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Piezoelectricity

Piezoelectricity is the ability of certain crystals to generate a voltage in
response to applied mechanical stress. The piezoelectric effect is

reversible...
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A SAW Filter
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SAW Filters Design

The filter isspecifiedn thefrequency domaim terms of amplitude and
phase of theelectrical transfer functio(power transmission):

[ ——

fo fo+0.725MHz

J. M. Hode, J. Desbois, P. Dufilie, M. Solal, P. Ventura (1995)
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An example of filter

MAKE DEFALILTS I
SAWE DATA I 0

T
| thexample —— computed filter

reference filter
GET DATA, I passband specifics

rejection specifics
myexanple -10— —
warkfile
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Mixed Matrix Representation

(5)-(5) ()

Sg . I

S = outgoing waves, [ = currents
Sd 12
Eg . . Vl

E = incoming waves, V = voltages
Ed V2

M pure acoustic party electro-acoustic pari; admittance? x 2
matrices

The electrical transfer function is the entry(1, 2) of

S=Y+1I)"tI-Y)



The physical parameters

gm

r,, reflection parameteyg,, electroacoustic parametets, = /1 — 2

— ¢2'"/7 7 length of the cell f wave frequency

zZ
5 = eQiﬂ'fAT

Diffraction matrix:

Electroacoustic relation

—irn/2

tn/z

i g (D6 4+ G

tn/z

—iry /2

),

, A~ distance of the source to the boundary~ cstant

v dn (Dn—lg =+ Gn—l(s)




Mathematical properties

M, o andY arerational functionof the complex variable
analytic outside the disk (stable)

acoustic waves- currents and voltage{: ‘; - :5;
-
Global matrix of the filter:
"] M—-—aY+I)™'8| V2a(Y +1)7! e
s | —V2(Y +1)7'p £Y+I)_1(I—YZ g
N 4 |

reciprocity=- symmetric matrix
non lossy system: unitary matrix

The matrix of a SAW filter is symmetric and lossldamalytic outside the
disk, takes unitary values on the circle)



Poles, zeros, McMillan degree
Smith-McMillan form: W (s) € CP*P

W(s) = Uls) diag {@(s), o

vt

[J(s)andV (s) unimodular polynomial matrices (inverse polynomial)

¢1|p2| -+ |dr and r[tp. 1] -+ [1p1 polynomials
polynomial of zerossp = || ¢;

1<j<r

polynomial of polesz) = [ 4;

I<j<r

(3),0,...,0} V(s),

McMillan degree:deg) number of poles
Partial multiplicities atw: v; < vy < ... <1,



Realizations

A rational matrix functioni¥ (z), finite at infinity, admits a realization
W(z) = C(I—A)""B+ D
e easy to built one, not unique :

(A, B,C, D) realization
= for all T invertible,(TAT 1, TB,CT~!, D) realization

e minimal realizationsizen of A minimal McMillan degree=n
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Realizations and pole-zero structure
W(z) = C(zI—A) "B+ D
poles ofl¥/(z) < eigenvalues o#

zeros ofiV (z) < poles of IV (z)~!

W(z)t = —D'C(:I—(A—BD*C))" BD! + D!

zeros ofiV (z) « eigenvalues oA — BD~1C

partial multiplicities«< size of Jordan blocks
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From the disk to the left half-plane

() =5 =12
<
7
D+
7
W4(z) associated with W.(s) associated with
Trr1 = Agxr + Bgug ' (t) = Acx(t) + Beu(t)
ye = Cgxr + Dguy yit) = Cex(t) + Deu(t)
W, stable < o(A;) € D W, stable < o(A.) C C~

McMillan degree = state-space dimension
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From the disk to the left half-plane

Ac=(Ag—I)(Ag+ 1)~
B.=V2(Aq+1)"'By
C,=V204(Ag+ 1)}
D.=Dy— Cy(Aq+ 1) By

preserves the McMillan degree,
maps lossless functions onto lossless functions...
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Back to our problem

N number of cells— 2N physical parameters, g.), k=1,... N

* %
G = , degG =2N, degS=2N —2
* S

(G lossless symmetric

Goal: characterize the class of matéx Find a reference model.
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Darlington synthesis
S(s) p x p Schur function strictly contractive ab:
-S(8)S(s)*<I,, se€Ct C"={seC, Rs>0}
- [|5(o0)]| < o0

We are looking for

S11 S
G 11 ©12 |

G(s) lossless (analytic i©©* and unitary on the imaginary axis) and

deg G = deg S = n.

