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Preliminaries and Motivation
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The OBQE Problem for Existential Rules

Definition: The OBQE Problem (in our Context)
Given a set R of existential rules, a set F of facts, and a fact φ; decide
if ⟨R,F⟩ |= φ under standard first-order semantics.

A pair such as ⟨R,F⟩ above is a knowledge base (KB).

Example: (Existential) Rules

∀x, y, z.
(
Connected(x, y) ∧ Connected(y, z) → Connected(x, z)

)
∀x.

(
Human(x) → ∃y.HasParent(x, y) ∧ Human(y)

)
∀x, y, z.

(
P(x, y, z) ∧ Q(x, z) → ∃w, v.R(x, y, v,w) ∧ S(w, y) ∧ P(z, z,w)

)
We ignore universal quantifiers when writing rules.

Example: Facts

Connected(paris,montpellier) P(c,d, e)
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Addressing OBQE in Practice via Rewritings

Theorem
We cannot decide if a KB ⟨R,F⟩ entails a fact φ.

Definition: UBCQ-Rewritings
An (existential) rule query is a pair ⟨R, φ⟩ consisting of a rule set R
and a fact φ.
A UBCQ-rewriting for a rule query ⟨R, φ⟩ is a UBCQ γ such that
⟨R,F⟩ |= φ ⇐⇒ F |= γ for every fact set F .

We write “UBCQ” instead of “union of Boolean conjunctive queries”.

Definition: Solving OBQE via Rewritings
Consider an input to the OBQE problem consisting of a KB ⟨R,F⟩ and a
fact φ. In some cases, we solve this instance by:

Computing a UBCQ-rewriting γ of the rule query ⟨R, φ⟩.
Checking if F |= γ.
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UBCQ-Expressibility and Rewritability

The decidability of reasoning for many well-known KR languages
(DL-Lite, linear/sticky rules, . . . ) relies on UBCQ-rewritability.

Definition: UBCQ-Expressibility/Rewritability
A rule query is UBCQ-expressible if it admits a UBCQ-rewriting.
A class C of rule queries is UBCQ-rewritable if there is a procedure
that, on input q a rule query:
▶ Outputs an UBCQ-rewriting of q.
▶ Terminates if q ∈ C.
▶ (May not terminate if q /∈ C.)

Remarks
UBCQ-expressibility is a property of a rule query.
UBCQ-rewritability is a property of a class of rule queries.

Carral, Larroque, and Thomazo (Inria) 4 / 21



One Procedure to Rewrite Them All

Theorem (see [KLMT15] for more info)
There is a procedure that, on input q a rule query:

Outputs a UBCQ-rewriting of q.
Terminates if q is UBCQ-expressible.

Corollary
The class of all UBCQ-expressible rule queries is UBCQ-rewritable.

Remark
We can reuse the very same procedure to rewrite every
UBCQ-expressible fragment: DL-Lite, linear and sticky rules,...
We can use this procedure to prove if a rule query is
UBCQ-expressible.
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Datalog-Expressibility and Rewritability

Definition: Datalog-Expressibility
A datalog-rewriting for a rule query ⟨R, φ⟩ is a datalog query ⟨R′, φ⟩
such that, for every fact set F ,

⟨R,F⟩ |= φ ⇐⇒ ⟨R′,F⟩ |= φ

A rule query is datalog-expressible if it admits a datalog-rewriting.

A datalog query is a rule query with a datalog rule set.

Definition: Datalog-Rewritability
A class C of rule queries is datalog-rewritable if there is a procedure
that, on input q a rule query:

Outputs an datalog-rewriting of q.
Terminates if q ∈ C.
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Many Procedures to Rewrite into Datalog

Source Language Target Language Implemented Reference
SHIQ Disj. Datalog Yes [HMS07]
SHIQbS Disj. Datalog No [RKH12]
Horn-ALCHOIQ Datalog Yes [CDK18]
Horn-SRIQ Datalog Yes [CGK19]
Bounded Depth Rules Datalog No [Mar12]
Frontier Guarded Rules Datalog No [BBtC13]
Nearly Guarded Rules Datalog No [GRS14]
Guarded Disj. Rules Disj. Datalog No [AOS18]
Guarded Rules Datalog Yes [BBG+22]
Warded rules Datalog Yes [BGPS22]
Linear Non-Rec. Datalog No [GS12]
Sticky(-Join) Non-Rec. Datalog No [GS12]

Carral, Larroque, and Thomazo (Inria) 7 / 21



A Single Procedure to Rewrite into Datalog?

Research Question
Is the datalog-expressible fragment datalog-rewritable?

Corollary
The class of all datalog-expressible rule queries is not
datalog-rewritable.

