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We ignore universal quantifiers when writing rules.

Example: Facts
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approaches to address OBQA:

1. Bottom-up/Materialisation: compute a finite representation of a
universal model U of (R, F) and check if U = .

2. Top-down/Rewriting: compute a rewriting v of the rule query
(R, ) and check if F = .
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MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1)
Colleague(x,y) — Colleague(y, x) (2)

Colleague(x,y) A Colleague(y,z) — Colleague(x,z)  (3)

Academic(x) A Colleague(x,y) — Academic(y) (4)

)

Academic(x) — Jy.MainAff(x,y) (s)

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

Input Fact Set: .
inria

MainAffil
Colleague

larroque thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

inria

MainAffil
Colleague

larroque thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

inria

MainAffil
Colleague

larroque thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

inria

MainAffil
Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

inria y'

[}
MainAffil MainAffil
Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

———————— ")
MainAffil MainAffil
Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

) (

Academic(x) — Jy.MainAff(x,y)

Definition: The Chase

inria

MainAffil MainAffil
Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

Academic(x) — Jy.MainAff(x,y) (

Definition: The Chase

inria

MainAffil MainAffil
Colleague Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



MATERIALISATION WITH THE CHASE

Example: A Chase Terminating Rule Set

Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (1
Colleague(x,y) — Colleague( X)) (

Colleague(x,y) A Colleague(y, z) — Colleague(x,z) (

Academic(x) A Colleague(x,y) — Academic(y) (4

Academic(x) — Jy.MainAff(x,y) (

Definition: The Chase

inria

MainAffil MainAffil
Colleague Colleague Colleague

larroque : Academic thomazo : Academic

Carral, Larroque, and Thomazo (Inria) 4 [ 22



REWRITING INTO UBCQS

Example: A UBCQ-Expressible Rule Query

Consider the rule set R:

MathProfessor(x) — Professor(x) (6)
MathClass(x) — Class(x) @)
Teaches(x,y) A Class(y) — Professor(x) (8)
Class(x) — Jy.IsTaughtBy(x, y) A Professor(y)  (9)

Professor(x) — Jy.Teaches(x,y) A Class(y) (10)

Carral, Larroque, and Thomazo (Inria) 5/22



REWRITING INTO UBCQS

Example: A UBCQ-Expressible Rule Query

Consider the rule set R:

MathProfessor(x) — Professor(x) (6)
MathClass(x) — Class(x) @)
Teaches(x,y) A Class(y) — Professor(x) (8)
Class(x) — Jy.IsTaughtBy(x, y) A Professor(y)  (9)

Professor(x) — Jy.Teaches(x,y) A Class(y) (10)

The rule query (R, Professor(al)) admits the UBCQ-rewriting:

~ = Professor(al) v MathProfessor(al) v
(Jy.Teaches(al,y) A Class(y)) Vv (3y.Teaches(al,y) A MathClass(y))

Carral, Larroque, and Thomazo (Inria) 5/22



REWRITING INTO UBCQS

Example: A UBCQ-Expressible Rule Query

Consider the rule set R:

MathProfessor(x) — Professor(x) (6)
MathClass(x) — Class(x) @)
Teaches(x,y) A Class(y) — Professor(x) (8)
Class(x) — Jy.IsTaughtBy(x, y) A Professor(y)  (9)

Professor(x) — Jy.Teaches(x,y) A Class(y) (10)

The rule query (R, Professor(al)) admits the UBCQ-rewriting:

~ = Professor(al) v MathProfessor(al) v
(Jy.Teaches(al,y) A Class(y)) Vv (3y.Teaches(al,y) A MathClass(y))

That is, for every fact set 7, we have that:
(R,F) |= Professor(al) <— F =~
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ONE PROCEDURE TO REWRITE THEM ALL

Definition: UBCQ-Expressibility

A rule query (R, @) is UBCQ-expressible if it admits a UBCQ-rewriting.
That is, if there is a UBCQ v such that, for every fact set F:

(RF) ¢ < FEy
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Theorem (see [KLMT15] for more info

There is a procedure that, on input (R, ) a rule query,
m outputs a UBCQ-rewriting of (R, ©) and
m terminates if (R, ) is UBCQ- expre55|ble.

