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Motivation

e Finding bounds on the optimal solution. Provides a measure of
the "goodness" of a solution.

e Provide certificate of optimality.

e Economic interpretation of the dual problem.
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** Introduction to Duality **
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Duality Theorem: introduction

Maximize  4x;
Subject to :

X1

5x4

—x

Lower bound: a feasible solution, e.g. (0,0,1,0) = z* >

X2

X2
X2
2X2

What if we want an upper bound?
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5X3

X3
3Xx3
3X3
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3X4

3X4
8X4
5X4

X1,X2,X3,X4
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Duality Theorem: introduction

Maximize 4x4 + X2 + 5x3 + 3x4

Subject to :
X1 — X2 — X3 + 3x4 < 1
5% + X + 33 + 84 < 55
—Xq + 2xp + 3x3 - 5x4 < 3
X1,X2,X3,X4 > 0.

Second Inequation x5/3:

25X +5x L 5x +40x < 275
3 X1 T g% ST XS 5
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Duality Theorem: introduction

Maximize 4x4
Subject to :

X1

5x1

—xq

Second Inequation x5/3:

+

+
+

X2

X2
X2
2Xp

+

+
+

Note that (all variables are positive),

5x3

X3
3x3
3x3

§x +§x +5x; —|—ﬂx < —
3 X1t g% 3T M .

+ 3x4

+  3xa
+  8xa
- 5x4
X{,X2,X3, X4

IV IAINIA

275

25 5 40
4x1 4 xo +5x3 +3x4 < ?X1 + §X2 +5x3 + §X4
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Duality Theorem: introduction

Maximize 4x4
Subject to :

X1

5x1

—xq

Second Inequation x5/3:

§x —|—§x +5x3+ —xa < —
3 X1 g% st gX= .

+

+
+

X2

X2
X2
2Xp

+

+
+

Note that (all variables are positive),

5x3

X3
3x3
3x3

+ 3x4

+  3xa
+  8xa
- 5x4
X{,X2,X3, X4

IV IAINIA

40 275

3

25 5 40
4x1+ X2 +5x3 4+ 3x4 < ?X1 + §X2 +5x3 + €X4

Hence, a first bound:
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Duality Theorem: introduction

Maximize 4x4
Subject to :

X1

5x1

—xq

Similarly, 29 + 39 constraints:

4X1 + 3X2 + 6X3 + 3X4 < 58.

Hence, a second bound:

++

X2

X2
X2

MASCOTTE

++

X3
3x3
3x3

z* < 58.

+  3xa
+ 3x4
+ 8x4
— 5x4
X1,X2,X3, X4

IV AINIAIA
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Duality Theorem: introduction

Maximize 4x4 + Xo + 5x3 + 3x4
Subject to :
X Xp — X3 + 3x4 < 1
5x  + X2 + 33 + 8y < 55
—X1 + 2Xxp + 3x3 - 5xy < 3
X1,X2,X3, X4 > 0.

Similarly, 29 + 39 constraints:
4X1 + 3X2 + 6X3 + 3X4 < 58.

Hence, a second bound:
z* < 58.

— need for a systematic strategy.

_i@s— [ mascorre @

Duality 6/24



FG

Duality Theorem: introduction

Maximize 4x4 + X2 + 5x3 +  3xa

Subject to :
X - X - x3 4+ Bx < 1
5xq + Xo + 3x3 + 8x4 < 55 X Yo
—Xq + 2% 4+ 333 - 5bx < xYy3
X{,X2,X3,X4 >

Build linear combinations of the constraints. Summing:

(v1+5y2 —y3)x1 + (—=y1 +y2 +2y3)% + (—y1 + 3y2+ 3y3) X3
+(3y1 +8y2 —5y3)xa < y1 +55y>+ 3ys.

We want left part upper bound of z. We need coefficient of x; >
coefficient in z:

Yyi + S — y3 =2 4
- + Yo + 23 > 1
-y + 3y + 3y3 = 5

3y; + 8y — 5y3 > 3.
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Duality Theorem: introduction
Build linear combinations of the constraints. Summing:

(v1+5y2 —y3)x1 + (—=y1 +y2 +2y3)% + (—y1 +3y2+ 3y3) X3
+(3y1 +8y2 —5y3)xa < y1 +55y2+ 3ys.