Theorem
There is no procedure to check if a KB ⟨R,F⟩ entails a fact φ that is
sound, complete, and terminates if ⟨R, φ⟩ is datalog-expressible.
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Reasoning with Datalog-
Expressible Rule Queries: An Un-
decidable Problem
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Reasoning with Dat-Expressible Rule Queries

Theorem
There is no procedure to check if a KB ⟨R,F⟩ entails a fact φ that is
sound, complete, and terminates if ⟨R, φ⟩ is datalog-expressible.

Proof. We reduce a machine M to a rule set RM such that:

Lemma 1. The machine M halts on ϵ if and only if the KB ⟨RM, ∅⟩
entails the (nullary) fact Halt.

Lemma 2. The rule query ⟨RM,Halt⟩ is datalog-expressible.

After proving the above, the theorem follows by contradiction.
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Emulating a Machine M with the KB ⟨RM, ∅⟩

Lemma 1
The machine M halts on the empty word if and only if the KB ⟨RM, ∅⟩
entails the (nullary) fact Halt.

The computation of M on ϵ:

Bqs

0 Bq

0 1 Bqf

A subset of a universal model of ⟨RM, ∅⟩:

s n(s) n(n(s))

N N
qs,B

0

q,B

1

B

qf ,0
Halt
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The Rule Query ⟨RM,Halt⟩ is Datalog-Expressible

Lemma 2
The rule query ⟨RM,Halt⟩ is datalog-expressible.

Proof.
If M halts on ϵ, then ⟨{→ Halt},Halt⟩ is a datalog-rewriting since
⟨RM, ∅⟩ |= Halt by Lemma 1.
We assume that M does not halt on ϵ.
We can show that ⟨R∀

M,Halt⟩ is a datalog-rewriting of ⟨RM,Halt⟩,
where R∀

M is the set of datalog rules in RM.

That is, ⟨RM,F⟩ |= Halt ⇐⇒ ⟨R∀
M,F⟩ |= Halt for every fact set F .

▶ If ⟨R∀
M,F⟩ |= Halt, then ⟨RM,F⟩ |= Halt since R∀

M ⊆ RM.
▶ To-do: If ⟨RM,F⟩ |= Halt, then ⟨R∀

M,F⟩ |= Halt.
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The Rule Query ⟨RM,Halt⟩ is Datalog-Expressible

Lemma 3.
If M does not halt on ϵ and ⟨R∀

M,F⟩ ̸|= Halt, then ⟨RM,F⟩ ̸|= Halt.

Proof. If ⟨R∀
M,F⟩ ̸|= Halt, then the minimal universal model of ⟨R∀

M,F⟩
set may look a bit like this:

a1 a2 a3 a4N N N b1 b2 b3N N

c1 c2 c3 c4

qs N N N

We only include atoms over N and qs in this representation.
We can extend the above into a universal model of ⟨RM,F⟩ by:

Extending some of the non-starting chains with one term and
closing under datalog rules.
Appending the starting chain in any universal model of ⟨RM, ∅⟩ to
the starting chain above.

If M does not halt on ϵ, the resulting model does not contain Halt.
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Future Work and Conclusions
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Future Work and Conclusions

Open Problems for some Query Language L
1. Is the class of all L-expressible queries L-rewritable?
2. Is there a procedure to check if a KB ⟨R,F⟩ entails a fact φ that is

sound, complete, and terminates if ⟨R, φ⟩ is L-expressible?

Language L Q1: Rewritability Q2: Decidable Reasoning
Datalog ✗ ✗

Linear Datalog ✗ ? ✗ ?
Monadic Datalog ✗ ? ?
Unions of CRPQs ✗ ? ?
Unions of BCQs ✓ ✓

Conclusions
If L is datalog, then the answer to Q1 and Q2 above is ✗ .

Thanks for your attention!
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Example of a UBCQ-Rewriting

Example: A UBCQ-Expressible Rule Query
Consider the rule set R:

MathProf(x) → Prof(x) (1)
Teaches(x, y) ∧ Class(y) → Prof(x) (2)

The rule query ⟨R,Prof(alice)⟩ admits the UBCQ-rewriting:
γ = Prof(alice) ∨ MathProf(alice) ∨(

∃y.Teaches(alice, y) ∧ Class(y)
)

That is, ⟨R,F⟩ |= Prof(alice) ⇐⇒ F |= γ for every fact set F .
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The Limits of the UBCQ-Expressible Fragment

Example: A Datalog-Expressible Rule Query
Consider the rule set R:

Colleague(x, y) ∧ MainAff(x, z) ∧ MainAff(y,w) → z ≈ w (3)
Colleague(x, y) → Colleague(y, x) (4)

Colleague(x, y) ∧ Colleague(y, z) → Colleague(x, z) (5)
Academic(x) → ∃y.MainAff(x, y) (6)

The rule query ⟨R,MainAff(alice, inria)⟩ is not UBCQ-expressible.
However, we obtain a datalog-rewriting by replacing (6) in R with

Colleague(x, y) ∧ MainAff(x, z) → MainAff(y, z)
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