Applied Probability Trust (August 7, 1997)

THE FUNDAMENTAL MATRIX OF SINGULARLY PERTURBED MARKOV CHAINS

KONSTANTIN E. AVRACHENKOV,^∗ University of South Australia

JEAN B. LASSERRE,^{∗∗} LAAS-CNRS

Abstract

We consider a singularly perturbed (finite state) Markov chain and provide a complete characterization of the fundamental matrix. In particular, we obtain a formula for the regular part simpler than a previous Schweitzer’s formula, and the singular part is obtained via a reduction process similar to Delebecque’s reduction for the stationary distribution. In contrast to previous approaches, one works with aggregate Markov chains of much smaller dimension than the original chain, an essential feature for practical computation. An application to mean first-passage times is also presented.

MARKOV CHAINS; FUNDAMENTAL MATRIX; SINGULAR PERTURBATION AMS 1991 SUBJECT CLASSIFICATION: PRIMARY 60J10;47A55 SECONDARY 60J35;15A51

1. Introduction

Singularly perturbed Markov chains have been studied in the pioneering works of Simon and Ando [31], Schweitzer [27], Courtois [6], Pervozvanskii et al [10, 22, 23], Korolyuk and Turbin [17], Delebecque and Quadrat [7, 8], Phillips and Kokotovic [24] and later by Coderch et al [5], Rohlicek and Willsky [25], Filar, Bielecki and Abbad [1, 3], Latouche and Louchard [20, 21], Hassin and Haviv [12], Haviv and Ritov [11], Lasserre [19] and many others. For various applications of singularly perturbed chains the interested reader is referred to the above references and the references therein.

In the above papers, the original Markov chain has m ergodic classes which, after perturbation, reduce to a single one (with possibly transient states in some of the above works), i.e. the

� Postal address: School of Mathematics, University of South Australia, The Levels, SA 5095, Australia; E-mail: matkea@zarniwoop.levels.unisa.edu.au .

� Postal address: 7 Avenue du Colonel Roche, 31 077 Toulouse, Cédex 4, France; E-mail: lasserre@laas.fr; Part of this work was done while the author was visiting the University of South Australia and supported by the Australian Research Council under Grant A49532206 . 1 perturbation breaks down the class structure of the original chain. Actually, Delebecque considers the general case when the perturbed chain has also several (but less) recurrent classes [8].

To compute the Taylor’s series expansion of the perturbed stationary distribution π(ϵ), Delebecque introduced a nice reduction process [8] that handles successive aggregated Markov chains with small dimension matrices (in the same spirit, see also the works by Coderch et al [5], Rohlicek and Willsky [25]). On the other hand, for linear analytic perturbations, Schweitzer [28, 29] first proved that π(ϵ) has a power series expansion in ϵ similar in form to the power series expansion in the regular case. As this nice result requires knowledge of the fundamental matrix Z(ϵ), he also provided [28] a formula for Z(ϵ) which consists of a regular part Z^R(ϵ)^{def}= ∑_∞ k=0 ϵ^kZ_k and a singular part Z^S(ϵ)^{def}= ∑_s k=1 ϵ^{−k}Z_{−k} (cf. eq. (9) ). However, Schweitzer’s numerical procedure [28] for computing Z^S (ϵ) and Z_0 (needed for the power series expansion of π(ϵ)) is rather involved and does not use a reduction process, therefore leading to computations with large size matrices. In addition, the formula given in Schweitzer for Z(ϵ) is rather complicated, and, in contrast to the formula for π(ϵ), does not appear as a simple extension of the regular perturbation case (cf. Schweitzer’s report [28]).

As already mentioned, the asymptotic expansion of Z(ϵ) is needed to get the power series expansion of π(ϵ). However, another useful application is the computation of first-passage times. In particular, for singularly perturbed chains, the singular part Z^S (ϵ) provides the time-scale analysis of first-passage times to states in different ergodic classes (of the unperturbed chain) (see also a direct approach in Latouche and Louchard [20] for series expansions of the first and second moments). Finally, let us mention an interesting application to the Hamilton Cycle Problem in Filar [4, 9], a famous combinatorial optimization problem.

The purpose and contribution of the present paper is twofold:

(a) for linear perturbations, it provides a simple formula for the regular part Z^R(ϵ), with very much the same flavour as the regular perturbation case. Indeed, it readily simplifies to Schweitzer’s regular perturbation formula (cf. Schweitzer [28, 29]) whenever the perturbation is regular.

(b) The singular terms of Z(ϵ) (there are finitely many) are computed via a simple reduction process, similar in flavour to Delebecque’s reduction process for the stationary distribution (cf. also [5, 25]). In contrast to the numerical procedure described in Schweitzer’s report, a nice and important feature of this reduction process is that at each stage, one works with aggregated Markov chains on much smaller state spaces. For instance, as in Delebecque [8], after the first stage, there are no more than m states, where m is the number of ergodic classes.

In addition, and again as in Delebecque [8], this reduction process permits to handle general analytic perturbations with the same complexity as for linear perturbations, thus permitting to handle different time scales in the perturbed matrix.

Finally, the computational complexity of the reduction-process algorithm is O(s^2N^3) where s is the order of the pole in the Laurent series expansion of Z(ϵ), N the number of states of the Markov chain and assuming s is already known (or has been determined by, e.g., Hassin and Haviv’s O(N^4) algorithm [12]). If s is not known, then the reduction-process algorithm is run with s = 1, 2, . . . until some rank-condition is satisfied for some value s. When s ≪ N (the usual case in practical applications), then not only s, the order of the pole, but also the whole singular part of Z(ϵ) is obtained in O(s^3N^3) in contrast to O(N^4) just for the pole in Hassin and Haviv [12].

2. Notation and definitions

Consider a perturbed finite Markov chain with transition matrix P (ε) depending on a small parameter ε. Two types of perturbation are discussed. The first type is a linear perturbation

P (ε) = P_0 + εB, (1) where P_0 ∈ IR^{N×N} (N – the number of states) is the transition matrix of the unperturbed chain and εB is the perturbation term. The second type is an analytic perturbation

P (ε) = P_0 + εG_1 + ε^2G_2 + ... or G(ε) = G_0 + εG_1 + ε^2G_2 + ..., (2) where G(ε) = P (ε) − I ∈ IR^{N×N} , G_0 = P_0 − I ∈ IR^{N×N} are the generators of the perturbed and unperturbed chains respectively.

