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Lecture 6

Lecturer: Giovanni Neglia Scribe: Anastasia Kuznetsova, Andrea Tomassilli

NOTE: The content of these notes has not been formally reviewed by the
lecturer. It is recommended that they are read critically.

1 Introduction

The goal of this lecture is to introduce a different distributed way to solve optimization problems from

what we have studied before. For that we study the notions of Game theory and apply them on the

particular model of a game theory - an auction.

In the section 2 we will introduce the basics of the Game theory. We will focus on the two player games.

Then we discuss the concept of Nash equilibrium for games, that is a set of strategies for which there is

no interest for a player to change strategy unilaterally. We see the approaches that we can use to find the

Nash equilibrium in case of Zero-Sum-Games and Not-Zero-Sum-Games. In the section 3 we will define

the problem of the social utility maximization without knowing the individual utilities of the playe

To solve this problem we will discuss auctions as a convenient game-theoretical model that aljows to

introduce money to the game. We describe 2 different kind of auctions: 1%* and, 2P %ﬁce ayction and N s A V4

we, show that the om'na@‘s/trategies for them are different.wm we \} Ay v,
Mj/ 9{ Mec@né M%lce notion of Matching markets, astyDe of an auetton with a multiple humber A

L of players and goody. We WMM section 5 trying to generalize this mechanism to Google

advertisement system where’péople bid the Value that they have for a click and then Google decides how

to match them with the different position of the advertisements on the web-page. In the end we show

that if our purpose is to organize a truthful auction, then the solution to this problem is the extension

of the 2°¢ price auction that is the VOG mechanism.

In VCG mechanism a player should pay the social damage that he produces to the others defined as the

difference between what the other players would get if he would not be there and what they would get

if he would be there. This is not the precise approach that Google uses, so in the next lecture we will

see how exactly Google solves the pricing problem for their advertisements.

2 Game Theory

2.1 Definitions

Game Theory is concerned with the mathematical and logical analysis of situations of conflict and
cooperation. Every strategic interaction between two or more players can be modeled as a game where
a game is defined by:

e a finite set IV of players
e a set of strategies S; for each player i € N
e a payoff function u;(s) : s — R for each player i € N where s € S X Sy X ... X Sy is an outcome

Two players game can be described with a matrix, where in the rows we have the possible strategies
that player 1 can choose and in the columns’tﬁe possible strategies that player 2 can choose. These
strategies can be different. At the cross of the actions there are the corresponding payoffs, the first
number is the payoff for player 1 while the second number is the payoff for player 2.
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Colin
C D

Rose A [2.2]0,3
B|3,0]11

Table 1: Normal form of a game

In Table 1 we can see an example of a game represented in normal form. We can divide games in
two categories: Zero-Sum-Games and Non-Zero-Sum-Games.
In Zero-Sum-Games we have that, given a set of strategies, the sum of the payoffs of the players is 0.
This means that interests of the players are strictly opposite. Since given a set of strategies the payoffs
have different sign, we represent this kind of games by putting just the payoff of the player on the rows.
In Table 1 there is an example of normal form representation for a Zero-Sum-Game.

Colin
C D
1 | -3
Rose B 311

Table 2: Normal form of a Zero-Sum-Games

In the Zero-Sum-Games represented in Table 2 we have that if Rose chooses A and Colin chooses C,
the payoff of Rose would be 1 and the payoff of Colin would be -1.
In Non-Zero-Sum-Games, given a set of strategies, the sum of the payoffs of the players can be more or
less than 0. In Table 1 we introduce an example of matrix normal form representation for a two player
Non-Zero-Sum-Game. We see that if Rose chooses to play B and Colin chooses to play A, their playoffs
would be 3 and 0 respectively.

2.2 Nash Equilibrium

Given a game, we would like to find the Nash Equilibrium or Equilibria since they can be more than
one. A Nash Equilibrium can be defined as a profile of strategies such that no player can unilaterally
change his strategy and increase his payoff.

The first approach that we can use to find an equilibrium could be checking if there is some strategy
that a player should never play. This approach relates to the concept of dominant strategies.

We say that, given two strategies S and T of a player:

e S weakly dominates T if every possible outcome when S is chosen is at least as good as corre-
sponding outcome in T, and one is strictly better

e S strictly dominates T if every possible outcome when S is chosen is strictly better than corre-
sponding outcome in T

Given a game in normal form we can try to identify two strategies such that one is dominated by
the other. Doing it in an iterative way might allow us to find the equilibrium of the game.
Let consider the following Zero-Sum-Game as an example:

Colin
A B C D
A 12 —1 1 0
Rose B 3 1 4 —18
C 5 2 4 3
D | —16 0 5 —1
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Whatever Colin does, Rose should never play B, since B is weakly dominated by C (3 < 5,1 < 2,

4 <4, —18 < 3). Rose, being rational, would never play B and Colin being as rational as Rose knows
that Rose would never play B. So we can remove row B.

