ON THE RECOVERY OF CORE AND CRUSTAL COMPONENTS OF
GEOMAGNETIC POTENTIAL FIELDS
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Abstract. In Geomagnetism it is of interest to separate the Earth’s core magnetic field from
the crustal magnetic field. However, measurements by satellites can only sense the sum of the two
contributions. In practice, the measured magnetic field is expanded in spherical harmonics and
separation into crust and core contribution is achieved empirically, by a sharp cutoff in the spectral
domain. In this paper, we derive a mathematical setup in which the two contributions are modeled
by harmonic potentials ®g and ®1 generated on two different spheres Sg, (crust) and Sg, (core)
with radii R; < Rg. Although it is not possible in general to recover ®9 and ®; knowing their
superposition ®g + ®; on a sphere Sg, with radius R2 > Rp, we show that it becomes possible
if the magnetization m generating ®¢ is localized in a strict subregion of Sp,. Beyond unique
recoverability, we show in this case how to numerically reconstruct characteristic features of ®g (e.g.,
spherical harmonic Fourier coefficients). An alternative way of phrasing the results is that knowledge
of m on a nonempty open subset of Sg, allows one to perform separation.
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1. Introduction. The Earth’s magnetic field B, as measured by several satellite
missions, is a superposition of various contributions, e.g., of iono-/magnetospheric
fields, crustal magnetic field, and of the core/main magnetic field, see [23, 24, 32]
for an overview and [26, 30, 35, 40] for some recent geomagnetic field models. While
iono-/magnetospheric contributions can to a certain extent be filtered out due to their
temporal variations, the separation of the core/main field B, and the crustal field
B.ust is typically based on the empirical observation that the power spectra of Earth
magnetic field models have a sharp knee at spherical harmonic degree 15 (see, e.g., [25,
32]). However, under this spectral separation, large-scale contributions (i.e., spherical
harmonic degrees smaller than 15) are entirely neglected in crustal magnetic field
models. In [22], a Bayesian approach has been proposed that addresses the separation
of geomagnetic sources based on their correlation structure. The correlation of certain
components, e.g., internally and externally produced magnetic fields, can (to some
extent) be obtained from the underlying geophysical equations. But this approach
does not explicitly address the problem that some of the involved separation problems,
e.g., the separation into crustal and core magnetic field contributions, are generally
not unique for the given data situation. The goal of this paper is to derive conditions
under which a rigorous separation of the contributions B st and Beyre is possible,
as well as to formulate extremal problems whose solutions lead to approximations of
these contributions or certain features thereof. The main assumption that we make
for our approach to work is that the magnetization generating B, s: is localized in
a strict subregion of the crust. By linearity, this is equivalent to assuming that this
magnetization is known on a spherical cap that may, in principle, be arbitrary small.
For applications, this is interesting in as much as that the crustal magnetization may
be estimated in certain places of the Earth from local measurements. Thus, given
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such a local estimation, its contribution can be subtracted from global magnetic field
measurements to yield a crustal contribution that stems from magnetizations localized
in a strict subregion of the Earth (namely the complement of those places where a
local estimate of the magnetization has been performed), thereby allowing us to apply
the separation approach indicated in this paper. Similarly, if one can identify places
on the Earth which are only weakly magnetized as compared to others, the separation
process that we will describe may reasonably be applied by neglecting magnetizations
in such places.

We assume throughout that the overall magnetic field is of the form B = B¢pyst +
Biore in R?\ Bg,, where B, = {z € R? : |x| < Ro} denotes the ball of radius Ry > 0
and overline indicates closure (here Ry can be interpreted as the radius of the Earth).
Since the sources of Byt and Beore are located inside By, (hence, the corresponding
magnetic fields are curl-free and divergence-free in R? \ Bg,), there exist potential
fields @, Prust, Peore such that B = V@, Bust = VPrrust, and Beore = V®rore
in R3\ Bg,. Therefore, from a mathematical point of view, the problem reduces to
finding unique Pcryst, Peore from the knowledge of & (but we should keep in mind
that the actual measurements bear on the magnetic field B).

It is known that B, is generated by a magnetization M confined in a thin
spherical shell Br,_q.r, = {z € R® : Ry — d < |z| < Rp} of thickness d > 0 (for the
Earth, d ~ 30km is typical), therefore the corresponding magnetic potential can be
expressed as (see, e.g., [8, 19])

) Powa) = 1= [ M) T, o B

T JBro—d.ro lz -yl
where the dot indicates the Euclidean scalar product in R® and A the Lebesgue mea-
sure. Due to the thinness of the magnetized layer relative to the Earth’s radius, it
is reasonable to substitute the volumetric M by a spherical magnetization m (i.e.,
M=m® 5830 in a distributional sense). Then, the magnetic potential (1) becomes

1 T -y 3
2 ® = LTy R
( ) crust(x) Ar /SRO m(y) |$ — y|3 dwRo (y)a T e \SRm

where Sg, = {z € R® : |z| = Ry} denotes the sphere of radius Ry > 0 and dwg, the
corresponding surface element. When interested in reconstructing the actual magneti-
zation M, substituting a spherical magnetization m is of course a significant restriction
(however, one that is fairly frequent in Geomagnetism). But since our main focus is
on B.,,st and the corresponding potential ®,.,s; rather than the magnetization itself,
this restriction actually involves no loss of information: in Section 3 we show that,
under mild summability assumptions, any potential ®.,.,s; produced by a volumetric
magnetization M in Br,_4 r, can also be generated by a spherical magnetization m
on Sg,.
The core contribution By is governed by Maxwell’s equations (see, e.g., [5])

V x Bcore = J(E +u X Bcorc)7

A Bcore = 0,
VXE= _8thorea
V-E=p,

where o denotes the conductivity, p the charge density, and u the fluid velocity in
the Earth’s outer core (the constant permeability po and permittivity £9 have been
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Fic. 1. Illustration of the setup of Problem 1.1.

set to 1). The conductivity o is assumed to be zero outside a sphere Sg, of radius
0 < R1 < Ry. The condition Ry < Ry is crucial to the forthcoming arguments and is
justified by common geophysical practice and results (see, e.g., [6, 33]). In particular
it implies that V X Beore = 0 in R3 \ Bg,, therefore, Bogre = V®pre in R3\ Bg,
for some harmonic potential ®,,... Although the geophysical processes in the Earth’s
outer core can be extremely complex, of importance to us is only that ®.,.. can be
expressed in R3 \ Br, as a Poisson transform:

(3) Beore() = ! / h( )de (y), zc€R3*\B
core = 47TR1 - Yy |I _y|3 r\Y), Ry»

for some scalar valued auxiliary function h on Sg,; this follows from previous consid-

erations which imply that ®.ore is harmonic in R? \ Bg, and continuous in R? \Bg, -

Summarizing, the problem we treat in this paper is the following (the setup is illus-

trated in Figure 1):

PROBLEM 1.1. Let ® € L?(Sg,) be given on a sphere Sg, C R3\ Bg, of radius
Ry > Ry. Assume ® is decomposable into ® = &g + @1 on Sg,, where P9 = Pp[m]
is of the form (2), with m € L?(Sg,,R?), and ®; = ®1[h] is of the form (3), with
h € L*(Sg,) and Ry < Rg. Are ®y and ®; uniquely determined by the knowledge of
® on Sg,, and if yes can they be reconstructed efficiently?

The answer to the uniqueness issue in Problem 1.1 is generally negative. But
under the additional assumption that supp(m) C I'g, for a strict subregion I'p, C Sg,
(i.e., Tr, # Sg,), uniqueness is guaranteed. This follows from results in [7, 27] and
their formulation on the sphere in [17], to be reviewed in greater detail in Sections 2
and 4. In fact, we show in this case that i and the curl-free contribution of m can be
reconstructed uniquely from the knowledge of ®. Additionally, we provide a means
of approximating (®g, g) 12(Sp,) knowing ® on Sg,, where g is some appropriate test
function (e.g., a spherical harmonic). This allows one to separate the crustal and the
core contributions to the Geomagnetic potential if, e.g., the crustal magnetization can
be estimated over a small subregion on Earth by other means.

