 1 z 3 Z)\ _ 5°59 4
Iy — Iy + 51, 12 T3 3333 T 3232 2332 +z D( = ) = 16350 € T O( )
22 5-232° 7-112* 1325 2714326
+5 2 32 T T 2334
767z 4 EZ
1 z 1 z 3 Az)\ __ 255929 3
Iy — I5 + 41, 12 T3 — 3333 2232 - 2332 +z D( 25 ) = 319 + O( )
22 5-2323 7-112* 13z
T3 R +im tet +
7672 4 2714326
I 2232 - 1262 - 2334 A( ) v
1 z 1 z z __ 59
Iy — I + 3L, 3t3 _2333_2232_2332 + 2 D( 26 )—263406 +O( )
22 5-2323 7-112* 1325
+3 _4 32 + 233 + 5 22
7-67% 4 5 27143z
- 2232 - 6€Z +€Z 2334
1 z 1 z 3 A(z)\ _ 225924
Iy = I +20 | 5 +3 _W_W_QW"'” D(57) = e+ O(€)
2 5-2323 7-11 13
+5 - 2 I+ et + 1
. 4 6
— T — 12¢2 +2e2° — 20582 —i— ez6
1 z 1 z 522 ez 3 A(z)\ _ 5920
ly—Is+hL | 5+35 _W_W_2332+2_3+Z D(=5) = S + 0(e)
1—e)z2 7. 11 e(24e)z? 1325
52323 232 (2 5 13-3%¢)z5 2714326
+ Z - 2232 T T 9334
7. 672 3e(2+€)2* €(233—3-5¢+3¢2)26
gt 22 + 233
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Confluences found by explicit calculation

In some very rare cases we are able to find a very elegant geometric discriminant which

factors. In these cases the zeros of the geometric discriminant are easily found by explicit

computation. From the fact that only I;, may merge into a I, as mentioned above, we

derive that zeros of order b; correspond to singular fibers of type Iy,.

listed in table 3.3.

These examples are

Table 3.3: In this table the geometric discriminant in denoted by A

Confluence g2(2)  g3(2) A(z) Roots near z =0
I, — 21 3 14 <2 —522(22 + €)*x 0,0,
+e23 4 24 (— 8—1—22€2+4ez + 42%) €/2,¢/2
I —>I;+1, |3 —14+££ — 32322 + €)?x 0,0,0
tezt + 2P (— 8+z362~|—4ez +42°) €/2, €/2
I; —»2L+1 |3 —1 +e2? —3,22x 0,0
BOD B4 (26— 3 2Y332 4 227 (e/2)13, (¢/2)/3,
(—4 +2e22 — 3.21/32/3;3 1 2,5)  _22/3¢1/3
Is—Li+I, |3 1+ €2 — 32422 + €)®x 0,0,0,0
+e2° + 20 (—8 + €22 + 4e2° + 425) €/2, €/2
Ig— L+, |3 —1+4€ —3 % 0,0,0
+1; —32622//33 A28 (26 —3-2Y36282 4 22%) x (e/2)1/3, (e/2)'/3,
(—4 4 2e23 — 3-21/3e2/3,4 4 2,6)  —22/3(1/3
I — 2L, + 21, | 3 —1+ ;’;34;;1 2 802 0, 0,
HIE. Y (3- 31/3 13 _ 93¢, 1 93,0)x L(QU3¢l/3 4 j25/6¢1/3),
(=24 4 21/33¢4/3,2 1(/3¢l/3 _ 95/6¢1/3),
+23e23 4 2320) 2;7;, 2;;2
Is — 3L 3 1+ 522 —3122(22% — €)2x 0,0,
—ezt + 26 (=23 + €222 — 222t + 2229) V5 V5
V5 i
Ig — 213 3 —1 4323 —2723(2 + €)3x 0, 0,0,
+3e224 (=24 25+ 3250+ 32" + 2213)  —¢, —¢, —¢
+3€z° + 28
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Confluences and the discriminant

The following confluence are not unlike the previous set given, however the perturbation
parameter will now generally be a solution to some polynomial equation. Moreover since
the polynomial expressions are so complicated the roots can no longer be given explicitly.

I7 — I5 + 12
We consider a Weierstrass model determined by

g2(2) = 34 2% + 2*

We now note that for €,7 = 0 the geometric discriminant behaves as follows

A(z)\ 372207
D( o7 ): 926

This implies that the singular fibers outside the origin are of type I;. From continuity
we may conclude that these singular fibers do not merge for sufficiently small €,7. We
note that

Az) = 2-3%2° + O(2%)

A 14
D< (Z)> = %(2207 —203.7.31e + 273%5¢% 4 21237¢*

+2°3 - 257n + 29335en — 2M1357%n + 21 3%)% 4 2133%en?
+ 29357]3 . 2123667]3 4 21236n4)3(2433€2 _ 273463 - 243664
+ 273765 — 213% + 2'3%¢p

+203%2y — 213°5 . 7’y — 223 - 5211n? + 2°325 - Ten?

+ 22352 11en? — 222089 + 273 - 52en® — 233*5%¢*n?

— 243 5%t + 223%5%en? -3 - 5°).

We wish to set D(A(z)/2°) equal to zero because this would imply that A is of the

following form
A(2) = 2°(2 — 29)*u(2),

with zp and u(2) is a unit in a small neighbourhood of the origin and depends on € and
1, 2o is zero for €,n = 0 but not identically equal to zero. This in turn would imply that
we have a singular fiber of type I, and a singular fiber of type I5 in the origin, apart from
some singular fiber of type I; some distance from the origin. To find a solution curve
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running through the origin in the €, n-plane such that D(A(z)/z°) = 0 it is sufficient to
find a solution curve running through the origin in the €, n-plane of

21332 — 27313 — 213061 427375 — 2137y 4 213%en + 263%6%y — 21355 - 7%y
—223.5%11n% + 2°3%5 - Ten® + 2%2315%116%n* — 222089n°
+273 . 5%en® — 23345323 — 213 . 5% + 22335%en? +- 3 - 5% = 0.
Such a solution curve obviously exists.
Ig — 16 + 12
We consider a Weierstrass model determined by

2
z
g(2) =3+ = +e?+ 22+ 21

12
: 142:3¢, 142:-3%, 234+, —234¢ .
93(2) =l =5 = oy T g 7 T T amg ¢ T g ¢ T

We note that for €, =0

A
D< (2>) — 920315, 73. 101

and in general

253% + €2 — 263 + 2°33%
= ya

A(z) -

+ O(27).
Furthermore we have that

A 1
D( (z)> = (—2°3% — € + 2¢°n)? x

25 9252312

(—2'3% + € — 2'3°p)( — 2°3'5- 73 - 101 + O(e, n)).
By the same argument as before choosing a solution to either
—2°3%¢ — 2 + 2% =0

or
—213%e + & — 2133 =0

gives us a confluence of type Iy — Ig + I5. It is remarkable that we are able to chose

between two solutions, even in this restricted setting.
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I7—>I4+12—|—Il

We now consider a Weierstrass model detemined by

g2(2) = 34 2% + 2*
21—
gg(z):—l—E— 5 22+

26

233

We note that for ¢, =0

D(A(z)) _ 372207
226

and in general
A(z) = 3321 + O(2°).

Since we are interested in a confluence of type I; — I4 + Iy + I; we have to prove that A
behaves as follows for a certain curve in €, n-space, going through the origin,

A2) = 24z — 21)%(2 — 22)u(2),

where z; and z, are unequal to zero and to each other for a point on the curve not equal
to the origin and u(z) is a unit. To achieve this, it is sufficient to show that there exists

a curve 7 in €, n-space going through the origin such that

o)

ol

but

We note that if

o)
o(25)

have only €,7 = 0 as a common zero in a neighbourhood of the origin in the ¢, n-plane,

and

that is if the resultant of these two discriminants as a function of 7 as well the resultant
of these two discriminants as a function of € is zero, it is sufficient to find a curve v in

o)
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the €, n-plane such that

=0.
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We first fond the discriminant of the geometric discriminant divided by z*

D (Az(f)) :2—; (2207 — 2193 - 5e + 2°3%59¢” — 2°3117¢” + 2°3%€! 4 2°3 - 25Ty
— 2°3%179en + 2°37e*n — 2937’y + 2M3%n% + 2737 + 2123%)) x
(—2037€* +273°37¢® — 789 - 2213¢* + 2°3 - 3361c” — 273°41€° + 2°3 - 61€”
— 20357 . 31€%n + 263%5.. 23 - 103 — 203 - 19259¢n + 20325 - 2516
— 212325y — 29362 — 28327 . 17 - 31?1 4 2133180776 n? — 2°32383¢'n?
+ 2103219¢65? — 29336592 — 212357 — 293%er® — 2933491623 + 293%61€%°
—293.233¢*n® — 219352 110" + 213%17en* — 2°33001%n* — 2'93%5 - 1963 n*
+ 21345ty — 2103451 — 21033908915 4 219315213en® + 219335%136%)°
_ 210345263775 _ 2123453776 + 2835536776 + 283455778)

r (A2 p(ALE) _
(2(%2) 2(%7) =
(o502 -

where R, indicates the resultant with respect to €, R, the resultant with respect to n and

ce and ¢, are constants. We may now conclude that a solution curve 7 to the equation

and then the resultants

0=—203"€ 4 273937¢> — 789 - 2213¢* + 2°3 - 3361€® — 2733415 + 203 - 617
— 26357 . 31€%n + 2°3%5 - 23 - 103€3n — 263 - 19259¢*n + 26325 - 2516%y
— 2123260y — 2930en? — 28327 . 17 - 31e%n? + 2*3%180776%n? — 293%383¢*n?
+2193219¢%n* — 29335 — 212353 — 293%en® — 293%491¢%® + 2°3%616%)°
—293.233¢'n® — 219352 110" + 21341 7en — 25313001%n* — 219335 - 19¢3p*
+ 2M1345¢4nt — 210325t — 2103%20897° + 2193%5%13en” + 219335%136%n°
_ 210345263775 - 2123453n6 + 2835536n6 + 283455778

has all desired properties.
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Confluences and the Weierstrass preparation theorem

All confluences other then the ones mentioned above will not be given explicitly, but
existence will be proven by making use of the Weierstrass preparation theorem and the
implicit function theorem. As mentioned in section 1.1 it is sufficient to investigate the
behaviour of the Weierstrass polynomial of a function f(z) to deduce the local information
about the zeros of f(z). In the following the geometric discriminant A(z), determined
by
A(2) = go(2)? — 27g3(2)?

will play the role of f(z). As in section 1.1 we allow the perturbation parameter, denoted
by 4, to be higher dimensional. In explicit examples we will denote the perturbation of
each coefficient of the polynomial g, and g3 by a different Greek letter. We shall take
92(0), g3(0) # 0 and A(z) to have a zero of order b in the origin for § = 0, corresponding to
a singular fiber of type I, in the origin. We will prove the existence of a (one-dimensional)
curve in the perturbation parameter space §, denoted by ¢’, and thus the existence of

C1,6/,C2,6y---Cpg! in
b b—1 b—2
W(;/(Z) =2z + C1,6'2 + Co.5'2 + ...+ Cp,6',

such that the W(z), for ¢’ # 0, has zeros of the desired orders by,...,b;. The fact
that W (z) has zeros of order by,...,b; is sufficient to conclude that we are faced with
a confluence Iy — Iy, + ...+ I, since a singular fiber of type I, can only be perturbed
into some Iy, ... I, with by + ...+ b; = b. The existence will be proven by giving a set
of equations on ¢ 4...¢p5, seen as equations in d, such that if they are satisfied Wj(2)
has zeros of order by,...b;. The existence of a solution curve ¢’ of these equations will
be proven by applying the implicit function theorem. Below we shall give the implicit

function theorem as formulated in [1]:

Theorem 3.2.1 Assume W to be open in C"xCP and f : W — C" complez-differentiable.
Let

(2%, y°) e W, f(a%y°%) =0, D, f(z%y°) € Aut(C").