Colin
A B C D
A 12 —1 1 0
Rose C 5 2 4 3
D | —16 0 5 —1

Moreover, we have that for Colin C is strictly dominated by B (-1 < 1, —4 < —2, —5 < 0). This
would be true even if the row B was present. For the same reason as before we can delete column C.

Colin
A B D
Al 12 —1 0
Rose C 5 2 3
D | —16 0 —1

Furthermore, strategy D for Rose is strictly dominated by strategy C (—16 < 5, 0 < 2, —1 < 3).
We can notice that in the original game there wasn’t a relation of dominance between strategies D and

C for Rose. This because of strategy C of Colin, but because Rose knows that Colin would never play
C then Rose can infer that C is better than D.

Colin
A B D
12 | —1 0

Rose

ClL5 2 3

For Colin now we have that A is strictly dominated by D (=12 < 0, —=5 < —3) and so we can remove
column A.

Colin
B D
1] 0
R
P el 23

For Rose A is strictly dominated by C (—1 < 2, 0 < 3), we remove row A.
Colin
B D
Rose ©
At the end, for Colin D is strictly dominated by B (=3 < —2) and we remove column D.
Colin

B
Rose C

This result tells us that if both players are rational, Rose should play C and Colin should play B.
None of them has interest to change. In fact if Rose play C and Colin play B:

e Colin has no interest to change because in all the other case would loose more
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e Rose has no interest to change because if she chooses B or D, she would win less and if she chooses
A, she would have a loss.

This is the unique equilibrium in this case.
An interesting property of Zero-Sum-Games is the following: either if the goal of the players is to
maximize their uti or to (g}\i,ziinize their loss, the outcome of the game would be the same
2 9 . .

Now, let us e case, Wheﬂﬁi/terative approach of domi bz stra will not allow us to
find an equilibrium:
d (ldfor 4
Colin
A B C D
A 12 -1 1 0
B 5 1 7 —20
Rose o M3 19 [ 4 | 3
D | -16 0 0 16

In this case C is strictly dominated by B, but C it’s the only dominated strategy. Using the approach
of dominated strategies in this case we would not be able to infer that C for Rose and B for Colin is an
equilibrium.

Another approach to find the equilibrium could be to draw the Movement Diagram.
The main idea of this approach is too see, given a strategy of a player, what the other player would do.
Let consider the previous Zero-Sum-Game from which we remove the dominated column C.

Colin
A B D
Al 12 —1 0
B 3 1 —20
Rose C 5 5 3
D | -16 0 16

Suppose that Rose plays D hoping Colin will play D so she gets 16. Knowing this, Colin realizes that
it is better to play A, so that he earns 16. Colin strategy A is the Wto Rose playing D.

Colin
A B D
Al Tl o 2 01/&
B| 3 1 | —20
Rose o —5 2 3
—164—0——16

But this can’t be an equilibrium because if Colin plays A, it is better for Rose to play A, so Rose
playing A is a betteT response to Colin playing A.

Colin
A BE D
A1, 1] o
B[ 3 1 | —20
Rogs [ 2 3
D | 1645816

Foreseeing this, Colin decides it would be better to play B. But if Colin plays B Rose would play C.
If Rose plays C, Colin has no interest to change strategy since choosing A or D he would loose more.
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Colin
A B ]
Al 12T ™=10 0
B| 3 ] —20
5 2% 3
D| -1 B——16

Rose

So Colin B and Rose C is an equilibrium. Starting from the cell not considered we can repeat the
reasoning to check if there are other equilibria. For example starting from the strategy A for Rose and
D for Colin we can see that in this case Colin would change strategy to B and now Rose would move to
C. Like in the previous case, now Colin has no interest to change. In the end we will come out to the
following movement diagram:

Colin
A B B
A 12i™ 1410 ,
B| 3aH» 5 -+—20
Rose - =
C 5t N 94— 3
| —1d [# ——16 V]

The only cell for which we have just in-going edges is the strategy Rose C and Colin B. In this case
we have just one Nash Equilibrium, but in general there may be more than one. Zero—Sum—Game%h’ave o
the property that if there are multiple equilibria they &%@ equivalent. This means that f@f—ea'CE /
equilibrium the players get the same payoff. W)