Throughout the paper, we call & the crustal contribution and ®; the core contri-
bution. We should point out that the examples we provide at the end of the paper are
not based on real Geomagnetic field data but they reflect some of the main properties
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of realistic scenarios (e.g., the domination of the core contribution at low spherical
harmonic degrees). In Section 3, we take a closer look at harmonic potentials of the
form (1) and (2) and show that the balayage onto Sg, of a volumetric potential sup-
ported in Br,_q,r, preserves divergence form. More precisely, if M is supported in
Br,—d.r, and its restriction to Sg is uniformly square-integrable for R € (Ro —d, Ry),
then there exists a spherical magnetization m supported on Sg,, which is square
summable and generates the same potential as M in R3 \ Bg,. The latter property
justifies the above-described modeling of the crustal magnetic field. Auxiliary ma-
terial on geometry, spherical decomposition of vector fields as well as Sobolev and
Hardy spaces is recapitulated in Section 2. Eventually, in Section 5 we formulate an
extremal problem for the approximation of ®q and (®g, g) L2(Sp,) and provide some
initial numerical examples, followed by a brief conclusion in Section 6. Some tech-
nical results on potentials of distributions and an additional numerical example are
gathered in the appendix.

2. Auxiliary Notations and Results. We start with some basic definitions
of function spaces and differentiation on the sphere. For R > 0, the sphere Sg is
a smooth, compact oriented surface embedded in R3. That is, Sg can be described
by finitely many charts ¢; : U; — V; (for open subsets U; C Sg and V; C R
j=1,...,N), which allows a meaningful definition of the surface area measure wr on
the sphere Sg via the Lebesgue measure A in R?. For z € U; C Sg, the tangent space
T, at x is the image of the derivative ij_l [¢j(x)] : R — R3. The tangent space may
be described intrinsically as T, = {y € R® : -y = 0}. A k-times differentiable or C*-
smooth function f : Sg — R is a function such that f 01/};1 is k-times differentiable or
has continuous partial derivatives up to order k, respectively, for each j = 1,..., N.
We simply say that f is smooth if it is C'°°-smooth. Due to the simple geometry of
the sphere Sg, this definition of differentiability is in fact equivalent to requiring that
the radial extension f(z) = f (R\%I) of f has the corresponding regularity in R3\ {0}.
This allows us to express the surface gradient Vg, f(x) of a differentiable function
f :Sr — R at a point x € Sk via the relation Vs, f(z) = Vf(y)|y—z, where V
denotes the Euclidean gradient (formally, the surface gradient at z is defined as the
unique vector v € T, such that the differential df[z] : T, — R can be identified by
the scalar product with v, i.e., df[z](y) = v -y for y € T,).

Furthermore, L?(Sg) is denoted to be the space of square-integrable scalar val-
ued functions f : Sg — R, while L?(Sg,R?) denotes the space of square integrable
vector valued spherical functions f : Sg — R3, equipped with the inner products
(fih)r2sn) = Js, f(W)h(y)dwr(y) and (£, h) 125, re) =[5, £(y) - h(y)dwr(y), respec-
tively. A vector field f : Sp — R? is said to be tangential if f(z) € T, for all x € Sg.
The subspace of all tangential vector fields in L?(Sg, R?) is denoted by Tr. Note that
the smooth vector fields are dense in Tr. Clearly, if f is smooth, then Vg, f lies in 7.
The Sobolev space W12(Sg) may be defined as the completion of smooth functions
with respect to the norm [20]

1/2
1 llwrem = (1 2o + 1Vonflsme) -

Since, for an appropriate set of charts ¢, : U; = V;, j =1,..., N, of the sphere, the
V; are bounded and the corresponding determinants of the metric tensors are bounded
from above and below by strictly positive constants, it holds that f € W12(Sg) if and
only if the functions f o w;l lie in the Euclidean Sobolev spaces W12(V;) (see, e.g.,
[28]). The gradient Vs, f(x) at © € Sg of a function f € W2(Sg) still satisfies the
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representation df[z](y) = Vs, f(z) -y for y € T,,, where df has to be understood in
the sense of distributional derivatives and Vg,, f(x) needs not be a pointwise derivative
in the strong sense (see [38, Ch.VIII]). Let us put

Gr ={Vspf: fe W' (Sp)}.

We claim that Gp is closed in L?(Sg,R?). Indeed, if Vg, f,, is a Cauchy sequence in
Gr, where f,, € WH2(Sg) is defined up to an additive constant, we may pick f,, so
that fSR frndwr = 0 and then it follows from the Holder and the Poincaré inequalities
(20, Prop. 3.9] that || f, — finll2(sp) < CllVsgfu —VsgfmllL2(sg r3) for some constant
C. Hence f, is a Cauchy sequence in W12(Sg), therefore it converges to some f there
and consequently Vs, f,, converges to Vs,, f in L?(Sg,R?). Thus, G is complete and
therefore it is closed in L?(Sg, R?), which proves the claim.

When h is a smooth tangential vector field on Sg, its surface divergence Vs, - h
is the smooth real valued function such that

(4) f Vs, -hdwgr = —/ (Vspf) - hdwg, forall f € C™(Sg).
SR SR

When h € Ty is not smooth, (4) must be interpreted in a weak sense, namely Vs, -h
is the distribution on Sg acting on smooth real-valued functions by (f, Vs, - h) =
— fSR Vspf - hdwg, for all f € C*°(Sg). This clearly extends by density to a linear

form on W12(Sg), upon letting f converge to a Sobolev function. Then it is apparent
that

Dr={heTg:Vs, -h=0}
is the orthogonal complement to Gg in Tg. In particular,
(5) Tr = Gr © Dg,

which is the so-called Helmholtz-Hodge decomposition. The particular geometry of
Sk makes it easy to see that f € Dp if and only if its radial extension f(z) = f(Rﬁ)
is divergence free, as a R3-valued distribution on R3 \ {0}.

We now consider the operator J, : T, — T, given by J,(y) = I%I x y, for y € Ty,

where x indicates the vector product in R3; that is, J, is the rotation by 7/2 in T},.
We define J : Tgp — Tr to be the isometry acting pointwise as J, on T,, namely
(Jf)(x) = Jo(f(z)) for f € Tr. It turns out that J(Ggr) = Dg. This fact holds for
more general sufficiently smooth surfaces embedded in R3. A proof seems not easy to
find in the literature and will be provided in a forthcoming publication (for the special
case of continuously differentiable tangential vector fields on the sphere, the assertion
essentially corresponds to [15, Thm. 2.10]). This motivates the notion of a surface
curl gradient Ls, = x x Vs, acting at a point « € Sg, and justifies the representation
Dr = {Ls,f: f € WH%(Sg)}. For convenience, we define the following "normalized”
operators: Vg = RVsg, and Lg = ﬁ X Vs. The Euclidean gradient then has the
I%\
the radial derivative.

Eventually, if we let Nr indicate the space of radial vector fields in L?(Sg,R?)
(i.e., those functions whose value at x is perpendicular to T, for each x € Sg), we get

from (5) the orthogonal decomposition

(6) L*(Sg,R3) = Nr ® Gr @ Dk.

expression V = +£0, + ﬁVS, acting at a point x € R3, where 0, = l‘ -V denotes

|z
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Related to the latter but of more relevance to our problem is the Hardy-Hodge decom-
position that we now explain. For that purpose, we require the following definition.

DEFINITION 2.1. The Hardy space 7—[_2’_7R of harmonic gradients in Br is defined
by

Hi,R = {g = Vg : function g : Bg — R with Ag =0 in Bg and ||Vg||2,+ < oo},

1
where ||gll2,+ = (supTE[O,R) fs. lg(ry)|*dw, (y))* and A is the Euclidean Laplacian in

R3. Likewise, the Hardy space ’H:R of harmonic gradients in R> \ B is defined by

H: g = {g =Vg: function g : R*\ Bgr — R with Ag = 0 in R®* \ B and [|Vg|2,— < oo},

1
where ||g|l2,— = (supre(R’oo) Js |g(ry)|?dwr(y)) . Note that, by Weyl’s lemma [11,
Theorem 24.9], it makes no difference whether the Fuclidean gradient and Laplacian
are understood in the distributional or in the strong sense.

Members of H3  and H?  have non-tangential limits a.e. on Sg, and if g €
H3 g, its non-tangential limit has L?(Sg, R?)-norm equal to ||gl|2,+, see [38, VIL.3.1]
and [39, VI.4]. We still write g for this non-tangential limit and we regard it as the
trace of g on Si. This way Hardy spaces can be interpreted as function spaces on
Sk as well as on By or R3 \E7 but the context will make it clear if the Euclidean
or the spherical interpretation is meant because the argument belongs to R3 \ Sg
in the former case and to S in the latter. The Hardy-Hodge decomposition is the
orthogonal sum

(7) L*(Sg,R?) =H3 r @ H>  ©® Dp.

