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Constraint Augmentation in Pseudo-Singularly
Perturbed Linear Programs

K. Avrachenkov? R.S. Burachik , J.A. Filar and V. Gaitsgory'

ABSTRACT

In this paper we study a linear programming problem with a linear perturbation introduced
through a parameter ¢ > 0. We identify and analyze an unusual asymptotic phenomenon
in such a linear program. Namely, discontinuous limiting behavior of the optimal objective
function value of such a linear program may occur even when the rank of the coefficient matrix
of the constraints is unchanged by the perturbation. We show that, under mild conditions, this
phenomenon is a result of the classical Slater constraint qualification being violated at the limit
and propose an iterative, constraint augmentation approach for resolving this problem.

1 Introduction

Most of Optimization and Operations Research text books contain a discussion of “sensitivity
analysis” of linear programs in situations where the coefficients of the objective function, or of the
right hand side of constraints, or of non-basic columns are perturbed by some parameter. Some
books also contain a cautionary note about situations where basic columns of the coefficient
matrix are also affected by such a perturbation. Indeed, the interest in the latter situation
gave rise to a line of research devoted to analyzing the asymptotic behavior of mathematical
programs under perturbations (e.g., see [8], [4],[6]). In the case of perturbed linear programs the
main distinction identified was between the so-called “singular perturbation” where the rank
of the coefficient matrix of the linear constraints is different at ¢ = 0 and at € > 0, and the
“regular perturbation” when these ranks coincide. We note also that some of the mathematical
techniques used in the preceding references were in a similar spirit as some of the techniques
developed in [1] for the analysis of an infinite dimensional linear program and subsequently in
[2] in the context of computing the Drazin inverse. Of course, the need for the latter arises
naturally when considering the problem of inverting matrix functions that are singular at the
origin (see also, [3]).

In this paper we identify and analyze an unusual asymptotic phenomenon that is undetected
by the preceding dichotomous distinction. Namely, discontinuous limiting behavior of the op-
timal objective function value of such a linear program may occur even when the rank of the
coefficient matrix of the constraints is unchanged by the disturbance. In such a case, we shall
say that the perturbation is pseudo-singular or weakly singular [6].

We show that, under mild conditions, this pseudo-singularity is a result of the classical
Slater constraint qualification being violated in the limit and propose an iterative, multi-layered
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technique for resolving this problem. The latter is inspired by a dimension completing procedure
described in [3].

More precisely, we consider the family of linear programming problems parameterized by
e>0:

def

max{(c® + e z) : 2z €b(e)} = F*(e), (1.1)

where

0) Y [z e R+ (A 1 eAM)z = O 4 D 2 >0} (1.2)

with ¢, ¢ e R", 5O p™) € R™ and A, AD ¢ R™*" (n > m). Together, (1.1)-(1.2) define
a perturbed linear program (LP) if € > 0; it is called unperturbed LP if ¢ = 0. The set 6(¢)
is called the feasible set of the perturbed problem and, similarly, #(0) is the feasible set of the
unperturbed LP.

The goal of the present work is to construct, if possible, an independent of € linear program-
ming problem such that its optimal solutions are limiting optimal for (1.1)-(1.2) in the sense
prescribed by Definition 1.1.

Definition 1.1 A wvector x € R" is called limiting optimal for the perturbed linear program
(11)_(12) Zf T e hmgl() 9(5) and limaw F*(E) = <C(O)’LE>.

Definition 1.2 A linear program will be called o limiting LP if all its optimal solutions are
limiting optimal for (1.1)-(1.2).

In Definition 1.1 and in what follows, lim.jof(e) is understood in Kuratowski-Painleve’s
sense (e.g., see [5, Definition 2.2.4] or [10, Chapter 5]). For readers’ convenience we recall the
definition of lim. |y 0(¢) at the end of this section. Note that from the subsequent consideration
it follows that, under mild conditions, lim, o f(e) exists but it may not be equal to 6(0):

lim (2) # 6(0). (1.3)

and we aim at giving an explicit characterization of this limit. Note also that a possible discon-
tinuity of f(¢) at € = 0 may lead to a discontinuity of the optimal value:

lim F*(e) # F*(0), (1.4)
el0
that takes place when none of the optimal solutions of the unperturbed problem is limiting
optimal for (1.1).

In [8] and [6] the appearance of such discontinuities had been attributed to the fact that the
matrix A(®) may not have a full (rank[A®)] < m). By contrast to these earlier developments,
in the present paper we show that the latter may occur even in the case when A©) has a full
rank (rank[A)] = m), and we construct the limiting LP for this pseudo-singular case.

The paper consists of five sections, and the material is organized as follows. Section 1 is this
introduction. In Section 2, we first use an elementary example to illustrate that the discontinuity
(1.4) may occur if the unperturbed problem does not satisfy a Slater condition (see Example
2.1). We then introduce a new linear program by adding an extra layer of constraints to the
unperturbed LP, and we state our first main result (Theorem 2.1) establishing that, under
certain assumptions, this new LP is the limiting LP for (1.1). A main assumption of Theorem
2.1 is an extended Slater condition of order 1. The proof of the theorem is given in Section 3.

In Section 4, we demonstrate with an example that the extended Slater condition of order 1
may not be satisfied (see Example 4.3), and we state and prove our second main result (Theorem
4.2) establishing that the LP obtained by adding k (k > 1) extra layers of constraints to the
unperturbed LP is the limiting LP for (1.1) if the extended Slater condition of order k is satisfied.
In Section 5, we introduce a more general lexicographic Slater condition that is equivalent to the
fulfillment of the Slater condition in the perturbed problem, and we show that the augmentation



of the unperturbed LP with extra layers of constraints leads the limiting LP for (1.1) in this
case as well (see Theorem 5.3 and Proposition 5.2).
To finish this section, we recall the definition of lim.|q 6(¢).

Definition 1.3 It is said that lim, | 0(c) exists and is equal to 0 if

liminf é(e) = limsupf(e) = 0,
el0 el0

where

liml%nfﬁ(s)déf{x eER" : Vr>0, Jeg >0 s.t. Blz,r)Nb(e) #0 Ve < e},
&

and

lim sup 6(e) déf{x eER" : Vreg>0 Je<eg s.t. B(x,r)NO(e) # 0}
el0

B(x,r) is an open ball centered at x with the radius r.

2 Extended Slater condition of order 1

Let us introduce the following three assumptions.

Assumption (Hy): There exists a positive vy and a bounded set B C R"™ such that ) # 6(¢) C B
for every € € (0,70].