The two technique presented are valid also for Non-Zero-Sum games. Let consider the following

Non-Zero-Sum game:
Andrea \)./\//l LL @ l;/ @VZM ygé

Scribe Homework

Anastagia | Seribe [ 15,15 13,16 IZ(B /4 i UL'/)Q

Homework | 16,13 14,14

In this game the strategies that players choose correspond to the type of activity they can choose to
do, and the payoff is the grade that each one of them gets. The grade doesn’t depend just on what a
single player choose but also on what the other player choose. If we look for dominated strategies we
can see that both for Andrea and Anastasia the Scribe strategy is dominated by the Homework strategy
(15 < 16, 13 < 14). Hence, we come out to (Homework, Homework) as the unique Nash Equilibrium.
We can also build the movement graph. Let’s suppose that Andrea and Anastasia are both playing
Scribe and let’s consider what in this case Andrea and Anastasia would do:

e Anastasia would play Homework, but in this case Andrea would play Homework too and Anastasia
would not change strategy

e Andrea would play Homework, but in this case Anastasia would play Homework too and Andrea
would not change strategy

Andrea
Seribe Homework
Scribe 15,15 —1*™ 13. 16
Homework 16,13 — 1 14,14

Anastasia

We can see from the arrows that they should play both Homework.
We can see that the Nash Equilibrium in our case corresponds to the worst set of strategies in terms of
social utility. In fact, we have a social utility of 28 against 30 that we could have if they both choose
Scribe and 29 that we could have if one of them choose Scribe and the other Homework.
The group rationality would tell to prefer one of the outcome between (Scribe, Scribe), (Scribe, Home-
work) and (Homework, Scribe) but what the individual rationality do is to prefer the outcome (Home-
work, Homework). So we have a conflict between the interest of the group and the interest of the
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individuals.

In this case we can notice that the outcomes (Scribe, Scribe), (Scribe, Homework) and (Homework,
Scribe) are Pareto Optimal, where an outcome o* is said to be Pareto Optimal if no other outcome
would give to all the players a payoff not smaller and a payoff higher to at least one of them.

This particular two player Non-Zero-Sum-Game, where the outcome would be better both socially and
individually for each player if they would collaborate is well known as The prisoner’s dilemma.

A kind of equilibrium, in which, each time the players play the game, they choose the same strategy is
called pure strategy equilibrium. Referring to the last example we can say that (Homework, Home-
work) is a pure-strategy Nash Equilibrium.

Not for all the games there is )ﬁ_Mxed strategy that a player should play, for example let us consider the
game Rock-Scissors-Paper. This game can be represented in normal form by the following matrix:

Colin
Rock Scissors  Paper
Rock [ 0,0 1L,-1 | —1,1
Rose Scissors | —1,1 0,0 1,-1
Paper 1, -1 —1,1 0,0

We can see that there are no dominated strategies, moreover if we build the movement diagram we
would have a loop. In this case the unique way for a player to don’t loose is to play randomly, that
means play Rock, Scissors and Paper according the the probability distribution ( %,%,%)

In fact, if we play in this way, the other player cannot take advantage of any strategy. If for example
Rose would play Rock, Scissors and Paper according the the probability distribution (%,%,O) Colin would
take an advantage by playing Rock, Scissors and Paper according to probability distribution (0,0,1) that
means playing Paper all the time. In this case Colin would win % of the times and loose % of the times.
So if Rose and Colin play both Rock, Scissors and Paper according the the probability distribution
(3,%,3), no one of thyin would take advantage by changing hi{ pk’dﬁ‘afbility distribution.

When the player play-according to a probability distribution we say that the player is playing according
to a mixed strategy. N

In a mixed strategy equilibrium each player plays a strategy that equalize the opponent payoff.

In the case of Rock-Scissors-Paper when a player plays according to the probability distribution (%,%,%)

for the other player it’s indifferent to play Rock, Scissors or Paper.
Let’s consider the following game:

Colin

A B

Al 50 | 14
Rose B 3o T 2.1

b)

In the equilibrium Rose should choose some probability p and 1 — p such that for Colin playing A or
playing B is the same.

If Rose plays A with probability p and B with probability 1 — p the expected payoff of Colin depends
of what he plays.

e If he plays A would be:

E[U.|Rose plays A with probability p and Colin plays A|=0 x p+2x (1 —p)=2—2p

e If he plays B would be:

E[U.|Rose plays A with probability p and Colin plays Bj=4xp+1x (1—p)=3p+1
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Rose should choose p in such a way for Colin it is that same play A or play B that means that solve the
equation:

So Rose should play A with probability % and B with probability %.