Projecting (7) onto the tangent space Tg and grouping the first two summands into
a single gradient vector field yields back the Hodge decomposition (5). The Hardy-
Hodge decomposition drops out at once from [3] and (5). Its application to the study
of inverse magnetization problems has been illustrated in [7, 17, 27]. Although not
studied in mathematical detail, spherical versions of the Hardy-Hodge decomposition
have previously been used to a various extent in Geomagnetic applications (see, e.g.,
[5, 16, 19, 31)).

By means of the reflection Ry (z) = % x across S, we define the Kelvin trans-

form Kgr[f] of a function f defined on an open set 2 C R? to be the function on
Rr(Q) given by

R

mf(RR(z))v r € Rr().

(8) Kr[fl(z) =

A function f is harmonic in © if and only if Kg[f] is harmonic in Rg(Q) (e.g., [4,
Thm. 4.7)).

Now, assume that f € #3 , with f = Vf and f(0) = 0. Then VKg[f] € H? .
In fact, if for f € ”Hi’R (resp. f € ’H?R) we let [ f indicate the harmonic function
f in Bg (resp. in R®\ Bg) whose gradient is f, normalized so that f(0) = 0 (resp.
limy| o0 f(2) = 0), then f — VKpg o [f maps ’Hi’R continuously into ’H%’R and
back [3]. Moreover, in view of (8) we have that

©) VKl = Rvﬁzw ~ 22 V/(Rr(x)) f—f — f(Ra(x)) l’if
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Clearly f and Kg[f] coincide on Sg, therefore the tangential components of V f and
VKRg[f] agree on Sy (these are the spherical gradients Vg, f and Vs, Kr[f]). The
normal components 9, f and 9, Kg[f], though, are different. Indeed, we get from (9)
that
x
(10) O KRlf() = 0, @) - 2 wesy
We turn to some special systems of functions. First, let {Y}, k}neny, k=1,... 2041

be an L?(S)-orthonormal system of spherical harmonics of degrees n and orders k. A
possible choice is

— ! .
il %Prz,rrklfk(snl(e)) cos((n+1—k)ep) k=1,...,n,
Yn,k(m) = %Pn,ﬂ(t)y k‘:n+1:

2 e P k(e (5IN(0)) sin((k — (n+1))9)  k=n+2,....2n+1,

for x = (cos(0) cos(p), cos(f) sin(p),sin(9))” € Sy, 0 € [-F, 5], ¢ € [0,27), and P,
the associated Legendre polynomials of degree n and order k (see, e.g., [15, Ch. 3] for
details; another common notation is to indicate the order of the spherical harmonics
by k = —n,...,n rather than k = 1,...,2n + 1). Then ka(x) = (%)nYnk(li—l) is
a homogeneous, harmonic polynomial of degree n in R? (sometimes also called inner
harmonic and equipped with a normalization factor %) In fact, every homogeneous
harmonic polynomial in R? can be expressed as a linear combination of inner harmon-
ics. The Kelvin transform anflyk = KR[Hf;k] is a harmonic function in R3\ {0}
with lim| e Hf”n_Lk(ac) = 0 (sometimes called outer harmonic). In [3, Lemma 4]
the following result was shown.

R ; 92
LEMMA 2.2. The vector space span{VH™ | neng k=1,..2n+1 5 dense in H2 p

R . 902
and the vector space span{VHmk}neNO,k:l on+1 15 dense in HZ p.

.....

For each fixed » € R3\ Bg, the function g,(y) = ﬁ is harmonic in a neighbor-

hood of By and, therefore, its gradient

r—y

gz(y) =V, gx(y) = _m

lies in Hi r- As a consequence of Lemma 2.2, we shall prove the following density
result.

LEMMA 2.3. The vector space span{g, : x € R\ Bg} is dense in H3 5 and the
vector space span{g, : x € Br} is dense in H? .

Proof. As Kglg.] = \71|gw/\w|2 and VKp o [ is an isomorphism from 7—[2_7R onto
Hi r (see discussion before (9)), we need only prove the second assertion. Define
g(y) = ﬁ as a function of y € R?\ {0}. For a = (a1,9,03) € N3 with |a| =

a1 + ag + ag = n, the derivative 0,9(y) = ng(y) is of the form é{lﬁ‘i&,

where H, is a homogeneous harmonic polynomial of degree n, and actually every
homogeneous harmonic polynomial H,, is a scalar multiple of |y|*+2™d,g(y) for some
a [4, Lemma 5.15]. The discussion before Lemma 2.2 now implies that d,g is an
element of Span{Hfin_Lk}neNo’k:l’,,"2n+1. Thus, by this lemma, we are done if we
can show that whenever f € 7—[2_,R is orthogonal in L?(Sg,R?) to all g,, € Bg, then
it must be orthogonal to all Vanfl,k. To this end, differentiating (f, g.) 12(s,,,r3) = 0
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with respect to x leads us to

(11) 0=:<f,vlqaﬂl;21>
|-~ L2(Sr.R3)

for all « € N} and n = |a|. Setting x = 0 yields
o Ha _ p—2n—1
0= f, VW =R <f, VKR[HO‘]>L2(SR,R3) .
L2(Sgr,R3)

Since every inner harmonic H ff  can be expressed as a linear combination of H,, this
,

relation and the considerations before Lemma 2.2 imply (f, VHEnfl,k>L2(SR7R3) =0
forall n € Ng, k =1,...,2n 4 1, which is the desired conclusion. O

3. Harmonic Potentials in Divergence-Form. The potential of a measure
1 on R3 is defined by

1 1

(12) po) =~ [ duty)

It is the solution of A® = y in R? which is “smallest” at infinity. If 4 > 0, the poten-
tial p, is a superharmonic function and therefore it is either finite quasi-everywhere
or identically —oo, see [2] for these properties and the definition of “quasi every-
where”. Decomposing a signed measure into its positive and negative parts (the
Hahn decomposition) yields that p,, is finite quasi-everywhere if p is finite and com-
pactly supported (i.e., if supp(u), which is closed by definition, is also bounded). If
supp(u) C Br, the Riesz representation theorem and the maximum principle for har-
monic functions imply that there exists a unique measure i with supp(ji) C Sg such
that

/ o()duly) = / a(y)diy)

for every continuous function g in B which is harmonic in Bg. Since y — 1/|z — y|
is harmonic in a neighbourhood of Br when z ¢ Bg, this entails that the potentials
p, and p; coincide in R? \ B, ie.,

pu(x) =pa(z), = €R®\Bg.

The measure /i is called the balayage of 1 onto Sg (see, e.g., [2]). In fact, the poten-
tials p, and p; coincide quasi-everywhere on Si as well. An expression for i easily
follows from the Poisson representation of a function f which is continuous in Bg and
harmonic in Bg:

1 R? —|z|?

(13) 0= 55 | Ty

f(y)dwr(y), =z € Bg.

Clearly Equation (13), Fubini’s theorem, and the definition of balayage imply that

2 2
(14) () = dpsa @)+ (o [ ut0)) den(o)

4R Jg,, |r—y[?
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LEMMA 3.1. Let the measure p be supported in Br. Furthermore, assume that
is absolutely continuous in Br with a density h (i.e., du(y) = h(y)dy) that satisfies
the Hardy condition

(15) ess. sup/ |h(y)|? dw,(y) < oo
0<r<R

Then the balayage i of p on Sk is absolutely continuous with respect to wgr (i.e.,
dii(y) = h(y)dwgr(y)) and it has a density h € L?>(Sg).
Proof. Starting from (14) and the assumption that u is absolutely continuous, we find

that the density h of [ is

; 1 R? —Jy?
h =
(2) 4R Jg, |r—y[?

h(y)d\(y), =z € Sg.
Using Fubini’s theorem and the identity

z,y € R*\ {0},

X

together with the changes of variable n = %7 Yy = 7z, we are led to
: 1 R? — Jy)? ’
hl? = 2 h(y) dA d
s =gz [ ([ o dih) 4A0) ) don(o)

S—_— (/R( ol (f)dwr(f)>dr>2dwR(:v>

it ([ (20 o) s
o /S ( /OR ( /S |1 ;__( %g); h(e) dwr(§)> 2 dT) duor(z)
i (£ (L o) )

LR, L Iy R
_(47TR)2/0 </SR<S1 |n_%|3h( n)dwi(n) | dwg(z) | d

R 12 2
R € w =Ty  P

Now, the function

1 1—|y?
dm Js, In—yl?

fly) = h(rn) dwy (n)

is the Poisson integral of h(r:) over the unit sphere S; (and represents the middle
integral on the right hand side of (16)). Thus, f is harmonic in By and its square |f|?
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is subharmonic there. The latter implies that the mean of [f|* over the sphere S«
r < R, is not greater than its mean over Sy, i.e.,

- 2wy m L 2dws
P ERE /S F)Pdwg (y) < tim yENE /SR | (y)2dws (v)

R

— 1 2
= g [, ) den o)

1 M
=—— [ |hy)dw(y) <
gy /S ,,»‘ (Y| dwr(y) < pp—-y

where the constant M > 0 comes from the Hardy condition (15). Together with (16),
we find that

MR3
127’

I1All72 (s, <

eventually showing that heL? (Sgr) and that i is absolutely continuous with respect
to wr with density h. O

More generally, an arbitrary distribution D with compact support has a potential
pp given outside of supp(D) by

1 1

17 =D|-——— R? D).