We want left part upper bound of z. We need coefficient of x; >
coefficient in z:

yi + 5% — y3 = 4
-+ Yy + 2y3 = 1
-y + 3y + 3y3 = 5

3y1 + 8y — 5y3 > 3.

If the y; > 0 and satisfy theses inequations, then
4x1+ X2 +5x3+3x4 < y1 +55y0 +3y3.

In particular,
7" < y;1 +55y5 + 3ys.
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Duality Theorem: introduction

Objective: smallest possible upper bound. Hence, we solve the

following PL:

Minimize Y1
Subject to:

34

Y1

I

3y1

+ 55y2
+ 5}/2
+ 7]
+ 3}/2
+ 8y2

It is the dual problem of the problem.

MASCOTTE

+

_|_
_|_

3y3

Y3
2y3
3y3
Sy3

Yi,Y2,¥3

VIV IV IV IV

©

w o= b
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** Duality **
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The Dual Problem

Primal problem:

Maximize Y1, ¢x;
Subject to: Z}':1 ajx; <
Xj =

Its dual problem is defined by the LP problem:

Minimize Y7, by
Subjectto: Y1, a;y;i
Yi

0 (i=1,2,

ALY,
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Weak Duality Theorem

Theorem: If (x4, X2, ..., Xn) is feasible for the primal and (y1, yz,...yn) is
feasible for the dual, then

Y ox <Y biyi.
j i
Proof:

Yicxi <Yi(Yiyiaj)x dualdefinition: Y, yia; > ¢
= ):i():j a;jx;)yi
<)Y.,biy; primal definition: ) ; x;a; < b;
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Gap or No Gap?

An important question:
Is there a gap between the largest primal value and the smallest dual
value?

Primal Values [l Values
p——
Gap
Primal Valaoes Dual Valoes
Mo Gap
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Strong Duality Theorem

Theorem: If the primal problem has an optimal solution,
X =(x7, .., X)),

then the dual also has an optimal solution,
Y =04 Yn)s

and

Lo =D b
j i
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Relationship between the Primal and Dual Problems

Lemma: The dual of the dual is always the primal problem.
Corollary: + (Strong Duality Theorem) =- Primal has an optimal
solution iff dual has an optimal solution.

Weak duality: Primal unbounded =- dual unfeasible.
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Relationship between the Primal and Dual Problems

Lemma: The dual of the dual is always the primal problem.
Corollary: + (Strong Duality Theorem) =- Primal has an optimal
solution iff dual has an optimal solution.

Weak duality: Primal unbounded =- dual unfeasible.

Dual
Optimal Unfeasible Unbounded
Optimal X
Primal  Unfeasible X X
Unbounded X
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** Certificate of Optimality **
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Complementary Slackness

Theorem: Let X, ...x;, be a feasible solution of the primal and y7, ...y,
be a feasible solution of the dual. Then,

m

Zauyl* =c¢j or X]* =0 or both(j = 1)27"',7)
i=1

n

Zaijxj* =b; or y;=0 orboth(i=1,2,..m)
=1

are necessary and sufficient conditions to have the optimality of x*
and y*.
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Complementary Slackness - Proof

x* feasible = b; — Y ; a;x; > 0.
y* dual feasible, hence non negative.

Thus

(b=} ajx)y; > 0.
i

Similarly,
y* dual feasible = }'; a;y; — ¢; > 0.
x* feasible, hence non negative.

(X aiyi— )% > 0.
i

—i3s— B mascorre @ .

