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Some datasets contain more than geometric information, or have an interesting sam-

pling measure, which will not be taken into account in with PH. This motivates the
construction of Multiparameter Persistent Homology (MPH) which looks at the topo-
logical persistence of a multi-filtered function f : & — R™.
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A standard goal is to recover « topological features » from a dataset.
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The huge variety of dataset in the wild has brought many difficulties from a E.g., from points sampled on a circle, we want to retrieve this circle.

On this example, we look at the offsets of the dataset.
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statistical point of view, such as the so-called « curse of the dimensionality ».
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Fortunately, data sets usually lie close to some hidden structure; which, if taken
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into account in the learning pipeline, can help mitigate this effect.
Topological Data Analysis (TDA) is a strategy that aims for a solution to this
challenge, by providing compact descriptors inferring the topological features of

A Multiparameter Persistent Module M or an n-parameter persistent module is a
familly of vector spaces (My)yxerr With some linear maps M(x < y) : My — M,
for x < y € R", satistying

this hidden structure, such as connectivity, loops, cavities; with nice guarantees.

However, these main descriptors, the persistent modules, still suffers from some Vx<ys<z€R", M(ysz)eMx=<y)=Mx=sz) and M(x=x)=id *

technical limitations; for instance, in computational biology, there are, in some

cases no canonical way to compute them, as the input contains too much Interval decomp() S]_tl()n o >
information. Yo + . =
7P g
This motivates their generalization : Multiparameter Persistence Modules. . . . - -
. 5 . . : . . . The circle «lives » on this time interval ! Multiparameter Persistent Modules have, in general, a very % ,_g
The price to pay for this generalization is their computational cost. By leveraging ® C complex structure. In order to simplificate our problem, we use go S
imati j ' . ' . o ’ o O
on recent appro.xn.natlon technics, we propose a general fra@ework, that take.mto birth time death time Eviows ek el apprerhmeie mrodles T biervel =
account the majority of already known multiparameter persistent representations x_ = . Seeomynasa e modhiles
: L RS ' .
as well as a new powerful family of representations, for multiparameter This construction can be generalized to « filter functions »; r y | | | |
topological machine learning pipelines. we look at the topology of the sublevelsets I An interval is a module that is convex and connected, i.e.,

vx € R", I, = k or I, = {0},

({x € X | f(x) < t}),p for afunction f: X - R radius

vx <y €eR”, IxEIyE]k — Ix—>Iy:id]k

In that context, « growing balls » ~ take the

All Scales at once ! sublevelsets of the distance function to the dataset.

X2 % vx<yeR' L=[=k = vx<z<yL=k An interval decomposable module is a module that can be written
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as a direct sum of interval modules, i.e.,

Vx,y€R", L= =2k = Ix=x<x2<xn =Y,

satisfying I, = I, = - = I, =k M is interval decomposable if, for some family of interval modules 7,
B M=EPrI
oao.' Iel
B s t’- },;_';
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- BEEBE General Framework for Decomposition Representation
' t-. I::.
R % .....: Given an interval decomposable module o | Stablhty result
A lot of points A lot of B's An A A potato > M = T M. e C(?n81der1ng stable functions, e.g. Let M = &2, M; and M’ = ’" M’ be two interval decompositions.
time 1></ l » wilelrd(l,0)eR Assume thatwe have - — . w(M) 7 2. w(M7) > C, for some C > 0.
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e ¢s(M): x € R" > d; (M| ) cR Then for any 6 > 0, one has

One can consider +SK?

Byproducts of TDA Nice properties Vapawis(M) = op({w(My) - MY, ), where K € By, (0,1) ¢ R"is an interval containing 0 Vs (M) — Vo s (M) < 2 (M, M) 7 8)/6,

2
. . . .. . . m Vis(M)=Vis(MH| < |4+ =| (dy(M, M)A )/,
. . . . Universalit e Op 1S a permutation invariant operation, e.g., . — w(M:)? . — . ” L ’ o0 C
The mathematical structure behind is the persistent homology (PH), Y SEm mgan ax. min P < Voo M) ; > w(M)p (M), Voo s (M) i 4 ¢s(M:) , ,
which encodes birth and death time of each topological feature. Any dataset having topological or geometrical signal can MR et ; [Ver s (W) = Vs M), < (@M, M) 1 5)/0
It can be represented as a persistence diagram (Dgm). be used in this pipeline, and the output has always the RS A SBEEE sy Application: Convergence Rates
same diagram structure. . O is a kernel ing. , , , , , ,
2 ¢ : M~ Hisakemel embedding This stablity along with known kernel density estimation,
S Conver gence Data set H; Rips-Codensity decomposition and per sistence conver gence rates,
() on - , , S T I allows us to have convergence rates to the ground truth,
If X' = (Xi,...,Xn) ~ p®" is a nice sampling of a space X, N P TE AT S with respect to the number of sampling points.
(n)y 22, NESE % RO RSO A gy . . L
Then Dgm (X)) n—>00 Dgm (X,) 10y TR 1 LS R In this example, the bifiltration is given by
Stabilit AT Gl O - a density estimation of the red points, and
Y | - ‘ o/ = *‘*:."' .i..,;- 5.0 « a density estimation of the blue points.
For two functions f,g: X — R, / ,-I‘/ \\ o B Ul 9 w N Sl The (pointwise) theorical convergence rate is
d, (Dem(f), Dem < |If - 9| . A\ V4 R R O ST v A
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H; decomposition representations
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