In the same way Colin should choose some probability g and 1 — ¢ such that for Rose playing A or
playing B is the same.

If Colin plays A with probability ¢ and B with probability 1 — g the expected payoff of Rose depends
of what she plays.

e If she plays A would be:

E[U.|Colin plays A with probability p and Rose plays A|=5x ¢ —1x (1 —¢q) =6g—1

e If she plays B would be:

E[U.|Colin plays A with probability p and Rose plays B]=3 x ¢+ 2 x (1 —q¢) = ¢+ 2

Colin should choose g in such a way for Rose it is that same play A or play B that means that solve the
equation:

_ _ _3
6g—1=¢+2=5¢=3=q=%

SO Colin should play A with probability % and B with probability %

If Rose plays A with probability 1 and B with probability  and Colin plays A with probability 2
and B with probability % then nobody has interest to change probability distribution.
This is a mixed strategy Nash Equilibrium.
We can calculate the gain of the two players in the equilibrium. To do that we have to calculate the
probability distribution of the outcomes:

e Pr(Rose plays A and Colin plays A)= £ x 3 = 2
e Pr(Rose plays A and Colin plays B)= % x 2 = %
e Pr(Rose plays B and Colin plays A)= % * % = %
e Pr(Rose plays B and Colin plays B)= %+ 2 = &

The gain for Rose would be:
URose (A, A) * 23—5 + URose(A, B) * % + URose (B, A) * ;—g + URose(B, B) * %:
SERERS P B

The gain for Colin would be:
UColin (A, A) * % + ucolin(A, B) * % + Ucolin(B, A) * % + ucolin (B, B) * 2%:

— 8 .24, 8 _8
=0ty +5+25=5



The most important result about the existence of equilibria in games comes from Nash’s Theorem.

Theorem 1 (Nash’s Theorem, 1950). Ewvery two-person games has at least one equilibrium either in
pure strategies or in mixed strategies

This result can be generalized to every game with a finite number of players in which each player
can choose from a finite number of strategies.

In a game we could have more than one Nash Equilibrium. Let us consider the Game of Chicken.
This game involves two drivers, who drive towards each other, and the first one to swerve is considered
as a coward (Chicken). In case none of them swerves - they crash into each other.

The normal form representation of this game is the following:

Driver 2
swerve stay
Dri ] swerve 0,0 —1,5
e stay 5, —1 —10,—10

Analyzing this game using the movement diagram we would get that there exists two Nash Equilibria.

Driver 2
sWerve stay
EWETVE H 00— —1.5 4
stay | ¥ 5, -1« —10,—10'

Driver 1

In fact both the outcome (swerve, stay) and (stay, swerve) have just incoming edges. They are clearly
not equivalent since Driver 1 would prefer (stay, swerve) and Driver 2 would prefer (swerve, stay), so
players have preferences.

This is not like for Zero-Sum-Games, for which we have the following 2 properties:

1. if there are multiple equilibria they all yield to the same payoff for each player

2. if a player plays a strategy that brings to Nash Equilibrium in pure strategies, always bring to a
Nash Equilibrium, whatever the other player decide to play, as long as the other player target a
Nash Equilibrium. This property is also called interchangeability.

For Non-Zero-Sum games the two properties don’t hold, in the Chicken game we can see the interchange-
ability property is violated, since if Driver 1 chooses stay and Driver 2 chooses stay they would come
out with (stay, stay) that is not a Nash Equilibrium.

3 Auctions

The incentive to study Auctions in our course is to look at another distributed approach to solve the
optimization problems. In the lesson 5 we have discussed two different types of users: price-taking users

- the ones that consider the price as fixed and take it to solve the optimization problem and price-
anticipating users - rational users, who know how the system is working and exploit it to optimize their
problems. The general problem of the network utility maximization was how to let users to reveal the /L
idea of The utility.

Let us introduce the problem of assigning the good to users in order to maximize the utility. We consider
the set of users N, each user has a value v;&y that he assigns to a good.

Let z; =

1 if good is assigned to player 4
0 otherwise
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The optimization problem that we could solve by knowing the utilities is the following:

N
ma;%mize g T;U;
i=1

sugj;ct to

N
;)(xizl

z;€{0,1}, i=1,..,N

The objective functions represents our aim to maximize the sum of the values of the players. The
constraints represent the fact that we assign the item to just one player.
Solving this problem we encounter difficulties, such as:

e We do not know the value v;c
e We cannot ask users directly, because they have an incentive to lie

As we have already discussed in the course, the way to solve problems with hidden values is to introduce
the additional value, that will be represented in our problem by money. Auction is a classical way to
distribute goods in exchange for money. Users propose their bids, based on the value they give to a good
and the good is given to the user with the highest bid, m»m—m@fx@. For the
purpose of our lecture, we will discuss closed auctions, where the participants do not know the bids of
others.