Duality 17/24



FG

Complementary Slackness - Proof

(bi—Y ap)y >0 and (Y ayi—c)x>0
J i
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Complementary Slackness - Proof

(bi—Y ap)y >0 and (Y ayi—c)x>0
J i

By summing, we get:

Ybi—Y ax)yi=0 and  Y(Yayi—g)x>0
j i

i J )
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Complementary Slackness - Proof

(bi—Y ap)y >0 and (Y ayi—c)x>0
J i

By summing, we get:

Ybi—Y ax)yi=0 and  Y(Yayi—g)x>0
j i

i J )

Summing + strong duality theorem:

Y biyi— Y apxyi+ ) aiyixi— )% = Y biyi— Y, ¢xj =0.
i ij Jii j i
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Complementary Slackness - Proof

(bi—Y ap)y >0 and (Y ayi—c)x>0
J i

By summing, we get:

Ybi—Yax)yi>0 and Y (Y ay—g)x>0
j i

i J )

Summing + strong duality theorem:

Y biyi—Y apxgyi+ Y apyixi—Y x5 =Y biyi— Y ¢x=0.
i ij Syl J i

Implies: inequalities must be equalities:
Vi,(bi—Y apx)yi=0 and V() ayi—c)x=0.
f i

XY =0ifX=0o0rY=0. Done.
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Theorem [Optimality Certificate]: A feasible solution x7,...x;, of the
primal is optimal iif there exist numbers y;', ...y, such that

@ they satisfy the complementary slackness condition:

Yl ay; =¢  whenx>0
y; =0 when Y1 a;x" < b;

@ and y;, ...y, feasible solution of the dual, that is

Yliay; >g Vji=1,..n
yi >0 Vi=1,...,m.

—i3s— B mascorre @ EE
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Example: Verify that (2,4,0,0,7,0) optimal solution of

Max 18xq
st 2xq
—3xq

8x4

4xq

5x4

7xo
6x2

X2
3x2

L+

2xp

123+ 5x4 +
2x3 +  Tx4 +  3xs +
4x3 - 3x4 + X5 +
5x3 - 2x4 +
8 +  Txq - X5+
3x3 +  6xa — 2X5 -

X1, X2,

First step: Existence of y;,...,ys, such as

Yy apyf
Vi
That is
2y - 3y +
*5)/1* — yé‘ —
3y +
i
(1,0,2,1,0) is solution
3:Yr 30 1 .
_izs— ’%‘

=g when x> 0

=0 when ):/f’:1 a,,xj* < bj

8y; + 4yy 4+ 5y
3y; N + 2 ysz
- Ya - 2ys

%5

mascorte @

8xp
8xp
2Xg
2Xg
3xp

X6
> X6

18
-7

IVIAINIAINIA

SO N
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Example: Verify that (2,4,0,0,7,0) optimal solution of

Max 18x¢ - 7xp + 12x3 + 5x4 + 8xg
st: 2xq - Bxp + 2X3 + 7x4 + 3x5 + 8xp < 1
—3xq — X2 + 4x3 — 3x4 + X5 + 2Xg < -2
8x1 - 3xo + 5x3 — 2x4 + 2Xg < 4
4xq + 8Xx3 + 7X4 — X5 + 3Xg < 1
5x1 + 2Xp - 3x3 + 6x4 - 2Xs - X6 < 5
X{,X2," ", Xg > 0

Second step: Verify (3,0, g, 1,0) is a solution of the dual.

1
37

Yliayy =¢ Vj=1,.n
y; =0 Vi=1,....m.
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Example: Verify that (2,4,0,0,7,0) optimal solution of

Max 18x1
st 2xq
—3xq

8xy

4xq

5x4

7xo
6xo

X2
3x2

2xp

L+ + o+ +

12x3
2x3
4x3
5x3
8x3
3x3

5x4
7X4
- 3x4
2X4
o
6x4

L+t

++

+
+

3x5
X5

X5
2Xs
X4

+H+++

X2y

8Xp
8Xp
2Xg
2Xg
3Xxp

X6
X6

| =
)

IVIAINIAINIA
o v =

Second step: Verify (3,0,2,1,0) is a solution of the dual.