Let ξ_n be the vector [1 · · · 1]^T ∈ IR^{n×1}. Since each row of a transition matrix is a probability distribution, we immediately have

P (ε)ξ_N = P_0ξ_N = ξ_N and G(ε)ξ_N = G_0ξ_N = 0. (3) For the same reasons, Bξ_N = 0 and G_kξ_N = 0, k ≥ 1.

For any Markov chain, there exists a unique ergodic projection [14, 16] which describes the long run behaviour of the chain. By definition, the ergodic projections for the unperturbed and perturbed chains are P^{∗ def}= lim_{T →∞} 1 T + 1 T∑ t=0 P^t_0 and P^∗(ε)^{def}= lim_{T →∞} 1 T + 1 T∑ t=0 P^t(ε), respectively. There are a number of algorithms for computing P^∗ [14, 16] and P^∗(ε) [8, 5, 6, 25, 29]. Furthermore it is not difficult to show [8, 29] that the perturbed ergodic projection P^∗(ε) admits the Taylor series expansion at the punctured neighbourhood of ε = 0. P^∗(ε) = P^∗_0 + εP^∗_1 + ε^2P^∗_2 + ..., ε ≠ 0 (4) The constant term P^∗_0 will be called the limiting ergodic projection. Note that in general P^∗_0 ≠ P^∗ [27]. The perturbation is said to be singular if the ergodic projection P^∗(ε) has such a kind of discontinuity at ϵ = 0. It turns out that this situation occurs when the perturbation unites several ergodic classes into one [27, 29]. We are mainly interested in this type of perturbations since the case of regular perturbations is fairly well understood. Therefore, in the sequel, we make the following standard assumption about the character of the singularity.

Assumption A. For any ε > 0 sufficiently small, the perturbed matrix P (ε) is a unichain transition matrix, i.e, the perturbed chain has a unique ergodic class and possibly, a set of transient states.

The above assumption implies that P^∗(ε) = ξ_N π(ε) for ε ≠ 0, where the stationary probability distribution π(ε) of the perturbed chain is the unique solution of the system π(ε)P (ε) = π(ε), π(ε)ξ_N = 1 and π(ϵ) has a Taylor series expansion π(ε) = π_0 + επ_1 + ε^2π_2 + ... , ε ≠ 0. (5) In case of a linear perturbation (cf. (1)), Schweitzer [28, 29] proved that π(ϵ) can be expressed by the updating formula π(ε) = π_0[I − εBZ_0]^{−1}, ε ≠ 0, (6) where Z_0 is the constant term in the fundamental matrix Laurent series expansion (cf. (9) below). Hence, the coefficients π_k , k = 0, 1, ... in (5) form a power sequence π_k = π_0(BZ_0)^k, k = 0, 1, ... .

The fundamental matrix of the original chain is defined by the formula [14, 16] Z^{def}= (I − P_0 + P^∗)^{−1} = (P^∗ − G_0)^{−1}. (7) Of course, the same formula is true for the perturbed chain Z(ε)^{def}= (I − P (ε) + P^∗(ε))^{−1} = (P^∗(ε) − G(ε))^{−1}. (8) In this paper, we are mainly concerned with the characterization of the fundamental matrix Z(ε) of the perturbed chain.

In the case of a singular perturbation, Z(ϵ) also has a discontinuity at ϵ = 0. Moreover, in this case, ||Z(ε)|| → ∞ as ε → 0 and Z(ε) admits a Laurent series expansion [29, 11] Z(ε) = 1 ε^s Z_{−s} + ... + 1 ε Z_{−1} + Z_0 + εZ_1 + ..., ε ≠ 0. (9) Note that s, the order of the pole, is finite and s ≤ N. We denote the singular and the regular parts of the fundamental matrix expansion (9) by Z^S(ε) and Z^R(ε), respectively. Schweitzer has also obtained formulas for the matrices Z_k. However, they are rather complicated and their computation requires to handle large size matrices (cf. [28]).

In the sequel, we propose a different approach that permits to compute the terms of the singular part Z^S (ϵ), as well as Z_0, efficiently. We apply a reduction process similar in flavour to Delebecque’s reduction [8] for the Taylor series of π(ϵ). Right after the first stage of this reduction process, one handles aggregated Markov chains with no more than m states (m being the number of ergodic classes), a drastic reduction of the dimension. In addition, we also provide a simple formula for the regular part Z^R(ϵ), which readily simplifies to the usual formula in the case of regular perturbations.

We introduce the deviation matrices (or reduced resolvents) H and H(ε) for the original and perturbed chains: H^{def}= Z − P^∗ and H(ε)^{def}= Z(ε) − P^∗(ε). We immediately have

H^S (ε) = Z^S (ε) and H^R(ε) = Z^R(ε) − P^∗(ε).

(10)

The fundamental matrix and the reduced resolvent also satisfy [14, 16], i.e.,

HG_0 = G_0H = ZG_0 = G_0Z = P^∗ − I,

(11)

HP^∗ = P^∗H = 0, ZP^∗ = P^∗Z = P^∗,

(12)

(with G_0 as in (2)) and similarly, for the perturbed chain H(ε)G(ε) = G(ε)H(ε) = Z(ε)G(ε) = G(ε)Z(ε) = P^∗(ε) − I, (13)

H(ε)P^∗(ε) = P^∗(ε)H(ε) = 0, Z(ε)P^∗(ε) = P^∗(ε)Z(ε) = P^∗(ε).

(14)

The following identities will be useful as well,

Zξ_N = Z(ε)ξ_N = P^∗ξ_N = P^∗(ε)ξ_N = ξ_N ,

(15)

Hξ_N = H(ε)ξ_N = 0.

(16)

3. The regular part of the fundamental matrix

In this section, we obtain a closed form analytic formula for the regular part Z^R(ε) of the fundamental matrix expansion (9). We use arguments similar to those in Schweitzer’s elegant technique introduced in [29]. We also show that Schweitzer’s formula for regular perturbations is in fact a particular case, i.e., our formula readily simplifies to Schweitzer’s one in case of regular perturbations.