Then there exists open neighbourhoods U of 2° in C* and V of y° in CP with the following

properties:
for everyy € V there exists a unique x € U, with f(x;y) = 0.
In this way we obtain a complex-differentiable mapping: CP — C" satisfying
YV — U, with Y(y) = x and f(x;y) =0,

which is uniquely determined by these properties. Furthermore, the derivative Dy (y) €
Lin(CP,C™)of ¢ at y is given by

Di(y) = —=Dof (¥(y);y) " o Dy f(¥(y); y) (yeV).
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We will give the full proof for the first confluence but we shall not repeat the argument
in full for the following cases.

I; = I4+13

We start with a Weierstrass model defined by

g2(2) =3+ 2%+ 2*
3 4 6
g3(z):—1—z——z—+€z4+nz5—z—

56
2 79 933 T 0%

so that

32 32
Az) =2- Bz +2-32° +2-3%02° + <E + 336) 2T+ <§ + 3% — 33 + 3377> 28

1 5 3
+ (— §+335+ (3° —2-336)n>z9+3(§+32(1 —26)5+2—§ —32772)210

32 3 11 3 1 2 12

It is clear that for €,n,0 = 0 we find a zero of order seven in the origin, corresponding to
a singular fiber of type I7, but for € # 0 we find a zero of order four, corresponding to a
singular fiber of type I;. From the Weierstrass preparation theorem we deduce that the

geometric discriminant must be of the form
a(.3 2
Az) == (Z t Clens?” + Coens? + 037677775)2167,775(,2)

where we made the dependence on the perturbation parameters obvious by the under-
indices and where u is again a unit in a neighbourhood of the origin. We note that the
product of z* and the third order polynomial has been called the Weierstrass polynomial®
and we therefore use the notation

3 2
W€7n76(z) = Z —|_ 0176’77762 + 027677775Z + 037677776

and refer to W, s as he reduced Weierstrass polynomial. Our aim is the prove that there

exists a curve ¢’ in the €, 7, -space so that

Wens(2) = (2 = 2060)°, (3.1)

where 2, 5o is equal to zero if and only if §' is at the origin. Equation (3.1) is equivalent
to

01767,,796 = _320?677776
2
62767"776 = 3(207677775)

C3.em,6 = _(ZO,e,n,6)37

6See also section 1.1.
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which in turn yields

1
C2,en,8 — g(cl,e,n,é)z =0
1
C3.em,d — 33( 1 6,’[776)3 =0. (32)

We shall now view this equation as an equation in the variables €,7,d. To prove the
existence of a solution curve ¢’ in a neighbourhood of the origin, it is sufficient to prove
that

1 1
_<Cl,e,n,5)27 C3,em,d — 33

3

where D indicates the total derivative with respect to two variables, any combination of

D(C2,e,n75 - ( Cl,em,6 ) )|0 S Aut((CQ),

e, n and 0 will do. In the following we will not indicated these variables explicitly. Since
the value of ¢, is zero at € =7 = d = 0 we need to establish that

D(c2e5: C3.em5)l0 € Aut(C?).
Alternatively we may also prove that the rank of
D(c275777,57 6376777’6)

is maximal, in this case D indicates the total derivative with respect to €, n and §. We
shall always assume we take the derivative at zero, we shall make this explicit no longer.

We now determine ¢y 5, C2.cns and cscps perturbatively by making use of the Weier-
strass preparation theorem. We have that

Acns(z) = Z4Wem,5“6m,5(2)

so that
a@ A s(2) = aﬁ(z‘lWem,a(Z)uem’ <§€W,77 5( )ue,n s(2) + Z4WE’W75(2)%UEM,6(2>
;Aen, (z) = 62( Wens(2)tiens(z <£7We )uen5< )+Z4We,n,5(z)a%ue,n,a(z)
Sy ens(2) = (Wi ens(2) = (G5 Wensl) Jtansle) + Wonale) Gitens(),
We are only interested in a neighbourhood of the origin in €, 7, J-space, so we consider
B Dlo = (5 Wense) sy + W) 5t
5 Bans()ly = (5 W) Jtansl]y + 2 Wos2) 5 s,
0 0 0

%Aem(z) =7 (%Ww,&(z))uem,é(z) |, + Z4W6,n76(2)%u6m75(2) -
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If we now also note that W, 5(z)]o = 2*, this equation reduces to
0 0 0
&Aem’g(z) ‘0 = 24 (aWE,n,5(2)> UEM(;(Z) ‘O + 27Eu6m,5(z) |0
0 0 0
8_7]A6’"’5(Z> ‘0 =z <8_77W6’n’5<2)> Uep5(2) ‘0 + 278_nu6’"’6(z)|0
0 0

0
%Aem’g(z) ‘0 = 24 <%Wem75(z)> Uey5(2) ’0 + 27%116%5@) ‘0.

The unit around zero is determined by

Ae,n,é(z)

o7 = ue,n,5(2)|07

0

which together with the previous formulae implies that the first derivatives of W, 5(2) at
the origin can be determined from the fourth through seventh coefficient of the polynomial
A(z). From this we may deduce that

1
W(z) =2*+ (% — 61 + 125> 22 4 (—6€ + 12n)2 + 12e + O(| (e, n, §)|?).

This implies that the rank of
D(C276777’67 0376777’6)
is maximal, which means that we have proven the existence of a curve ¢’ such that
A — A, _ 3
5/(2) z (Z 2075/) u(;/(z)

and thus the existence of a confluence of type I; — I4 + I3.

Let us now reflect on this proof. We did focus on a confluence of type I; — I + I3 and
thus imposed the equation (3.1). If we would have been interested in a confluence of type
I; — I, + I, + I; we would have imposed for example’

Wens(2) = (2 = 20,0.8)° (2 + Zo.emes)

This would have altered the coefficients in (3.2), but it still would have been sufficient to
prove that the rank of

D (62,6,77,67 C3,e,77,6)

is maximal. So in fact we have also found an alternative method to prove the existence of
confluences of type I; — Iy + I, +1; and I; — I, + 1y + 11 + I;. More generally it indicates
that in general the existence of a confluence of type I, — I,_. + I, implies the existence

"It is practical to let the position of all roots depend on one parameter to make sure we can distinguish
roots.
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of a confluence to type I — I + 1o, +... + I, with e; + ... + ¢; = e. Moreover we
may conclude that the existence of a confluence of type I, — I,_. + I, seems to imply the
existence of a confluence of type Iy — Iy_o + 1., +... + L, withe; +...+¢; = ¢ <e, in
this case we simply impose that 2¢~¢ factors We,n,5- We shall for now continue to write
out all individual cases for I, — I,_. +I.. The method to find W, 5(2) perturbatively in
e,n and 0 clearly applies generally and we will not repeat our discussion in every example.

I, -3+ +1

We consider a Weierstrass model defined by
g2(2) =3+ 2% + 2*
=1 (1) - (- (1)
This gives us a geometric discriminant of the form
A(z) = 22W(2)u(z),
where, by the same method as above, we can derive that

W(z) =2 + 122 + cp2® + 3z + ¢4

10 5 10
=24 4 (126 + 76 — 6y — %’0) 3 4 (—6e + 125 + T@)Zz

+ (12¢ — 6¢)z + 129 + O(|(¢, 1, (5)|2).

We will impose that
W(z) = (2 = 20)*(2 + 20)?,

where zy depends on the perturbation parameters, which is equivalent to imposing
=0 03—404:() c3 = 0.
Because the rank of
D(cy, 3, —4cy)

is maximal, there exists a solution curve in €, 7, d, p-space such that W (z) is of the said

form for this curve.

17—>12—|—12—|—12—|—11

We consider the Weierstrass model defined by
g2(2) =3+ 2° + 2

g3(2) = —1+oz+12% — <% —¢>23 - <% —e>z4+nz5 — (2—14 —(5>z6.
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This gives us a geometric discriminant of the form
A(z) = z2W(z)u(z),
where, by the same method as above, we can derive that

W(z) =25 + clz5 + 02,24 + 0323 + 0422 + c52 + cqg

10e 1o 59 109 1090 10 5
=5+ (1204+ — —6np— — — =+ — )" + (- 12 IO
2% 4+ (126 + 3 6n 52 6 108 )2° 4+ (—6e + 12n + 108 3 6)z
5 10 10
+ (12¢ — FU — 6¢ + Tw)z?’ + (TU +12¢ — 69)2% + (=60 + 121))2 + 120.

We will impose that
W(z) = (z — 20)*(z — 6%2’0)2(2 — e_%zo)Q,
where zy depends on the perturbation parameters, which is equivalent to imposing
cg =0 co =0 c§—466:O cy =0 cs = 0.
Because the rank of

D(Cla Co, Cy, Cs, _406)

is maximal, there exists a solution curve in €,7,d, ¢, 1, o-space such that W (z) is of the
said form for this curve.

17—>I3+13+11

We consider the same Weierstrass model as the Weierstrass model for I; — I +1,+ 1o +1;
but impose that
W(z) = (z — 20)*(z + 20)°,

which is equivalent to
cp =0 c3 =0 304—0320 cs =10 9cg — cocy = 0.
Again we may derive that the
D(cy, c3, ¢4, ¢5,9¢6)

is of maximal rank and thus a confluence of type I; — I3 + I3 + I; exists.
17—>13+12+11+11

We consider the same Weierstrass model as for I; — I3 + Iy + Iy, but impose
W (2) = (2 = 20)* (2" + 25),
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which is equivalent to
2cy — 2 =0 cg — 222 =0 2%, — ¢l = 0.
Again we may derive that the rank of
D(cq, c3,¢4)

is of maximal rank and thus a confluence of type I; — I3 4+ Iy 4+ I; 4+ I; exists.
I7—>IQ+12+11—|—11—|—11

We consider the same Weierstrass model as for I; — I3 + I3 + I;, but impose
W(2) = (2 + 20)*(° — 25),
which is equivalent to
deg —c2 =0 23c3 — =0 ey +c=0 25¢c5 + ¢ = 0.
Again we may derive that the rank of
D(ca, c3,¢4,C5)

is of maximal rank and thus a confluence of type I; — Iy + I + Iy + I} + I; exists.

This completes our discussion of the possible perturbations of singular fibers of Kodaira
type I7.

In the following we will no longer give the explicit expression which we will impose on
W (z) but we suffice by giving the defining equations of the Weierstrass model, g>(z) and
g3(2) depending on some perturbation parameters. The go and g3 are chosen such that
for all perturbation parameters zero of the discriminant A(z) of order b — e is fixed in
the origin, yielding a singular fiber of type I, but if the perturbation parameters are set
to zero we find a singular fiber of type I, in the origin. Furthermore we will give

W(z)=2°4+c12 4+ .. +ee.

In our examples we have always made sure that dimension of the space of perturbations
is greater then e and the rank of

D(cy, ..., ce)

is maximal. As we remarked before this is sufficient to guarantee the existence of any
confluence of type Iy — I + I, +... + 1., withe; +... +¢; =¢

18—>I5+Iel+...+Iej,With€1+...+ej:3
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We choose our Weierstrass model to be defined by

g2(2) =3+ (14 €)z+ (7—3 + 0+ 61/1)22 + (1+9)2% + (1 + ¢)2*

12
gi(2) =~ 1= 21+ 0z — o (L2 +12(0+ (147201 +v)))) 2
+ ﬁ(a +6)° —216(1+¢) — 36(1 +€) (9 + %(1 +72(1+ ¢))>)z3

_ 34—156<<1 ) F1TB(1+ ) +288(1 + €)1+ ¢)

—24(1 4 6)2<0 + %(1 +72(1 + w))) - 144(9 + 1—12(1 +72(1 + @/»)))2)51
LS

so that the geometric discriminant is of the form
A(z) = 2°W (2)u(z),

where we may derive that

Wi(2) :z3+(5+6n+¢+2¢>32+(65”_%%_%)2)2

61—+ g + 3¢ + O(|(e, 1,8, 6, 1, 0)2).