The game theoretic framework of an auction consists of:

A set of N players (bidders)

Strategies: b;cn is the bid of the player ¢

The value of the good vle/N for a player ¢, we assume that values v; are W
—

Payment p;cn if user i gets the good h \)
e
062
The utility u;en of the user ¢ is defined as: Wi {#r
Yy UieN '}7 c’//f /{/ 7

L& ~Jvi—p; if user i gets the good
‘o otherwise

As compared to the classical game theory model, in our case it is better to model the strategy space as
continuous, because the distribution of possible bids is unknown.

3.1 Types of auctions
3.1.1 2"d.price ascending bids auctions \'(/1/

The idea of the second price auction is that players bid i Tivately ol eachi O , and
after the collection of results, the player with the highest bid will get the good, but will pay the 2°d K W
highest bid. This type of auctions is called ascending bids auctions or English auctions. N ol (0 &r

I\,Q \M:’. Let us see the following example of one-item auction. Firstly, we will consider the case, where the highest
) bidder decides to raise its bid, making it higher than his value of the good. According to the rules of
[- “9CUS 2"d_price auctions, the initial utility of the player i was U; = v; — by, that is equal to the difference

/\/ 6 ll\%ﬁ between the value of a good for the user i and the amount of money he will pay for the good, which is
Q ' the second highest bid by. In the case 1, presented on the Figure 1, after changing his bid to a higher

VS WE CovsbE R TAE bu-’FF:@ﬁ\/l/6 pOsSSIBILITIS (&= (///r////
gy THE  HIGHIEST £ IDDEK Sl Trie SEcovh D/[/cjp,/[)
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No

bids b~ b, t bids
.l— =2
D= U=vi—be<vi—b =0
by —— by ——
U;=0
bp —— bp ——
hn —_— h“ I —

Figure 1: An example of one-item auction. Case 1: The highest bidder decides to raise the bid.

one, the player ¢ will still win the good and his utility U; = v; — by, will not change not depending on the
increment in his bid.

In the case 2, we consider a situation, where the highest bidder decides to lower his bid b;. Since
all bids are private, he doesn’t know whether this change will affect the outcome of the auction. Let us
consider an example, where b, < b;. The highest bidder will loose the good, and his utility will be equal
to zero. We conclude that bidding less than the value of the good v; is not convenient in this case.

bids , bids

by —

bk — bk | [
U= T =0 by < by e U;=0

by, —— bp ——

by —— T

Figure 2: An example of one-item auction. Case 2: The highest bidder decides to lower the bid.

Now, let us look at the second highest bidder. On the Figure 3, we see the case when the second
highest bidder decides to raise his bid in a way that it will be higher than all other bids. Before raising
the bid, the utility of a player ¢ was equal to zero, because he was not able to get the good. After raising
his bid b} > b; > by, the utility will become negative, because U] = v; — by, < v; — b; = 0. We conclude
that bidding more than the value of the good in this case is not convenient.

Finally, let us take a look at the case 4 where the second highest bidder lowers his bid in a way that
b; < b; = v;. The utility U] = U; = 0 doesn’t change, so we see that in this case it is also not convenient
to bid less than the value of the good.

To conclude, we saw that in any case in 2*-price auctions, bidding differently from the value of the
good is not a good strategy since it doesn’t allow the players to increase their utility j For the players
that bid more than they value the good there is a risk to get the negative utility in case they will get
the good by paying more than their value.

The dominant strategy in the 2"d-price auction is to be truthful, i.e. to set b; = v;, because as we
have seen, theother strategies do not maximize the wtitityw—Moreover, it is socially optimal, due to

the fact that the player that values the good the most gets it. L/&A/\_u/

6-10 /
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bids bids

b; > by
o e
O
U;=0 Ul-l=Vi—bk_<.Vi—bi=0
hl! —_ hh-—-——
by | b, ——

Figure 3: An example of one-item auction. Case 3: The second highest bidder decides to raise the bid.

bids + bids
b —— by 1
bi t—_ b<hb
U;=0 " U;=0
b _| by —4—
hll — h“ - I

Figure 4: An example of one-item auction. Case 4: The second highest bidder decides to lower the bid.