Theorem 1 Let P (ε) = P_0 + εB be the transition matrix of a linearly perturbed Markov chain and let Assumption A hold. Then the regular part Z^R(ϵ) of the fundamental matrix Z(ϵ) is given by Z^R(ε) = {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} − P^∗(ε)Z^S (ε)

(17)

Proof. For arbitrary 0 < ϵ_1, ϵ_2, we have the following identity (see e.g. [19]) Z(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z(ε_1)BZ(ε_2) + Z(ε_1)P^∗(ε_2) − P^∗(ε_1)Z(ε_2) Under Assumption A, and using(15), we have Z(ε_1)P^∗(ε_2) = Z(ε_1)ξ_N π(ε_2) = ξ_N π(ε_2) = P^∗(ε_2). Hence, Z(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z(ε_1)BZ(ε_2) + P^∗(ε_2) − P^∗(ε_1)Z(ε_2)

(18) With ε_2 fixed in (18), the regular parts with respect to ε_1 satisfy:

Z^R(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z^R(ε_1)BZ(ε_2) + Z_{−1}BZ(ε_2) + P^∗(ε_2) − P^∗(ε_1)Z(ε_2)

(19) Letting ε_1 = ε_2 in (19) yields Z^R(ε_2) − Z(ε_2) = Z_{−1}BZ(ε_2) + P^∗(ε_2) − P^∗(ε_2)Z(ε_2)

(20) and since P^∗(ε) = P^∗(ε)Z(ε), we have Z^R(ε_2) − Z(ε_2) = Z_{−1}BZ(ε_2) so that Z^S (ε) = −Z_{−1}BZ^S (ε)

(21) and 0 = Z_{−1}BZ^R(ε).

(22)

If instead, we fix ε_1 in (18) and consider the regular parts with respect to ϵ_2, we obtain Z^S (ε) = −Z^S(ε)BZ^{−1} (23) and Z^R(ε)BZ_{−1} = P^∗(ε) − P^∗(ε)Z^R(ε) = P^∗(ε)Z^S (ε).

(24) Taking the regular parts in (19) with respect to ε_2 (with of course, ε_1 fixed) yields Z^R(ε_1) − Z^R(ε_2) = (ε_1 − ε_2)Z^R(ε_1)BZ^R(ε_2) − Z^R(ε_1)BZ_{−1} + Z_{−1}BZ^R(ε_2) + P^∗(ε_2) −P^∗(ε_1)Z^R(ε_2).

The term Z_{−1}BZ^R(ε_2) vanishes in view of (22). Then with ε_1 := ε and letting ε_2 → 0, one gets Z^R(ε) − Z_0 = εZ^R(ε)BZ_0 − Z^R(ε)BZ_{−1} + P^∗_0 − P^∗(ε)Z_0.

Z^R(ε)[I − εBZ_0] = [I − P^∗(ε)]Z_0 + P^∗_0 − Z^R(ε)BZ_{−1}. Using (24), we get Z^R(ε)[I − εBZ_0] = [I − P^∗(ε)]Z_0 + P^∗_0 − P^∗(ε)Z^S (ε).

(25) We shall now show that P^∗(ε)Z^S (ε) = P^∗(ε)Z^S (ε)[I − εBZ_0].

(26) It suffices to prove that Z^S (ε)BZ_0 = 0. Indeed, from (22) and (23), Z^S (ε)BZ_0 = −Z^S(ε)BZ_{−1}BZ_0 = 0.

Finally, substituting (26) into (25) and multiplying (25) by [I − εBZ_0]^{−1} from the right-hand-side, we get the required formula (17). QED Two useful corollaries follow directly from Theorem 1. First, consider the term P^∗(ε)Z^S (ε).

This term is regular, despite it is the product of the perturbed ergodic projection and the singular part of the fundamental matrix. The next corollary shows the explicit regular structure of this product.

Corollary 1 The formula (17) is equivalent to Z^R(ε) = {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} − P^∗(ε) s∑ i=1 (BZ_0)^iZ_{−i}.

(27)

Proof. In view of Assumption (A) and (6) we have P^∗(ε) = ξ_N π(ε) = P^∗_0 [I − εBZ_0]^{−1} and hence P^∗_k = P^∗_0 (BZ_0)^k , k = 0, 1, ... in the power series (4).

Note that only the regular part of P^∗(ε)Z^S (ε) contributes to equation (17), since Z^R(ε) and {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} are both regular. Then,

[P^∗(ε)Z^S (ε)]^R = [ ∞∑ k=1 P^∗_0 (εBZ_0)^k s∑ i=1 ε^{−i}Z_{−i}]^R = s∑ i=1 ∞∑ k=i P^∗_0 (BZ_0)^kZ_{−i}ε^{k−i} =

= s∑ i=1 ∞∑ k=0 P^∗_0 (εBZ_0)^k(BZ_0)^iZ_{−i} = ∞∑ k=0 P^∗_0 (εBZ_0)^k s∑ i=1 (BZ_0)^iZ_{−i} = P^∗(ε) s∑ i=1 (BZ_0)^iZ_{−i} This yields formula (27). QED By using (10) and (6), one easily obtains the counterpart of (17) for the deviation matrix H(ε). Corollary 2 The regular part of the deviation matrix H(ε) is given by H^R(ε) = [I − P^∗(ε)]H_0[I − εBZ_0]^{−1} − P^∗(ε)H^S (ε).

Remark 1 Schweitzer’s formula for regular perturbations [29] Z(ε) = {[I − P^∗(ε)]Z(0) + P^∗}[I − εBZ(0)]^{−1} is a particular case of (17) (since then, Z^S(ϵ) = 0).

Remark 2 The matrices Z_k, k ≥ 1 are easily obtained from (27), with

Z_k = Z_0(BZ_0)^k − P^∗_0 k∑ j=0 (BZ_0)^j Z_0(BZ_0)^{k−j} + P^∗_0 (BZ_0)^k{I − s∑ i=1 (BZ_0)^iZ_{−i}}. (28) Of course, in practical applications, a more efficient (and numerically stable) computational scheme for the above matrices Z_k, k ≥ 1 is via recurrent formulas, in the same spirit as in [27, 28]. For instance, if we define the two k-dependent expressions U_k = (BZ_0)^k and W_k = k∑ j=0 (BZ_0)^j Z_0(BZ_0)^{k−j} , k = 1, . . . , then (28)) is equivalent to Z_k = Z_0U_k − P^∗_0 [W_k − U_k{I − s∑ i=1 (BZ_0)^iZ_{−i}}], k = 1, . . . , (29) with U_k and W_k computed recursively in (30) below. U_{k+1} = U_k(BZ_0), W_{k+1} = W_k(BZ_0) + U_{k+1}Z_0, k = 1, . . . .

(30)

4. The singular part and the reduction process

From Remark 2, once the matrices Z_{−k}, k = 1, s and Z_0 have been computed, then the matrices Z_k, k ≥ 1 are obtained directly via the recurrent formulas (29), (30). Note also that Z_0 is a prerequisite in Schweitzer’s updating formula (6).