Assumption (H;): The matriz A©) has rank m.
Assumption (Hy) For all € sufficiently small & > 0, the rank of A®) + AN is equal to m.

Note that Assumption (H;) implies Assumption (Ha).
The unperturbed problem is said to satisfy Slater condition if

def

6(0)NRY, #0, where R}, ={zecR" : z>0}.

In [8], it has been shown that if Assumptions (Hp) and (H;) are valid and if the Slater condition
(2) is satisfied, then the unperturbed LP is the limiting problem for the perturbed program
(1.1). That is, every optimal solution of the former is limiting optimal for the latter.

The following example is to demonstrate that the discontinuity of (g) at £ = 0 may occur
(that is, (1.3) may take place) if the Slater condition does not hold, with Assumptions (Hp) and
(H1) being satisfied.

Example 2.1 Let A® =[100] and A® = [011], b® =0 and b(!) = 1. That is,
0(c) = {x = (1, 22,23) : 1 +exp +ex3 =€, T1,22,23 >0 }.

It is easy to see that the feasible set 6(¢) has three basic solutions: 2! = (¢,0,0)7, ! = (0,1,0)7

and /7 = (0,0,1)7 and that it can be parameterized as follows

0(e) ={x = (r1,22,23) : x1=te, zo+ax3=1—t, t€[0,1], z2,23>0 }.
As can be easily seen, in this case,

11&)10(8) ={z :21=0, zo+23<1, z9,23>0}, (2.1)
£

and this limit is not equal to
0(0) ={z : 1 =0, z9, 23 > 0}.

Note that Assumptions (Hy) and (H;) hold true, but the Slater condition for the unperturbed
problem is not valid in this example (since no = > 0 satisfies A0z = b)),

3



Assume that (H;) and (Hg) are satisfied and define the set
Jo:={ie{l,...,n} : 3z €6(0) such that z; > 0}. (2.2)

According to this definition, if j ¢ Jy, then z; = 0 for every x € 6(0). Moreover, if Jy # 0,
convexity of §(0) implies that there exists £ € 6(0) such that Z; > 0 for every j € Jy. Note
that Jy can be determined by solving n independent linear programming problems max,¢q(o) 75,
where j =1,...,n.

Consider the following linear program

def

max{(c?), 2% : 2 € 6,1 = Fy, (2.3)

where )
= {2° : 3 (2%, 2") € ©1}, (2.4)

and

01 ={(@a%z") e R* xR" : 2% € 0(0), AVz' + AWz =M 2l >0vj¢ Jp}.  (2.5)

Note that,
61 C 0(0) and therefore  Fy" < F*(0).

Slater condition (2) is equivalent to having Jo = {1,2,...,n}. If this is the case, then
01 = 6(0) (provided that Assumption (H;) is satisfied), and the problem (2.3) is equivalent to
the unperturbed problem. If the Slater condition is not satisfied, these two problems are not
equivalent. To deal with this case, let us introduce the following extended version of the Slater
condition.

Definition 2.4 We say that the extended Slater condition of order 1 (or, for brevity, ES-1) is
satisfied if there exists (2°,2') € ©1 such that fjl > 0 for every j & Jy and i? > 0 for every
j € Jo.
Example 2.2 In Example 2.1, Jy = {2, 3}, and from (2.5) the set ©; for this example is

01 = {(2%2") e R* xR? : 2°€0(0), 2] +23+23=1, =] >0}.

The ES-1 condition is satisfied in this case by taking as (i°,#!) € ©; as follows: 2§ =0, &) =

ig = % and :%% = %, 2= ﬁé = 0. It is easy to verify that in this case

01 ={2° : 29=0, 2§ +23<1, 29,29>01}.
That is, 61 coincides with lim.|o 6(e) (see (2.1)).
The following theorem, which is our first main result, will be proved in Section 3.

Theorem 2.1 Let Assumptions (Hy) and (H3) be satisfied. Then

limsupf(e) C 6, (2.6)
el0
and
limsup F*(e) < F} . (2.7)
el0

If, in addition, Assumption (Hi) and the ES-1 condition are satisfied, then

01 C liminf () (2.8)
€l0



and the following equalities are valid:

limf(e) =6 2.
i (e) = b1, (2.9)
lim F*(e) = F} . (2.10)
el0

Also, if x° is an optimal solution of the problem (2.3), then it is limiting optimal for the perturbed
problem (1.1).

Remark 2.1 Note that (2.7) is implied by (2.6); (2.9) is implied by (2.6) and (2.8); and (2.10)
is implied by (2.9). Also, by (2.9) and (2.10), if (2", 2!) is an optimal solution of the problem
(2.3), then (c(o),:co) = Fy, and 2° € lim.|o0(¢), which proves that z° is an limiting optimal
solution of the perturbed problem (1.1) (see Definition 1.1). Thus, for proving Theorem 2.1, it
is enough to establish inclusions (2.6) and (2.8).

Remark 2.2 From Theorem 2.1 it follows that (2.3) is a limiting LP in the sense of Definition
1.2 if (Hp), (H1) and ES-1 hold.

3 Proof of Theorem 2.1

Let us introduce some notations and establish certain auxiliary results. Given a finite set S,
denote by |S| the number of elements of S. Let S,, := {J C {1,2,...,n} : |J| = m}, so
| S| = (") Given a matrix D € R™*"™ and an index set J € S,,, the matrix D; € R™*™

m
is constructed by extracting from D the set of m columns indexed by the elements of J. In a

similar way, given a vector x € R" and J € S,,, we denote :1b¥ 2y the vector of R™ constructed
by extracting from x the coordinates z;, j € J (that is, z; = {z;}, j € J).

Given J € S, define P; : IR — IR as
Pj(e) := det (A® 4 AW,
note that Py(-) is a polynomial of degree m (possibly identically equal to zero).

Lemma 3.1 Let J € Sy,. Only one of the following possibilities takes place:
(I) There exists y(J) > 0 such that (A©) + AW is nonsingular for all e € (0,~7(J)).
(I1) (A©) + e AM) ; is singular for all € > 0.

Also, if Assumption (Ha) is satisfied, then there exists 41 > 0 such that Sy, can be partitioned
as Sy, = QU Qe with QN Oy =0 and

Qr:={J € Sn : (A9 +cAW); is nonsingular for e € (0,71)} # 0,
Dy :={J €S, : (A(O) + EA(l))J is singular for all e > 0}.

