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Let FEXP denote class of functions computable in time 2O(nk ) (k ∈ N)

1 Soundness
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If R ⊆ >epo? then f ∈ FEXP.
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There exists a constructor TRS Rf computing f with Rf ⊆ >epo?.
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We suppose . . . in this talk

I R confluent and terminating

I signature F underlying TRS R partitioned into defined symbols D
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Syntactic, Recursion-theoretic Characterisation of FEXP



The class N

is the smallest class . . .

1 containing certain initial function projections, successors, . . .

2 closed under safe nested recursion on notation

3 closed under weak safe composition

Theorem

N = FEXP
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Safe Recursion on Notation

I syntactical restriction of primitive recursion scheme

f (x1, . . . , xk︸ ︷︷ ︸
normal

; y1, . . . , yl︸ ︷︷ ︸
safe

)

I separates recursion parameters from recursively computed results

f (ε,~x ;~y) = g(~x ;~y)

f (zi,~x ;~y) = hi (z ,~x ;~y , f(z,~x;~y)) (i ∈ {0, 1})

where hi (ε,~x ;~y , r) = ri (~x ;~y , r)

hi (zi,~x ;~y , r) = si ,j(z ,~x ;~y , hi (z ,~x ;~y , r))

no recursion on recursively computed result
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Safe Nested Recursion on Notation

extends safe recursion on notation with . . .

1 nesting of recursive function calls nested recursion

f (ε; y) = g(; y)

f (xi ; y) = ri (x ; y , f (x ; si (x ; y , f (x ; . . .))))

2 simultaneous recursion on all normal arguments multiple recursion

f (ε, ε; z) = g(; z)

f (xi , ε; z) = ri ,ε(x , ε; z , f (x , ε; si ,ε(x , ε; f (x , ε; z))))

f (ε, yj ; z) = rε,j(ε, y ; z , f (ε, y ; sε,j(ε, y ; f (ε, y ; z))))

f (xi , yj ; z) = ri ,j(x , y ; z , f (xi , y ; si ,j(x , y ; f (x , yj ; z))))

• case analysis on least significant “bits” of recursion parameters

• lexicographic decreasing recursion parameters
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Safe Composition

Requirements

1 composition maintains separation of safe and normal arguments

2 reflects that FEXP is not closed under composition

Safe Composition employed in B

f (~x ;~y) = g(~r(~x ; );~s(~x ;~y))

Weak Safe Composition employed in N

f (~x ;~y) = g(xi1 , . . . , xik ;~s(~x ;~y)) {xi1 , . . . , xik} ⊆ {~x}
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A Path Order based on N
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Exponential Path Order >epo?

I induced by precedence > and safe mapping safe : F → 2N

> tct -s "epo*" fib.trs

YES(?,EXPO)

We consider the following Problem:

Strict Trs:

{ fib(s(s(x)), y) -> fib(s(x), fib(x, y))

, fib(s(0()), y) -> s(y)

, fib(0(), y) -> s(y) }

StartTerms: basic terms

Strategy: innermost

The system is compatible with ’epo*’ induced by

Precedence: fib > s,0

Safe Mapping: safe(fib) = {2}, safe(s) = {1}
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precedence > and safe mapping safe are admissible if

1 constructors are minimal f > g ⇒ f 6∈ C

2 all argument positions of constructors are safe
f ∈ C ⇒ safe(f ) = {1, . . . , ar(f )}
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I induced by precedence > and safe mapping safe : F → 2N

Definition

precedence > and safe mapping safe are admissible if

1 constructors are minimal f > g ⇒ f 6∈ C

2 all argument positions of constructors are safe
f ∈ C ⇒ safe(f ) = {1, . . . , ar(f )}

Notation

we suppose safe(f ) = {l + 1, . . . , l + m}, we write

f (s1, . . . , sl ; sl+1, . . . , sl+m)



Exponential Path Order >epo?

Preliminary Definition

Let s = f (s1, . . . , sl ; sl+1, . . . , sl+m), let > and safe be admissible.

ST
si >epo? t

s >epo? t

WSC
“ti are normal arguments of s” s >epo? tk+1 · · · s >epo? tk+n

s >epo? g(t1, . . . , tk ; tk+1, . . . , tk+n)
f > g

SNRN
〈s1, . . . , sl〉 >lex′ 〈t1, . . . , tl〉 s >epo? tl+1 · · · s >epo? tm

s >epo? f (t1, . . . , tl ; tl+1, . . . , tl+m)
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The Good . . .

the exponential path order EPO? is . . .

I a restriction of LPO that induces exponentially bounded rciR
I sound and complete for FEXP, implemented in our tool TCT

http://cl-informatik.uibk.ac.at/software/tct

The Bad . . .

I rules out some natural definitions:

d(0)→ 0 e(0)→ s(0)

d(s(x))→ s(s(d(x))) e(s(x))→ d(e(x))

The Ugly . . .

I >pop? 6⊆ >epo?

http://cl-informatik.uibk.ac.at/software/tct
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