Therefore, our aim in this section is to provide an efficient algorithm for computing Z_{−k}, k = 0, s (including Z_0). The basic technique is the so-called reduction process for analytically perturbed linear operators, introduced in Kato [2, 15]. Delebecque [8] first applied the reduction process for computing the stationary distribution π(ϵ) of singularly perturbed Markov chains. We shall use the reduction process to compute the first regular term Z_0 and the singular part of the fundamental matrix expansion (9). It turns out that the reduction process is easier for the deviation matrix H(ε) than for the fundamental matrix Z(ε). Hence, we first obtain the matrices H_{−k}, k = 1, s and H_0 of the deviation matrix expansion. Of course, we immediately restore the marices Z_{−k}, k = 0, s from (10), i.e.

Z_{−k} = H_{−k}, k = 1, s; Z_0 = H_0 + P^∗_0

(31)

The reduction process for analytic perturbations has practically the same level of difficulty as for linear perturbations. Therefore, and as in Delebecque [8], we consider the general case of analytic perturbations (2).

Under Assumption A, the deviation matrix H(ε) of the perturbed Markov chain is uniquely defined by the following equations (cf. [14, 11])

H(ε)G(ε) = P^∗(ε) − I (32)

H(ε)ξ_N = 0

(33)

To simplify further summations, we introduce a new notation for the coefficients H_k. Let us denote X_k^{def}= H_{k−s}, k = 0, 1, . . . , so that H(ε) = (X_0 + εX_1 + . . . )/ε^s = X(ε)/ε^s .

X(ε)G(ε) = ε^s[P^∗(ε) − I] (34)

X(ε)ξ_N = 0

(35)

Then, substitute (2) and (4) into (34) and equate the terms with the same power of ε to get

(36.0) X_0G_0 = 0 (36.1) X_1G_0 + X_0G_1 = 0 · · · (36.s − 1) X_{s−1}G_0 + ... + X_0G_{s−1} = 0 (36.s) X_sG_0 + ... + X_0G_s = P^∗_0 − I (36.s + 1) X_{s+1}G_0 + ... + X_0G_{s+1} = P^∗_1 · · · The above system is called the system of determining equations. It follows from (35) that each equation (36.k) is coupled with the normalization condition X_kξ_N = 0, k ≥ 0. (37)

Because of null right-hand-sides in (36.0)-(36.s-1), one cannot solve this system of determining equations by straightforward recurrent methods. In principle, the infinite system (36)-(37) can be solved by several (general) approaches in Perturbation Theory [2, 17, 18, 30]. Also similar equations were considered by Sain and Massey [26] and Howlett [13] in the study of linear control systems. However, we describe below a specific (and more efficient) reduction process which takes into account the particular properties of the fundamental matrix.

In this specific reduction process, let the n-th step reduced determining system be:

(38.0) X^{(n)}_0 G^{(n)}_0 = 0 (38.1) X^{(n)}_1 G^{(n)}_0 + X^{(n)}_0 G^{(n)}_1 = 0 · · · (38.s − n − 1) X^{(n)}_{s−n−1}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n−1} = 0 (38.s − n) X^{(n)}_{s−n}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n} = A^{(n)}_0 (38.s − n + 1) X^{(n)}_{s−n+1}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n+1} = A^{(n)}_1 · · · With n = 0, we retrieve the original determining system (36). Namely, X^{(0)}_k = X_k, G^{(0)}_k = G_k and A^{(0)} = P^∗_0 − I, A^{(0)}_k = P^∗_k , k ≥ 1. The n-th step reduced equations (38) are also coupled with the normalization conditions X^{(n)}_k ξ_{mn} = 0, k = 0, 1, ... (39)

The matrix G^{(n)}_0 ∈ IR^{mn×mn} can be interpreted as the generator of the n-th step aggregated Markov chain [8, 5]. m_n is the number of ergodic classes of the (n − 1)-th step aggregated Markov chain and in particular, m_1 is the number of ergodic classes in the original chain. The corresponding aggregated ergodic projection P^{∗(n)} satisfies

P^{∗(n)}G^{(n)}_0 = G^{(n)}_0 P^{∗(n)} = 0.

(40)

The aggregated ergodic projection is constructed by the following decomposition [3, 8]

P^{∗(n)} = Q^{(n)}M^{(n)},

(41)

where

Q^{(n)} ∈ IR^{mn×mn+1} : G^{(n)}_0 Q^{(n)} = 0, Q^{(n)}ξ_{mn+1} = ξ_{mn} ;

(42)

M^{(n)} ∈ IR^{mn+1×mn} : M^{(n)}G^{(n)}_0 = 0, M^{(n)}ξ_{mn} = ξ_{mn+1} .

(43)

In addition, M^{(n)}Q^{(n)} = I_{mn+1} .

The n-th step reduced resolvent H^{(n)} is computed via the formula

H^{(n)} = (P^{∗(n)} − G^{(n)}_0 )^{−1} − P^{∗(n)}.

(44)

Of course, this matrix satisfy (11)-(12), i.e.,

H^{(n)}G^{(n)}_0 = G^{(n)}H^{(n)} = P^{∗(n)} − I,

(45)

H^{(n)}P^{∗(n)} = P^{∗(n)}H^{(n)} = 0.

(46)

We now may formulate the main result of this section, which allows us to solve the system (36), step-by-step.

Theorem 2 ( A reduction step ) Let the n-th step (n < s) reduced determining system (38) with the normalization conditions (39) be given. Then the unknown X^{(n)}_k satisfy:

X^{(n)}_k = X^{(n+1)}_k M^{(n)} + ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}, k < s − n, ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)} − A^{(n)}_{k+n−s}H^{(n)}, k ≥ s − n, (47) where X^{(n+1)}_k ∈ IR^{mn×mn+1} , k = 0, 1, . . . are solutions of the next (n + 1)-th step reduced determining equations (48.0) X^{(n+1)}_0 G^{(n+1)}_0 = 0 (48.1) X^{(n+1)}_1 G^{(n+1)}_0 + X^{(n+1)}_0 G^{(n+1)}_1 = 0 · · · (48.s − n − 2) X^{(n+1)}_{s−n−2}G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n−2} = 0 (48.s − n − 1) X^{(n+1)}_{s−n−1}G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n−1} = A^{(n+1)}_0 (48.s − n) X^{(n+1)}_{s−n} G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n} = A^{(n+1)}_1 · · ·

The matrices G^{(n+1)}_k and the right-hand-sides A^{(n+1)}_k are given by G^{(n+1)} k = M^{(n)} k+1∑ p=1 ∑ ν1+...+ν_p=k+1 G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} Q^{(n)},

(49)

A^{(n+1)} k = k∑ i=0 A^{(n)}_i k−i∑ p=1 ∑ ν1+...+ν_p=k−i G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} Q^{(n)}, k = 0, 1, ... .