Remark

We can reuse the very same procedure to rewrite every
UBCQ-expressible fragment: OWL QL, linear, sticky...
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THE LimITS OF THE UBCQ-EXPRESSIBLE FRAGMENT

Example: A Datalog-Expressible Rule Query

Consider the rule set R:
Colleague(x,y) A MainAff(x,z) A MainAff(y,w) — z ~ (11)
Colleague(x,y) — Colleague(y, x) (12)
Colleague(x,y) A Colleague(y,z) — Colleague(x,z) (13)
Academic(x) A Colleague(x,y) — Academic(y) (12)
Academic(x) — Jy.MainAff(x,y) (15)
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Example: A Datalog-Expressible Rule Query

Consider the rule set R:
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Academic(x) A Colleague(x,y) — Academic(y) (12)
Academic(x) — Jy.MainAff(x,y) (15)

The rule query (R, MainAff(alice, inria)) is not UBCQ-expressible.
However, we obtain a datalog-rewriting by replacing (15) in R with

Colleague(x,y) A MainAff(x,z) — MainAff(y, z)
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MANY PROCEDURES TO REWRITE INTO DATALOG

Source Language Target Language  Implemented Reference
SHIO Disj. Datalog Yes [HMSo7]
SHIZObs Disj. Datalog No [RKH12]
Horn-ALCHOZQ Datalog Yes [CDK18]
Horn-SRZQ Datalog Yes [CGK19]
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Guarded Disj. Rules Disj. Datalog No [A0S18]
Guarded Rules Datalog Yes [BBG22]
Warded rules Datalog Yes [BGPS22]
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Sticky(-Join) Non-Rec. Datalog No [GS12]
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Research Question
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Theorem

There is no procedure to check if a KB (R, F) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Corollary

The class of all datalog-expressible rule queries is not
datalog-rewritable.
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REASONING WITH DATALOG-

EXPRESSIBLE RULE QUERIES: AN UN-
DECIDABLE PROBLEM

Carral, Larroque, and Thomazo (Inria) 11/ 22



REASONING WITH DAT-EXPRESSIBLE RULE QUERIES

Theorem
There is no procedure to check if a KB (R, ) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Carral, Larroque, and Thomazo (Inria) 12 [/ 22



REASONING WITH DAT-EXPRESSIBLE RULE QUERIES

Theorem
There is no procedure to check if a KB (R, ) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Proof. We reduce machine M to a rule set Ry such that:

Carral, Larroque, and Thomazo (Inria) 12 [/ 22



REASONING WITH DAT-EXPRESSIBLE RULE QUERIES

Theorem
There is no procedure to check if a KB (R, ) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Proof. We reduce machine M to a rule set Ry such that:

B Lemma 1. The machine M halts on ¢ if and only if the KB (R, 0)
entails the (nullary) fact Halt.

Carral, Larroque, and Thomazo (Inria) 12 [/ 22



REASONING WITH DAT-EXPRESSIBLE RULE QUERIES

Theorem
There is no procedure to check if a KB (R, ) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Proof. We reduce machine M to a rule set Ry such that:

B Lemma 1. The machine M halts on ¢ if and only if the KB (R, 0)
entails the (nullary) fact Halt.

m Lemma 2. The rule query (Ru, Halt) is datalog-expressible.

Carral, Larroque, and Thomazo (Inria) 12 [/ 22



REASONING WITH DAT-EXPRESSIBLE RULE QUERIES

Theorem
There is no procedure to check if a KB (R, ) entails a fact ¢ that is
sound, complete, and terminates if (R, ) is datalog-expressible.

Proof. We reduce machine M to a rule set Ry such that:

B Lemma 1. The machine M halts on ¢ if and only if the KB (R, 0)
entails the (nullary) fact Halt.

m Lemma 2. The rule query (Ru, Halt) is datalog-expressible.

After proving the above, the theorem follows by contradiction.
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: A universal model of (Ry, 0):

E N",qs,0
Halt

q,B
q
N,N".0 Q N,NT 1
o [ofi]s] A0 L MV Y

RS :s RS : n(s) RS : n(n(s))

2]
%]

Lemma 1. The machine M halts on the empty word if and only if
the KB (R, 0) entails the fact Halt.
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The computation of M on e: The chase of (Ry, 0):
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TionoiY!
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

oh [
%]

E qs,B
qs Q

RS :s

Since gs is a non-final state in M, we can
apply gs(p,c) ARS(c) — 3n.N(c,n) € Ru
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The computation of M on e: The chase of (Ry, 0):

2]
el
B
&
=
=
I
°

RS :s RS : n(s)
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

=)
=]
o

RS :s RS : n(s)

Apply RS(X) — B(X,X) € Ru
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

(g,0,R), we can apply

Since M(gs, B) =
(gngi) A N(Ei,ﬁ,gﬂ) A RS(€i+1) — Q(£i+1; £i+1) A O(K;,éi+1) € Rm

qs(/,,f)
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The computation of M on e: The chase of (Ry, 0):