Al B
c|D

Notations:S — ( > minimal realization,5*(s) = S(—3)"
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The scalar case

lossless completions of = ©

Q3 )Q|)E

ES

NS A

Y

qq™ — pp* = rr* spectral factorization.

- symmetric ifr* = r i.e. q¢* — pp* = r?

P

- if 7 such that>- stable— q
| q

_

2 q

- If moreoverr = riry —

16

symmetric.

0 .
symmetric.

I




The bounded real lemma

The functionS(s) is a Schur function strictly contractive &t iff there
exist °,b, d»; such that

AP + PA" + BB* +bb* =0
PC* + BD* 4+ bd5; =0

and P is positive definitghermitian). Then

(A b )
So1 =
(J\d21

s a left spectral factor of, — S(s)S5*(s)

I, — S(5)S%(s) = S21(5)551(5)
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Associated Riccati equation

Letdy, = (I — DD*)Y/2, thenb = —(PC* + BD*)d,' andP is
solution to the Riccati equation

R(P)=PyP+aP + Pa*+(3=0

o = A+ BD*(I—-DD*)"1C,
{ 3 = B(I-D*D)"'B*,
v = C*(I-DD*™1C,

, B =06, v =79

A Hamiltonian— eigenvalues symmetric w.r.t. imaginary axis —\)
A dynamic matrix of( — SS*)~! — zeros ofl — S.5*
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Lossless completions at degree

There is a one to one correspondarnite- G p
P hermitian solution taR (P)
G p lossless completion of of degreen with prescribed value ato

Al b B
AlB

Gp = — c | di1 dio
c|p

C d21 D

dyy = (I — DDY2,  dyy = (I —D*D)Y2, dy; =—D*

¢c=—(—D*D)"Y3(B*P~t + D*C)
b= —(PC* + BD*)(I — DD*)~ /2
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All lossless completions

All rational lossless completions ofs&chur functions, strictly
contractive abo, can be written on the form
R 0 0
Gp ©
0 I 0 I

whereR, () are lossless, and p is a minimal degree inner extension of
S obtained from a solution dR (P) = 0.
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More on the Riccati equation

_O{* JR—
R(P)=PyP+aP+Pa"+ =0, A= !
15} o)
Important similarity relation
I 0 1 I 0| | —(a+Py) —
—P I P I 0 o+ Py

o(A)=oc(a+ Py)Uo(—(a+ Pvy)")
- S5;' has dynamic matrixd — bd,,'C = o + Py
- S5 has dynamic matrixt — Bd;, ¢ = —P(a + Py)*P~!
The following statements are equivalent

() the Riccati equation has an hermitian solution
(i) all pure imaginary eigenvalues gf have even multiplicity Zn)
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The symmetry assumption

S'is symmetric:S = ST = a symmetriqdcomplex)realization exists

S(AB>, A=AY B=ct, D=D?
C|D

Oé:OéT
B = 4"

R(P)=0< R(P~1)=0 andGp-r = GL

Then,
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Symmetric unitary completions

S G S;tST, 0 _ S1155:'5T,  Sis
0 I Si, S

symmetric unitary completion of.
Qp = 55" ST, is unitary and has (non minimal) realization

a+Py| (P~ - P)C*dy;
QP — 1 ’
—dy'C I

-deg Qp = rank(P~1 — P)
- () p lossless iffP~! — P positive semi-definiteThenX p is lossless
and has degree + deg Q p

-k < deg Qp
2+ number of eigenvalues of with odd multiplicity
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Proof. Let]' = P~/ — PandZ = o + P~. I is hermitian and satisfies
R(P™T)—=R(P)=ZT 4+TZ* +TAT' =0

Z11  Zi2

Write (SVD)r = v [ v ] veandvizy =
0 Zo1  Za22

I'o

V= [V V5] unitary, ', real and diagonal.
Then,Z1» = 0andZ3,Iy ! + T Zog + VgV = 0

Z \ VT C*dy! Z29 \ LoVs C*dyy'
—dplov | T —dyplCVa | T

Qp =

number poles of) » in C™ = number negative eigenvaluesI(‘ff“L

deg Qp = rank I', @ p lossless Iff["; positive definite
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VIV Vi ZV Z 0
VY — 1 ZVi ViZVa 11
VorZzvy V5 ZVy Lo Lo

Z =—PZ*P~ ' = —P(a*+~4P)*P~ ! = (aP+0)*P~ 1 = a+ P!
We have that/"(P” — P~') =0, orelseP’V, = P~ 1V:

ZVl = (Oé + ﬁPT)Vl = ZTvl

VEZvy VI (-PZ*P~1)V, 0

Thendim(ker(P~1 — P)) <n — k = rank(P~1 — P) > &
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A symmetric lossless completion

Partial order:P, < P, iff P, — P is positive semi-definite

- there exists a maximal solution and a minimal solutior”
A —+
ola+Py) c C

ola+Py) c C
-ker(P — P) = o(a + P~) NiR has dimensiom,

2n number of eigenvalues of on:[R

P minimal solution= ¥ » symmetric lossless completion 6f

Moreover,P~7 = P = ker(P~7 — P) has dimensiom, and thus®
has degreén — ng
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Symmetric Potapov factorization

Let 7'(s) be a symmetric lossless function. Suppose that has a zero
w (in CT) with algebraic multiplicity greater thah Then, there exists an
elementary Blascke factor

Byw=1,+ (b, — Duu™, b,(s):=

andw unit vector inCP?, such that
T(s) = Bw,u(s)R(s)Bw,u(s)T

andR(s) is lossless and symmetric
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Potapov factorization
T(s) = Buyu, Bogus - - - Bo,

wzero:Ju, Q(w)u =0

Qw) + (s — w)Qu(s)

Taylor series)(s)

SVD: Q(w) = Vdiag(0,...,0, A\q,..., A\)U"
V andU unitary; we can choosE = [u - - ]

S — W

B(s):Udiag< ,17...,1> U* = By u(s)

S+ w

ThenQ:(s) = Q(s)B(s)~!is analytic inC*

Q1(s) = Vdiag(O0, .. .)diag(i’i‘—i, 1,..)U" + Qu(s)Udiag(s + @, 1,...) U~
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An idea of the proof:

w has a partial multiplicity> 2
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Minimal symmetric lossless completion

Let S be a symmetric Schur function strictly contractivexat Assume
that A hasx eighenvalues iri”’ " with odd algebraic multiplicity.

ThenS has a symmetric lossless completion of degreex. This
completion ofS hasminimal degreeamong all the symmetric
completions ofS.
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We start with the "maximal” lossless completian,

ola+ Py) c C —polesof@Qp = o(A)NTC™
eigenvalues ofd in C* < zeros of@Q 5 (n — ng = k + 2¢)

Letw be an eigenvalue oft in C* of multiplicity greatest than. Then,
we can perform a symmetric Potapov factorization

Buz O By, O
215 — Z1
0 1, 0 1,

where>:; is a lossless completion ¢f of degree2n — ng — 2. We can
make/ iterations, so that we finally obtain a lossless completion of degree
277,—77,0—2€:n+li.
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>) symmetric lossless completion:

0
> = Gp
0 I I

R 0 Q
0

By symmetry:(RS15)7 = 951Q < Qp = S5,' ST, = QR

k< degQp =deg QR < deg Q + deg R,

and finally,
n+kxk <n+deg@ + deg R = deg X..
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Conclusion
Global matrix of the SAW filter

Sll 512
St S

G = , degG =2N, degS=2N —2

entries ofGG have eitherealor pure imaginarcoefficients: double zero
at infinity that cannot be reduced

— real case under study

p X p symmetric lossles§eg = 2N — N(p + 1) = 5N parameters

2N physical parameters ... extra constraints:

- M acoustic matrix: parity condition2{V conditions)
- ohe source in each celM conditions)

New approach:find a "reference model" such thétiosslesg{r; — 1
andry — 1)
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Diffraction matrices and Schur polynomials

on, WU, Schur polynomials of degree ¢,, stable.

{¢n+l<z> = @) Fratale)

Vni1(2) = Tni120n(2) + ¥n(2)

The matrix\/

1 _ —jz 1 JN(zz) Py 2N
On(27) Py 2N —izYn(2?)

gn(z) = z" §bn(1/z)’ @Zn(z) =z" @Dn(l/z)v P, =11...tn,

IS rational losslessf degree2 V.
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The Structure ofr andY

)
o = —
oN(27)
' i3 0 P N _n(ZD) = N (D)/2] D _gn1 Pr s SN _n(ZD) + ¥R (z%)/2] ]
Son PNED [4n() + 0m(s2)/2] DI PN (602 — wn())]
X(z)
V(z) =
(
] I 7,
X11 1Xq2 .
X(z)=1| poly matrix s ¢, (2?) £, (22)/2
1 X122 Xog , .
- - L On (27) £, (27)/ 2
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