ISHLL—FIEI+...+Iej,With€1+...—|—€j:4

We choose our Weierstrass model to be defined by

g2(2) =3+ 2+ (E + 0+ 69)2% + (1 +)2° + (14 ¢)2*

12
> 3T460+36p , 21T+1804+216¢ 5 25 )
——1-Z_ — (=
93(2) 2 12 & 216 F (9
1
- <§ - 77)755 + 5Z6)

so that the geometric discriminant is of the form
A(z) = W (2)u(z),
where we may derive that

73
W(z) =2+ (6 + 60+ ¢ + 2¢)2° + (65+66+n+29+—¢+13¢>22

12
0 73 37

18—>13+Iel+...+Iej,With€1+...+ej:5
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We choose our Weierstrass model to be defined by

73
g2(2) =3+ 2z + (E +0+60)22 + (1+v)2° + (1 + ¢)2*
z 37+66’+36@/}22 B (217 —a>z3 B <25 >24

—_1-Z_ i =
95(2) 2 12 216 2 ¢

1
- (§ - n>z5 +62°,

so that the geometric discriminant is of the form
A(z) = 22W(2)u(z),

where we may derive that

20 9 1) 736
) = 2 - 4 v 3
W(z) == +< S0+ = oo 3>z +(65+66+n+26+ = +13w)z
145 370 394
+(6a+e+6n+9+¢+ 12 )z +(Oz+66+ B + 30+ 5 )z

0
—|— 60[ + 5 + 61# + O(’(a7€7n757¢7w7e>’2)'

Ig—>12+Iel+...+Iej,With61+...+6j:6

We choose our Weierstrass model to be defined by

g2(2) =3+ 2+ (% + 0+ 61)2" + (1 + )2 + (1 + ¢)2*

=15 () () (5
— (% — n>z5 +62°,

so that the geometric discriminant is of the form
A(z) = 22W (2)u(z),

where we may derive that

20 3 51 23 50 73
_ .6 = M R V5] el hd it 4
W(z) =2 +< s tg Tt o+ 3)2 +( o H 00+ 6etn+ o+ +111/1>z
1459 4 730 50N
+<6a+e+6n+9+¢+ 5 >z +(a+66+6e+§+3¢+7>z

+ (6o + B+ 04 90)z + 60 + 30 4+ 18¢ 4+ O(|(ev, B, €,1,8, ¢, 0)|*).
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Two remarks are now useful. First if we consider the parameters of g and g3 as our
variables® we may consider the sets in this space such that g, and g3 define a Weierstrass
model with singular fibers of some given type for example Ig + 5I; (here we switched
from the local to the global point of view). These sets are algebraic subvarieties with
other algebraic subvarieties cut out. We might be interested in knowing how the set
corresponding to Ig 4 5I; is attached to the set corresponding to lets say I5 + I3 + 5I;.
We now note that in our examples we have chosen the space of perturbations bigger then
necessary, this should give us a lower bound on the dimension of the set corresponding
to for example I5 4 I3 + 5I; attached to Is + 511, namely the dimension of the space of
perturbations minus the number of variables necessary to fix the type of the confluence,
in this case 3.

Secondly, as remarked before, the existence of the confluence of type Is — Iy +1I,, +.. . +1c,,
with e; + ... 4+ ¢e; = 6, implies the existence of any confluence of type Is — Ig_. + I, +
..t 1, with e; + ... + e = e < 6. Let us formalize this point of view in the following

lemma:

Lemma 3.2.2 Let the geometric discriminant be of the form
A(z) = 22W (2)u(z),

where u(z) is a unit, W(z) a polynomial, which we shall refer to as the reduced Weier-
strass polynomial, and both W(z) and u(z) depend of some perturbation parameters

01,...,0m. Furthermore if we write
W(z)=2"2 42"+ .. + o,
the mazimality of the rank of the jacobian
D(cy,ca,...,0)o

implies that every confluence of type I, — I_.+1., +. . AL, withey+...+e; =e < b—2
exists.

Proof To prove the existence of any confluence of type Iy — I + I, + ... + I, with
e1+...+e; = e < b—2it is sufficient to prove that there is a curve ¢’ in d1, o, . . ., d,,-space
such that W (z) is of the form

W(z) =2"""(2 = ™20 5, 53,..00) (2 — €7 20,51,63,.6m) - - - (2 — €% 20,516,006

8We focus on the projected g, and g3 and ignore the equivalence of several projected go and g3 due
to the fact that they originate from the same polynomials in homogenous coordinates.
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where we impose that the 6; € [—m,7) are fixed and 0; = ... = 0., Oy 11 = ... = O,
ey 0,141 = ... =0 and no other equalities occur. Imposing this means that

W(z) =2"""2(z - eiGOZQ 51,02000m ) (2 — ez, 51,02,0m) - - (2 — ez, S100m)
= 22— 2 4 €) 20 5, 60
+ 272 (e L et
o (R g (€7 )

= 202 + clzb*?’ + ...+ Cp_2,
in particular we have that

10, 10¢
cr=—(" 4+ ...+ €")20,5,5....0m

_ 0o 161 10c_1 10c\ 2
o= (e 4+ ... +e e )2’07517527._.75m

Ce = (_1)628, 51,(52,...,5m(6i90 s 6i98)
Cet1 = 0
cp—2 = 0.

If we pick? the ;s such that (e + ...+ e%) # 0 we may use the first equation above to

substitute the zo s, 5,5, if all of the above equations, where the equation does not read

¢; = 0. This implies that it suffices to impose equations of the sort ¢; = 0 or ¢; — ] = 0,
where a; = (e ... ei-1 4. 4 eWlemitr | ) (e + . 4P )7, Like in our extensive
discussion of the confluence I; — I4 + I3, we have that the maximality of the rank of the

Jacobiant?
D(Ch Coy ... 7Cb)‘0
implies that
D(cy — ozgc%, o e-2)|o

is an automorphism of C*~3, which via the implicit function theorem yields the existence

of a solution curve ¢’ and thus the confluence itself. O

This lemma renders all proofs above superfluous, with the exception of the confluence
I; = 3L+ and Is — I + I, + ...+ I, but writing out the first examples explicitly

improves our intuition.

Taking the result of lemma 3.2.2 to heart, we will confine ourselves to discussing the
confluence Iy — Iy + 1, +... + 1, with e; + ... +¢; = 7, in the same manner as above,
since discussing all possibilities for the first singular fiber is too cumbersome.

9This is not strictly necessary but this simplifies the argument somewhat.
10We assume we derive with respect to the right number of coordinates.
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Ig—)12+lel+...+Iej,With€1+...+€j:7

We choose our Weierstrass model to be defined by

l2) :<12+236)4 N (1+Oc)§1+5)3z+ <%+n>22_ (55223 _A>23_ (722;327 _5)Z4

Qror_ Qeoliesf, (s

93(2) == 9333 o 9232 9332 _E)Z2+ (1+7)(1+ﬁ)32’/3

711 . (13 . (27143 .
+(233 +¢)Z +(§+L)Z —(23—34—:"€>Z,

so that the geometric discriminant is of the form

A(z) = 22W (2)u(z),

where we may derive that

W(z) =2"

B 245293 (378116 +2-5- 59%a + 29 - 5923 + 2%3%59% — 3 - 591 + 2320
— 2%3%k +2-3%5 - 41))2°

a 2435293 (323838 — 22592 — 235923 + 2 - 325 - 41y — 223%, — 2237k + 32811\
— 3%2383¢)2°

- 2435293 (233129y —2-3%50 +2-3-5-4la +2- 230713 — 3% - 811 — 2%3%,
— 2°3%% + 37383\ — 223°¢) 2

+ S8 (223%y 4 3256 — 811a — 18710 — 2%3329¢ — 3 - 383n + 2733, + 2 325\
+ 223%9)2*

+ Jings (237 +3%0 — 11190 — 2595 + 2°3%e + 2 35 + 3750 4 2°8%9) 2

+ 245393 (228%y + 3 - Ta + 2°50 + 273" + 3251 + 32))2

+ %493(204 + 78+ 223% 4+ 3n) + O(|(a, B,7, 6, 6,1, b, 1, k, N)[*).

This completes our discussion of confluences to a singular fiber of Kodaira type I,, we
shall summarize our result in the following theorem

Theorem 3.2.3 Fvery type of confluence of singular elliptical fibers on a rational elliptic
surface of type 1y, into a singular fiber of type 1, with b =" b; occurs.

7



Our method does not rely in any sense on the rationality of the elliptic surface. We
therefore conjecture that theorem 3.2.3 also holds for K3-surfaces. Using the method
above this conjecture should not be very hard to prove.
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3.3 Confluence to singular fibers of Kodaira type II,
[II and IV.

In this section we shall give examples of every imaginary confluence to a singular fiber

of type II, IIT or 1V, except IV — 2I,. The properties of these examples will be verified

by explicit calculation, as can be seen in table 3.4, with the exception of the confluences
IV — II+2I; and IV — Iy +2I;. The confluences of type IV — I1+2I; and IV — I+ 214
are treated separately and rely on the same discriminant argument as used before. We

will prove that there exists no confluence of the type IV — 2I,, by using monodromy

considerations, not unlike the considerations seen in [9].

Table 3.4: In this table the zeros of the geometric discriminant are denoted by zp.
Confluence 92(2) g3(2) zeros zo of A(z)  ga(20) 93(20)
M-I+ |e z +5 e +5
1 — 314 z € 363/2,363/26i2‘§ 3e3/2, 363/ %¢ 5 €, €
M- T+ 1 | 2+ 3 < 4 e 0,0, —2 3¢%, 3¢2, 3¢ e, e, —<
I —-1I+1 |z €z 0, 0, 27€2 0, 0, 27¢2 0,0, 27¢
IV — 41, € 22 :I:;i;i, i’:;;//: €, € ;Z%, —;;%
Vo410 | 26022 2246 0,0,0,(2)*" 3232 32, & € 6

62 € 3
+3¢€2 —61/2¢3/2, 5 —(g) .
IV - III+1 | ez 22 000, 33 OOO,;—3 0,0,0, 5
3 4 6 6
IV —II + I2 €z 22 + 2623Z3 0 07 22357 2;:35 O 07 22337 2533 OJ 07 25367 2536
IV — 211 0 z(z —¢€) 0,0, ¢, ¢ 0,0,0,0 0,0,0,0
IV — I, + 2L
We choose
z€ez
g2(2) = - + 3¢
€z
gg(Z) = 22 + T + 63,
so that
9 52, 1 3 4
A(z) = 16(6 —96)e”2" + 8(6 — 108)ez” — 272",

From the explicit form of the geometric discriminant we see that there is a second order

zero in the origin, by construction we have that ¢g(0) # 0 and g3(0) # 0 for € # 0, so for

e # 0 we are faced with a singular fiber of type Iy in the origin. We further note that the

discriminant of the geometric discriminant divided by 22 is

D(AZ(;)) - 63463(6 — 728,
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This implies that there are only singular fibers of type I; outside the origin, from which
we conclude that we have a confluence of type IV — Iy + 2I;.

IV — I+ 2L
We choose
g2(2) = ez
g3(2) = 2% + ez,
so that

A(z) = —27€%2% + e(€® — 54)2* — 272",

From the explicit form of the geometric discriminant we again see that there is a second
order zero in the origin, but in this case we have by construction that g,(0) = 0 and
93(0) = 0 for € # 0, so for € # 0 we are faced with a singular fiber of type II in the origin.
We again note that the discriminant of the geometric discriminant divided by 22 is

D(A(2)> = ¢4 (e? - 108).

52
This implies that there are only singular fibers of type I; outside the origin, from which
we conclude that we have a confluence of type IV — I + 21I;.