Now let us consider the gain of the seller. To calculate the expected utilities, let us consider that wu;cn

is an independent random variable, such that u; € {0,1}. The seller gains the second highest bid

according to the rules of the 2"d-price auctions. To calculate the expected gain of the seller, we consider
N O-\/' the expected utility o er ¢ to be:

Mol OME& WE Rk THEN

_ (N+1-19)
T .

where N is the total number of players. Given N bids as a point in an interval we have N+1 intervals, and
on average the highest bid would be in the interval N over N+1, the second biggest bid in the interval
N-1 over N+1 and so on. Since the seller gets the second largest bid, its revenue could be expressed as:

N -1

EIR.) = 1y @

This is supported by the fact that, the more players there are in the auction, the more they will compete
for the good, and the seller revenue R, will converge to 1, with the increasing number of players.

o0r.
3.1.2 1St-pric;Yd;scending bids auctions

The idea of the first price auction is that players bid independently and privately of each other, and
after the collection of results, the player with the highest bid will get the good, and will payhig own
bid. This type of auctions is called descending bids auctions or Dutch auctions. N{ Ct ﬁ?/y 6" g / &5

The hypothesis that we can make about the 1%*-price auctions is that, unlike in the case of 2"d-price /4 ()€ f / o/

7:T\S NOT A F/\//O’}H?flélﬁ/ IT'S A FACT KVZ%W/’ -
A e

L70~ O (VA LA
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auctions being truthful is not a dominant strategy anymore. It would be more convenient to lower
the bid, because in case of winning, the player will pay less than his value of the good. To prove this

hypothesis, let us make the following assumptions: NO W Al F@L LowS T l§ A/O)
e Each player knows the total number of players N /9 {) Eg\/,,'

e The utilities of all players are independent and identically distributed random variaples, su h_that

uien € 10,1 (4T  BLI OTHI UL /9/(/\9
<o ﬂ/ T )1"5

/\’
There is a Nash equilibrium, in case all players bit a httlbess than their value’ of the good

L _N-1 Saw THAT 7/41.2% 6
vk e .

The expected seller revenue in the case of the 15*-price auction depends on the top highest bit (differently
from the 2"%-price auctions). Since the players tend to bid less than they value the good, depending on
the total number of players, the expected revenue of the seller is:

N -1 N-1 N N-1

E :7E = f—
[Bs] = = Blomes] = = * 571~ ¥ 11

(4)

As we can see, expected seller revenue is the same as for the 2™-price auction. This is called a
general revenue equivalence principle.
We observe that, in the case of the 1%*-price auction, the dominant strategy is not to be truthful, but to
bid less than the value of a good and this strategy leads to the Nash equilibrium.

4 Matching markets

Suppose now to have multiple goods and in particular that there are NV buyers and N goods.
Each buyer assign a value to each good.

We define v;; as the value that buyer j gives to good i. Clearly these values can be different.
We would like to assign goods to buyers in such a way to maximize the social utility.

This problem can be modeled as a linear program.

Let Tij =

1 if good i is assigned to buyer j
0 otherwise

The problem can be formulated in the following way:

N N
maximize E E T5Vij

i=1 j=1

subject to
N )
Z>< l‘ijzl, i:1,...,N
j=1
N
S X =1, j=1,.,N

=1
«— i €{0,1}, i=1,..,Nj=1.,N

The objective function expresses our purpose to maximize the sum of the values that each buyer would
have in the assignment.

The first set of constraint expresses the fact that each good is assigned to just one buyer.

The second set of constraint express the fact that to each buyer is assigned just one good.

6-12


gneglia
Pencil

gneglia
Pencil

gneglia
Pencil

gneglia
Pencil

gneglia
Pencil

gneglia
Pencil


As in the previous case we can’t ask buyers about the value that they give to each good because they
could lie since there is no incentive for them to say the truth. So like in the auction case we need to
introduce money in the form of prices.

We can assign a price p; to each good ¢, and ask the the buyers which good they prefer.

Each buyer j by computing v;; — p; can calculate the utility that he would get if he acquired the good
¢ and will answer with the good (or goods in case they are more than one) that allow him to get the
maximum utility. Based on the answers we can build a preference graph.