Proof. Assume (I) does not hold. Hence there exists a sequence ¢, | 0 such that Py(e) = 0.
This implies that the polynomial P; has countable roots, and therefore it must be identically
zero. This implies that (II) holds. On the other hand, when (II) does not hold, this means that
Pj(-) is a nontrivial polynomial of degree m, so it has no more than m distinct roots. This
readily implies that (I) must hold. Regarding the last statement of the lemma, note that there
is a finite number of J € S,,,, so we can take

7= min {7(J) : det(A) +eAW) ;£ 0 Ve € (0,9())}
6 m

The fact that @ # () follows from (Ha). O



Lemma 3.2 Let Qy, 71 be as defined in Lemma 3.1 and let
zy(e) = [(AD +AW) 17 (bg + eby) (3.1)
for J € Q1 and e € (0,v1). If there exists a sequence €; | 0 such that

lim ||z 5(g;)]| < oo, (3.2)
€il,0
then:

(i) There exist yv2 > 0 (v2 < 1) and M > 0 such that the following power series expansion
1s valid

xy(e) = Zsluf,, (3.3)
1=0

M

o and ¢ € (0,72), with € and v standing for the power
2

where u'; € R™ are such that ||u}| <
l of € and, respectively, ~s.

(ii) There exists v3 > 0 (v3 < v2) such that only one of the following two options may take
place:

(I) z5(e) >0 for all e € (0,73), or
(II) xz;(e) # 0 for alle € (0,73).

Proof. The proof of the statement (i) follows from the fact that z;(¢) defined in (3.1) allows
a Laurent series expansion and from the fact that, due to (3.2), the coefficients near negative
powers of € are equal to zero (details can be found in [6]). Let us prove the statement (ii). From
(3.3) it follows that
limzy(e) = uf . (3.4)
el0
Assume now that (ii) is not true. Then one can find a sequence {€;} and a sequence {d;} such
that e, | 0, 0 | 0, and such that x;(ex) > 0 for all ¥ and x;(dx) 2 0 for all k. That is,
zj(er) > 0 and zj(6;) < O for all k£ and at least one j € J. Note that from (3.4) it follows
that u? = 0 for this j (here and in what follows ué stands for the j** component of uf]) Let an

integer p > 1 be such that u? = ujl =...= u?il =0 and u? # 0. By (3.3),
oo oo
z;(e) = Zglué- =cP(uf +¢ Z elm Pyl (3.5)
l=p l=p+1

Considering (3.5) with € = §; and taking into account the fact that x;(d;) < 0, we conclude
that u? < 0. Note also that the second term inside the parenthesis in (3.5) tends to zero thanks

to the uniform boundedness of {u'} established in part (i). The fact that uf < 0, and (3.3) yield
xj(e) < 0 for all € > 0 small enough. This contradicts the fact that x;(e;) > 0 for all &. O

Proof of Theorem 2.1. Let Q%(c) C Q; be such that J € Q4(¢) if and only if the column
numbers contained in J define a basic feasible solution of (1.2). Since the set () of feasible
solutions of (1.2) is non-empty and bounded (Assumption (Hp)), then Q%(g) # ), and from the
fact that there exists a sequence ¢; | 0 such that J € Q4(g;) it follows that (3.2) is satisfied.
This implies that the statements (i) and (ii) of Lemma 3.2 are valid and, hence, J € Q(¢) for
all £ > 0 small enough. Based on this argument, one can come to the conclusion that Q%(¢) is
independent of ¢ for £ > 0 small enough. That is, there exists a nonempty subset Qll’ of 21 such
that
Q0(e) =

and
zy(e)>0 VJeQb, z7(e) 20 VT e\ (3.6)



for all € > 0 small enough, where z;(¢) is defined by (3.1) (the second relationship being valid
due to the fact that the existence of a sequence &; | 0 such that z;(g;) > 0 implies that
J € Qb(g) =Qb).

Let J € Q% and let x;(¢) be the vector of basic components of the corresponding feasible
basic solution z(e) of (1.2). That is (see (3.1)),

[ASO) + EASU]$J(€) — (b(o) + Eb(l)), (37)
and
zj(e) =0 Vj ¢ J (3.8)

By substituting the expansion (3.3) into (3.7) and by equating the first two coefficients of the
resulting expansions, we obtain the following two equations:

A0 —by, AD L+ AW WG = (3.9)

Also, similarly to the proof of Lemma 3.2(ii) (see (3.4) and (3.5)), it can be shown that from
the fact that zs(e) > 0 it follows that

ul >0 (3.10)
and that o
u; >0 Vi¢JJy={jeJ : u)>0} (3.11)
Define (20, 2') € R™ x IR" by the equations
x?d;fu?, le efujl Vi€ J, x?def L) ViéJ.

Note that, by (3.4) and (3.8),

lim z(e) = " (3.12)
el0
and, by (3.9)-(3.11)
A0 =4y, At 4 AW = 20 >0,  2l>0 vji¢ g, (3.13)

Since J¢ C Jy (see (2.2) and (3.11)), the relationships (3.13) imply that
(2°,2') € ©1, which in turn yields 2° € 6; . (3.14)

That is, the limit (3.12) of the basic feasible solution x(g) of (1.2) defined by J belongs to 6.
Because z(¢) € 0(¢) for € small enough, we have that (2.6) holds.
Take now an arbitrary z° € 1, so there exists (2%, z') € ©;. To prove (2.8), we will find
Z(e) € 6(e) such that
limZ(e) = 29 .
el0

Consider (z°(8),z'(9)) defined as follows.
6= (1-6)a"+62°,  2'O)=(1 -6 +62", §€(0,1), (3.15)

where (20, 21) are as in the ES-1 condition). Note that (z°(8),z*(5)) € ©1 (due to convexity of
©1) and also that

2)(6) > 629 > éa Vj € Jy, x1(8) > 62t > da Vi ¢ Jo, (3.16)

where o
a= min{ min 2%, min # /} > 0. (3.17)

)
jeJ ]‘]éo



By Assumption (H;p), there exists J € S, such that the matrix A(O) is invertible. Due to the
invertibility of AE, ), one has A(O) + EA( ) A(O) (I+&eDy), where I is the identity matrix in R™

def

and Dy = [AS )] IAS ). Note that the matrix I+cD, is invertible and its inverse has a uniformly
bounded norm for all € € [0, 4], where 4 > 0 is small enough. Define z(d, ) by the equation

2(8,€) = 2°(8) + ez (8) + £22%(6, €), (3.18)
where
22(5,6)E — (I+eDy) AV AW 21 (5)] 22(6,6) =0 V) ¢ J. (3.19)

Because the norm of (I 4+ eDy)~! is uniformly bounded for ¢ € [0,74], the vector z(d,¢) is
uniformly bounded for € € [0,74]. Let us verify now that x(d, ) € 6(¢) for e > 0 and 6 > 0 small
enough. Indeed, it is straightforward to obtain

(AO e Az (8,6) = AOz0(8) + [AOz1(8) + AD20(8)]
+e2[A022(3, ) + AV (6)] + 2 AW (5, e).