(50) The new reduced equations (48) are also coupled with the normalization conditions X^{(n+1)} k ξ_{mn+1} = 0, k = 0, 1, ... . (51)

Proof. Define the new unknowns X^{(n+1)} k def = X^{(n)}_k Q^{(n)}.

(52) The first determining equation (38.0) implies X^{(n)}_0 = X^{(n)}_0 P^{∗(n)}.

(53) Substituting the decomposition of the ergodic projection (41) into (53), we get X^{(n)}_0 = X^{(n)}_0 Q^{(n)}M^{(n)} = X^{(n+1)}_0 M^{(n)}.

(54) Multiply (38.1) by Q^{(n)} from the right and use (42) to obtain X^{(n)}_0 G^{(n)}_1 Q^{(n)} = 0.

(55)

Then, substitute (54) into (55) to get X^{(n+1)}

0 M^{(n)}G^{(n)}_1 Q^{(n)} = 0 or X^{(n+1)}

0 G^{(n+1)}_0 = 0, where G^{(n+1)}_0^{def}= M^{(n)}G^{(n)}_1 Q^{(n)}. The above equation is the first required equation (48.0). The n-th step deviation matrix H^{(n)} plays a crucial role in obtaining the next reduced equations. Indeed, consider the following decomposition of X^{(n)}_1 X^{(n)}_1 = X^{(n)}_1 P^{∗(n)} + X^{(n)}_1 (I − P^{∗(n)}) = X^{(n)}_1 Q^{(n)}M^{(n)} − X^{(n)}_1 G^{(n)}_0 H^{(n)} = X^{(n+1)}_1 M^{(n)} − X^{(n)}_1 G^{(n)}_0 H^{(n)}.

(56) Here, the definition of X^{(n+1)}_1 (52) and the property (45) of the deviation matrix H^{(n)} have been used. Now, using (38.1) for X^{(n)}_1 G^{(n)}_0 and substituting into (56) yields X^{(n)}_1 = X^{(n+1)}_1 M^{(n)} + X^{(n)}_0 G^{(n)}_1 H^{(n)} = X^{(n+1)}_1 M^{(n)} + X^{(n+1)}_0 M^{(n)}G^{(n)}_1 H^{(n)}.

(57) Note that we have expressed the n-th step unknown X^{(n)}_1 in terms of new unknowns X^{(n+1)}_0 , X^{(n+1)}_1 . Similar expressions are obtained for X^{(n)}_k , k ≥ 2.

Substitute now (54) and (57) into (38.2) to get

[X^{(n+1)}

1 M^{(n)} + X^{(n+1)}_0 M^{(n)}G^{(n)}_1 H^{(n)}]G^{(n)}_1 + X^{(n+1)}_0 M^{(n)}G^{(n)}_2 Q^{(n)} = 0. Multiplying (38.2) by Q^{(n)} from the right and using (42) yields X^{(n+1)}

1 M^{(n)}G^{(n)}_1 Q^{(n)} + X^{(n+1)}_0 M^{(n)}(G^{(n)}_1 H^{(n)}G^{(n)}_1 + G^{(n)}_2 )Q^{(n)} = 0, or, equivalently, X^{(n+1)}

1 G^{(n+1)}_0 + X^{(n+1)}_0 G^{(n+1)}_1 = 0, with G^{(n+1)}_1^{def}= M^{(n)}(G^{(n)}_1 H^{(n)}G^{(n)}_1 + G^{(n)}_2 )Q^{(n)}. Thus, we have got the second next step reduced equation (48.1) and an expression for G^{(n+1)}_1 . The other next step reduced equations are obtained with similar arguments. The general formulas (49) and (50) are proved by induction.

Note that if X^{(n+1)}_k , k ≥ 0 are known, then the coefficients X^{(n)}_k , k ≥ 0 are easily calculated by the recurrent formula (47). Indeed,

X^{(n)}_k = X^{(n)}_k P^{∗(n)} + X^{(n)}_k (I − P^{∗(n)}) = X^{(n+1)}_k M^{(n)} − X^{(n)}_k G^{(n)}_0 H^{(n)} = X^{(n+1)}_k M^{(n)} + ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}, k < s − n, ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)} − A^{(n)}_{k+n−s}H^{(n)}, k ≥ s − n, .

Finally, we show that the normalization condition (51) holds. To prove this, we need the second identity in (43) and the property of the ergodic projection P^{∗(n)}ξ_{mn} = ξ_{mn} . For example, consider the case k < s − n.

0 = X^{(n)}_k ξ_{mn} = X^{(n+1)}_k M^{(n)}ξ_{mn} + k−1∑ i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}ξ_{mn}

= X^{(n+1)}_k ξ_{mn+1} + k−1∑ i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}P^{∗(n)}ξ_{mn} = X^{(n+1)}_k ξ_{mn+1} , since H^{(n)}P^{∗(n)} = 0. QED Note that the (n+1)-th step reduced system (48) has exactly the same structure as the n-th step reduced system (38). The only one ( but important ) difference between the structures of these two systems is that the system (48) has less equations with null right-hand-sides. Thus, after s reduced steps, the system (below) of reduced equations has non-zero right-hand-sides. (58.0) X^{(s)}_0 G^{(s)}_0 = A^{(s)}_0 (58.1) X^{(s)}_1 G^{(s)}_0 + X^{(s)}_0 G^{(s)}_1 = A^{(s)}_1 · · · (58.k) X^{(s)}_k G^{(s)}_0 + ... + X^{(s)}_0 G^{(s)}_k = A^{(s)}_k · · · The next proposition gives the simple recurrent formulas for the solution of the (final step) reduced system (58).

Proposition 1 The solutions X^{(s)}_k , k = 0, 1, ... of the system (58) are given by

X^{(s)}_0 = −A^{(s)}_0 H^{(s)}; X^{(s)}_k = [ k−1∑ i=0 X^{(s)}_i G^{(s)}_{k−i} − A^{(s)}_k ]H^{(s)}, k = 1, . . . .