(") pota) =D (~ ot ) e B \sunn(D)

Compactness of supp(D) easily implies that D indeed acts on —1/(4w|x —-|) when = ¢
supp(D) so that pp is well-defined (cf. Section SM1 in the supplementary materials
for details). If D is supported in Bgr (in particular, if it is supported in some shell
Br_a.r), we define the balayage of D onto Sg to be the distribution D on Sg that
satisfies

pp(z) =pp(z), z€R*\Bg.

Strictly speaking, D is a distribution on Sg so that p 5 should rather be denoted by
Phgss, where D @ sy is the distribution on R® which is the tensor product of D
with the measure ds,, corresponding in spherical coordinates to a Dirac mass at r = R
(see [37]). Nevertheless, to alleviate notation, we do write pp. Thus, what is meant
in (17) when D = D is that D is applied to the restriction to Sg of —1/(4m|z — -|).

We briefly comment on the existence and uniqueness of such a balayage in Section
SM1 of the supplementary materials. If D is (associated with) a measure p, then (17)
coincides with (12) and the balayage was given in (14). The main difference between
the case of a finite compactly supported measure p and the case of a general compactly
supported distribution D is that usually pp(z) cannot be assigned a meaning when
x € supp(D) whereas p,, is well-defined quasi everywhere on supp(p). We say that D
is in divergence form if

(18) D=V-M,

where V- is to be understood as the distributional divergence and M is a R3-valued
distribution. If, e.g., M € L?*(Bg_q r,R3) and supp(M) C Br—_4 g, then the corre-
sponding potential pp coincides with ®.pys¢ in (1). Now we can formulate the main
result of this section, namely, that balayage preserves divergence form for those M
satisfying a Hardy condition.
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LEMMA 3.2. Let D = V-M, where M € L?(Bg,R3) satisfies the Hardy condition

ess. sup/ IM(y)[? dw, (y) < .
0<r<R JS,

Then there exists m € L2(Sg,R3) such that D = V - (m ® dg,,) is the balayage of D
onto Sg.

Proof. Let M = (My, My, M3)T denote the components of M. The definition of pp
yields

pp(@) = — / M(y) - Y aa(y)

T4 r—yf?

3

1 T —y; o=
(19) == [ T ), o R \En

4m ; Br e -y
If we choose the measure p; such that du;(y) = M;(y)dy, we get from Lemma 3.1
and the Hardy condition on M that there exists a m; € L?(Sg) such that balayage
of p1; onto Sg is given by the measure fi; with di; = m;dwg, 7 = 1,2,3. Setting
m = (m1,m2,m3)” and observing that g, ;(y) = % = —8zjﬁ is harmonic in
Br and continuous in Bg, for fixed € R?\ Bg, then the definition of balayage yields
together with (19) that

3
1 Tj — Yj
=—) () —L—% d
role) am j—1/SRmJ()|x_y|3 wr(v)

1 T—y 3 =
20 - L TTY g — p; R?\ Bx.
(20) i )., m(y) P wr(y) =pp(z), = €R*\Bg
The latter implies that D = V - (m ® ds,,), as announced. O

REMARK 3.3. Lemma 3.2 eventually justifies the statement made in the introduc-
tion that, to every square summable volumetric magnetization M in the Earth’s crust
Br_q,r that satisfies the Hardy condition, there exists a spherical magnetization m on
Sgr that produces the same magnetic potential and therefore also the same magnetic
field in the exterior of the Earth.

4. Separation of Potentials. We are now in a position to approach Problem
1.1. For this we study the nullspace of the potential operator ®*-%0:%2 (¢f. Definition
4.1), mapping a magnetization m on Sg, and an auxiliary function h € L?(Sg, ) to the
sum of the potentials (2) and (3) on Sg,. First, we show in Section 4.1 that uniqueness
holds in Problem 1.1 if suppm # Sg,. Similar results hold for the magnetic field
operator Bfi:flo.fe — @ Fi.Ro. Rz (cf. Theorem 4.5). In Section 4.2, we discuss how
the previous results can be used to approximate quantities like the Fourier coefficients
(P, Yn7k>Lz(SR2) of ®y. Finally, in Section 4.3, we show that ® = &5 + ®; may well
vanish though ®q, ®; # 0. This follows from Lemma 4.13 and answers the uniqueness
issue of Problem 1.1 in the negative when suppm = Sg,.

4.1. Uniqueness Issues. In accordance with the notation from Problem 1.1,
we define two operators: one mapping a spherical magnetization m to the potential
pp with D=V -(m®ds r, ), and the other mapping an auxiliary function h € L?(Sg,)
to its Poisson integral, both evaluated on Sg,.
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DEFINITION 4.1. Let 0 < R; < Ry < Ry be fized radit and I'r, a closed subset of
SRO. Let

1 T —
g1 1 LTy, R?) > L*(Sp,), mi - /F m(y) - 5 don, (), @ € S,
R

and

Ri,Ry | 72 2 |£C|2 R%
P L (SRI) — L (SR2)a h— h(y)idw31 (y)a z € Sg,.
S

4m Ry |l —y|3

The superposition of the two operators above is denoted by
ofvFoRe [2(Tp R%) x L*(Sg,) = L*(Sg,), (m,h) = &3 [m] + &7 [n].

We start by characterizing the potentials pp, with D in divergence-form, which
are zero in R3 \ Bg.

LEMMA 4.2. Letm € L?(Sg,R3) and D = V-(m®4s,,) be in divergence-form. Let
furtherm = m, +m_ +d be the Hardy-Hodge decomposition of m, i.e., m € 7—[173,
m_ € H? rs andd € Dg. Thenpp(z) =0, forallz € R3\Bg, if and only if m, = 0.
Analogously, pp(x) =0, for all v € By, if and only if m_ = 0.

Proof. We already know that g.(y) = ﬁ lies in ’Hf_ﬁ for every fixed x € R?\ Bg.
The orthogonality of the Hardy-Hodge decomposition and the representation (20) of
pp yield that m_ and d do not change pj in R? \ Bg. Conversely, if pj(z) = 0 for
all z € R?\ Bg, then

pﬁ(x) = <ggj,m>L2(gR7R3) = <gzvm+>L2(SR,R3) = 0, S R3 \M

Since Lemma 2.3 asserts that span{g, : € R?\ By} is dense in H3 g, the above
relation implies m; = 0. The assertion for the case where pD( ) =0, for all z € Bg
likewise follows by observing that g.(y) = lies in H?2 g forfixedz € Bg. O

\T 7|3

. Ro,R
Since @4

®Jo "> (extending the magnetization m € L?(T'g,,R3) by zero on Sg, \ I'g, if the
latter is nonempty). As to @?1’&, we know its nullspace reduces to zero because the
Poisson integral (3) yields the unique harmonic extension of h € L?(Sg,) to R?\ Bg,
which is zero at infinity (i.e., h is the nontangential limit of its Poisson extension a.e.

on Sg,, see [4, Thm. 6.13]). This motivates the following statement on the nullspace
N(Q)Rl’ROyRQ) of ®F1.Ro,Rz

THEOREM 4.3. Let the setup be as in Definition 4.1 and assume that I'g, # Sg, .
Then the nullspace of ®F1-Fo:R2 45 given by

N((I)R“RO’RQ) ={(d,0) : d € Dg,, supp(d) C T'g, }.

m] = pp, we may use Lemma 4.2 to characterize the nullspace of

Proof. Clearly ®fiv:Fo-B2[(m_ h)] is harmonic in R\ {Tg, U Sg,} and vanishes at
infinity. If ®%1Fo.B2[(m h))(z) = 0 for x € Sg,, then it follows from the maximum
principle that ®%1:fo.B2[(m h)|(z) = 0 for all z € R\ Bg,. Subsequently, by real
analyticity, ®ftt-Ro.F2[(m, h)] must vanish identically in R? \ {T'g, UBg, } which is
connected because I'g, # Sg,. Thus, ®f1-Fo-f2[(m, h)] extends harmonically (by the
zero function) across I'g,:

(21) FvRoBa[(m B)(z) =0, =€ R3\Bpg,.
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Since ®F1-Fo-F2[(m h)] = @gO’RQ [m] + &2 [p], where ®[h] is harmonic on
R? \ Bg,, we find that ®;"2[m] in turn extends harmonically across I'g,, there-
fore it is harmonic in all of R3. Additionally @é{ o%2[m] vanishes at infinity, hence
@2 [m] () = 0 for all z € R® by Liouville’s theorem. Since ®J*"*[m] = pp for
D=vV. (m ® dg,, ), Lemma 4.2 now implies that m = d € Dg, with suppd C I'g,.
Next, as 4" [m] vanishes identically on R3, we get from (21) that &2 [h)(z) = 0
for all # € R®\ Bg,. Then, injectivity of the Poisson transform entails that h = 0,
hence N (®f1-Fo-2)  {(m,0) : m € Dg, supp(m) C g, }.