Since (2°(0),z'(6)) € ©1, we have that A z9(8) = b and AOz!(5) + AW z0(§) = b, So the
above expression simplifies to

(A® +cAMN)z(6,6) = B4 eb' +2[(AO) +cAM)22(5,e) + ADz1(5)].

We claim that the expression between the square parentheses above is zero. Indeed, due to

(3.19),

(A0 +eAD)?(@.6) = (A7) + A7 ad(0,e) = A<O><HO+eDJ> 73(5,)
= —AVI+eD))A+eDy) AV 1AW 21 (5)]
— AW 21(5)
= (AQ L cAWyz(5,6) = b0 4 &b . (3.20)

Thus, to prove that x(d,e) € 6(¢), we need to show that z(d,e) > 0 for ¢ > 0 and § > 0 small
enough. As a consequence of the uniform boundedness of the expansions in (3.18)-(3.19) it is
possible to find a positive scalar ¢, bounded above, such that

¢ > max {|z}(8) +ex2(8,)| ,|z3(3,€)[}

7j=1,..,n
for all € € [0,74] and all 6 € (0,1). Now, using (3.16)-(3.18) we can write
z;(6,€) = 23(6) + e[z} (0) + exF(d,€)] > da—ec Vi€ Jy; (3.21)
zj(6,e) = a;?(é) + 5[95}(5) + ex? ((5 g)] > elx (6) + exj 206,e)] > elda—ed] Vid¢Jy. (3.22)

Take now 0 < 75 < 74 such that for all € < v5 we have 2¢(c/a) < 1, and set 5d:ef2e(c/a). Now
(3.21) and (3.22) yield

z(d,e) = x(25(c/a),s)gi(5) >0 Ve e (0,7) = x(d,e) =x(c) € O(e) Ve e (0,75) .

Also, by (3.15) and (3.18),
limz(e) = 2 .
el0

Since 2 € 6 is arbitrary, (2.8) holds. This completes the proof of Theorem 2.1. O



4 Extended Slater conditions of higher orders

In this section we extend our analysis to the case when the ES-1 condition is not satisfied. To
this end, let us introduce some additional notations and definitions. Firstly, let

def

N={j¢Jy : 3 (2 2') € ©1 such that :cjl >0} .

If
JoU J1 :{1,...,77,}, (4.1)

then the ES-1 condition is equivalent to the condition that there exists (2%, 4!) € ©1 such that
28>0 Vjedo, d5>0 VjeJ=(Jo)

By Theorem 2.1, the ES-1 condition implies that every optimal solution of problem (2.3) is
limiting optimal for the perturbed problem (1.1). In this situation, adding one extra layer
of constraints to the unperturbed problem through the construction of ©; is all we need for
constructing a limiting LP for (1.1)-(1.2) in the sense of Definition 1.2.

However, if (4.1) does not hold, then one layer of additional constraints is not enough for
constructing a limiting LP, and an extension of the ES-1 condition is needed. This motivates
the introduction of an ES condition of an order higher than 1. To this end, let us define the set
02 C R" x R™ x R™ by the equation

def

0y = {(20,2",2%) e R" xR" x R" : (2°,2") € ©1, AQz2 4 AWzl =0, a:? >0Vji¢ JoUJi}

and let )

Jy = {id (JouJp) : 3 (2% 2! 2?) € Oy such that ZL‘? >0} .
Altogether, given the pair (01, J1), we can define (03, J2) as above. If JyUJ;UJy ={1,...,n}
we stop, otherwise we continue inductively as follows. Assume that (©y, J;) has been defined for
l=1,...,k—1 and that U;:OIJI #{1,...,n} , define (O, Ji) as follows:

Or = {@°... 2kt ak) e R (20,...,2F 1) € Op_y,
(4.2)
A gk 4 A k=1 — 9:;“ >0 V5 ¢ Uf;olJl}
Jkdif{j ¢ U;:OIJZ - 3 (2°...,2%) € O such that xf >0} .
Note that, by construction, the fact that (20, 2%, ..., xl) € ©; implies that
W) =aj=..=ab=0Vj¢U._oJ, 1=01,..k, (4.3)
which, in particular, implies that
w=zj=.. =2 '=0Vjed, I=1,.. k. (4.4)
Consider now the following linear programs
max{(c®, 2% : 2%} =F, 1=01,....k, (4.5)
where
Gld:ef{xo o (AN L W=l oY S l=1,....k; GOdZEfH(O). (4.6)
Note that

5 def

O, C---C Oy Cly whichyields Fj <...<F <F;=F*0).



Definition 4.5 We say that the extended Slater condition of order k (or, the ES-k condition)

is satisfied if there exists (2°,2',...,2F) € Oy such that
>0 vVjed, 1=01,.. k. (4.7)
and if
J()U...UJk:{l,...,n}. (48)

Note that some of J; , [ =0,1,...,k — 1, in (4.8) can be empty but it is assumed that Jj # 0.

Remark 4.3 Assuming that (4.8) is satisfied, the validity of (4.7) (for a given k > 1) can be
verified by solving n linear programs:

mam{xé c (202t M ey}, Yied, 1=0,1,...k.
Due to convexity of O, (4.7) is satisfied if the optimal values of the above programs are positive.

Example 4.3 Let

o _ [1 -2 -1 m_[1 -10 o _ [0 m_[1
A‘[1—20]’A_[010’b_0’b_1‘

It is straightforward to verify that in this case the feasible set #(¢) has two basic solutions
! =(2,1,0)T and 21 = (¢,0,e%)7, and it is representable as their convex hull:

0(c) = {tz! +(1—t)z'l : te[0,1]} (4.9)
= {2eR® : 21 =c+t(2—¢), za=t, x3=(1—1)e%, te[0,1]} '
The expressions for §(0) and ©; can be verified to be as follows:
00)={zcR>® : 1 —229=0, 21 >0, 22 >0, 23 =0} = Jo={1,2}; (4.10)
01 = {(@%zh) eR}*xR® : 20 €0(0),: 2} —22) — 2l + 27 — 2§ =1,
i -2z} + 23 =1, 21 >0}
(4.11)
= {(%2Y) e R3xR? : 2% € 6(0)
2 —29=1— (2} —22d), 29 =1- (a1 —22)), 2 =0}.
The last expression above shows that #} = 0 and hence J; = (), so the ES-1 condition is

not satisfied in the present example. Using (4.10) and (4.11) and introducing the notation
sdéfa:% — 2zl one can obtain that