(59)

Proof. The final-step aggregated generator G^{(s)}_0 has the same number of ergodic classes as the perturbed chain [8]. Hence, in view of Assumption A, the aggregated generator G^{(s)}_0 is a unichain generator and the corresponding ergodic projection is just P^{∗(s)} = ξ_{ms} π^{(s)}_0 , where π^{(s)}_0 ∈ IR^{1×ms} is a unique stationary distribution of the aggregated generator G^{(s)}_0 .

Of course, the final-step reduced system (58) is coupled with the normalization conditions X^{(s)}_k ξ_{ms} = 0, k = 0, 1, . . . . Multiplying by π^{(s)}_0 , we get X^{(s)}_k ξ_{ms} π^{(s)}_0 = X^{(s)}_k P^{∗(s)} = 0, k = 0, 1, . . . .

(60)

Now, using the modified normalization conditions (60) and the decomposition of X^{(s)}_k into subspaces R(P^{∗(s)}) and R(I − P^{∗(s)}), we obtain the recurrent formulas (59) X^{(s)}_k = X^{(s)}_k P^{∗(s)} + X^{(s)}_k (I − P^{∗(s)}) = X^{(s)}_k (I − P^{∗(s)}) = −X^{(s)}_k G^{(s)}_0 H^{(s)} = [ k−1∑ i=0 X^{(s)}_i G^{(s)}_{k−i} − A^{(s)}_k ]H^{(s)}, QED Using Theorem 2 and Proposition 1, we are able to outline a practical algorithm for the computation of matrices Z_{−k}, k = 0, s.

Computational algorithm:

1. Determine the order of singularity s, using for instance, the method proposed in [12] (knowledge of the order of singularity makes the algorithm more straightforward and economical).

2. By using the formulas in Theorem 2, make s reduction steps (i.e. successively calculate the matrices G^{(n)}_k , k = 0, 2s − n and the right-hand-sides A^{(n)}_k , k = 0, s for n = 1, s ). As a result, one gets the final system of reduced determining equations (58).

3. Compute X^{(s)}_k , k = 0, s in (58) using the recurrent formulas (59).

4. Using (47), restore successively all the X^{(n)}_k , k = 0, s from n = s − 1 down to n = 0. In particular, H_k = X_{k+s} = X^{(0)}_{k+s}, k = −s, 0.

5. Finally, via (31), compute the matrices of the fundamental matrix expansion Z_{−k} = H_{−k}, k = 1, s; Z_0 = H_0 + P^∗_0 .

Now, let us make several remarks about the reduction process.

Remark 3 To compute the matrices G^{(n+1)}_k and A^{(n+1)}_k , instead of using (49) and (50), one may also use recurrent formulas that are more efficient. In the spirit of Remark 2 and [17, 27, 28], define V^{(n)}_k = k+1∑ p=1 ∑ ν1+...+ν_p=k+1 G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} , which can be calculated by the simple recurrent formula V^{(n)}_k = G^{(n)}_{k+1} + k∑ i=1 G^{(n)}_i H^{(n)}V^{(n)}_{k−i}, k = 0, 1, . . . . (61)

We then have

G^{(n+1)} k = M^{(n)}V^{(n)}_k Q^{(n)} and A^{(n+1)}_k = k∑ i=0 A^{(n)}_i V^{(n)}_{k−i−1}Q^{(n)}.

(62)

Remark 4 One may obtain every matrix Z_k, k = −s, ∞ by the reduction process. However, in the case of linear perturbation the matrices Z_k with indicies k > 0 can be computed more efficiently via the recurrent formulas (29),(30) (see Remark 2).

Finally, we discuss the computational complexity of the above algorithm. Obviously, Steps 2 and 4 have the highest computational burden. In fact, Step 2 even prevails. Therefore, it suffices to estimate the number of arithmetic operations in Step 2 to obtain the computational complexity of the reduction process.

Step 2 consists of s reduction steps. Note that the first reduction step is the most demanding from a computational point of view, since it reduces the determining system from the full state space into the aggregated chain subspace with dimension m_1 equal to the number of ergodic classes in the original unperturbed chain. It is not difficult to see that the number of operations in this procedure is O(s^2N^3). Indeed, multiplying two N ×N-matrices requires O(N^3) operations and the recurrent formulas (61),(62) for k = 0, 2s − 1 require approximately O(s^2) such multiplications. After this crucial first step, we only deal with matrices whose dimension does not exceed m_1. The complexity of the other reduction steps can be estimated as O(s^3m^3_1). Thus, Step 2 requires O(s^2N^3 + s^3m^3_1) operations.

Let us now discuss this evaluation. In most practical applications m_1 << N and s << N, i.e. the number of ergodic classes and the order of singularity are much less than N, the number of states of the original chain. Therefore, the complexity of the algorithm is in fact O(N^3) (or O(N^4), see remark below about the determination of s). However, if m_1 ∼ N, then the complexity of the algorithm is O(s^3N^3). The latter may increase significantly (even up to O(N^6)), if s is of the same order of magnitude as N. However, the authors are convinced that the cases of large s are quite rare.

Finally, note that the determination of s by the method proposed in [12] requires O(N^4) operations. However, if s has not been determined, then the above reduction-process algorithm can be run with s := 1, 2, . . . until G^{(s)}_0 has rank m_s − 1, in which case s is the order of the pole. Therefore, assuming that m_1 ≪ N, the computational complexity to determine both s and the singular part Z^s is just O(s^3N^3). When s ≪ N (as one may expect in practice), compare with O(N^4) just for getting s in [12].

5. Computing mean first-passage times

The fundamental matrix expansion (9) is very useful to get a close approximation of mean firstpassage times of the singularly perturbed Markov chain. In particular, it gives the time-scales to link states in different ergodic classes (of the unperturbed chain), an crucial information (e.g. for simulation).

For a regular Markov chain, the mean first-passage time between states i and j are given by the formula [14, 16] m^{ij} = Z^{jj} − Z^{ij} π^j , (63)

where Z := {Z^{ij} }, i, j ∈ 1, N and π := {π^j }, j ∈ 1, N are the fundamental matrix and the stationary distribution of the Markov chain.

Since by Assumption (A), the singularly perturbed Markov chain is regular, (63) is valid, so that

m^{ij} (ε) = Z^{jj} (ε) − Z^{ij} (ε) π^j (ε) , ε ≠ 0. (64)

Substituting the expansions (5) and (9) into (64), we immediately obtain the Laurent series expansion m^{ij} (ε) = 1 ε^{qij} m^{ij}_{−qij} + ... + 1 ε m^{ij}_{−1} + m^{ij}_0 + εm^{ij}_1 + ..., ε ≠ 0. Note that in general, the order of singularity q_{ij} of m^{ij} (ε), is different from the order of singularity s of the fundamental matrix, and depends on the particular states i, j considered.