IV — 2l

As discussed in section 2.5 we may associate a conjugacy class of monodromy matrices
in SL(2,7Z) to each type of singular fiber. The conjugacy class of monodromy matrices
is associated to curves running around a singular fiber, and the class is invariant under
homotopic deformation of the curve. In this case we consider a curve running around a
singular fiber of type IV, which splits into two singular fibers of type I,. For suitably
chosen paths we have that the monodromy matrix associated to a path around IV is,
after deformation, the product of the monodromy matrix associated to a path around
the first singular fiber of type Iy and the monodromy matrix associated to a path around
the second singular fiber of type I, (see also section 2.7). We shall denote a monodromy
matrix in the conjugacy class associated to IV by My and a monodromy matrix in the
conjugacy class associated to Iy by My,. So we have that

AlMIvAfl = A2M12A51A3M12A51,

with A;, Ay, A3 € SL(2,7Z) from which we can conclude that the eigenvalues of My are
equal to the eigenvalues of My, AM7, A~!, where again A € SL(2,Z). In table 2.1 we have

been given that
0 1
M =
(00

=12
01
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If we further write

a b
A=<0d>, (3.3)

where a, b, ¢, d € Z and ad — bc = 1, we may easily derive that the eigenvalues A. of
My, AM;, A" are

A =1—2+V1+4c¢* — 8¢ — 8ac? — 4a2c2.

Ne
5
expressions for the eigenvalues yields that ¢ = v/3/2 which contradicts the fact that
ce .

On the other hand we have that the eigenvalues of My are —% + 4 Equating both

This completes our discussion of the confluence to singular fibers of Kodaira type II, I1I

and IV. We summarize the result of this section in the following theorem

Theorem 3.3.1 Of all confluences to Singular Fibers of Kodaira type 11, 111 and 1V,

superficially allowed by conservation of the Fuler number, the following occur:

Mm—-nLr+1n II—3L m—-IL+nL M-I1I+4+10 IV—-4L IV-I3+1
IV-II+15L IV-II+1 IV —2II IV —-I,+2, IV — I+ 2.

Moreover the confluence which does not occur namely IV — 215 is obstructed by mon-

odromy considerations.

Note that in a confluence to a singular fiber of type II the complementary singular fiber
IT* remains fixed in infinity. In our examples of confluences to III and IV, III* and
IV*, respectively, remain fixed in infinity. This means that we have provided an explicit

Weierstrass normal form for the following configurations in the list of Persson [10]:

I 11 I 21,  IIFII0 117 31y i, Hrrin IveIv Ive4dy vz
IV*IIL, IVFILIL, IV*2Il IV*I 2L, IV*II2L,.

With respect to our ultimate goal of understanding the stratification of the space N, we
are now in a position to give more insight into the intricate structure of the set of strata

corresponding to a configuration containing a singular fiber of Kodaira type II*, IIT* or
v

We consider a configuration of singular fibers where II* is fixed in infinity. This gives

that in affine coordinates in a neighbourhood of the origin

HSuggested by Hans Duistermaat.



where a, b # 0 and ¢ are constants. By rescaling and a so-called Tschirnhausen transfor-
mation, that is a coordinate transformation which sends z to z plus a constant to remove

the next to leading term of a polynomial, we may write

It is obvious that for a # 0 we have two singular fibers of Kodaira type I;. We find,
dividing out symmetries, that the family of configurations containing at least a singular
fiber of type II* is one-dimensional, which degenerates to a configuration II* IT for one
particular value.

Figure 3.1: Sketch of the curves in parameter space corresponding to different con-
figurations of singular fibers including a singular fiber of type III*.

We now consider a configuration of singular fibers where 111" is fixed in infinity. We now
have in affine coordinates that

g2(2) =az+0b
g3(2) =cz+d
A(z) = a®2’ + (3a’b — 27¢*)2” + (2ab® — 5ded)z + b* — 27d°,

where a # 0, b, c and d are constants. By rescaling and a Tschirnhausen transformation
on the geometric discriminant we may set @ = 1 and b = 9¢3, so that

A(z) = 2° 4+ (243¢* — bded)z + 739c° — 27d.
The discriminant of the geometric discriminant A(z) now reads
—19683 (5¢° — d) (9¢* — d)°
and the resultant of g, and g3 with respect to z
—9¢% +d.

We notice that the resultant of g, and g3 divides the discriminant of the geometric
discriminant as was noted in section 2.7. The occurrence of the third power is typical.
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We have a configuration of type III*III if ¢ = d = 0, a configuration of type IIT* I I; if
5¢3 — d = 0, a configuration of type III*II1; if 9¢* — d = 0 and a configuration of type
IIT* 3I; otherwise. A sketch of the situation is given in figure 3.1.

For a configuration including a singular fiber of type IV* we have according to Persson [10]
and our examples above the following possibilities:

IVv*Iv  1v*4L,  IVe I, IVAIILL  IVEIDL, IVR2ll IV* L2, IV*IL2I,.

The configuration which includes two singular fibers of type I5 is excluded on monodromy

grounds. If we incorporate the Tschrirnhausen transformation and rescaling, we have

g2(2) =az+0b
3
g3(2) :d+%+22
6
A(z) = —272* + ( — % + 3a’b — 54d) 2%+ (3ab® — a’d)z + b — 27d%.

In this case the discriminant of the geometric discriminant A(z) reads

~ 37038 (@0 — 54" = pda2d)” (a' — 891a%b + 240570a*h? — 10077696}° + 18954a°d

— 11337408a*bd + 272097792d”)
and the resultant of g, and g3 equals
1/54(—a*b + 54b* + 54a°d).

We thus have that the solution surface to the equation —a*b + 54b* + 54a?d = 0 encom-
passes the configurations IV* IV, IV*IIT 1, IV* 111y, IV* 2IT and IV* 1121, while its com-
plement intersected with the solution surface of a'? —891a8b+ 240570a*b? — 10077696 +
18954a8d — 11337408a%bd + 272097792d*> = 0 corresponds to the configurations IV*I31;
and IV* I, 2I;. The configuration IV* 41, is characterized by the fact that discriminant of
the geometric discriminant, in affine coordinates, is unequal to zero. Having made the
distinction between the three cases, we focus of the first. Clearly the a = b =d = 0
solution of the equation —a*b+54b* + 54a%d = 0 corresponds to the configuration IV*IV,
while the solution a = b = 0 and d # 0 corresponds to the configuration IV* 2II. If on
the other hand a # 0 we may solve the equation with respect to the variable d. Using
this solution yields

g2(2) = b+ az
4
g3(z) = i (b+ az) (a* — 54b + Hdaz)
1
A(2) = —1og (b +a2)” (a° — 216a’h + 2916b” — 5832abz + 2916a”27)
a

83



L . . o 4
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(a) The surface on which the resultant of (b) The line corresponding to the configuration IV* 211 is indi-
g2 and g3 is zero is indicated in green-blue. cated in black, for positive d the line has been dashed to indi-
The surface of which the discriminant is cate that the roots are no longer real. The line corresponding
zero but not the resultant of g and g3 is to the configuration IV* II1; is indicated in red,IV*IIII; in
indicated in rainbow colours. purple, IV*I31; in cyan.

H -5

L L L
-0.10 -0.05 0.00 005 0.10

iy L L
-5 0 5

(¢) A zoom in of the area around the origin, (d) Overview of the stratification, again with all
the different lines as discussed in 3.2(b) are lines indicated in black.

all indicated in black but can not be distin-

guished on this scale.

Figure 3.2: Sketches of the stratification of the (a,b,d)-space as discussed above.
The upper left figure sketches the different surfaces, the upper right the
different one-dimensional components. The lower figures give a more
general overview, on the left in a small neighbourhood of zero, on the
right on a bigger scale.

The resultant of b+ az and a* — 54b+ 54az, with respect to the variable z, equals a(a* —
108b). Setting this resultant equal to zero as well as using the solution for d yields the
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solution curve (a,a*/108,a%/11664) in (a, b, d)-space, with a # 0, this clearly corresponds
to the configuration IV*III1;. Setting the discriminant of a® —216a*b+2916b> —5832abz+
29164222 equal to zero yields b = a*216. Again using our previous solution of the equation
—atb+54b* + 54a*d = 0, with respect to d, we find a solution curve (a, a?/216,a%/15552)
in (a, b, d)-space, with a # 0. This solution corresponds to the configuration IV* IT15. The
solutions curves (a, a*/108,a°/11664) and (a,a"/216,a®/15552) are exactly the common
zeros of —a*h + 54b? + 54a%d and a'? — 891a®b + 240570a*b? — 10077696b + 18954a°d —
11337408a2bd + 272097792d?. The complement of these solution curves in the solution
surface to —atb + 54b* + 54ad = 0, corresponds to the configuration IV* II121;.

We now shall focus on the distinction between the configurations IV* I3 I; and IV* 15 21;.
We now may employ the method discussed in section 1.2 and calculate the resultant of
A(z) and A'(z) —yA”(z) and set each of the coefficients of the resulting polynomial in y
equal to zero. This results in two solution curves namely the curve (a,a'/108,a°/11664)
in (a, b, d)-space corresponding to the configuration IV* II11;,which we already discussed
and the solution curve (a, 7a*/1728,37a°/746496) in (a, b, d)-space corresponding to the
configuration IV* I3 I;. Sketches of the stratification of the parameter space are included
in figure 3.2. It concerns a sketch of the real curves, the complex part is ignored. We
note that the choice a = b =0 and d > 0 corresponding to the configuration IV* 2II does
encompass imaginary roots in the z-plane, given our discussion above these are included
anyway.
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3.4 Confluence to singular fibers of Kodaira type I.

In this section we discuss the confluences of to singular fibers of type Ij. As always we
have that the zeros of the geometric discriminant A(z) are conserved in a confluence,
which is equivalent to conservation of the Euler number. Of all 26 confluences allowed
by this constraint a further 8 are excluded by monodromy considerations. We will give
precise arguments for the 8 excluded cases. Furthermore we will construct examples
of the remaining 18 confluences, verify their properties by explicit calculation and thus

prove their existence.!?

In the case of a singular fiber of type I we know thanks to
Persson [10], that it is possible to consider a very interesting configuration of singular
fibers: two singular fibers of type I. In our examples of confluences one of these singular
fibers will be placed at infinity and one at zero. The singular fiber of type I at zero will
be perturbed into several singular fibers. Since the product of all monodromy matrices
of the singular fibers, including the singular fiber at infinity, must be the identity, we see
that if a configuration of a singular fiber of type I and several other singular fibers of
type say Ai,..., A, exists, the confluence of the singular fibers of type A;,..., A, to a
singular fiber of type Ij is not disallowed by monodromy considerations. The following
configurations which contain at least a singular fiber of type I are included in Persson’s
list:!3

L2, IGIVII IIV2L TSI 1L I§ 1531 2111 IGIIIL, I, IGIIDITL,

GII3L 153l I52021 I§L2I1 IS LI, I121; I5I.4l, I 3II I 211 21,

1141, 156l 2[5

We shall give an explicit example of the transition of each of these configurations to a
configuration 2Ij, where one of these two singular fibers is placed at infinity and the
other one at zero. In the construction of the examples we generally try to fix one of the
singular fibers arising after perturbation of the singular fiber of type Ij in the origin, as
this simplifies calculations considerably. We shall often content ourselves with describing
the situation for a non-zero perturbation parameter, because we start out in exactly the

same manner each time.

12The set of all allowed confluences of does contain a confluence of type If — Is + Iz + Iz despite of
the conclusion of Naruki [9], see section 5. The construction of an example of this confluence suggested
by Hans Duistermaat will be given below.