01 ={2°€0(0) : 2% —ad=1-5, 28=1—-5 23=0, sc(-o0,1]}.
By definition, we have that
Oy = {(2% 2% 2?) € R3 x R?® x R? : (20, 2') € O, 23— 223 — 23 + a2l -2l =0,
z3 — 223+ 23 =0, 23>0}
Subtracting one of the equations from another in the above expression, we obtain
0y = {(@%242) e R*xR*xR? : (2%, 2') € Oy, 2] — 2} = — (22 — 222 — 73)

1 1_ .2 2
x] — 2wy = x5, x5 > 0}

10



By direct substitution, we see that (2°,2!,42) € g, with 20 = (1,%,0)T, il = (%,O,O)T,
2 = (0,0, %)T Hence, Jy = {3} and JyUJy UJy = {1,2,3}. That is, the ES-2 condition
is satisfied in this example. By further analyzing the expressions for ©1, #; and O3, one can

obtain that
Oy ={zc0) : 29 -2l =1-5, 2§=1—-5 25=0, s€(0,1]}.

Finding the explicit expressions for 2 and 9 in terms of 1 — s and re-denoting 1 — s as ¢, one
obtains that
0 = {22 €00) : 2V =2t, 5=t 23=0, te[0,1]}.

This expression, together with (4.9), imply that lim.|o6(e) =62 .

Theorem 4.2 Let Assumptions (Hy), (Hz) be satisfied. Then

limsup 6(e) C 6 (4.12)
€l0
and
limsup F*(g) < F} . (4.13)
el0

If, in addition, Assumption (Hy) and the ES-k condition are satisfied, then

0 C liminf 0(e) (4.14)
el0
and the following equalities are valid
limf(e) = 6y, , (4.15)
€l0
liﬂf)l F*(e) = Fy; . (4.16)

Also, in this case, if 2° is an optimal solution of the problem (4.5) with 1 = k, then x° is limiting
optimal for the perturbed problem (1.1). That is, (4.5) with | = k is limiting LP in the sense of
Definition 1.2.

Proof. The fact that (4.13) is implied by (4.12) and that (4.15) is implied by (4.12) and (4.14)
as well as the fact that (4.16) is implied by (4.15) follow from the definitions of the respective
limits. Also, the fact that 2¥ is limiting optimal for (1.1) if it is an optimal solution of (4.5) with
[ = k readily follows from (4.15) and (4.16) (as indicated in Remark 2.1). Hence we proceed to
prove (4.12) and (4.14). We use the notations and results from Section 3. We start with proving
(4.12).

Let J € Q% (see (3.1) and (3.6)) and let zs(¢) be the vector of basic components of the
corresponding feasible basic solution z(¢). That is, (3.7) and (3.8) are valid. By substituting
the expansion (3.3) into (3.7) and equating the coefficients of the powers !, I = 0,1,...,k, we
obtain the following equations:

AD WG =p@ A L AW g = A L AW W =0, =2,k

which yields

A0 = p0) AO gl 4 A0 — p(1) AOgh 4 AWt =0, 1=2,... K, (4.17)
where 20, 2!, ..., 2¥, are defined by the equations
=l Ve, i 0 Vi¢ T, 1=0,1,...,k

11



Using the above notations and (3.8), one can rewrite the expansion (3.3) in the form (that
includes also the non-basic components)

k
xz(e) = Zalxl + O(ekt1). (4.18)
=1

In the proof of Theorem 2.1 it has been established that the inclusion (2°,2!) € ©1 is valid
(see (3.14)). Also, from (3.6) and (4.18) it follows, in particular, that

22>0 Vjew Z{j e{l,...,n} : 2% =zk =0} (4.19)

By (4.3), {1,...,n}\ (JoUJi) Cwi, and, hence, (4.19) and (4.17) imply

l’? >0 Vjé¢ JoyUJy
= (29,2, 2%) € ..

A0 g2 4 AWl =
We now prove by induction that
(20,2, ..., %) € Oy, (4.20)

assuming that the inclusion

(a:o,ml, .. ,:ck_l)

holds. From (3.6) and (4.18) it follows that

€ 6/6717

. def . _
a??zO Vjiewpg1=1{j€{l,...,n} : a:?,:...:x?, =01,

which yields
oF >0 V¢ Ui, (4.21)

the latter being implied by the fact that, due to (4.3),
{1\ (USSR C s

Altogether, (4.21), along with (4.17), prove (4.20), and this completes the induction argument.
Hence, we proved that (20, 2',... 2%) € ©. In particular, this and (4.6) yield 2° € 6. Taking
limits in (4.18) for € | 0 we see that

li =2 € Oy

i z(e) =" €0
That is, the limit 2° of the basic feasible solution of (1.2) defined by J (see (3.12)) belongs to 6.
Inclusion (4.12) follows now from the fact that any basic feasible solution of (1.2) corresponds
to some J € Q) and that any feasible solution of (1.2) (i.e., any element of #(¢)) is a convex
combination of the basic solutions.

To prove (4.14), take an arbitrary z
(2°(8), 21 (5),...,2%(5)) by the equation

0 ¢ 6, so there exists (20 2'...,2%) € ©. Define

def

(2°(0), 21 (8), ..., 28 (6)) = (1 = 0) (20, 21, ..., %) + 6(2°, 2, ..., "), (4.22)
where § € (0,1) and 2!, [ =0,1,...,k, satisfy (4.7). Note that
(22(6),21(8),...,2'(0) e ©;, 1=0,1,... .k,
which, by (4.4), implies that

2)(0) = zj(0) =2l7'(6) =0, Vie, I=1,... k. (4.23)

12



Also, by (4.7),
zh(8) > 02k > 6a Vje g, 1=0,1,...,k
where
def

. oAl
= .+ >0. 4.24
o) -

Let J € Sy, be such that the matrix ASO) is invertible and let D= [ASO)]_IASI). Then A((]O) +

sASI) = ASO) (I+eDy), with the matrix I+eD; being invertible and its inverse uniformly bounded
for € > 0 small enough. Define z(d,¢) by the equation

k
x(0,¢) “ Z elal (8) + eFHak+1(5,¢), (4.25)
=0
where
H1(6,) S — (T+eDy) AP LAV R (9)] eEL(6,e) 0V ¢ . (4.26)