That is, we check

A

Yy agy,
Yj

*
*

I+ 1+

+

>¢ Y
>0 Vi
8y; + 4y
3y;
3% 8y*
Y3 + Y
2y 4+ Tyt
_ i
oy 3 4
Y3 + Y
MASCOTTE

R

IV IV IV IV IV IV

18

-7

12
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Example: Verify that (2,4,0,0,7,0) optimal solution of

Max 18x¢ - 7xo + 12x3 + 5x4 + 8xp
st: 2xq - Bxp + 2X3 + 7x4 + 3x5 + 8xp < 1
—3x1 - X2 + 4x3 - 3x4 + X5 + 2Xg < -2
8x1 - 3xo + 5x3 — 2x4 + 2Xg < 4
4xq + 8x3 + 7X4 X5 + 3Xg < 1
5xq + 2Xp - 3x3 + 6x4 2Xs - X6 < 5
X{,X2,° 0, Xp > 0
. : 1 5 : :
Second step: Verify (3,0, 3,1,0) is a solution of the dual.
m * T
Yliayyi =>¢ Vi=1,..n
% .
yi =0 Vi=1,....m.
That is, we check
gyi - %+ gyg + o 4yy + Zyé i 13 gg
—byy - Yo - Y3 + 73 = -
o) 4+ 4+ 55+ 8t + 3 > 12
Vi - 3y — 2 o+ T4+ e > 5
v+ - v - 2 = 0 oK
8, + 25 + 25 + ¥ 1y > 8
mascorte @
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Example: Verify that (2,4,0,0,7,0

Max
st

18x1
2x1
—3Xx1
8x1
4xq
5x1

Second step: Verify (3,0

+

7xo
6x2

X2
3x2

2x2

L+t

5
737

12x3

m *
Y1 a5y

That is, we check

A+

L1+

+

*

Y

2X3
4x3
5x3
8x3
3x3

T+ =

>
>0

Only three equations to check.

OK. The solution (3,0, 2,1,0) is optimal.

+

o+

optimal solution of

5x4
7x4
3x4
2x4
Tx4
6x4

+
+

3x5
X5

X5
2xs

+H A+t

Xq,Xp,

8Xxp
8Xxp
2Xg
2Xg
3Xg

X6
2 X6

Vji=1,...n
Vi=1,...,m.
+ 5% > 18
+ 2 > -7
+ o3 > 12
+ ey > 5
- 2 > 0
1 Ve > 8

MASCOTTE

IVAINININIAIA
[SHGIENES

1,0) is a solution of the dual.

OK
OK

OK
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** Economical Interpretation **
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Signification of Dual Variables

Maximize ):;7:1 G Minimize Y, by
Subjectto: Y[ jajx < b (i=12--,m)  Subjectto: Y ay; > ¢  (j=1,2,--.n)
X = 0  (j=1.2,--,n) yi =z 0 (i=12--,m)

Signification can be given to variables of the dual problem (dimension
analysis):

e x;: production of a product j (chair, ...)

e b;: available quantity of resource i (wood, metal, ...)
e a;: unit of resource i per unit of product j

e ¢;: net benefit of the production of a unit of product j

—i3s— B mascorre @ EE

Duality 23/24



FG

Signification of Dual Variables

Minimize Y7 biyi
b (i=1,2,---,m) Subjectto: Y aj;y; < 0
0 (j=1,2,--.n) Yi 0 (i

Maximize YL cx
Subjectto: Y qajx < 1,2,--+,n)
Xj > 1,2, ‘m)

Signification can be given to variables of the dual problem (dimension

(\AW

analysis):
e x;: production of a product j (chair, ...)
e b;: available quantity of resource i (wood, metal, ...)
e a;: unit of resource i per unit of product j
e ¢;: net benefit of the production of a unit of product j

euros/unit of resource i

unit of resource i/unit of product j euros/unit of product j

ay+.+ay >c
N} % 7S

— y; euro by unit of resource i.
Marginal cost of resource i.

Duality 23/24
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Signification of Dual Variables

Theorem: If the LP admits at least one optimal solution, then there
exists € > 0, with the property: If |t;| < e Vi=1,2,--- ,m, then the LP

Max Y, cx;
Subject to: Y, ajx;
Xj

bi+t (i=1,2,---,m) (4)
0 (j=1,2,---,n).

has an optimal solution and the optimal value of the objective is

m
'+ Z yit
i=1

with z* the optimal solution of the initial LP and (y,y5, -+, y5) the
optimal solution of its dual.

<
>
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Duality 24/24