13Note the appearance of the configuration I 31y, which is therefore allowed by monodromy.
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Examples

I — 14+ 21

For this confluence we choose

g2(2) = 36 — 6(—2) 3z

3(—1)*3e
g3(2) = =€ +3(—=2)'/3%2 — 3(=1)T% 21/)3 22+ 28
2
A() = 7724(222 6(=2)% 2 + 3(—=2) /%),

From these formulae we clearly see a zero of order four in the origin. It is easy to see
that go(0) = 3€2, so that the zero in the origin corresponds to a singular fiber of type I,.
The other zeros of the geometric discriminant A are

(—=1)¥/3(3 — 2¢/3)e (—=1)%3(3 + 2V/3)e
21/3 21/3 ’

which obviously correspond to singular fibers of type I;.
[ —IV+II

For this confluence we choose

0

2(z —¢)

92(2)
93(2)
A(z) = —272%(z — ).

Obviously we are now faced with a zero of fourth order and a zero of second order of the

geometric discriminant A(z). Since go(2) = 0, they correspond to singular fibers of type

IV and II.
[ — IV +2L
For this confluence we choose

22

92(2)
g3(2) = 22(z +¢)
Az) = 2% = 272% (2 + €)%

Again we clearly see a singular fiber of type IV in the origin. Furthermore we have that
the discriminant of A(z)/z* equals 2233%¢?, which implies that the two other zeros of A(z)
correspond to singular fibers of type Ij.
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=1L +1I+1
For this confluence we choose
g2(2) = 3e(2z + ¢)

g3(z) = 1(22 +€)(2* — 2ez — 2€%)

2
S 2 2
A(z) = T (z —2%)(2z +¢)".
There is obviously a zero of third order in the origin, one of second order in z = —¢/2

and one of first order in z = 4e. It is also clear that the zero in the origin corresponds
to a singular fiber of type I3. Since (2z + €) is a factor of both go and g3, we identify the
zero in z = —e/2 as belonging to a singular fiber of type II. The remaining singular fiber

is necessarily of type 1;.
I — 15+ 3L

For this confluence we choose
g2(2) = 2* + 3¢
g3(2) = 25 + %ez2 + €
Az) = —i23(2313z3 +223%¢2? — 32?2 + 233%6%).

We are clearly faced with a singular fiber of type I3 in the origin since 23 factors A(z)
but ¢g2(0) # 0. We may further derive that

D(A(,Z)) _ S

23 24 7

where D denotes the discriminant. This implies that there are three singular fibers of
type I; outside the origin.

Iy — 2III
For this confluence we choose

2 62

92(2) = 2" —
g3(2) =0
A(z) = (22 — 2)°.

The third order zeros of A(z), namely +e, must correspond to singular fibers of type I11
since g3 = 0.
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oI+ +1

We choose

g2(2) = =3(z —€)(z+¢)
g3(2) = (z — €)*(22 + ¢)
A(z) = —272%(2 — €)*(52 + 3e).

The geometric discriminant has a second order zero in the origin, a third order zero in
e and finally a first order zero in —3¢/5. By construction both g, and g3 are not equal
to zero in the origin, which implies we have a singular fiber of type I,. Clearly (z — €)
factors both g, and g3, which gives us that the zero in € corresponds to a singular fiber

of type III. The remaining zero corresponds to a singular fiber of type I;.
IL—=IHII+1I+1

To construct such a confluence of this type we need a common linear factor of both g and
g3 as well as a linear factor which divides go and whose square divides gs. The following

choice will do

92(2) = 2(z —€)

g3(2) = 2%(2 — €)

A(z) = —2%(z — €)*(262 + ¢).
It is obvious that there is a singular fiber of type III placed in the origin and a singular
fiber of type II in €. The remaining zero is of type I;.
I; — III 4 3L,

In this case we need a linear factor which divides go and whose square divides g3, but
go and g3 should not have further common factors then this. The following choice will
suffice

A(z) = —23(2 — €)(132* + 5ez + €2).

It is obvious that we find a singular fiber of type III in the origin. We may further derive

that
D (A<Z)> — —3%5

23

where as usual D denotes the discriminant. From this calculation we obtain that the
singular fibers for a non-zero perturbation parameter outside the origin are of type I.
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Ia — 312

For this confluence we need the discriminant to be a square of a third order polynomial
in z. We therefore write A(z) = —27f(2)?. Since we assume that there is a singular fiber
of type I at infinity, g3 is of degree 2 and may be written as follows g3(2) = 3p(z)q(2),
where p and ¢ are linear functions. Moreover neither p nor ¢ may divide go, since this
would yield a singular fiber of type II. From the definition of the geometric discriminant
we deduce that

p(2)°a(2)* = (g3(2) = f(2))(g3(2) + f(2)).
Combining this with the fact that neither p nor ¢ divides go yields

p(2)* = Ci(gs(2) = f(2)) q(2)° = Calgs(2) + f(2)),
with Cy and Cy constants, which in turn may be absorbed in p(z) and ¢(z). We now
have that

p(2)* +q(2)? 27
2

By rescaling, a Tschirnhauser transformation and taking into account that g, and g3 have

92(2) = 3p(2)q(2)  gs(z) =

no common factor we may set
p(z) =az+b q(z) = z + a®b,

where a® # 1.
We therefore choose

g2(2) = 3(2z + €)(z + 4e)
gs(2) = (2z +¢) —;— (z + 4de)
3372

A(z) = _T<Z — 36)%(2* + 3ez + 3¢)%.

The zeros of A(z) are therefore 3¢, —3i(v/3 — 3i)e and —2i(v/3+ 3i)e, at which the value
of go is 3- 72€%, 3(—13 — 3v/3i)e? and 2(—13 + 3v/3i)€? respectively. This implies that we
indeed have 315 for € # 0.

IS — 212 + 211

Here we choose

g2(2) =€(z + 3e)

1
g3(2) 25(223 + (3223 — 213)ez? — €22 — 26%)
1

A(Z) = — Z’ZZ(_2233Z4 + 2233(21/3 o 322/3)623 . 27(_16 + 18 21/3 + 22/3>€222

+2(110 — 2723 481 22/3)¢32 + 9(1 — 6.2/3)2e%).
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The geometric discriminant A(z) has a two zeros of order two, one in the origin and
another in z = 1(2'/3 — 622/%)c and two zeros of first order in z = 1(22'/% — 32%/% —
2V —6€> + 1821/3¢2 + 22/3¢2) and z = 1(22'/% — 32%/3¢ 4 2/ —6€> + 1821/3¢2 + 22/3¢2).

The value of g, in the two zeros of second order is 3¢* and %(18 + 213 — 62%3)€? respec-

tively, which implies we have indeed constructed a confluence of Ifj — 215 + 21;.
I[ — I+ 211

To construct two singular fibers of type II, we must impose that g, and g3 have two linear

factors in common. If we also take rescaling into account we deduce that we may write

92(2) = c(z — Q1)(z — &)
93(2) = (z = Q)(z — ) (2 — G3)
A(z) = (2 — C1)2(Z - CZ)Q((_W + 03)22 + (54¢3 — A — ZSCQ)Z + GG — 27{3)-

It is now sufficient to impose that ¢; # (» # (3 and the discriminant of (=27 + ¢?)2% +
(54¢3 — 3¢ — 23(a)z + (1 ¢ — 27(2 is equal to zero. We consequently choose

92(2) = (z — 3\/;%e> (z + 3\/;%e>
0= =23y me) (- +3 )
Az) = —%(2& — 27¢)? (z - 3\/%6)2 <z + 3\/2?—66>2.

This gives us a confluence of type Iy — I + 211
[ — L +1I+20
For this construction we will again impose that a singular fiber of type I lies in the origin

and that g and g3 have one common factor. This leads to the following example

g2(2) = €(z + 3e)

g3(z) = i( + 3€)(182% — ez — 6¢%)

—
0]

1
A(z) = —EZQ(Z + 3¢)%(2%3%2% — 2%3%z — 543¢?).

Here we find two second order zeros of the geometric discriminant namely the origin and
—3e and two of first order namely -=(1 + 6v/6)e. We find that the value of g, in the
second order zeros is 0 and 3¢, respectively, which establishes that we have constructed
a confluence of type Ifj — I + II 4 2I;.
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I — I+ 41

For this confluence we impose that for a non-zero perturbation parameter we have a
singular fiber of type Iy in the origin. This leads to the following Weierstrass model

ga2(2) = 2% + 3¢
g3(z) = 2% + 6
A(z) = —2%(262" — 9¢%2” + Bdedz — 27€%).

The second order zero of the geometric discriminant in the origin corresponds to a singular
fiber of type Iy, since the value of g, in the origin is 3¢2. We may further derive that

D<A(Z)) — _211397313 6127

22

so that the other singular fibers must be of type I;.

I; — 311

For this confluence the following choice is the obvious one
92(2) =0
g3(z) = 23 + €
A(z) = =27(2% + €)%

We clearly see that every zero is of second order and the go = 0 and that these zeros thus
correspond to singular fibers of type II.

I — 211+ 2,

To find a Weierstrass model for this confluence we must impose two common factors for
g2 and g3, the least complicated choice seems to be

92(2) = (z —€e)(z + ¢)
g3(z) = z(z —€)(z + ¢€)
A(z) = —(z — €)*(2 + €)%(262% + €%).
The geometric discriminant has clearly two second order zeros corresponding to singu-

lar fibers of type II, the first order zeros of the geometric discriminant automatically
correspond to singular fibers of type Ij.

I — I +41,

For this confluence we impose that g, and g3 have one common factor, which for conve-
nience will be placed in the origin, therefore our Weierstrass model will be

ga(2) = 22

g3(2) = 2(2* 4+ ¢)

A(z) = —2%(262" + bdez® + 27¢€%).

92



We have clearly constructed a singular fiber of type II in the origin. We can verify that
other singular fibers are of type Iy by proving that the discriminant of the geometric

discriminant divided by 2?2 is nonzero for a nonzero perturbation parameter, indeed

D<%> = 29313 ¢°.

22

I} — 61,

A generic perturbation of a singular fiber other then a singular fiber of type I; yields
x singular fibers of type I;, where y is the Euler number of the singular fiber before
perturbation. This implies that almost any perturbation will do, however the following
model will be convenient

A(2) = —(22% — €)(132* + 5ez? + €%).
Again we use the discriminant to verify that the singular fibers are of type I;

D(A(z)) = 273813 V.

This completes our discussion of examples of confluences to singular fibers of type Ij

Confluences obstructed by monodromy

We shall now discuss the obstructions. Some of these obstructions are found by explicit
calculation of the product of the conjugacy classes of matrices. We note that the mon-
odromy matrix associated to the singular fiber I is minus the identity and will therefore
be invariant under conjugation. From this we may conclude that it suffices, in the case
of n singular fibers joining into a singular fiber of type Ij, to conjugate only n — 1 of
the monodromy matrices (by monodromy matrix we mean in this setting the element of
the conjugation class as given in table 2.1) in the product which yields the monodromy
matrix of Ij. However most obstructions are found by calculating the eigenvalues of the
product n monodromy matrices, n — 1 of which are conjugated, and setting these equal

to —1, the eigenvalue of the monodrony matrix associated to the unperturbed singular
fiber.

13%154—11
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In this case it suffices to calculate the eigenvalues of the following matrices

T a b 15 d —b
S c d 01 —¢ a
R O - a b 11 d —b
S c d 01 — a |’

where A is an element of SL(2,7Z). The eigenvalues of these matrices are given by

1
A= 5(2- 5¢2 +V5V5ch — 4c2).

(05

are both equal to —1. If we therefore impose that Ay = —1 we find that ¢ = +2/v/5
which contradicts that A € SL(2,7Z).