Let us show that z(d,e) € 6(¢) for ¢ > 0 and § > 0 small enough. Via a direct substitution
(similarly to the way (3.20) was established) one can obtain that

(A 4 e AM)z(6,6) = B0 + eb' .
Having in mind (4.23) and (4), we obtain from (4.25):

zi(6,e) = SoF_ emal(8) +eFtlatt(s,¢)

> & [xé (6) + E(Zle+1 ETf(lH):U;(d) + ak*lacg?ﬂ(é, e) )] (4.27)

> élfda—ec] VjeJ, 1=0,1,....k,

Where ¢ > 0 is a constant such that A

¢ > max max {| Z sT_(lH):E;((S)+5k_lxl?+1(6,5)|}
1=0,1,....k j=1,...n Nyl J

for all € > 0 small enough. Such a ¢ > 0 exists thanks to (4), and ¢ is bounded above as a
consequence of the uniform boundedness of the coefficients in the expressions (4.25)-(4.26). Take
now (as in the last part of the proof of Theorem 2.1) € small enough such that 2¢(¢/a) < 1 and
fix 5d§2<€(0/a). Now (4.27) and (4.8) yield

def ,

x(d,e) = z(2e(c/a),e) = () >0 and hence z(c) € O(¢e),
for all € small enough. Also, by (4.22) and (4.25),

limz(e) = zq .
Elﬁ)ll‘(&) xo

Since 2 € 0}, is arbitrary, the above implies (4.14). This completes the proof. O

Remark 4.4 In the course of the proof of Theorem 4.2 it has been established, in particular,
that
Jz(e)eble), z(e)>0, (4.28)

with the last inequality being valid for all € > 0 small enough (see (4)). Note that (4.28) is a
Slater condition for the perturbed problem. The following result establishes that, if (4.28) is
valid, then the equality (4.8) (which is a part of the condition ES-k) is satisfied.
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Proposition 4.1 Let Assumptions (Hy) and (H2) be satisfied. If the Slater condition (4.28)
holds , then equality (4.8) is valid for some k > 0.

Proof. For each J € QY we denote by X;(¢) the basic feasible solution of (1.2) that
corresponds to J € Q¢ (unlike the x;(¢) used above, X(¢) includes both basic and non-basic
components of the solution). Define also a vector {\;} Jeqr such that

doA=1, As>0 VJ e
Jet

Then (4.28) implies that
XE)= S MXse) > 0. (4.29)
Jeb

Since each of X (e) allows a power series expansion (see Lemma 3.2 (1)), so does X (¢):
X()= ) X! (4.30)
1=0

or, componentwise,
o0
- def 1 ~1 .
Zj(e) = E ex;,j=1,...,n,
1=0

where Z;(e), :ié stand for the components of X(e) and X', respectively. For any j € {1,...,n},
let [; be such that

~0 U L
I;=...=z/ =0, z/>0, (4.31)
with [; = 0 if :E? > 0. Also, let

=~ def =~ def =~ def

JOZ{] . lj:O}, le{j . ljzl}, cee Jk:{] . l]’:k}, (432)

where k is such that 3 .
Je#0, U, ={1,...,n}. (4.33)

Note that, due to (4.29), such a k exists. Using (4.30) and the fact that X (¢) € 6(¢), one can
repeat the argument of the corresponding part of the proof of Theorem 4.2 (e.g., see (4.20)) to
establish that (X% X!,..., X*) € ©. Hence,

j() c Jo, (jl \ Jo) cJi, ..., (jk \ U;C:_OIJZ) C Ji . (4.34)
From the first two of the above inclusions it follows that
j()Ujl CJ()Ujl :JQU(jl\JQ) Cc JyUJy.

Let us use induction to prove that

Ul_odi C Ui_g i - (4.35)
Assume that
U e i C U Ty (4.36)
Then, using the last inclusion in (4.34), one can write down
U0t © (U0 ) Uk = (W20 J) U (i \ (U2 1) € (UiZg i) U s - (4.37)
This proves (4.35), which along with (4.33) establish the validity of (4.8). O
Note that the fulfillment of (4.8) does not necessarily mean that there exists (20,41, ...,4%) €

O such that (4.7) is satisfied. In the next section we introduce yet another type of Slater
condition that is implied by (and, in fact, is equivalent to) the Slater condition for the perturbed
problem (4.28).
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5 Lexicographic Slater condition

Given (20, 2! ..., 2%) € (R™)**1 let I)(2') C {1,...,n}, 1 =0, ..., k, be defined as follows

def .

L(H={i - 2t >0}, 1=0,..k (5.1)

Definition 5.6 We shall say that a concatenated vector (20, z'... z%F) € (R™)**! is lexico-
graphically nonnegative (L-nonnegative) and write

if z° > 0 and if

b >0Vig L") ULYUu.. UL (@'Y, 1=1,..k

We shall say that a concatenated vector (0 x'... x¥) € (R™)**1 is lexicographically positive

(L-positive) and write

if it is L-nonnegative and
TIo(z®)U...UL(z") = {1,...,n}.
Remark 5.5 As can be easily verified, (z°,2' ..., 2*) is L-nonnegative if and only if every row

of the n x (k + 1) matrix Z = (2%, 2!, ...2%) has the property that it is either the zero row, or

its first nonzero entry is positive; (2, 2! ..., 2¥) is L-positive if, in addition to the above, the

matrix Z does not contain the zero row. Also, (z°,z!... 2¥) is L-nonnegative if and only if

x(s)d:efx0+sx1+...skxk >0

1

for all € > 0 small enough; (20, z'...,2¥) is L-positive if and only if

z(e) =

¥ +ext+ .. b2k >0
for all £ > 0 small enough.

Lemma 5.3 If

then, for any § € (0,1),
(2°(8), 21 () ..., 2F(6)) = (1 — 6)(z°, 7 ..., z%) + (2% 2" ..., 7%) = 0.