Let us consider the following example:

goods buvers
p1:2 _I_ ®v11:12.v21:4.v31:2

pz=1 2 2 ) Vie=8.vy =T vy =6

pz=10 :; V13=7.V23=5.V33=2

In this case buyer 1 would prefer good 1 since his payoffs based on the prices are (10, 3,2) and good
1 give him the maximum payoff. For buyer 2 it’s equivalent to get good 1, 2 or 3 since his payoff are
(6,6,6). Buyer 3 would prefer good 1 since it’s the one that gives him the higher payoff, in fact his
payoff are (5,4,2).
Given these preferences we draw an arrow between each buyer and his preferred good (or goods). A
perfect matching in the graph would be an assignment of goods to buyers. Unfortunately, the graph
of our example does not have a perfect matching. What we can try to do is to change the prices. For
example, let’s increase the price of p; from 2 to 3. The new preference graph, due to this change, would
be different:

goods buyers
pl=3 J_ ®V11=12.V21=4.V31=2

pz=1 2 2 Vie =8, Vay =T.Vvga =06

e Vig =7.V23=5.V;];] =2

In fact now buyer 2 would not prefer anymore good 1 since his payoffs now are (5,6,6) and buyer
3 would prefer not just good 1 but also good 2 since his payoffs now are (4,4,2). Even if the price for
good 1 has changed buyer 1 continues to prefer just good 1.
In this graph we can find a perfect matching that in the case of the graph corresponds to the assignment:

e good 1 to buyer 1
e good 2 to buyer 3
e good 3 to buyer 2

The total social utility for this assignment would be:
v11 +v23 +u32 =124+5+6 =23

and it is optimal is the sense that we can’t find any other assignment that would give has a higher social
utility.
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The prices that we cheese are called Market Clearing Prices. Market Clearing Prices are those
prices that allow to assign all the goods in the market (that means find a perfect matching) and they
achieve the maximum total valuation of any assignment of sellers to buyers. Two important properties
of the Market Clearing Prices are that they always exist and that they maximize the global payoff for
both sellers and buyers but, to calculate Market Clearing Prices, we need to know the valuations of the
buyers.

5 Approaches for the advertisement pricing

In this last section we will try to put together the matching market, where we know that Market Clearing
Prices exist, and auctions, where we want to define a mechanism that brings the bidders to reveal the
real value that they assign to each good.

The problem for an advertising company like Google is to find a matching bewteen advertisements (ads)
position and companies. We can assign to each position a value r; defined as the click rate for an ad in
position . This rate is known a priori. Each company has a value v; defined as the value that company
1 gives to a click. Knowing this information we would be able to calculate the value of a given position
for each company. In fact, the value of r; click for company 7 is given by v; * ;.

We would have the following problem:

ads positions companies

- Vi1 = Vil Vi = Vil's, Va1 = Vil'g
s 2 @ Viz = Valp, Vgz = Val'z, Vyo = Valy
s :?v @ Vig = Vg, Vgg = Val'z, Vag = Vgl

As we can see the problem would become the same as the Matching Market that is to find Market
Clearing Prices. To do this we need to know the value v; for each company. What we can do it to set up
an auction where companies bid the value for a click b; and we assign the IV ads positions ry, ...,y to
the companies considering their b; in non increasing order: the best position is assigned to the company
that has bid the most, the second best position is assigned to the company that has bid the second value
and so on.

We saw in section 3 that 2°¢ price auction is a truthful mechanism in case of single item auction.

We would like to generalize this mechanism for multiple items auction.

The first idea could be to use the natural extension of the 2°¢ price auction in which the highest bidder
gets the first position and pays the price bid by the second-highest bidder, the second-highest gets the
second position and pays the price bid by the third-highest bidder, and so on. This mechanism is called
Generalized second-price auction or GSP. Unfortunately GSP is not a truthful mechanism.

The correct way to generalize the 2" price auction that provide?us a truthful mechanism is the VCG
(Vickrey-Clarke-Groves). In a VCG auction every buyers should pay a price equal to the social value
loss for the gthers b ‘%\g’h buyer should pay t}B? ifference between what the other
players woul as[not be there and at they would get if was be there.

Suppose to have an auction for a single item and that the bids are such that b; > b > ... > by; so buyer
1 would get the item. Let us consider the social utility for the buyers 2,3, ..., NV:

e if buyer 1 is not present it would be vy (b2 = v2 being VCG a truthful mechanism). In this case
buyer 2 would get the item since by hypothesis by is the second highest bid, the other buyers
(3, ..., N) would have an utility equal to 0 because of the the fact that they don’t get the item.

e if buyer 1 is present it would be 0, since buyer 1 get the item and for all the other, since no one of
them get the item, the utility would be 0
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So for single item auction the winner should play vo — 0 = vo. VCG in the case of single item auction
become the 2°¢ price auction. Moreover, vy is not just the second price but it’s also the damage done
to the society.

In case of multiple items auction, let Vg be the maximum total valuation over all the possible perfect
matchings between the set of sellers S and the set of buyers B. If buyer j gets good i, he should pay the
difference between the total valuation that the other people get if j would not be there dividing by them
the set of goods (V5_ ;) and the total valuation that the other people get if j would be there (Vg:;)
dividing by them the set of goods except good i. Under this price mechanism, truth-telling is a dominant
strategy.