The reverse inclusion N(®F1-Ro.f2) 5 f(m 0) : m € Dg,, supp(m) C I'g,} is
clear because Lemma 4.2 yields that ®%1-Fo-R2[(m, 0)](z) = &2 [m](x) = 0, for all
:CERB\FROimeDRO. O

COROLLARY 4.4. Notation being as in Definition 4.1 with I'r, # Sg,, let ® =
ofRoRa[(m h)] for some m € L?(T'g,,R3) and some h € L*>(Sg,). Then, a pair of
potentials of the form ®¢ = @50’32 m] and & = ®FF2[h], with m € L*(Tg,,R?)
and h € L?(Sg,), is uniquely determined by the condition ®(x) = ®¢(x) + ®;(2),
x € SR2.

Proof. From Theorem 4.3 we get that h is uniquely determined by the values of ®
on Sg,, and also that the components m; € H? p and m_ € H? p of the Hardy-
Hodge decomposition of m are uniquely determined. The former implies h = h
and the latter m = m + d, for some d € Dg,. By Lemma 4.2 we have that
@gO’RQ [m](z) = (1)(1)%0,1%2 [m+d](z) for z € R?\Sg,, so we eventually find that ®y and
®; are uniquely determined. O

Corollary 4.4 answers the uniqueness issue of Problem 1.1 in the positive provided
that supp(m) # Sg,. In other words, assuming a locally supported magnetization,
it is possible to separate the contribution of the Earth’s crust from the contribution
of the Earth’s core if only the superposition of both magnetic potentials is known on
some external orbit Sg,. Of course, in Geomagnetism, it is the magnetic field B = V®
which is measured rather than the magnetic potential ®. However, the result carries
over at once to this setting. More in fact is true: if supp(m) # Sg,, separation is
possible if only the normal component of B is known on Sg,. Indeed, we have the
following theorem.

THEOREM 4.5. Let the setup be as in Definition 4.1 with I'r, # Sgr,, and consider
the operator

BfvRo Rz 12Dy R3) x L?(Sg,, R®) — L*(Sg,,R?),
(m, h) — VBT [m] + voif2p).

Define further the normal operator:

BivRoRe . 12Dy R3) x L*(Sg,,R®) — L*(Sg,),
(m, h) — 8, (q>§0’32 [m] + @FT [h]) .

Then the nullspaces of BFvfo:-Rz gng BEuFo B2 gre gl given by

N(BfvRo-f2y — N (B Fo-f2) = {(d,0) : d € Dp,, supp(d) C g, }.
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Proof. Let BIvFo-B2[(m h)|(z) = 0 for *+ € Sg,. Then ®FFo-R2[(m_ h)| has
vanishing normal derivative on Sg,, and is otherwise harmonic in R® \ Bg,. Note
that ®fv:Ro.F2[(m, h)] is even harmonic across Sg, onto a slightly larger open set,
hence there is no issue of smoothness to define derivatives everywhere on Sg,. Since
@F1Ro.B2[(m, h)] vanishes at infinity, its Kelvin transform u = K g, [®71Fo-R2[(m, h)]]
is harmonic in Bg, with w(0) = 0 [4, Thm. 4.8], and by (10) it holds that d,u(x) +
u(z)/Rz = 0 for x € Sg,. Now, if u is nonconstant and x is a maximum place for u on
Sg,, then d,u(z) > 0 by the Hopf lemma [4, Ch. 1, Ex. 25]. Hence u(x) < 0, imply-
ing that u < 0 on Bg,, which contradicts the maximum principle because u(0) = 0.
Therefore u vanishes identically and so does ®f1-%o-F2[(m, k)] on Sg,. Appealing to
Theorem 4.3 now achieves the proof. O

The next corollary follows in the exact same manner as Corollary 4.4. To state it,
we indicate with a subscript v the normal component of a field in L?(Sg,, R?) while
a subscript 7 denotes the tangential component.

COROLLARY 4.6. Let the setup be as in Definition .1 with I'r, # Sg,, and let
the operator Bft:Fo-Fz pe g5 in Theorem 4.5. Define further the operators

B . L3(Tg,,R?) — L*(Sg,,R%), m — V& m]
and
B2 [2(Sp) — L2(Sk,,R?), h s VOIH20p),

Let further B = BRuEo.R2[(m 1)), with m € L?(Tg,,R3) and h € L*(Sg,). A pair
of fields of the form By = B> [m] and By, = B [h], with m € L?(Tg,,R®) and
h € L%(Sg,), is uniquely determined by the condition B, (z) = (Bo),(z) + (B1),(z)
and thus, a fortiori, by the condition B(x) = Bo(z) + B1(x) for x € Sg,.

REMARK 4.7. Opposed to the mormal component, it does not suffice to know
the tangential component B, on Sg, in order to obtain uniqueness of By and Bj.
Namely, letting m = 0 and h be any nonzero constant function on Sg,, then B, (z) =
(Bo)r () + (B1)-(2) = Vs, &5 [m](z) + Vs, &7 [h)(x) = 0 and Bo(z) =
Voo 2 m](z) = 0 but By (z) = VO 2[h)(2) = —?ﬁ;x # 0 for x € Sg,.

4.2. Reconstruction Issues. In this section, we discuss how quantities such
as the Fourier coefficients (@, Y}, 1) 12(sp,) Of ®o can be approximated knowing @,
without having to reconstruct ® itself. Such Fourier coefficients are of interest, e.g.,
when looking at the power spectra of ® and ®( (cf. the empirical way of separating
the crustal and the core magnetic fields mentioned in the introduction). As an extra
piece of notation, given 'y C Sg and f : Sg — R*, we let Jire : Tr— R¥ designate
the restriction of f to I'g.

THEOREM 4.8. Let the setup be as in Definition 4.1 and assume that I'r, # Sg, -
Then, for everye > 0 and every function g € H-21-7R0 EB’HQ_)RO, there exists f € L*(Sg,)
(depending on £ and g) such that

(@R im B, f)p2s,,) — (M, grp, ) r2(rp, k2)| < (M, R)|[L2(r s, Ro)xL2(8R,):

for allm € L*(Tg,,R?) and h € L*(Sg,).

Proof. According to Theorem 4.3 and the orthogonality of the Hardy-Hodge decom-
position, (g|pR0,0) is orthogonal to the nullspace N(®F1foR2) of Fafo.Rz - for if
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d € Dg, and supp(d) C I'g,, then (gr, ,d)r2(rp, k) = (8,d)12(s5, k) = 0. There-
fore, (g|pR070) lies in the closure of the range of the adjoint operator (@Rl’RO’R2)*,
i.e., to each € > 0 there is f € L?(Sg,) with

(22) [(@ReRoRe) 1]~ (g, 0)] <e

L2(TRry,R¥)XL2(SR,)

Taking the scalar product with (m,h), we get from (22) and the Cauchy-Schwarz
inequality:

‘<©R17R07R2 [In7 h]7f>L2(SR2) — <m,g‘pRo>L2(pR07R3)‘
— ‘<(rn7 h), ((I)Rl,Ro,Rg)* If] — (g\FRO’O)>

< || @™ R0 () = (gir, 0|

< ell(m, )|l L2(r g, R xL2(SR, )

LQ(FRO,RS)XLQ(SRZ)

L2(Pry R3) X L2(Sk, ) Cm B}, )it @)

which is the desired result. O

COROLLARY 4.9. Let the setup be as in Definition 4.1 with I'r, # Sgr,. Then, for
every € > 0 and every function g € L?(Sg,), there exists f € L*>(Sg,) (depending on
€ and g) such that