Proof. Due to Remark 5.5, the proof is obvious O

Define the sets Z5 , 'y by the equations

= “ {(2% 2" ... 2F) € (R™)k+1 . A0 =0 AO g1 4 AW 0 = pl AO) gl 4 A1) zl-1
=0, [=2....,k; (2%2'...,2") =0 };
(5.2)
= {2 (202!, 2% e 5} (5.3)
Note that, by Lemma 5.3, the set = and, hence, the set I';, are convex.
Lemma 5.4 Under Assumptions (Hy) and (Ha),
limsupf(e) C Ty . (5.4)

el0
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Proof. As in Proposition 4.1, let X (e) stand for the basic feasible solution of (1.2) that
corresponds to J € Ql{. By Lemma 3.2, X (¢) allows a power series expansion

ZXJE —|—O k:—‘rl)

where X, € R*, 1 = 0,...,k, are some constant vectors, and |O(e*)| < ¢! (¢ > 0 is a
constant). Since X () € 0(¢), it follows that (X9,..., X¥) € Z; which, in turn, implies that

lim X s(e) = XY € Ty, (5.5)
€l0
Let
T € limsup§(e) (5.6)
€l0
That is, there exist sequences €5 ,s =1,2,... (g5 | 0) and x5 € 0(e;) such that
lim z, = . (5.7)
S§—00

From the fact that zs € 6(es) it follows that there exist Ajs € [0,1], J € Q8 satisfying
D M=l
Jet

such that

Te= Y AssXy(es). (5.8)

Jet

Without loss of generality, one may assume that there exist limits

lim A=Ay €001, Y Ay=1 (5.9)
S—00
Jeb

By (5.5), (5.7), (5.8) and (5.9),
T = Z )\JX9.

Je

Hence, due to the fact that 'y is convex, (and due to (5.5)), one may conclude that
rzely. (5.10)
Thus, it has been established that (5.6) implies (5.10). This proves (5.4). O

Definition 5.7 We shall say that the lexicographic Slater condition of order k (or, the LS-k
condition) is satisfied if Zp contains an L-positive element. That is,

3 (202, 2% e 8y such that (2°,2%,... 2%) = 0. (5.11)

Let us now introduce some notations that are needed for further consideration (and that, in
particular, allow us to give another characterization of the LS-k condition; see Corollary 5.5.1

below).
Define the index sets Jj ,...,J; as follows
def def *
Jo = Uao gt amyez, 0@}, J5= Ugoar ke, {N(E)}\ 5 (5.12)
Tt Ugo s aiyes, ALEINF U UTE,), 1=2,..k, (5.13)
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where I;(2!) are as in (5.1). Note that

Um0 = (U0 a1 aotyez, {20(@”) ) U U (Ugo a1 _atyez, {Li(2h)}). (5.14)
and, in particular (with [ = k),
Usmods = (Uo ot atyez, H0(”) 1) U U (Ugo gt oyez, Ik (0)}). (5.15)
Lemma 5.5 There exists (2°,...,3%) € 2}, such that
ih>0 vjeJr (if JF#0), Vi=0,... k. (5.16)

Proof. Due to (5.14),
ah=0 Vj¢(Jpu...uJf), Ve aF)eE, 1=0,... k-1
Hence, by the definition of L-nonnegativity (see Definition 5.6),
:cé.ﬂzO Vidg (Jou...uJr), Y&t . 2f) ez, 1=0,... k-1 (5.17)
Also, by the definition of Zj (see (5.2)),
>0 V02t 2 es,. (5.18)

Further on, for any [ € {0, ..., k} such that J; # () and for any j € J;', there exists (2, ..., zF)lJ €
=) such that xé > 0 (see (5.12) and (5.13)). Define (°,...,#*) by the equation

k
@, a)E TS a0, a), (5.19)
1=0 jeJ;
where
k
Mg >0, Vi€ =1k, Y > N;j=1 (5.20)
1=0 jeJ;

As can be readily seen, (5.19) and (5.20) imply (5.16). Also, due to convexity of Zj,

1°,...,iF ez, .
O
The following result is an immediate consequence of Lemma 5.5.
Corollary 5.5.1 The LS-k condition is equivalent to the equality
Ur_oJf ={1,...,n}. (5.21)

Proof. Note that, by (5.16) ,
L =J;, LEH>J 1=1,... k.

Hence, if (5.21) is satisfied, then UF  I;(#!) = {1,...,n} , and (2°,...,2%) is L-positive. That
is, the LS-k condition is satisfied. Conversely, by (5.15),

Lz u.. . UL cpu...ug Y@t 2P eg, .

Hence, by definition of L-positivity, the validity of (5.11) implies the validity of (5.21). O
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Define the polyhedral set Z7 by the equation

=5 i {20 2" ..., 2%) € R+ AO20 =30 AO) 1 4 AMW0 = pl - A0zl 4 A zl=1
=0, 1=2...,k 2°>0; 2,>0Vj¢(Jgu...uJr)), I=1,... Kk}
(5.22)
Note that from (5.17) and (5.18) it follows that
S (5.23)

The following results establishes that Z7 is equal to the closure of ;. The fact that Zj may not
be closed follows from the observation that the limit of a sequence of L-nonnegative (or even
L-positive) elements is not necessarily L-nonnegative.

Lemma 5.6 The following relationship is valid
= =cl=y . (5.24)

Proof. Take an arbitrary (z°,...,2%) € Zf, and define (z°(a), ..., z*(a)) by the equation

def

(2%(a),...,2"a) = (1 —a) (..., 2% + a(2°,...,3%), ae(0,1),

where (2°,...,2") satisfies the inequalities (5.16). Due to these inequalities,

ai(a) >0 VjeJr (if JF#0), VIi=0,....,k, VYae(0,1). (5.25)
Also, due to (5.17) and (5.18), and due to the definition of =} (see (5.22)),
20) >0, 2h(a)>0 Vi¢(JgU...uJfy), I=1,...,k, Vac(01). (5.26)

From (5.25) and (5.26) it follows that
(2%(a),...,2"(a)) =0 Vae(0,1),

which implies that
(2%(a),...,z"()) € B Y a e (0,1).

Since limg|o(z%(a),...,2%(a)) = (2°,...,2%) and since (27, ..., 2%) is an arbitrary element of
=5, (5.24) is proved. O

Theorem 5.3 Let Assumptions (Hy), (H1) and the LS-k Slater condition be satisfied. Then

lim (<) =TS {a ¢ (%2, . 2 e =) (5.27)
3
and
liﬂr}F*(e) = max{(c®, 2% : 2 e 7} (5.28)
13

Proof. Note that (5.28) is implied by (5.27). Note also that from (5.3), (5.4) and (5.23) it
follows that

limsupf(e) C T, .
el0

Thus, to prove the theorem, one needs to show that

I'; C lilg%nfO(E). (5.29)
By Lemma 5.5, by the definition of the LS-k condition and by (5.23), there exists

(°,..., 2% e =

such that (5.16) and (5.21) are valid. Hence, to prove (5.29) one can follow exactly the same
steps as those used in the proof of (4.14) (see the second part of the proof of Theorem 4.2) with
the replacement of J; by J;'. O
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Proposition 5.2 Under Assumptions (Hy) and (Hi), the LS-k condition is satisfied for some
k > 0 if and only if the Slater condition for the perturbed problem (4.28) is satisfied.