Clearly the eigenvalues of

=L+,

We again calculate the eigenvalues in this case of

AMAM A1 — 1 2 a b 1 4 d —b
= = o1 c d 01 —Cc a
M AM. AT — 1 4 a b 1 2 d —b
la = Lo 1 c d 01 —Cc a )

The eigenvalues of these matrices are given by

Ay =1 —4¢ £ 22264 — 2,
equating these to —1 yields ¢ = 41/4/2, which again contradicts that A € SL(2,7Z).
I — 1+ 11

We again use the same approach and calculate the eigenvalues in this case of

N A a b 1 4 d —b
HEFLE = 21 o ¢ d 0 1 —¢ a
oAt 14 a b 11 d —b
S WO | ¢ d 1 0 —¢ a |

The eigenvalues of these matrices are given by

1
Ae=o(1- 4a* — dac — 4c* + /(1 — 4a? — dac — 4c2)? — 4),
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equating these to —1 yields ¢ = %(—a + v/3v/1 — a2?), which again contradicts that A €
SL(2,7Z).

I —1IV+1,

We again calculate the eigenvalues in this case of

Mo AM. A-T — 0 1 a b 1 2 d —b
v b N -1 -1 c d 01 —Cc a
M AM AT — 1 2 a b 0 1 d —b
= v Vo1 c d -1 -1 —Cc a ’

The eigenvalues of these matrices are given by

1
Ae=5(=1- 2a? — 2ac — 2¢* £ /(1 4 2a2 + 2ac + 2c2)2 — 4),

equating these to —1 yields, ¢ = 3(—a £ v/2 — 3a?) which again contradicts that A €
SL(2,7Z).

I¥ — 214

We again calculate the eigenvalues in this case of

oAva [ 13 a b 1 3 d —b
e ¢ d 01 —¢ a

The eigenvalues of this matrix are given by

1
Ay = 5(2 —9¢? £ 3V9ct — 4¢?),

equating these to —1 yields, ¢ = +2/3, which again contradicts that A € SL(2,7Z).
I5 — Iy + I

We again calculate the eigenvalues in this case of

MIIIAMIgA_l _ 0 1 a b 1 3 d =b
-1 0 c d 0 1 —Cc a

MIgAMHIA_l _ 1 3 a b 0 1 d =b ‘
01 c d -1 0 —Cc a

The eigenvalues of these matrices are given by

1
Ay = 5(—3a? —3c2 4+ /(302 + 3¢2)2 — 4),

equating these to —1 yields ¢ = £v/2 — 3a?/ v/3, which again contradicts that A €
SL(2,7Z).
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Ia—>13+12+11

For this confluence we shall consider not the eigenvalues but the full matrix product, so
we verify that there are no Ay, Ay € SL(2, Z) such that

My, Ay My, AT Ao My, A = M,

nor for any permutation of the monodromy matrices My, My, and My,. Writing out first

of the above equations, where we denote

A, — ai b A, — as by
! C1 dl 2 Co dg ’

yields

1 3 aq bl 1 2 dl _bl
01 ¢ dp 01 —Cc1 ap
(05} bg 11 d2 —bg o —1 0
(&) d2 01 —Ca (45} N 0 -1 ‘
Solving this equation with respect to ai, ¢; and ¢y yields among others ¢; = +4/2/3,
which contradicts the assumption that A;, Ay € SL(2, Z). Solving the equations for
a permutation of the monodromy matrices My, My, and M, yields ¢ = £2/ \/g, c =

+./2/3 or ¢ = /2, again contradiction A,, Ay € SL(2, Z). This is sufficient to prove
that this confluence can not be realized.

I; — 21, + 11

We use the same method as for the confluence Ij — I3 + Iy + I;, that is we solve

a; by 1 2 di  —b 1 1
C1 dl 01 —C aq -1 0
Qo b2 1 2 d2 —b2 . —1 0
Co d2 01 —C9 as N 0 -1
with respect to ay, ¢; and c¢o. This yields the following solutions
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ai 1 as 2 ai c1 as
_./3 1 _ _1 _1 _./3
0 \ﬂ V2 V2 V2 V2 0 \/;
3 1 _ _ 1 _ 1 3
0 \ﬁ V2 V2 V2 V2 0 \/g
3 _1 1 1 3
0 2 vARE V2 V2 0 \E
3 0 1 1 2a3—1 \/1+a —+/a3+/6—3a3 a az v/a34/6—3a3
V2 V2 V2 2 2 T2 T T 2a,
V2 V2 \/2+2a3-2/a3/6—3a3 @2
3 0 11 1-2a2 \/1+a2 \/a2+/6—3a2 gy | a2 4 \/a2+/6—3a2
2 2 2 2
V2 | V2 \/2+2a3-2/a3/6—3a3 a2
3 0 1 1 1-2a3 \/1+a a3+/6-3a3 a az \/a3+/6—3a3
2 V2l VR 2 2 72 T T 2a
V2 V2 \/2-1—2113—2\/(13«/6—3(1% a2
3 0 1 1 2021 \/1+a2 Va3 6343 | w  \/a3\/6-3a2
3 U R O , | a2 _ Vary673ey
2 V2 V2 \/2+2a§f2\/a§\/673a§ 2 2 2az

The first twelve solutions lie clearly not in Z. For the four last solution we note the

following
\/6 —3a3 € R,
implies that a; = —1,0 or 1, where 0 may be discarded immediately. The remaining

option ay = £1 may be excluded because this would imply that

V/a3/6 — 343 0

2@2

For the two other perturbations we find very similar solutions, which maybe excluded on
the same grounds.

This concludes the discussion of perturbations of a singular fiber of Kodaira type I. We

shall summarize our result in the following theorem

Theorem 3.4.1 Of all confluences to Singular Fibers of Kodaira type I, supperfically
allowed by conservation of Fuler number, the following occur:

I > I +20, I —IV4+II I5 — IV 4 21, I - I3+ 11+1 I — I3+ 3]
I — 2111 =M+ T+ I —I04+0+1, I —II1+3; I — 3

I[j — 2l +2I, I — I, +2II I =T +11+20 Ij—I+4, Iy — 3l

I — 211+ 21, T — I+ 41, I — 61,

Moreover the confluences which do not occur

=T+, I —L+0 =L+ I—IV4I, I — 2l
oI+ 10 I — I+ I+ 1o,

are obstructed by monodromy considerations.
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3.5 Confluence to singular fibers of Kodaira type [j.

In this section we discuss our limited success in providing examples of confluences to

singular fibers of Kodaira type Ij, much in the same way as did in section 3.4.

From the confluences not disallowed by the conservation of the Euler number, five are
excluded on grounds of the order zeros of gs or g3 before and after confluence, as discussed

in the introduction of the chapter, namely
=3I+, I[J—2lI+1 IJj—II+4+2I IJ—-IV4+II+1 I} —IV+IIL

Of the remaining confluences a further 7 are excluded by monodromy considerations.
We are able to give examples of 23 different types of confluences, but some 4 still elude
us although we can make some remarks on the possibilities of finding the appropriate

examples, or verifying their properties.

As in the previous sections we shall only discuss the situation after the perturbation of the
singular fiber of type Ij in our examples. The configuration before perturbation always
consists of a singular fiber of Kodaira type I in the origin and a number of singular fibers
of type I; and a singular fiber of type II, III or IV placed at infinity when convenient.

Examples

I =74
We choose

Ga(2) =22+ 2% +¢

A(z) = (2% +€) (32" +32° + 20 + 3% + 22%e + €7) |
so that the discriminant of the geometric discriminant A equals

14348907€'° (16 4 27¢?)

which implies that after perturbation we are faced with 7 singular fibers of type I;.

We choose
ga(2) = 22(3+ 2)
g3(2) = 2*(=1 +¢)
Az) =2 (3+2)° = 27(-1+¢)?).
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In this case the discriminant of the geometric discriminant divided by 2% equals —19683(—1+
¢)* implying that only one singular fiber of type I; arise apart from the singular fiber in
the origin.

I; — I, + 5L
We choose

g2(2) = 32° + 2° + 3¢

g3(2) = =2+ €

A(z) = 2% (272" + 92° 4+ 27 + 8127 + 542°€” + 92*¢” + 5dze® + 81" + 272¢") .
In this case the discriminant of the geometric discriminant divided by z? equals

—282429536481¢™ (54 + 27¢ + 96 + ¢*)” (8748 — 2360€ + 594€% 4 1176% + 135¢* + 27¢%)

implying that only singular fibers of type I arise apart from the singular fiber in the

origin.
II — 13 + 411
Likewise, we choose

g2(2) = 32% + 2° + 3¢

3 2
g3(z) = —z3+%+63

1 :
Az) = 77° (1082" + 362° + 42° + 3242%€ + 8126 4 2162°¢” + 362°€” + 216€° + 108¢*) .

In this case the discriminant of the geometric discriminant divided by z* equals

_ 10460353203¢” (270 + 243¢ + 72€% + 863)3 (384 + 262¢ + 19¢* + 8€3 + 8¢?)
4096

implying that only singular fibers of type I; arise apart from the singular fiber in the

origin.
I[ = L4+ 3L
Again, we choose

92(2) = 3 (2% — dze + €)

1522¢

g3(z) = =23 + 2% — + 62¢° — €

27
A(z) = _ZZ4 (—82% 4+ 42" — 6027 + 122¢(9 + 4e) — €7(27 + 8¢)) .
In this case the discriminant of the geometric discriminant divided by 2* equals

—12397455648¢° (—27 + 36¢€ + 462)3
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implying that only singular fibers of type I; arise apart from the singular fiber in the

origin.

I— L+l +1

We now choose

1
g2(2) = =522 + 223+ €) + —= (9 + 36€ — V/3v/27 — 108¢ + 144€2 — 6463)

15
(9 + 36€ — v/3v/27 — 108¢ + 1442 — 6463)”
* 24300
g3(2) = 524 + $z2(6 +e) (9 + 36¢ — v/3v/27 — 108¢ + 1442 — 64€3>
2 (9 + 36 — /3y/27 — 108¢ + 1442 — 6463)”
* 24300
(9 + 36€ — v/3v/27 — 108¢ + 1442 — 6463)”
* 19683000
1, 1
+ 57 <2 tet+ o (—9 — 36¢ + v/3v/27 — 108¢ + 144¢? — 6463)) .

It can be verified by explicit calculation that z*, but not 2°, factors the geometric discrim-
inant and that the discriminant of the geometric discriminant divided by z* is identically
equal to zero, while the resultant of g and g3 is not. The fact that the confluence
I} — Iy + I3 is excluded on monodromy grounds completes the argument.

IT — 15 + 211

We now choose

32(2 2132 1+ 92/3(— 263 — ¢4 4 \/m)w:a)

g2(2) = 32° + 2% + 3¢ —
(263 —et+ /(4 + e))1/3
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9 3e?
g3(2) =2 — & 4+ 22 _ ‘ =7
2 21/3(_263_64+ 67(4+e))

C3(—2e \/M)w)

222/3¢

N 32(22'/3¢3 + 22/%¢( — 2% — et + ([T (4 + 6))2/3)
2( =263 — et 4+ /(4 + (—:))1/3
1 z4< 72 21/3¢3
32 ( — 263 — et 4 /(4 + 6))4/3
96 - 21/3
(=263 —et+ /(4 + 6))1/3

30-223( =263 — et + (/e (4+¢))
+ 2

1/3

€

9223 /"4 +¢€)( —26 — et + /(4 + 6))1/3

€9

N 12-213( =268 — et 4+ /e (4 + e))2/3
3

€

+

+86(3'22/3+8'21/3<—263—64+ 67(4+€>)1/3)
(—263—64—|— 67(4—1—5))2/3
L T30+23- 20 (—2¢ -ty 67(4+e>)1/3>

€

It can be verified by explicit calculation that z° factors the geometric discriminant and
92(0) is not equal to zero. The fact that the confluences I7 — Iy + Iy, I — I5 4+ II and
I} — Is + I; are excluded on monodromy grounds completes the argument.

I} — I+ 5L
We now choose
ga(2) = 2 (2 + 22+ 6)
1
93(Z> = —§Z <\/§22 — 96)
A(z) = 2 <325 1320 4 27 4 6vV32% + 323 + 62% + 32% — 272 + 32262 + 3252 + 253> .

