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Symmetric inner functions

Schur function (discrete-timef(z) square rational, analytic and
contractive in the open unit disk,

S(z)*S(z) < I,|z] <1
Inner function:Q(z) is Schur and

Q(=)7Q(z) = 1]z = 1

Symmetric:Q(2)! = Q(»)

Symmetric inner rational functions arise in the description of physical
systems which satisfy the conservation and reciprocity laws.



Nevanlinna-Pick interpolation problem

Find ap x p Schur functionS such that
Swiu=wv, u, ve CPl |lw <1, |[u|=1, ||v|| <1
The solutions can be parametrized via a linear fractional transformation
S=To(R)= (0, R+0,)(O3R+60,)"! (1)

in which R is ap x p Schur function.

©; ©
O = "% | is built from the interpolation dataw, u, v).
O3 Oy
O(2)*JO(2) < J <1 I 0
It is J-inner: (2)770(z) < J, 2] < 1 CoJ=1""

O(2)*JO(z) =J, |z| =1 0 —I,



Parametrizations via a Schur algorithm

7P manifold ofp x p inner functions of McMillan degree

Lemma:w € C, |w| <1, 3w such thal|Q(w)u| < 1.

Schur algorithmQ = Qu, Qu—1,...,Qr ~— Qi—1,-.-,Qo
Q. has McMillan degreé and() is constant unitaryThe LFT is built
from an interpolation condition

Qr(wr)ur = v, |wg| <1, ||Jve|| < [Juk|| =1

Atlas of chartqlocal parametrizations):
Thew;'s and theu;’s define the chart while the,’'s are the Schur
parameters of the functiaf) in the chart.



Choice of the LFT

Qwu=v=0Q =Tog(R) =Te(Ty(R))

U (%

1 — ‘w|2 u u

T— [0l (z — w)(1 — )

O(z) = I+ (2 — 1) J

H arbitrary constant/-unitary, H*JH = J

Kimura, IEEE trans. autom. control, 1987

H = H(vu*) circuit theoretical interpretation

D. Alpay, L. Baratchart, A. GombanQp. Th. and App).1994

H = I, function space approach, = Q(1).

Hanzon, Olivi, Peeters, ECC99

H = H(w,u,v) — nice construction of balanced realizations



LFT’s which preserve symmetry

Let ©(z) be aJ-inner function such that

0 I,
I, 0

O(1/2) = KO(2)K, K =

Then, the linear fractional transformati@g preserves symmetry

Every H constant/-unitary is of the form

P 0 - *y—1/2 oy —1/2
H — H(E) H(E) _ (I, — EE™) ) E(I, - FE E)_
O Q E*(IP_EE*) 1/2 (Ip_E*E) 1/2

P, Q unitary matricesH (F) Halmos extensionK strictly contractive)

H(F)= KH(F)K < E symmetric



Interpolation data for symmetric inner functions.

Q. p x p symmetric inner function, McMillan degree > 2
To take into account symmetry:

Qw)u = v
w!' Q(w) = ot
— two-sided Nevanlinna-Pick problem ... same interpolation point.
To be well-posed:

u' Q' (w)u = p
Interpolation datad = (w, u, v, p) — interpolation conditiong (9)

— two-sided Nudelman problemull, Gohberg, Rodman, 1990



The solutions

: : o p
Pick matrix: As =
e
J-inner function: i
Os(z) =
(z—w)_l 0 1 (1—11_))_1 0 5
IQpHZ_l)C[ 0 (1— zw)~! ]A5 [ 0 a—w-t |7

|

o=t

There exists an inner function satisfyid@) if and only if A is positive
definite. Then

cl

Q — T@5 (R)7

for someinner function” of McMillan degreen — 2



Sketch of the proof (1)
d=(w=0,u,v=0,p), [p|<1

Taylor seriesQ(z) = Q(0) + zQ'(0) + . ..
SVD: Q(0) = Vdiag(0,...,0,A1, ..., \)U*

SinceQ(0)u = 0, choosd = [u ---] andB(z) = Udiag(z,1,...,1)U"

Qi(2) = Q(2)B(2)""

= Q(0)Udiag(1/z,1,...,1)U* + Q' (0)Udiag(1,z,...,2)U" ...

= Q(0)+ Q' (0)Udiag(1,z,...,2)U" + 2 x ...
and(), satisfies the Nevanlinna-Pick interpolation condition

u"Q1(0) = u" Q' (O)uu* = pu*



Sketch of the proof (2)

0= (w,u,v=0,p)

(1 —w)(z —w)

boZ) = Ty —ary P =0
ThenQ (B, (2)) = Q(z) satisfie(4)
0= (O,u,’v — 07:5)7 p = :0(1 - ‘wIQ)i—Z

0 = (w,u,v,p)

AssumeFE = Q(w) stricktly contractivg(symmetric)

ThenQ = Ty () (Q) satisfiesC ()

z p

5: R :OA A:I_EE*l/Q A:
(w,4,0=0,p), @=( ) ST T lP
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Symmetric Potapov factorization

If both v andp are zerod = (w, u, 0,0), the linear fractional
representatio)) = T, (R) is a symmetric Potapov factorization

Q(2) = Bu(2)" R(2)Bu(2)

B,, Blaschke factor:

(1= @)z —w)
(1 —w)(1—wz)

Buy(z) = Ip + (Bu(z) — Duu”, Bu(z) =
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Schur algorithm

Q=Qn 2 Quor ™ Qo
where(Q) is inner symmetric of degrekeor 0.
degree 1.
Qo(2) =Y (I + (Buw(2) — Dyy*) Y, y e R, [ly|| = 1,Y unitary
degree O:
Qo = OAOT, Orealorthogonal A = (A1, X\a,..., ), |\ = 1.

Choice of the LFT ?0 = ©5H (E), E symmetric

05(1) = I, = Q(1) = Qo

Application to SAW filters:chaining acoustic matrices corresponds to a
Schur algorithm in whicl® = ©5H (vu*) whereH (vu*) symmetric

E symmetric ?— nice construction of realizations
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