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Lossless functions: transfer functions of stable
allpass systems.

Lossless function (discrete-timels(z) square rational stable such that

G(2)"G(z) < I,|z| > 1

with equality on the unit circle.

A lossless functiortz(z) has a minimal realization s.t.

(D,C, B, A) balanced= R =

D C

B A

unitary.

R determined up to an arbitrannitary change of basis of the state-space

Balanced canonical forms with good truncation properties?

Continuous-timeB. Hanzon, R. Ober (1998)
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The SISO case : a balanced canonical form.

A lossless function of degreehas a (unique) realization such that

(i) (A,b,c,d) balanced
b, Ab, A%b, ..., A" 1b] positive upper triangular

or equivalently

(i) R= IS unitaryandpositive upper-Hessenberg.

B. Hanzon, R. Peeters (2000)



Parametrization.
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Hessenberg form.
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Connection with the Schur algorithm.

Let g (2) = v + (21, — Ay)~tby, be the lossless function whose
realization ISR..

Theng, satisfieghe interpolation condition

gr(00) =, || < 1.

Moreover,

(gk(2) — k)2

_ Vi 2 + gr—1(2)
1 — 7k gk(2)

24+ Yegr—1(7)

& gr-1(2) =

gk (2)

This is theSchur algorithmlossless functions of McMillan degreeare
parametrized by the interpolation values v,,_1, ...,y and~.



Charts from a Schur algorithm.

Chart:
® wi,ws,...,w, inthe unit disk (interpolation points),
® Uy, uUs,...,u, Unitcomplexp-vectors (directions),

G € L Isin the chart if

G=G,,...Ge 2 G 1..... G

Gk(l/’@k)uk = Vg, HUkH <1
(G, has degreé and(G is a constant unitary matrix.

Schur parameters:
V1,09, . .., Uy COMplexp-vectors (interpolation values)|y;|| < 1.

W=1{G e Ly; [|Ge(1/wg)ur|| <1}, @ :G = (v1,..., 00, Go)

D. Alpay, L. Baratchart, A. Gomban®p. Th. and Appl(1994)



Balanced realizations from Schur parameters.

R=T,Tp 1 TiToATAL - A*,

wy =Wy =---=w, =0
' I,. 0 0
0 0 Ik_l_
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Vk: : : ’ Uk:
KL —Ug
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Vi andU}, unitary matrices.

In—k
Ay = 0
0
ur Iy — urug
0 Uy

Y

B. Hanzon, M.O., R. Peeters, INRIA report (2004)

2, My =T — (1= /1~ [or]?)
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Vo = Go.
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Permuted Hessenberg form.

Chartsiw; = wy = --- =w,, = 0; uy,us,...,u, Standard basis vectors.
Un Mn’Un—l MnMn—lvn—Q ce MnMn—l ce M1
Kn —UpUp—1 —Ur My 1059 ... —vy My _q... M
0 Kn—1 —’U;;_l’Un_Q ce _’U;;_an_Q ce Ml
0 0 Ko —U501 —v5 My
0 0 e 0 K1 —v]

A* IS a permutation matrix.

R 1s a permutation of unitary positiyeupper Hessenberg matrix.




Admissible pivot structure.

_>|< >|<—|—— _>I<>I<>I<>|<>l<>l<>l<-

x 0 4+ % %k ok ok %k

+ x 0 0 = % % % > %
B=10 = 0|, A= 0 + % % % % x
0O x 0 0O 0 4+ *x *x *x x

0O + 0 0 0 0 *x *x %

0 0 0 | 0 0 0 4+ x *x x|

B contains thepivot at positionl

A has astaircase structure

< controllability matrix contains a column with pivot at positiérior
k=1,...,n.
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Young diagrams of an admissible pivot structure.

416 416
Y — 7 Yr — 7
112135 112135

Y;; pivot position in theith columnof A’ B and0 if no pivot.

Vij=0&Y,,=0fork >

d;, ith dynamical index, number of non-zero entries intmerow.
d1+d2++dm:n

Its numbering is fully determined by a permutation of the rowpf

admissible pivot structure» chart
Minimal atlas:(dy, ds, . .., d,,) — chart
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Connection with the Schur algorithm.

315 315
Y:6 Yfr: 6
1121417 1121417

Fork =1,...,n,there existi(k), j(k)) such that; ;) ;x) = k

Chooseu,, 11 = ¢;(x) thei(k)th standard basis vector:

(v1,-..,vn,Go) — R whose controllability matrix has the pivot structure
given byY
(u7,up,...u1) = (%‘(1), €i(2)s €i(3)y €i(4) €i(5)r €i(6)> 67;(7))

— (63763761763761762763)

Schur parameters parametrize admissible pivot structures
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