It is clear that z factors both g and g3, implying that we find for nonzero values of €
a singular fiber of type II in the origin. We can easily verify that the discriminant of
the geometric discriminant divided by z? is not identically equal to zero, thus yielding 5

singular fibers of type ;.
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If — 211 + 31,

Likewise, we now choose

z
A(z) = 27(z = ¢)*(2 + ¢)? (323 +324 4+ 2% — €@ — 3z — 3227 — Z3€2> .

It is clear that z + ¢ and z — € factor both go and g3, implying that we find for nonzero
values of € singular fibers of type II at +e. We can easily verify that the discriminant
of the geometric discriminant divided by (z — €)?(z + €)? is not identically equal to zero,
thus yielding 3 singular fibers of type I; originating from the singular fiber of type Ij.

I* — I, + 11 + 3L

We let our Weierstrass model be defined by

92(2) = =3-3(2 =€) (2 + 32> + €)
g3(z) = (— 2+ ) (2 + €' + 22\/—1—71862)
Az) = —272%(2 — 62)2X
(923 + 2724 +272° + 226 — 92%6% — 2724 + ¢! — 9z¢!
— 2722 — 968 + 22e2V/—1 — 18€% + 264\/—1—71862).
We have arranged it such that there is a singular fiber of type I, in the origin and one of

type II at €2. The fact that the discriminant of A/(2?(z — €?)?) is nonzero gives that the
other singular fibers originating from Ij are singular fibers of type 1.

I — I+ 11+ 2L
Identically, we let our Weierstrass model be defined by
92(2) = (324 2° — 3€) (2 — ¢
) (z — €)(22°V/—€ + 2022 /fe — 4ize®/? — 22632 + 2ie"/?)
Z) =
93 N

1
A(2) = 15757 (2 = ) (= 108i2° (=) + 216iz"/—ce
€

+ 324i2°(—€)3%e + 216i2%(—€)* %e + 1082%>/?
+ 362332 + 424632 — 108273/ — 108iz*/—ee?
— 216262 — 722252 — 423652 4 10867/2 + 9ze7/2).

We have arranged things so that there is a singular fiber of type I5 in the origin and one
of type II at €2. The fact that the discriminant of A/(23(z — €)?) is nonzero gives that
the other singular fibers originating from I are singular fibers of type I;.
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L—-L+II+1
Identically, we let our Weierstrass model be defined by
02(2) = 3(2 — ) (2 — & — 23— )
g3(z) = —(Z;EQ)S( — 1622 4+ 82 — 482263 4 12233 — 48223 4 623642
16(1 + €2/3)
+ 3226 — 8222 + 23€% + 1442687 + 182268/ 4 2642610/
+ 1222193 — 16€* 4 2562¢* + 2226t — 96€! /3 + 1442¢1/3
— 240€"9/3 + 482¢"0/% — 320¢® + 82€5 — 240€™® — 966*/% — 16¢%)
AE) =~ (24 @) (= @)
256(1 4 €/3)
( — 322 4 82% — 962623 + 122%€¥? — 962¢Y/3 + 622Y/3
+32¢% — 1626 + 22> + 168¢%/3 4 362€%/3 + 372¢'%/%
+ 24268 + 448¢* + deet + 31263 + 12062 4 20€°)

In this case we are able the calculate the roots of the geometric discriminant explicitly,

they are
z =0
z =€
2
z

- X
8+ 12623 + 6643 + ¢2
(842462 + 24647 4 42 — 965/ — 61007 — !

+ (64 + 384¢%/% + 960¢Y/? + 1152 + 192¢%/% — 1632¢1%/% — 2992¢*
— 2976€*/3 — 1956€'9/3 — 880€8 — 2646203 — 4867%/3 — 468)1/2>

where the first root occurs with multiplicity four and the second with multiplicity two.
The first root corresponds to the singular fiber of type 14, the second to the singular fiber
of type II, the final two roots correspond to singular fibers of type I; but only the minus
solution originates from the singular fiber of type Ij.

I — I + 45
We choose to fix the singular fiber of type III in the origin which yields
92(2) =z (32 + 22+ €)

g3(2) = —2*(z —€)
A(z) = 2% (272" + 92° 4 20 4+ 812% + 182% + 32%¢ — 18z€” + 327> + €°) .

The fact that the discriminant of A(z)/z% is nonzero gives that all other singular fibers
are of type I.
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Tt — TIT + 11 + 21,
As previously we take

g2(2) =z2(z—€)(3+ z+¢)

go(2) = 2z — €)

A(2) = 2%(z — €)? (272" + 92° + 2% — 2Te + 92%€ + 22%€ — 27€® — 9ze” — 9€® — 2z¢” — ') .
The fact that the discriminant of A(z)/(2%(z—€)?) is nonzero gives that all other singular
fibers are of type I;.

I — I+ 11+ 1

As before we take

(34 2+ 3€) (2 + 3¢+ 4ze + 32 + 5z€® + €3 + 22€%) (2 + 3e + 2ze + 6€® + 4€® + €?)

92() = (14 €)2(1 + 2¢)?
( )_ (1+Z+Z2)(2+3€+4Z€+362+5Z€2+63+2263)(Z+36+2Z€+662—|—463—|—€4)2
e 1+ 71+ 2
2
_ Z 2 2, .3 3\2
A(Z)——(1+€>6(1+26)6<Z+36+4Z€+36 + bze® + € —{—226) X

(z + 3e + 2z¢ + 6% + 4€® + 64)3X

(27 + 72z + 532 + 272° + 270€ + 438z¢€ + 2932%¢ + 1082°¢ + 810€” 4 969z¢>
+ 5892%€” + 1352°€” + 1179€¢® + 1124z€® + 6192°¢” 4 542°€* + 963€¢* + 792z¢*
+ 4052%€¢* + 432¢” + 324z¢” 4 1622%¢” + 81€® + 54z’ + 272%€°).

The interesting roots of the geometric discriminant A(z) are

z=0
—3e—3e2 —¢€
(14 €)2(1 + 2¢)
—3€ — 662 — 4e3 — ¢

z = ,
1+ 2¢

the first of which corresponds to the singular fiber of type I, the second to the singular
fiber of type II and the final to the singular fiber of type III, this can be verified by

explicit calculation.
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It — 15 + 211

Here we take
) (B34 2)(z —€) (2 — 22/e — € + z¢)
Z) =
” (~1+ Ve
(z —€)(z — 22y/e — e+ z€) ( — 3z — 327 — 32% + 3z/e + 322\/e + 32" /e + 3e — 27%)

93(2) =

3(—1+ e’
1 2
Az) = ——————23(2 — €)% (2 — 22v/€ — € + 2¢) X
(27 + 18z + 532° + 542° + 272° — 54\/e — 362+/e — 10627/ — 1082°\/e — 542°\/e
+63¢ — 162¢ + 532% + T22%€ + 2727 — 36€%/? + 3426%/2 — 1823¢%/2 4 8e? + 4z¢%).

From the factorisation of the geometric discriminant and the functions g» and g3 we can
easily see the roots corresponding to the singular fibers of type II, the singular fiber of
type I3 can be found in the origin.

I* — 111 + 21,

For this example we take a somewhat different approach.

92(2) = (2 — ) (32 + 2° — 3¢)
93(2) = (2 —€)*(z + 622 + 22 + 2" —¢)
A(2) = —2%(z — €)* (54027 + 272° 4 276%2° + 542" + 5462" + 182° + 5452° + 542°
+ 262" — 1080z¢ — Hdz?e — 276°2% — 1082%¢ — 5462 — 18z"€
— 540z"e — 54z%e — 2720 + 545€° + 27z€” + 542°¢%).
Again we impose a singular fiber of type I in the origin and a singular fiber of type
[T in €. The discriminant of A/(2%(z — ¢€)3) again factors into a part proportional to
the resultant of go/(z — €) and g3/(z — €)? to the third power and another factor. The
resultant of this factor and the resultant of go /(2 —¢) and g3/ (2 —¢)? with respect to both
0 and € are nonzero and it is therefore sufficient to find a solution curve, going through

the origin in ¢, e-space, to the polynomial equation which sets the second factor of the
discriminant equal to zero to ensure that we have two singular of type Is.

I — I+ I, + 2L,
This example is a simpler version of the previous one, we take
92(2) = (324 2° — 3€) (z —¢)
g3(2) = (z—€)* (2 + 22" +2° + 2 — ¢)
A(z) = —2%(z — €)*(1082" + 1352° + 1622 + 1262° + 542° + 2627
— 2162¢ — 1622%€ — 2162%¢ — 1262"€ — 542°c — 272%
— 272% + 108€” 4 27z¢* + 542%¢%).
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Here we have imposed a singular fiber of type I in the origin and one of type III in e.
The fact that the discriminant of A(z)/(2%(z — €)?) is not equal to zero for € # 0 yields
that all other singular fibers arising from I} are of type I;.

-1l +1I3+1
Again a small variation in comparison to the previous example, we take

92(2) = (B2 4+ 22 +2° = 3¢) (z — ¢)

1
g3(z) = 3 (22 + 2% +22° 4+ 22* — 2¢) (z — ¢)®

1
Az) = —Zz?’(z — €)%(992% 4 2482° + 1682" + 2042° + 1042° — 207ze
— 468z%¢ — 1802%¢ — 216z"e — 1082°¢ + 108> + 216z¢>).

Here we have imposed a singular fiber of type I3 in the origin and one of type III in e.
The fact that the discriminant of A(z)/(2%(z — €)?) is not equal to zero for € # 0 yields
that the other singular fiber arising from I7 is of type I;.

I} = IV + 3L
We take

G2(2) = 22(34+ 2 +¢)
g3(2) = —2%(z —€)
A(2) = 2% (272° + 92" + 2° + bdze + 272% + 182%¢ + 3z%e — 27€” + 92°€* + 3% + 2°€°) .

We clearly find a singular fiber of type IV in the origin and discriminant considerations
as above yield that the only other singular fibers are of type I;.
[—=IV+L+1L
We now take
g2(z) = 3(z — 6)2
g3(2) =(z—€)? (z4+ 2+ 2" —¢)
Alz) = 272" (14 2%) (22 4+ 2%+ 2" — 2¢) (z — ¢)*
We clearly find a singular fiber of type Iy in the origin and one of type IV in e. By

discriminant considerations as above or explicit calculations we find all other singular

fibers to be of type I, one of which originates from the origin.
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For this confluence we take

92(2) = (2 — €%) (32 + 02" — 3¢*)

~—~

z— 66) (222 +22° — 2¢3 — 326° + 269)

2 (2 — 66)2><

1
2
Az) = —

93(2) =

> =

(—1086z% — 366%2" + 2162° — 46°2° + 1082° — 108z¢” — 1082"¢’
+3242¢* + 216622 + 360223 — 3242¢® — 3242%¢® + 27¢% + 108z2¢°
+ 10852265 + 36622365 4 463 2%€® — 1626® — 1080 2€® + 216€” + 21623¢°

— 816" — 2166z€" — 365°2%¢"" + 1080€').