Hassin and Haviv [12], Haviv and Ritov [11] have proposed a nice elementary example of a singularly perturbed Markov chain with second-order singularity. Our reduction process and the Laurent series expansion for mean first passage times are illustrated on this elementary example.

Consider the singularly perturbed Markov chain with following transition matrix

P (ε) = P_0 + εG_1 =

0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 + ε 0 −1 0 1 1 −1 0 0 0 1 0 −1 0 0 1 −1 .

It is a second-order perturbation (cf. [11, 12]). Hence, the reduction process consists of just two steps. Using standard definitions [14, 16] we get the matrices of normalized left and right eigenvectors M, Q, the ergodic projection P^∗ and the reduced resolvent H of the unperturbed chain, and using [8], the Taylor’s series expansion of the perturbed ergodic projection P^∗(ε) =

P^∗_0 + εP^∗_1 + ....

M^{(0)} = M =

0 1 0 0 0 0 0 1

; Q^{(0)} = Q = 1 0 1 0 0 1 0 1 ;

P^{∗(0)} = P^∗ = QM

H^{(0)} = H = (I − P_0 + P^∗)^{−1} − P^∗ =

1 −1 0 0 0 0 0 0 0 0 1 −1 0 0 0 0

A^{(0)}_0 = P^∗_0 − I =

−1 0.5 0 0.5 0 −0.5 0 0.5 0 0.5 −1 0.5 0 0.5 0 −0.5

; A^{(0)}_1 = P^∗_1 = 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 ;

A^{(0)}_2 = P^∗_2 = −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 ;

Now, after the first step of the reduction process, we have

G^{(1)}_0 = MG_1Q = 0 0 0 0 ; G^{(1)}_1 = MG_1HG_1Q = −1 1 1 −1 ;

G^{(1)}_2 = MG_1HG_1HG_1Q = 1 −1 −1 1

; G^{(1)}_3 = MG_1HG_1HG_1HG_1Q = −1 1 1 −1 ;

A^{(1)}_0 = A^{(0)}_0 Q = −0.5 0.5 −0.5 0.5 0.5 −0.5 0.5 −0.5 ; A^{(1)}_1 = (A^{(0)}_1 + A^{(0)}_0 HG_1)Q =

1 −1 0 0 −1 1 0 0 ;

A^{(1)}_2 = (A^{(0)}_2 + A^{(0)}_1 HG_1 + A^{(0)}_0 HG_1HG_1)Q =

−1 1 0 0 1 −1 0 0 .

In this particular example, M^{(1)} = Q^{(1)} = I_2, P^{∗(1)} = I_2 and H^{(1)} = 0, so that the next reduction step is straightforward. Namely,

G^{(2)}_0 = G^{(1)}_1 = −1 1 1 −1

; G^{(2)}_1 = G^{(1)}_2 = 1 −1 −1 1

; G^{(2)}_2 = G^{(1)}_3 = −1 1 1 −1 ;

and A^{(2)}_k = A^{(1)}_k , k = 0, 1, 2 .

The above matrices are used in the (final step) reduced system (58) that can be solved easily via the recurrent formulas (59).

P^{∗(2)} = 0.5 0.5 0.5 0.5

, H^{(2)} = H = (P^{∗(2)} − G^{(2)}_0 )^{−1} − P^{∗(2)} = 0.25 −0.25 −0.25 0.25 ;

X^{(2)}_0 = −A^{(2)}_0 H^{(2)} =

0.25 −0.25 0.25 −0.25 −0.25 0.25 −0.25 0.25

; X^{(2)}_1 = (X^{(2)}_0 G^{(2)}_1 − A^{(2)}_1 )H^{(2)} =

−0.25 0.25 0.25 −0.25 0.25 −0.25 −0.25 0.25 ;

X^{(2)}_2 = (X^{(2)}_0 G^{(2)}_2 + X^{(2)}_1 G^{(2)}_1 − A^{(2)}_2 )H^{(2)} = 0 Then, we use the recurrent formulas (47) to successively restore X^{(1)}_k , k = 0, 1, 2 and X^{(0)}_k , k = 0, 1, 2. Again, due to M^{(1)} = I_2 and H^{(1)} = 0, we have X^{(1)}_k = X^{(2)}_k , k = 0, 1, 2.

X^{(0)}_0 = X^{(1)}_0 M^{(0)} =

0 0.25 0 −0.25 0 0.25 0 −0.25 0 −0.25 0 0.25 0 −0.25 0 0.25 ;

X^{(0)}_1 = X^{(1)}_1 M^{(0)} + X^{(0)}_0 G_1H^{(0)} =

0.25 −0.5 −0.25 0.5 0.25 0 −0.25 0 −0.25 0.5 0.25 −0.5 −0.25 0 0.25 0 ;

X^{(0)}_2 = X^{(1)}_2 M^{(0)} + (X^{(0)}_1 G_1 − A^{(0)})H^{(0)} = 0.5 −0.5 0.5 −0.5 0 0 0 0 0.5 −0.5 0.5 −0.5 0 0 0 0 .

Finally, from (31), we get

Z_{−2} = X^{(0)}_0 , Z_{−1} = X^{(0)}_1 , Z_0 = X^{(0)}_2 + P^∗_0 =

0.5 0 0.5 0 0 0.5 0 0.5 0.5 0 0.5 0 0 0.5 0 0.5 .

Using MATLAB symbolic toolbox for a direct expansion of (I − P (ε) + P^∗(ε))^{−1}, one may check that both results coincide. Schweitzer’s formula (6) also permits to check the validity of the Taylor’s series expansion of π(ϵ). Indeed,

π_k = π_0(G_1Z_0)^k, k = 0, 1, ... .

Substituting the expression obtained for Z_0 into the above equation, we get

π_k = (−1)^k[ −0.5 0.5 − 0.5 0.5 ], k = 1, 2, ... ,

which coincides with the expression for π_k, k ≥ 1 given in [11].