(@FFoBe[m b)) o, ) — (@51 [m]7g>L2(sR2)‘ <ell(m, h)||L2(r g, ®3)xL2(SR, )

for allm € L*(Tg,,R3) and h € L*(Sg,).
Proof. First observe that

(23) <¢‘?D’R2 [m]’g>L2<sR2) - <m’ ((I)(?O)Rz)* [g]>L2(FRO,R3> ’

where the adjoint operator of @50732 is given by

(@?O’Rz)* : LQ(SR2) - LQ(FRO’R3)7 g H[g}

TRy

(24) H{g)() = —— /S o) don, (). @ € S,

4w x

Clearly Hlg] € Hi,Ro whenever g € L%(Sg,), therefore, (23) together with Theorem
4.8 yield the desired result. (]

REMARK 4.10. The interest of Corollary 4.9 from the Geophysical viewpoint lies
with the fact that ®FvFo.F2[m h] (more specifically: its gradient) corresponds to
the measurements on Sg, of the superposition of the core and crustal contributions,
whereas <I>§ 02 [m] corresponds to the crustal contribution alone. Thus, if we can
compute f knowing g, we shall in principle be able to get information on the crustal
contribution up to arbitrary small error. Note also that (g,0) € Ran (@R“RO’R?)*
unless g = 0, due to the injectivity of the adjoint of the Poisson transform (which
is again a Poisson transform). Therefore we can only hope for an approximation of
<<I)0R°’R2 [m},g)Lz(SRz) in Corollary 4.9, up to a relative error of € > 0, but not for an
exact reconstruction.
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Results analogous to Theorem 4.8 and Corollary 4.9 mechanically hold in the
setup of Theorem 4.5 and Corollary 4.6 (i.e., separation of the crustal and core mag-
netic fields By and B; instead of the potentials). Below we state the corresponding
results but we omit the proofs for they are similar to the previous ones.

THEOREM 4.11. Let the setup be as in Theorem 4.5. Then, for every e > 0 and
every field g € H17R0 &) 7—[2_7R0, there exists £ € L*(Sg,,R?) (depending on ¢ and g)
such that

<BR1’R°’R2 [m, h]>f>L2(SR2 JR3) — <m7g\FR0>L2(FRO R3[| < e[| (m, h)||L2(FRO R3)x L2(Sg, )»

for all m € L?*(Tp,,R3) and h € L?(Sg,). The same holds if Bfv-Fo-B2[m h] gets
replaced by BIv-Ro.B2[m h) this time with £ € L*(Sg,).

COROLLARY 4.12. Let the setup be as in Theorem 4.5 and Corollary 4.6. Then,
for every e > 0 and every field g € L*(Sg,,R3), there exists f € L*(Sg,,R3) (depend-
ing on € and g) such that

R1,Ro,R Ro,R
BT m, A ) p2sp, vy — (Bo 2 (M), @) 25, w3y | < €l (m, R L2 (r g w3y x22(55,)

for all m € L?*(Tp,,R3) and h € L?(Sg,). The same holds if Bfv-Fo-B2[m h] gets
replaced by BEvRo-B2[m h), this time with £ € L*(Sg,).

4.3. The Case I'r, = Sg,. We turn to the case where ', = Sg,. Then,
uniqueness no longer holds in Problem 1.1, but one can obtain the singular value
decomposition of ®f1:f0:R2 fairly explicitly and thereby quantify non-uniqueness. In-
deed basic computations using spherical harmonics yield:

(@5°"2)" [Ya ] ()

1 1
N
Sh, ly| |z -yl

o =g 2% [ (1) o (1) 7o (G- ) om0

m=0
oo 2m+1
1 1 x
= m Vo | 12]™Ym T / Y, ( )Ym ( )dw
22 Gmiirp (1 (7)) o, gy ) Y gy ) e @)
_ R Ry R Ro\" Ry
- 2n+1 nk( ) 2TL+1 (RQ) an,k($)7 IESR(H
and
(@10 72) [V, (@)
1 / v\ lyl* — R}
L () B
R S, "\l ey )
06 =S emi) / l(m)mpm (y) You (y) dwn, (v)
ARy “—~ sry 191 \ 1Y |yl |yl

1 oo 2m+1 R m * y y
1

_ BN ot () ] v () ¥ () et

RRmZ_:z:(R) l<x|) o, NIyl Tyl 7 (v)

Rl n—1 ($>
== Yor|l— ), x€Sg,
(Rz) BANE f
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where H fjc, H 5(12 are the inner harmonics from Section 2 and P, the Legendre poly-

nomial of degree m (see, e.g., [13, 15, Ch. 3] for details). So, we get for the adjoint
operator (@ff1:-Fo.R2)* that

T
Ry [Ro\" Ri\"!
27 fivRofay [y, (1 = —) vHF (= Yor| -
(27) ( )" Yokl <2n+1<32> VA R, k

Similar calculations also yield that

Ro\" x
dRoB2 7 R0 (1) — n (0> Y, (), T € Sg,,
o VL) = 7o\ Ry ) Yo\ "

and

Rl n+1 .
plRary, == Y, i
LY ] () (R2> ok <|x|) , = €Sg,,

so we obtain for ®F1-Ro:.R2 that

n m+1
(28) @M FoRaVHRY BY,, | = a— ) Yo+ 8 (2 Yo,
mke? ’ Ry \ Ro ' Ry v

with o, € R. Based on the representations (27) and (28), further computation
leads us to a characterization of the nullspace of ®#1:-Fo:R2 in Lemma 4.13. Note that
QFuRoR2 . [2(Tp. ,R3) x L%(Sg,) — L?(Sg,) is a compact operator, being the sum
of two compact operators (for ®°'" and ®" have continuous kernels).

LEMMA 4.13. Let T'r, = Sg,, then the nullspace of ®F1:10:R2 s given by

N(@Frfof)y —f{(m_ +d,0):m_ € H? ;,d € Dg,}

n T
U span{(VHf;‘}w—lgl <]];é?> Yn1k> :nEN,k—l,...,2n+1},

while the orthogonal complement reads

) 1 n T
N(@RLRO’RQ)J‘zspan{(VHﬁ?w n (Rl) Yn,k> :neN7k:1,...,2n+1}.

Ry Ro
All non-zero eigenvalues values of (®Fr-RoF2)r@lv.Ro.Re gre of the form
2n 2n
n Ro Rl
= _— —_— N,
on 2n+1<R2> +<1—22 e

and the corresponding eigenvectors in L?(Sg,,R3) x L*(Sg,) are

n T
2 1 /R
<VH5,(I)C’ nt ( 1) Yn,k:) , neNk=1,...,2n+ 1.

R \Ro

Lemma 4.13 entails that the nullspace of ®%1:%0:%2 contains elements of the form
(m,h) with h # 0, hence ®#1:Fo.-R2[(m_h)] may well vanish on Sg, even though
fIJf'/l’R2 [h] is nonzero there, by injectivity of the Poisson representation. In other
words, separation of the potentials @gO’RZ and ‘D?l’m knowing their sum on Sg, is
no longer possible in general if I'p, = Sg,.
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5. Extremal Problems and Numerical Examples. In this section, we pro-
vide some first approaches on how the results from the previous sections can be used
to approximate the Fourier coefficients of ®(. For brevity, we treat only separation of
the crustal and core magnetic potentials (underlying operator ®%1:50-%2) and not the
separation of the crustal and core magnetic fields (underlying operator Bft1:fo-£z),
The procedure in such case is of course similar. In the supplementary material (Sec-
tion SM2) we illustrate a similar example aiming at a reconstruction of ®y as a whole
rather than its single Fourier coefficients.

5.1. Reconstruction of Fourier Coefficients of ®;. To get a feeling of how
functions f in Corollary 4.9 behave, let us derive some of their basic properties. Recall
they where isentified to be those f € L2(Sg,) satisfying (22) with g = (®£°F2)*[g].
LEMMA 5.1. Let 0 # g € L2(Sg,) and set g = (®1)*[g]. To each ¢ > 0, let
J- € L(Sg,) satisfy (@ RoR2)*[[] — (gr,, )12 (r gy &0y 2(eny) < < Then:
(a) 1 |12 26, = .
. Ri,Ra2\x

(b) i (@F ) (]2 e, ) =0,

(c) Uim(fe,Ynr)r2@sp,) =0, for fivedn € Ng, k=1,...,n.
e—0 ’ 2

Proof. From Remark 4.10 we know that (g, .0) € Ran((CleaROvR?)*) but also
(85, 0) & Ran((@RlvROsz)*). Thus, || fe|2(ss,) cannot remain bounded as ¢ — 0,

otherwise a weak limit point fo € L?(Sg,) would meet (®Fr-Fo-R2)*[f,] = (8Tr,+ 0):
a contradiction which proves (a). Next, the relation

[[(@ 1Tty [ £.] — (gIFRO ) 0)||2L2(FR0 R3)xL2(Sg, )

Ro,Ray* Ri1,Ra\+
= (@) [fe] = &ira, Iy o) + 1@ ) (el lLe s,y < 7

immediately implies that lim._,q \|(<I>?1’R2)*[fs]||L2(SR1) = 0 which is (b). Finally,
expanding f. in spherical harmonics, one readily verifies that (26) together with (b)
yields part (c). O

Next, we give a quantitative appraisal of the fact that the Fourier coefficients of
®Jo"2 on Sg,, to be estimated up to relative precision & by choosing g = Y, in
Corollary 4.9, can be approximated directly by those of ®f1:Fo.fi2 (je. neglecting
entirely the core contribution) when % is small enough (i.e., the core is far from the
measurement orbit) and the degree p is large enough. We also give a quantitative
version of Lemma 5.1 point (¢). This provides us with bounds on the validity of the
separation technique consisting merely of a sharp cutoff in the frequency domain.

