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Curse of Dimension

In high dimensional spaces,
® Gaussian measures are grossly uniform laws on a sphere,
® Distances tends to infinity w.r.t. the dimension,

® Volumes of objects concentrates in their crust,

— Building statistics directly from such spaces is thus not
really an option, without tricks to reduce their variance.
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Examples on images :
® Locally destroy information : convolutions / resolution reduction
® Projection on a smaller linear space : PCA
® Projection on a smaller space : Manifold Learning (UMAP, ISOMAP)

Swiss Roll UMAP
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Variance reduction technics

Examples on images :
® Locally destroy information : convolutions / resolution reduction
® Projection on a smaller linear space : PCA
® Projection on a smaller space : Manifold Learning (UMAP, ISOMAP)

Can we “forget” more ?
With weaker assumptions / more guarantees ?
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Position in statistical learning

Advantages:
® Computable, and we know what we compute,
® This only cares about intrinsic dimensions,
® Compact, dense in information,
® Stable w.r.t. the input,
® All scales at once,

® Multiple properties can be translated to
topological features (e.g. time series),

® Various representations and tools available for
ML.

Disadvantages:

® “Only” computes topological information,
® (Can be) sensible to outliers,

® Can only consider one parameter.
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Theorem [Cohen-Steiner, et al.] Given two tame spaces X, Y,

d;(Persistence(X), Persistence(Y)) = dp(dgm(X), dgm(Y)) < 2dgg(X, Y).
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Theorem [Chazal, et al.] Given an (a, b)-standard measure yi of support X, and

an n-sampling X, of i, we have, for any ¢ > 0,
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P(dy(X,u, Xp) > &) < —e ",
aeb
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Theorem.[L., Blumberg, Carriere]
If the true multiparameter persistence module M is simple enough, this
representation M isa §-approximation, i.e.,

dmatching(Ms’ M) < dinterleaving(Maa M) < dbottleneck(Ma’ M) < 6.

And is exact on discrete data, if 8 is small enough, i.e. dyoleneck (M®, M) = 0.
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Position in statistical learning

Advantages:
® Computable, and we know what we compute,
® This only cares about intrinsic dimensions,
® Compact, dense in information,
® Stable w.r.t. the input,
® All scales at once, with multiple scales

® Multiple properties can be translated to
topological features (e.g. time series)

Disadvantages:

® “Only” computes topological information,

® Involved theoretical objects,
® Still a challenge to compute it,

® Room for improvement on the ML side.
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Persistence and machine learning

A few persistence transformations

® Vectorizations,

[Statistical Topological Data Analysis”
using Persistence Landscapes, 2
Bubenik, JMLR, 2015)

/—. image———

Persistence diagram\‘ Il

Persistence

[Persistence Images : A Stable Vector
Representation of Persistence Homology,
Adams et al JMLR 2017]
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A few persistence transformations

Persistence and machine learning
® \ectorizations,

® Optimal transport,
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°
discrete weighting
S P
measure convolution
birth birth birth
P— J— =
BD =3, ep Ox BB =3 ep w(T)dz
[Persistence weighted Gaussian kerne! for topological data anal- [,}DU = /llDU * N (0’ o')
ysis, Kisano, Hiraoka, Fukumizu, ICML, 2016]
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A few persistence transformations

® \ectorizations,

[Multiparameter persistence landscapes el
Vipond, JMLR 2020] -
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Multiparameter persistence and machine learning
A few persistence transformations
® \ectorizations,

[Multiparameter persistence landscapes
Vipond, JMLR 2020]

Hy 2-persistence image

[A sparse, fast, stable representation
for multiparameter persistence homology,
L., Carriére, Blumberg, Submitted]

Theorem [L., Blumberg, Carriere]

Given two n-persistence (interval decomposable) modules M, N, this
vectorization V satisfies

”V(M) - V(N)”OO < dbottleneck(Mr N)'
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A few persistence transformations

® \ectorizations,

Cancer cells

Immune cells

Figure: [Multiparameter Persistence Image for Topological Machine Learning,
Carriére, Blumberg, NeurlPS 2020]
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Multiparameter persistence and machine learning

A few persistence transformations
® \ectorizations,
® Optimal transport, TODO
® Optimization, TODO
® Deep Learning, TODO
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Papers :

e [Approximation of multiparameter persistence modules, L., Carriére,
Blumberg] - On ArXiV, submitted.
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Software :

® Python library (written in C++) for multiparameter persistence
approximation, aswell as vectorization / representation.
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TSt GUDHI Geometry Understanding
© in Higher Dimensions
® Linked with a few projects :

- [Filtration-Domination in Bifiltered Graphs, Alonso, Kerber, Pritam]
- [Euler transforms, Lebovici, Hacquard]
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Thank you'!
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