Let’s make an example. There are 3 ads position with a click rate of 10 for 15% position (r; = 10),5
for 274 position (ro = 5) and 2 for 3" position (r3 = 2). Moreover we have 3 companies for which the
values of a click is 3 for company 1 (v; = 3), 2 for company 2 (vy = 2) and 1 for company 3 (v3 = 1).
These informations are enough to calculate the value that each company gives to each position.

ads positions companies

]_ @ vi1 =30,vy; =15, vy =6
2 @ Vig = 20,vy = 10, vgy = 4
3 @ vizg = 10, vz = H,vzg = 2

Moreover we can see that the maximum weight perfect matching is the one that assign position 1
to company 1, position 2 to company 2 and position 3 to company 3. This assignment gives us a total
valuation of 42 (so Vg = 42). In fact company 1 gets 30, company 2 gets 10 and company 3 gets 2.

Now let’s calculate how much each company should play according to VCG mechanism.

Company 1
In our optimal allocation the total valuation that companies 2 and 3 get if company 1 participate is 12.
But if company 1 did not participate we would have the following allocation for companies 2 and 3

ads positions companies

1

2 Viz = 20,vy = 10, vgy = 4

3 vig = 10, vaz = 5, vas = 2

So if company 1 did not participate the total valuation that companies 2 and 3 get would be 25. So
company 1 should pay Vg_l — Vg:ll =25-12=13

Company 2

In our optimal allocation the total valuation that companies 1 and 3 get if company 2 participate is 32.
But if company 2 did not participate we would have the following allocation for companies 1 and 3
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ads positions companies

]_ @ vip = 30,vy = 15, vy = 6

3 viz = 10, va3 = 5, vz = 2

So if company 2 did not participate the total valuation that companies 1 and 3 get would be 35. So
company 1 should pay V]_E?L2 — Vg:g =35—-32=3

Company 3

In our optimal allocation the total valuation that companies 1 and 2 get if company 3 participate is 40.
But if company 3 did not participate we would have the same allocation for companies 1 and 2

ads positions companies

]_ @ vip = 30,vy =15, vy =6
2 (2) vi=20,v22 = 10,v2a = 4

3

So if company 3 did not participate the total valuation that companies 1 and 2 get would be 40. So
company 1 should pay V§73 — Vg:g’ =40—-40=0

6 Conclusion

In this lesson we have studied the basics of the Game theory. We introduced tho types of two player
games: Zero-Sum-Games, where the payoff for users is strictly opposite and Non-Zero-Sum-Games,
where is not necessarily opposite. We introduced the notion of Nash FEquilibrium as a set of
rategies playerszﬁ&), such that there is no interest for both players to change their strategies unilaterally.
We saw that there could;be multiple equilibria, and, in case of ,the Z u Games, those equilibria
are equivalent, as oppose to the Non-Zero-Sum-Games, WhQI‘MI efer 1( different equilibria.
In this case it is not clear which strategy each player should target, if they target different strategies
they could achieve a worst payoff. The Nash equilibrium can be in pure strategies when, each time the
players play the game, they choose the same strategy and in mized strategies when the players choose a
strategy according to a probability distribution.
Then, we applied the notions of the game theory on the particular model - auctions. Auctions 2$-a
convenient way to study distributed optimization problems, where the goal is to maximize the social
utility by introducing money. We introduced two types of auctions: 1%%-price and 2"d-price. In case of
the 2"d-price auction, we saw that the dominant strategy of an each player is to be truthful, i.e. to bid

exactly his value of the good. As an oppose, for the 15 e auctio e best strategy is to bi %
than the value of the good. e M‘/\« %‘L %Va_jé Aﬂj/ke

We looked at Matching Markets, a ete it Tood 2 S
buyers—is—the_same. By knowing the valuations of the buyers we can find Market Clearmg Pmces that
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will allow us to assign all the goods in the market and to achieve the maximum total valuation for both
sellers and buyers.

We concluded by trying to put together matching market and auctions with the goal to find a assignment
of advertisements position to panies. We saw that, if we want to assign the advertisements positions
with the goal of maximize\)khver?unm of valuations we can use Market Clearing prices. Since we can’t ask
companies directly, to find those values we can set up an auction and make companies pay truthfully,
according to the VCG mechanism. According to VCG, each company should pay a price equal to the
social value loss for the others companies. By using this mechanism companies dominant strategies
would be to reveal the real value of a click.
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