LEMMA 5.2. Let € > 0 and choose g = (QORO’RQ)*[Ypﬁq] for some p € Ny and
qge{l,...,2p+1}. Then the following assertions hold true.

(a) IfR%(%)pfl <e, then f =Y, 4 satisfies
(29) [[(@F R0 R2)* [£] — (girp, » Ol 2T sy B9 x L2(5R, ) < &-

(b) If | € L*(Sg,) satisfies ||(D7 10 R2) [f] — (giry , 0)l|L2(rpy R2)x L2(5R,) < €
then, for alln € Ng, k=1,...,2n+1,

n—1

R
(30) |<f7Y7L,k>L2(SRz)‘ g gﬁ'
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Proof. To prove (a), note that (®F1fo.Fz)*x — ((@go’m)*,(@?lﬂ?)*) and by (26)
that

‘I)R1,R2 * _ p2 & ot <
||( 1 ) [f”lLQ(SRl) - Rl R2 6,

while [[(@5°")*[f] = g1, I L2(0sy k) = 0 if f =Y, 4. Hence (29) holds.
As to (b), any f € L?(Sg,) with ||(@f-Fo-F2)*[f] — (8 Ol z2(rr, R xL2(SR,) < €
satisfies in particular, in view of (26):

oo 2n+1

 Roxs Rl 2(n—1)
I@E ™ ey =30 2 R3] KA Yasdosn, < 2

n=0 k=1
from which (30) follows at once. O

We turn to the computation of a function f as in Corollary 4.9, regardless of

assumptions on % or on the degree of a spherical harmonics Y, ;, for which we want

to estinate <<I>§°’R2 , Yn’k>L2(SR2). One way is to solve the following extremal problem.
Note that finding f requires no data on the potential ® that we eventually want to
separate into ®¢ + ;.

PROBLEM 5.3. Let the setup be as in Definition 4.1 with I'r, # Sg,. Fiz g €
L2(Sgr,) as well as € > 0, and set g = (BF°)*[g]. Then, find f € WH2(Sg,) such
that
B M llwrzse,) = inf £ llw2(sn,)-

Fewl2(sg,),

(@ f1-Fofiz) V=g, ’O)HLZ(FRO E3)xL2(8R, )¢

It may look strange to seek f € W12(Sg,) whereas Corollary 4.9 merely deals with
scalar products in L?(Sg,). This extra-smoothness requirement, though, helps regu-
larizing the problem.

LEMMA 5.4. Let the setup be as in Problem 5.3 and additionally g € L*(Sg,) with

&g, llL2(r R, r3) > €. Then, there exists a unique solution 0 # f € W?(Sg,) to
Problem 5.3. Moreover, the constraint in (31) is saturated, i.e. ||(®Fr-FoB2)*[f] —
(81T Ry» O)llL2(Pry R3)xL2(SR,) = €-
Proof. Since H[g] given by (24) lies in Hi,Rw the same argument as in the proof of
Theorem 4.8 and the density of W'2(Sg,) in L*(Sg,) together imply the existence
of f € WY2(Sg,) such that (@ F0R: (] — (girs )| ge(rp, mo)xLom) < € I8
satisfied, which ensures that the closed convex subset of W12?(Sg,) defined by

C.= {fe Wh2(Sg,) : (@70 R [F] — (gir ., Ol 220y B3 x L2 (81, ) < E}

is non-empty. Existence and uniqueness of a minimizer f now follows from that of a
projection of minimum norm on any nonempty convex set in a Hilbert space. From
the assumption that [|g|z2(r,, rs) > €, we get that f # 0 because 0 ¢ C.. If the
constraint is not saturated, then there is 6 > 0 such that, for every f € W2(Sg,)
with ||fHW1,2(SR2) < 1, also f + tf satisfies the constraint |(®Fv-Fo-R2)*[f 4 ¢tf] —
(g, O)HL2(FR0 R3)xL2(Sk,) S € fort e (—0,0). Since f is a minimizer, this implies

0= 0hlf +tF 2|, = 2 Punagn,
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for every f € Wh2(Sg,) with || fllw12(s,,) < 1. Thus f = 0, contradicting what
precedes. O

REMARK 5.5. Lemma 5.1 together with the exponential decay of the eigenvalues
of (@fl’Rz)* in (26) suggest that most of the relevant information of a solution f €
W'2(Sg,) of Problem 5.3 must be contained in Fourier coefficients (f, Y k)12 (sp,)
of increasingly high degrees n as € — 0. Lemma 5.2 provides a hint at the range of
accuracies € for which numerical solutions of Problem 5.3 with g = (<I>(If°’R2)*[Yp7q]
behave differently for small and large p.

Discretization. For the actual solution of Problem 5.3, we from now on assume
that |gr,, [|2(r s, r2) > €, hence the constraint is saturated by Lemma 5.4, and we

use a Lagrangian formulation and obtain from [9, Thm. 2.1] that f € W2(Sg,)
solves for

(32) (Id A (@R o) (@RI’RO’RZ)*) [f] = X (@R R (gip 1 0)],

where A > 0 is such that [|(®F-Ro-R2)*[] — (glr‘RO70)||L2(FRO’R3)XL2(SR1) = ¢. Here,
the operator (@Rl’R“’R2)** stands for the adjoint of the restriction of (@Rl’RU’RZ)* to

the domain W'2(Sg,). In order to avoid computing (®%F1:70:52)™" " we rewrite (32)
in variational form:

@y + A { (@) ), (@R o]

(83) = A((gira,0), (@R T) [g])

L?(Try,R3) X L?(Sk, )

L?(Try R3)xL2(Sgr,)

for all ¢ € W12(Sg,). Remark 5.5 indicates that a discretization of f in terms of
finitely many spherical harmonics is generally not advisable. As a remedy, we use a
discretization in terms of the Abel-Poisson kernels

(34) K=t 12" e

More precisely, we expand f as

M oo 2n+1

(35) f2)= Y awk Zamzzv nk(| |) Va(om) @€ Sy,
m=1 n=0 k=1

where K., ,,(z) = (I | - Zm). The parameter v € (0,1) is fixed and controls the

spatial localization of K, ,, (a parameter -y close to one means a strong localization)
while z,,, € S1, m =1,... M, denote the spatial centers of the kernels K, ,,,. Further-
more, one can see from (35) that v relates to the influence of higher spherical harmonic
degrees in the discretization of f. Some general properties of the Abel-Poisson kernel
K., can be found, e.g., in [13, Ch. 5]. Computations based on the representations in
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Section 4.3 yield

(@) R ]

T
n Ra Ro\" R Ri\""
Yn m T VH ’ Yn
n=0 k=1 )y <2p+1 (R2) wh (RQ) *

T
=(V — | = ) Yar@m)Yer |7 )| 5 | K
( ;k:17 2p+1(R2> (Ro &(@m) Yok |.‘ R, 'v;;l’m

where Fy () = Fy (17 - om), with F,(t) = (1 +42—2t)" 2 for t € [—1,1]. Inserting
(35) and (36) into (33), fixing g = (CIDé%O’R2)*[Yp7q] and choosing ¢ = K, ,, for n =

1,..., M, as test functions, we are lead to the following system of linear equations
(37) Ma =d,
where
l (K Kyn) + & : VF VF
M= AT W2 B, ) 4m H; m’ %’n L2(T R R3)
- R 2 )
+ (*2) <Km o KRy n>
Rl f2 fa Lz(SRl) n,m=1,..., M
Q= (am)mfl ,,,,, M
R3 Ro\” R
d=(—2 H VE, .
(477(217-1- 1) (R2) (VHp. ¥ >L2(FRO’R3> n=1,...,.M

A function f of the form (35), determined by coeflicients a,,, m = 1,..., M, which
solves (37) will from now on be denoted as f, 4. We use f, , as an approximation of

the solution to (33) for the choice g = (<I>OR°"R2)*[Y,,,(I].