Proof. The fact that the validity of the Slater condition for the perturbed problem (4.28) is
implied by the validity of the LS-k condition can be established in the same way as the fact that
the validity of the former is implied by the ES-k condition (see Remark 4.4). Let us prove the
converse statement that the validity of the Slater condition for the perturbed problem (4.28)
implies the validity of the LS-k condition.

Since Assumption (H;) implies Assumption (Hz), all conditions of Proposition 4.1 are sat-
isfied, and we may use some elements of the proof of the latter. Let X () be as in (4.29) and
let X!, 1 =0,...,k, be the first k + 1 vectors of coefficients in the expansion (4.30). Also, let
Ji, 1=0,...,k, beasin (4.32) (with k being defined by (4.33)).

From (4.29) and (4.30) it follows that

k ~
Z elx! >0
=0
for all € small enough, which implies (see Remark 5.5) that
(XO,...,Xk) €=y .
Hence, by (5.15) and the definition of .Jj,
Uiy i C Uiy Jf
This and (4.33) imply (5.21). O

Remark 5.6 The Slater condition for the perturbed problem (4.28) can always be assumed to
be satisfied (without loss of generality ). In fact, similarly to Lemma 3.2(ii), one can show that
the set {1,...,n} is decomposed into two subsets:

{1,...,n}:D1UD2,

where D is such that x; = 0 for any « € 0(¢) and D, is such that there exists &(¢) € 6(¢)
with Z;(e) > 0 Vj € Dy. In both cases it is assumed that € € (0,7), where « is positive and
sufficiently small. By removing the components z; with j € D; from (1.1)-(1.2), one obtains
an equivalent perturbed LP, in which the Slater condition (4.28) is satisfied. Of course, there
remains the question of efficient determination of the membership of D;. In principle, in a
similar spirit to Remark 4.3 the asymptotic simplex method of [6] could be used repeatedly to
identify indices of variables that qualify. However, this is likely to be computationally expensive.

The last result of this section establishes relationships between J;*, =5 and J;, ©, introduced
in Section 4.

Proposition 5.3 The following relationships are valid:
JoUu...UuJfCJpU...UJ, YI=0,...,k, (5.30)

and
=5 C O . (5.31)

If the ES-k condition is satisfied for some k > 0, then the LS-k is satisfied for this k and
J=J, 1=0,...k; (5.32)

=5 = O (5.33)
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Proof. Let (2°,...,4%) € Zj be such that (5.16) is satisfied. Since J§ C Jo, then, by (5.17),
ic; >0Vj¢Jo and (2°,21) € ©1. Hence,

JT \ Jo C J1,
and
JSUJT CJQUJikzjoLJ(Jf\Jo) CJoUJq.
Using induction argument, assume that (2°,...,2'"1) € ©;,_; and

JoU...UJ  CJU...UJ_ . (5.34)
Then, by (5.17), ﬁ:g >0 Vjé¢ (JoU...UJ_1) and (2°...,2") € ©;. Consequently,
T\ (JoU...UJi1) C Ji
which, along with (5.34), imply that
JU. UJ UJF CJgU. . Ui UJf = JoU...UJig U\ (JoU...UJi_1))

CJoU...Uj1UJ;.

Thus, (5.30) is established.
Since the set Oy defined recursively by (4.2) allows a representation in the form

0 = {(a%az'... 2F) e (M) A0z0 =30 AO gl 4 AMW0 = pl A0zl 4 A1) gzl-1

=0, I=2...,k 2°>0; 25>0Vj¢(JU...UJ1), I=1,...,k},

from (5.30) and from the definition of =} in (5.22) it follows that (5.31) is valid.

Assume now that the ES-k condition is satisfied, that is, there exists (29, 2',...,%F) € Oy
such that the relationships (4.7) and (4.8) are valid. It is easy to see that the validity of these
relationships imply that

(2°,2%,...,2%) = 0.
Since (20,2, ...,2%) satisfies the equations defining Oy, it follows that
(20,2Y,..., %) ez . (5.35)

That is, the LS-k condition is satisfied.
To prove (5.32), note that (see (5.1))

JchEh)vY 1=0,... k
Consequently, by (5.35) (and by (5.14)),
JoU...UiCJygU...UJ" VI=0,...,k,
which, being compared with (5.30), leads to
JoU...USy=JjU...UJS YI=0,... k.

Due to the fact that both J;, [ =0,...,k,and J, 1 =0,...,k, are disjoint, the latter imply
(5.32), which in turn, implies (5.33).
O

Remark 5.7 It follows from Proposition 5.3 that the ES-k condition implies the LS-k condition.
We conjecture that the converse does not hold. Note, however, that in the general case, the
verification of the LS-k condition may be more involved than that of the ES-k condition. The
former amounts to the verification of the Slater condition for the “full” perturbed problem while
the later is verifiable via the consideration of LP problems independent of ¢; see Remark 4.3.
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Remark 5.8 The second parts of Theorems 2.1, 4.2 and Theorem 5.3 postulate the validity
of Assumption (Hi) (rank[A®)] = m). If this assumption is not satisfied, it is possible (under
certain conditions) to equivalently reformulate the perturbed problem so that it will be satisfied.
In fact, let

rank[AY) =m —k, k>0

(that is, the problem (1.1)- (1.2) is singularly perturbed in the sense of [6] and [8]) and let V be
a m X k matrix, the columns of which constitute a basis of the linear space V,

de&f{v eR™ : 7AW = g},
It is, perhaps, worth pointing out that the “shuffle algorithm” as presented in [2] might be used
calculate V. Note also that from Assumption (Hy) it follows that

VT = . (5.36)

Assume that the following condition is satisfied

A0)
rank { VT AM ] =m. (5.37)

Let A be a submatrix of A© formed by m — k linearly independent rows of A®. Then from
(5.37) it follows that

A0
rank { VT A ] =m. (5.38)

Denote by AW pO), an(i b! the submatrices of AW, b and b' whose rows correspond to the
rows of the submatrix A°. Using (5.36), one can show that the feasible set of the perturbed
problem 6(e) (see (1.2)) can be presented in the form

A(0) A1) 50 1 £p1)
O(e) ={zeR" : [A +eA ]:U— [b b

VTA(l) VTb(l) :| y T > O},

which, due to (5.38), implies that an appropriately modified Assumption (H;) is satisfied. A
similar process can be continued further in case (5.37) is not satisfied. The latter, however, is
beyond the scope of this paper.
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