Now, let us apply the coefficients of the fundamental matrix expansion to compute mean firstpassage times via formula (64). Due to the symmetry of this particular example, one only needs to compute the mean first-passage times to states 1 and 2.

m^{21}(ε) =

Z^{11}(ε) − Z^{21}(ε) π^1(ε)

= [(

0.25 ε + 0.5 + ...) − (

0.25 ε + 0 + ...)]/[0.5ε − 0.5ε^2 + ...] = 1 ε + ..., m^{31}(ε) = 1 ε^2 + 1 ε + ..., m^{41}(ε) = 1 ε^2 + 2 ε + ..., m^{12}(ε) = 1 ε + ..., m^{32}(ε) = 1 ε^2 + 0 ε + ..., m^{42}(ε) = 1 ε^2 + 1 ε + ... . The mean first-passage times exhibit different time scales. Namely, the mean first-passage times m^{21}(ε), m^{12}(ε) between states in the same ergodic class are of order ε^{−1} whereas the mean firstpassage times m^{31}(ε), m^{41}(ε), m^{32}(ε), m^{42}(ε), i.e. between states in different ergodic classes, are of order ϵ^{−2}. It confirms the intuition that a transition between states in different ergodic classes takes much more time to occur than a transition between states in the same class. Finally, we would like to emphasize that the present approach permits to handle perturbations with any order of singularity, whereas Latouche and Louchard [20] restrict to the case of first-order singularity.

Acknowledgement

The authors are grateful to Profs. Jerzy A. Filar and P. Howlett from the University of South Australia at Adelaide, for the many stimulating discussions on this topic. They also wish to thank an anonymous referee for useful remarks and suggestions to improve the initial version of this article.

References

[1] Abbad, M., Filar, J. A. and Bielecki, T. R. (1992) Algorithms for singularly perturbed limiting average Markov control problems. IEEE Trans. Automatic Control, 37, 1421–1425.

[2] Baumgartel, H., (1985) Analytic perturbation theory for matrices and operators. Birkhauser Verlag, Boston.

[3] Bielecki, T. R. and Filar, J. A. (1991) Singularly perturbed Markov control problem:

Limiting average cost. Annals O.R. 28, 153–168.

[4] Chen, M. and Filar, J. A. (1992) Hamiltonian cycles, quadratic programming and Markov chains. Recent Advances in Global Optimization. Princeton University Press, New Jersey, 32– 49. [5] Coderch, M., Willsky, A. S., Sastry, S. S., Castanon, D. A. (1983) Hierarchical aggregation of singularly perturbed finite state Markov processes. Stochastics. 8, 259–289.

[6] Courtois, P. J., and Louchard, G., (1976) Approximation of eigencharacteristics in nearly completely decomposable systems. Stoch. Proc. Appl., 4, 283–296.

[7] Delebeque, F., and Quadrat, J. P. (1981) Optimal control of Markov chains admitting strong and weak interactions. Automatica. 17, 281-296.

[8] Delebecque, F., (1983) A reduction process for perturbed Markov chains. SIAM J. Appl.

Math., 48, 325–350.

[9] Filar, J. A., and Liu, K., (1996) Hamiltonian cycle problem and singularly perturbed Markov decision process. (to be published).

[10] Gaitsgori, V. G., and Pervozvanskii, A. A. (1975) Aggregation of states in a Markov chain with weak interactions. Cybernetics. 11, 441–450. (Translation of Russian original in Kibernetika. 11, 91–98, 1975.)

[11] Haviv, M., and Ritov, Y., (1993) On series expansions and stochastic matrices. SIAM J.

Matrix Anal. Appl. 14, 670–676.

[12] Hassin, R., and Haviv, M., (1992) Mean passage times and nearly uncoupled Markov chains. SIAM J. Disc. Math. 5, 386–397.

[13] Howlett, P. G., (1982) Input retrieval in finite dimensional linear systems. J. Austral.

Math. Soc. (Series B) 23, 357–382.

[14] Iosifescu, M., (1980) Finite Markov Processes and Their Applications. Wiley, Bucuresti.

[15] Kato, T., (1980) Perturbation Theory for Linear Operators. Springer-Verlag, Berlin.

[16] Kemeny, J. G., and Snell, J. L., (1976) Finite Markov Chains. Springer-Verlag, New York.

[17] Korolyuk, V. S., and Turbin, A. F., (1978) Mathematical Foundations of the State Lumping of Large Systems. Naukova Dumka, Kiev, (in russian).

[18] Langenhop, C. E., (1971) The Laurent expansion for a nearly singular matrix. Linear Algebra Appl. 4, 329–340.

[19] Lasserre, J. B., (1994) A formula for singular perturbation of Markov chains. J. Appl.

Prob., 31, 829–833.

[20] Latouche, G., and Louchard, G., (1978) Return times in nearly completely decomposable stochastic processes. J. Appl. Prob., 15, 251–267.

[21] Louchard, G., and Latouche, G., (1990) Geometric bounds on iterative approximations for nearly completely decomposable Markov chains. J. Appl. Prob., 27, 521–529.

[22] Pervozvanskii, A. A., and Gaitsgori, V. G., (1988) Theory of Suboptimal Decisions.

Kluwer Academic Publishers, Dordrecht, Netherlands.

[23] Pervozvanskii, A. A., and Smirnov, I. N., (1974) Stationary-state evaluation for a complex system with slowly varying couplings. Cybernetics. 10, 603–611. (Translation of Russian original in Kibernetika, 10, 45–51, 1974.)

[24] Phillips, R. G., and Kokotovic, P. V., (1981) A singular perturbation approach to modeling and control of Markov chains. IEEE Trans. Automatic Control. AC-26, 1087–1094.

[25] Rohlicek, J. R., and Willsky, A. S., (1988) The reduction of Markov generators: An algorithm exposing the role of transient states. J.A.C.M. 35, 675–696.

[26] Sain, M.K., and Massey, J.L. (1969) Invertibility of linear-time invariant dynamical systems. IEEE Trans. Auto. Contr. 14, 141–149.

[27] Schweitzer, P. J., (1968) Perturbation theory and finite Markov chains. J. Appl. Prob., 5, 401–413.

[28] Schweitzer, P. J., (1981) Perturbation series expansions of nearly completely-decomposable Markov chains. Working Paper Series No. 8122, The Graduate School of Management, The University of Rochester.

[29] Schweitzer, P. J., (1986) Perturbation series expansions for nearly completelydecomposable Markov chains. in Teletrafic Analysis and Computer Performance Evaluation, Boxma, O. J., Cohen, J. W., and Tijms, H. C., (eds.), Elsevier Science Publishers B.V. (North-Holland), 319-328.

[30] Schweitzer, P. J., and Stewart, G., (1993) The Laurent expansion of pencils that are singular at the origin. Linear Algebra Appl. 183, 237–254.

[31] Simon, H.A., and Ando, A. (1961) Aggregation of variables in dynamic systems.

Econometrica, 29, 111–138.