A Numerical Example. In order to generate input data ® = ®f-Fo-Rz[m )
for a test example, we choose

X X e X
m(r) = blmL% <|$| 'yl) + bszm <|x| 'y2> ;

by = 15, by = 10,
5 2n+1 z
(38) h(l‘) = Z Z an,kYn,k <|QIJ> ;
n=0 k=1

5 4 3
ap1 =a1,1 =2°, a5 =azs =as5 =2, as5 = 2°, anr = 0 else,

with y; = (0,0,—1)7 and y» = (0, %, —?)T. The corresponding crustal and core
contributions are then given by &g = @é?’“’RQ [m] and &, = ®F2[n]. The functions
L., are chosen as follows:

07 te [717’)/2)7
39 L., (t) = a0k
(39) 7i (1) { S=1h, te 1),
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Input data ® for v; = %, Y2 = %

Po for vi = 55,72 = 5

Input data @ for y1 = %, Yo = %

w & O O N © ©

Py for y1 = 55,72 = 3

1

Fic. 2. Spatial plot of the input data ® = &g + &1 with parameters v1 = %, Y2 = % (top left)
and y1 = %, Yo = % (top right) for the magnetization m from (38), as well as the underlying crustal

contribution ®g and core contribution ®1, exemplarily for v1 = %, Y2 = % (bottom).

True Ry, Rg for v1 = %, Yo = % Reconstructions Rg
250 6
Total Ru True Hs
5F 4
200 Crustal R | — — = Reconstruction for A=10%
4F Reconstruction for A=10° |4
A 150 Reconstruction for best A
o o ~
a o 3 -~ %
100 N ",
o 2F \\
N
50 1 b
. .
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
p p
True Rp, Rg for v; = %, Y2 = % Reconstructions Rg
250 T T T T T 5
Total HD True R:
200 Crustal RY 4 = = = Reconstruction for A =10 | |
Reconstruction for A=10°
U 150 3 Reconstruction for best A |1
o a
.Q o
o 100 2
50 1
0 0
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
p p

Fic. 3. Left: Power spectrum Rp of the input data ® and power spectrum Rg of the crustal
contribution ®g. Right: True crustal power spectrum Rg (blue) and reconstructed power spectrum Rij(;
(red) for different parameters X. The top row shows the results for the parameters y1 = %,’yg = %

and the bottom row for v1 = %,72 =

e

Scaled Power Spectrum of fi1 Scaled Power Spectrum of fs0,1

5
8 -3 x10
x10° . . . 01 <107 v v : : v T 2
e
5h =10
- o 2F
= c
s 005 o 1
z =z
0 0 0 0
0 10 20 3 4 5 60 70 8 9 100 0 10 20 30 40 5 6 70 8 9 100

FiG. 4. Scaled power spectrum NRE? forp=1, g =1 (left) and p = 50, ¢ = 1 (right).
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for k = 3. These functions have been studied in more detail in [36] and are suited for
our purposes since they are compactly supported and allow a recursive computation
of the Fourier coefficients of m. The parameters 7; € (—1, 1) reflect the localization of
L., (a parameter ~; close to one means a strong localization). In our test examples, we
investigate the two setups vy; = %, Yo = % and y; = %, Yo = %, where latter reflects a
slightly stronger localization of the underlying magnetization. For the involved radii,
we choose Ry = 1 and Ry = 1.06 (at scales of the Earth, the latter indicates a realistic
satellite altitude of about 380km above the Earth’s surface) and Ry = 0.5 (at scales
of the Earth, this is a rough approximation of the radius of the outer core). The
subregion ', = {x € Sg, : z-(0,0,1)T < 0} is set to be the Southern hemisphere
and the chosen magnetizations of the form (38) satisfy supp(m) C I'r,. For our
computations, we use the localization parameter v = 0.95 and choose M = 8,499
uniformly distributed centers z,, € S1, m = 1,..., M, for the kernels K, ,,. All
numerical integrations necessary during the procedure are performed via the methods
of [10] (when the integration region comprises the entire sphere Sg,, Sg,, or Sg,,
respectively) and [21] (when the integration is only performed over the spherical cap
Sro\I'Rr, ). The input data for the two different setups associated with ~1, vz are shown
in the top row of Figure 2. Furthermore, the underlying potentials ®; and ®; are
exemplarily indicated for the case vy, = %, Y2 = % in the bottom row. These setups
are not based on real geomagnetic data but they reflect a typical geomagnetic situation
in the sense that the core contribution clearly dominates the crustal contribution at
low spherical harmonic degrees. The power spectra of ®q in Figure 3 show that an
empirical separation of ®y and ®; by a sharp cut-off at degree p = 2 or p = 3 would
neglect relevant information in the crustal contribution ®.

Corollary 4.9 states that a reasonable approximation of the Fourier coefficient
(D, Yp,q>L2(sR2) of the crustal contribution ®q is now given by (P, fp,q>L2(SR2)7 with
fp,q of the form described in the previous subsection. We do this for various degrees
p and orders ¢ and we illustrate the results in terms of power spectra (which allow an
easy comparison to the empirical method of a sharp cutoff in spectral domain): The
crustal power spectrum is defined as

2p+1 2
R) = Ry[®] = Z ’<(I)anp,q>L2(SRZ)‘ , p€Ng.
q=1

Our approximated power spectrum is then of the form

_ 2ptl )
b= Z ‘<‘I)afp’q>L2(sR2)‘ , p€N.
g=1

The power spectrum of the input signal ® (i.e., the superposition of the crustal and
core contribution) is analogously defined by R, = R,[®] = Ziiﬁl [(D, Yp7q)L2(SR2)|2.

Figure 3 shows the true and the reconstructed power spectra and we see that they
yield good results (for a well-chosen parameter ) in both setups under investigation.
Stronger deviations mainly occur at lower spherical harmonic degrees p. The solid
red spectrum in Figure 3 indicated as 'Reconstruction for best A\’ does not reflect
the result for a single global choice of A but rather for A that might vary depending
on each degree p of the spectrum. The setup for magnetizations m with parameters
v = %,yg = % was chosen to investigate magnetizations with a slightly stronger

localization, meaning that the corresponding potential ® has slightly stronger con-
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tributions at higher spherical harmonic degrees than for the setup v; = 2—10,72 =
(indicated in the right hand images in Figure 3).

In Figure 4, we illustrate the effects mentioned in Remark 5.5 by observing the
scaled power spectrum NRE? = TthnUpﬂ] = ﬁ Zif{l |<fp,q,Yn,k>L2(sR2)\2 of

fpqforp=1,¢=1,andp = 50, ¢ = 1 (we scaled by a factor ﬁ solely to get a better

idea of the average influence of a single [(fy,q: Yo k) £2(sp,) |2, k=1,...,2n+ 1, rather

than the total power Zif{l [(fp.a» Ynk) L2 (s, | for fixed degree n). As expected from

Remark 5.5, larger Lagrange parameters A (which correspond to smaller €) result in a
general shift of the major contributions of the power spectrum of f, ; towards higher
spherical harmonic degrees for both choices of p, g. On the other hand, a slightly
different behaviour between p = 1, ¢ = 1 and p = 50, ¢ = 1 can be observed: the
spike around n = 50 for the p = 50, ¢ = 1 remains while such a thing does not happen
for the smaller degree p=1, g = 1.

N[ =

6. Conclusion. In this paper, we set up a geophysically reasonable model of
the core and crustal magnetic field potentials ®; and ®( respectively, for which we
showed that each single potential can be recovered uniquely if only the superposition
® = Py + @ is known on an external sphere Sg,. Furthermore, we supplied first
approaches to the reconstruction of ®y and of its Fourier coefficients. The latter is
particularly interesting as it would allow a comparison with the empirical approach to
separation based on a sharp cut-off in the power spectrum of ®. Two main directions
call for further study: (1) the geophysical post-processing of real geomagnetic data in
order to back up (or deny) the assumption that m is supported in a subregion I'g, of
the Earth’s surface; (2) improving numerical schemes allowing reconstruction of ®g
or its Fourier coefficients when the core contribution ®; is clearly dominating (as is
expected at lower spherical harmonic degrees in realistic geomagnetic field models)
and when Sg, is close to Sg,. The domination of the core contribution has been
simulated to some extent in the presented examples but is expected to be stronger in
real scenarios.
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