This choice of gy/ (z — 66) and g3/ (z — 66) ensures that there is a singular fiber of type
I, in the origin and one of type II at €b. The rest of the discussion will follow the same
lines as the example of the confluence I} — 1114 2I,. The discriminant factors into a part
proportional to the resultant of g and g3 to the third power and a second part. Since
the resultant of the first factor and the second factor is nontrivial with respect to the
variable € as well as the variable 9, we know that setting the second factor to zero yields
an extra singular fiber of type I, or I3. Verifying that the resultant of the discriminant
of the derivative of the geometric discriminant with respect to z and the second factor
of the discriminant with respect to 0 and e are nontrivial, excludes the possibility of a

singular fiber of type I3. This concludes the discussion.
-+ L +1I

For this confluence we take

(=) = (2 62)( - 38°¢)

2 4 1
g3(z ( 62) Z(8-60"+9 ) =20 (3 + 52) 2+ 53¢
86 2
27Z (z —¢ ) 2 2 32 2¢3 4
Az) = o1 (92 + 48276 — 2820° + 642°6% 4 962°6° + 3026

—16226° — 1226° + 26° — 85%€” — 19226%¢>

+ 246%€* — 6420°¢* — 246%€° + 86%€¢” + 1286°¢")
This ensures that a singular fiber of type I3 is present in the origin and one of type II in
¢?. The discriminant of A(2)/(23(z — €*)?) now reads

531441

102464 (81 — 1807 + 8 + 216(562) (1 — 952 4 54— 85362)37
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where the factor popping up to the third power is again proportional to the resultant
of g2/ (z — €%) and g3/ (2 — €%). Setting the first factor equal to zero gives us another
singular fiber of type I5. This equation is solved with respect to 6. We can easily verify
that the limit of € to zero yields a singular fiber of type Ij in the origin and that the only
other singular fiber apart from the singular fiber in infinity is of type I;.

Conjectures regarding examples

IT — 212 + 311

We choose

g2(2) = 32° + 2% + 3¢

g3(2) =022 — 22+ €

A(z) = 2°(— 276%2° + 5402° + 272" + 920 + 27 4 812%€ 4 542°¢* 4 9z%¢” — 546¢”
+ 54ze® 4 81 + 27z¢").

In this case the discriminant of the geometric discriminant divided by 2?2 equals

—387420489¢% (276 + 96° — 540¢ — 1862 + 546 + 95¢* + 27¢° + 9¢* + )° x
(1866246* + 1350008° + 250008° + 8398086%€ + 6075008 + 1125005°¢
— 58320%€¢? — 270006 * — 1691285%€® — 837005°¢* — 23619600¢*
— 18059760%€¢* — 3645006%¢* + 6377292¢° + 58494965¢® + 16949256%€°
+ 1518758%€¢” — 17204406% — 14040546¢® — 32805062€® + 433026¢”
+2296350¢” + 85293¢” + 98415¢” 4 19683¢'),

where the factor appearing to the third power is a multiple of the resultant of g, and gs.
Since the resultant of both factors of the geometric discriminant is non-trivial for both
parameters we find that we have at least two singular fibers of type I, if we set the second
factor equal to zero using the parameter . Verifying that further discriminants are not
equal to zero would exclude more complicated cases, for this we have strong indications
but no proof.

I =1+ 1, +2L
Along the lines of the previous examples we choose

g2(2) = 32° + 2% + 3¢
3 2
g3(2) = (=1 +6)2> + % + &

1
Az) = Zzi”(2165,z3 — 108522 + 1082 + 362° + 42° + 3242%¢ — 32402%¢ + 81z€* 4 2162%¢

+ 362°€” + 216€® — 2160¢” + 108¢*).
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Now the discriminant of the geometric discriminant divided by z3 reads

10460353203

—2+20 — €)e°
1096 (—24 25 — €)e’x
(=270 + 7020 — 6480% + 2165° — 243¢ + 4320¢ — 21652 — 7262 4 T20¢> — 8¢%)
(640% — 640° + 160" — 192€ + 2720e — 1206%€ + 405°€ — 35¢* — 486¢>

+ 246%€* + 8¢® — 8¢ — 864),

where the factor appearing to the third power is a multiple of the resultant of g and gs.
Since the resultant of both factors of the geometric discriminant is non-trivial for both
parameters we find that we have at least one singular fiber of type I3 and one of type
I, if we set the third factor equal to zero using the parameter §. Again, verifying that
further discriminants are not equal to zero would exclude more complicated cases, for
this we have strong indications but no proof.

We can not find examples of the confluences I7 — 3I;+11; and I} — I3+ 25, for the same
reasons that we can not verify the exact nature of the above examples. We can verify
that there are no obstructions by monodromy considerations, this makes us believe that
such confluences indeed exist.

Monodromy obstructions

We use the same methods as for the monodromy obstructions found for confluences to
singular fibers of type IJ.

I —=IV+1;

In this case it suffices to calculate the eigenvalues of the following matrices

MIBAMWA_1:<13><CL b)(o 1><d —b)
0 1 c d -1 -1 —c a
Medng a0 1 a b 1 3 d —b
WARLS = 1 ¢ d 0 1 — a |’

where A is an element of SL(2,7Z). The eigenvalues of these matrices are given by

1
A ==(=1-3+3cd—3d> £ /=4 + (1+ 3¢ — 3cd + 3d2)?).

()

Clearly the eigenvalues of
are both equal to —1. If we therefore impose that Ay = —1 we find that 3¢?—3cd+3d? = 1.
Since 3 does not divide 1 this contradicts that A € SL(2,Z).
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I* =I5+ 11

Again we calculate the eigenvalues of the following matrices

At (15 a b 11 d —b
S ! ¢ d —1 0 —¢ a
N A a b 15 d —b
LS = 21 0 ¢ d 0 1 —¢ a |’

where A is an element of SL(2,7Z). The eigenvalues of these matrices are given by

1
A =5 (1—5@2—5ac—502:t\/—4+(—1+5a2+5ac+502)2>.

Imposing that A\ = —1 we find that (=1 + 5a* + bac + 502)2 = 4 which yields 5a? +
5ac + 5c? = 1. Since 5 does not divide 1 this contradicts that A € SL(2,Z).

I — Iy + 11

Again we calculate the eigenvalues of the following matrices

MIEAMHAA _ 1 4 a b 0 1 d b
01 c d -1 0 —Cc a

]\/[IHA]\/[LLA” _ 0 1 a b 1 4 d b 7
-1 0 c d 0 1 —Cc a

where A is an element of SL(2,7Z). The eigenvalues of these matrices are given by

1
Ay = 5 (—4@2 — 4 + \/—4 + (4a? + 402)2) :

Imposing that Ay = —1 we find that (4a? + 4c?)” = 4 which yields 4a® + 4¢2 = 2. Since
4 does not divide 2 this contradicts that A € SL(2,7Z).

IT—>IG+11

Again it suffices to calculate the eigenvalues of the following matrices

M AM. A1 — 1 6 a b 11 d —b
o h Lo 1 c d 01 —Cc a

M AM A1 — 1 1 a b 1 6 d -=b
h o Lo 1 c d 01 —Cc a ’

where A is an element of SL(2,Z). The eigenvalues of these matrices are given by

A =1—32 £V3V=22 + 3c4.
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Imposing that Ay = —1 we find that ¢ = +4/2/3 which contradicts that A € SL(2,7Z).
IT — I5 + 12

As before we calculate the eigenvalues of the following matrices

VAra 15 a b 1 2 d —b
S ¢ d 01 —¢ a
VoAt 12 a b 15 d —b
e W ¢ d 0 1 —¢ a |’

where A is an element of SL(2,Z). The eigenvalues of these matrices are given by

A =156+ V5V =22 + 5l
Imposing that A = —1 we find that ¢ = +/2/5 which contradicts that A € SL(2,Z).
I—-1L+13

Yet again it suffices to calculate the eigenvalues of the following matrices

M AM. AT — 1 4 a b 1 3 d —=b
= s Lo 1 c d 01 —Cc a

AMAM A1 — 1 3 a b 1 4 d —b
s = Lo 1 c d 01 —Cc a ’

where A is an element of SL(2,7Z). The eigenvalues of these matrices are given by

A =1— 66423V =2 + 3.
Imposing that Ay = —1 we find that ¢ = £1/+/3 which contradicts that A € SL(2,7).
I —2+1

In this case we prefer to examine the trace of the matrices much like Naruki [9]. We
calculate the trace T" of

11 1 —
My, AMy A"\ BMy, B~ = a b 3 d =b.
01 c d 01 —c a
ay bl 1 3 dl _bl
c1 dp 01 -1 m 7

and all possible permutations of My, , M, and Mj,. This yields

T =2 —9¢* — 3ajc® + 6aace; — 9a,c’e; — 3¢ — 3a°c; + acc)
T =2 —3c* — 9a3c® + 18aascc; — Ya,c’c; — 3¢} — 9a*c} + Yacc?

T =2 —3c® — 3aic® + 6aayce; — 9a;c’e; — 9 — 3a*cE + accs,
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for each permutation, respectively. Equating these traces to the trace of

(L)

namely 2 and bringing the 2 to the other side of the equation yields that 4 must equal a
multiple of 3, a clear contradiction.
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3.6 Outlook

In this thesis the confluences to singular fibers of the non-starred type, II, III, IV and
I, on rational elliptic surfaces have been fully discussed. A lot of work remains to be
done on the confluences to singular fibers of the starred types'# as well on the elucidation
of the stratification of the space on coefficients of g and g3 as discussed in section 3.1.
With regard to the first objective we will now discuss a method which might help future

investigations.

As described in section 3.1 we should we able to use, at least in theory, the generalized
discriminants and resultants from section 1.2 to unravel all information regarding the
structure of the space N,. We can on the other hand combine these methods with
the Weierstrass preparation theorem to localize the approach. This combination faces
the same complications as discussed in section 3.1, but is hopefully interesting from a
theoretical point of view.

Let us assume that we start out with a Weierstrass model defined by some g, and g3,
for a singular fiber of a given type in the origin. To study perturbations of the singular
fiber we let the coefficients of g5 and g3 depend on perturbation parameters, denoted by
€;, which are zero if the singular fiber is the unperturbed singular fiber in the origin. We
will now apply the Weierstrass preparation theorem to go, g3 and A, that is we write

gg(Z) = WQS(Z)UQS (2>7

where ua, ug4, and ug, are units. Imposing that a perturbation of the singular fiber in the
origin yields a certain set of singular fibers is equivalent to imposing the order of the zeros
of Wa in combination with the order of the zeros of W,, and W, at the given zero of Wa.
Information about these common zeros can be deduced from the discriminants and semi-
discriminant as described in section 1.2 of W and the resultants and semi-resultants of
Wy,, Wy, and Wa. For a given set of singular fibers a number of these resultants and
discriminants must be set to zero while others are must definitely be nonzero. To refer
to the discussion in section 1.2, if we need a polynomial f(z) to have two zeros of order
two, but no zero of order three we must set all semi-discriminants of order 2 of f equal
to zero, but not all the semi-discriminants of higher order nor all coefficients of y of the
resultant R(f — yf’, f) may be equal to zero. This gives us a number of polynomials
in the perturbation parameters ¢; which must be set to zero, as well as an assortment of
sets of polynomials where at least one of the polynomials in each set is not equal to zero.
A set of points is called a semi-algebraic set, if it is defined by such a set of equalities
and inequalities. We shall now return to the general setting and denote the polynomials

MMore work on this has been done then presented in this thesis.
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which must be set to zero by'® P(€) and each set of polynomials which must not all
be zero by Q,(€). This gives us one algebraic set for P denoted by M, embedded in
the parameter space. Every set of polynomials Q; also induces an algebraic set denoted
by L;. Since the sub-discriminants are not all independent, if seen as polynomials, the
dimension of these sets is not obvious. It would be sufficient, though not necessary, to
prove that there exists a curve a 6 € R, and curve

(t) € M\(Y,L;), for t € (0,¢),

such that v(0) = 0. If we can reduce the sets of polynomials P(€) and Q;(€) to sets of
independent polynomials, we could use the implicit function theorem (3.2.1) to describe
the tangent spaces of M and L; in €é=0. To prove the existence of the said curve - it
is now sufficient to verify that there exist linear subspaces of the tangent space of M in
€=0 which do not lie in any of the tangent spaces of L;.

Having discussed this method we remark that if the current progress in calculating power
of computers and algorithms will continue in the future, our methods could be employed
to greater ends in a few decades. It would be especially interesting to see whether further
investigations would find a confluence which is obstructed by other considerations then
the order of the zeros of go and g3 or monodromy. Until now no such exception has been
found.

5We use boldface notation to emphasize the multidimensional character.
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