2]
%]

N,Nt,0
of1]8]
RS :s RS : n(s)

(g,0,R), we can apply

Since M(gs, B) =
(gngi) A N(Ei,ﬁ,gﬂ) A RS(€i+1) — Q(£i+1; £i+1) A O(K;,éi+1) € Rm

qs(/,,f)
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

2]
%]

( ) N,Nt,0 §>
of1]8]
RS :s RS : n(s)

Since g is a non-final state in M, we can
apply q(p,c) A RS(c) — In.N(c,n) € Ry
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

oh [
%]

N,N*, 0 Q N
as 1 . * -
. n.E RS : s RS : n(S) n(n(s))

Since g is a non-final state in M, we can
apply q(p,c) A RS(c) — In.N(c,n) € Ry
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The computation of M on e: The chase of (Ry, 0):

2]
%]

q,B
quB
+
Dooje SRR

RS :s RS : n(s n(n(s))

Apply N(4;, i) — N (4, €14) € Rm
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The computation of M on e: The chase of (Ry, 0):

oh [
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Apply N(4;, i) — N (4, €14) € Rm
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

oh [
%]

e
T ; )\ N >0
. n.E RS : s RS : n(S) n(n(s))

APPLY N(£j, €isq) ANT (L, ) = N* (43, 45) € R
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The computation of M on e: The chase of (Ry, 0):
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

RS :s RS : nZs) RS : n(nis))

Since M(q, B) = (gf, 1, L), we can apply
qa(pi, ;) A B(pj, ¢;) A N(pi—, Pi) A N(Cj, Cj1q) AN (Pj, Ciya) A
RS(pi) A RS(Cj1q) = Gp(Pi; Cia) A 1(Pi, Cj1q) € R
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The computation of M on e: The chase of (Ry, 0):

RS :s RS : nZs) RS : n(nis))

Since M(q, B) = (gf, 1, L), we can apply
qa(pi, ;) A B(pj, ¢;) A N(pi—, Pi) A N(Cj, Cj1q) AN (Pj, Ciya) A
RS(pi) A RS(Cj1q) = Gp(Pi; Cia) A 1(Pi, Cj1q) € R
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (R, 0):
O v

q,B
N,N*t. 0 Q N,NT, 1
o[+]s] 4 *

RS :s RS : n(s) RS : n(n(s))

Since q is a non-final state in M, we can apply
o(pi, ;) A G(Pr: €j) A N(Cj, Cjq) A NT(Pj, Pr) A NT(Prs i) A
N*(p;, Cj+1) A RS(pi) A RS(Pr) A RS(Cjya) — O(Pis Cj1q) € R
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (R, 0):
O N0

q,B
N,N*t. 0 Q N,NT, 1
o[+]s] 4 *

RS :s RS : n(s) RS : n(n(s))

Since q is a non-final state in M, we can apply
o(pi, ;) A G(Pr: €j) A N(Cj, Cjq) A NT(Pj, Pr) A NT(Prs i) A
N*(p;, Cj+1) A RS(pi) A RS(Pr) A RS(Cjya) — O(Pis Cj1q) € R
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: The chase of (Ry, 0):

B N*.q5,0

Apply gs(p,c) — Halt € Ry
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The computation of M on e: The chase of (Ry, 0):

B N*.q5,0

Apply gs(p,c) — Halt € Ry
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: A universal model of (Ry, 0):

B N*.q5,0
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EMULATING A MACHINE M WITH THE KB (R, ()

The computation of M on e: A universal model of (Ry, 0):

B N*.q5,0

Halt

q,B
/ N,N*t. 0 Q N,NT, 1
o[+]s] 4 *

RS :s RS : n(s) RS : n(n(s))

Lemma 1. The machine M halts on the empty word if and only if
the KB (R, 0) entails the fact Halt.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 2
The rule query (Ru, Halt) is datalog-expressible.
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Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.

m If M halts on ¢, then ({— Halt}, Halt) is a datalog-rewriting since
(Rum, D) = Halt by Lemma 1.
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Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.

m If M halts on ¢, then ({— Halt}, Halt) is a datalog-rewriting since
(Rum, D) = Halt by Lemma 1.

m If M does not halt on ¢; then (Ry), Halt) is a datalog-rewriting of
(Rm, Halt), where R}, is the set of datalog rules in Ry.
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Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.

m If M halts on ¢, then ({— Halt}, Halt) is a datalog-rewriting since
(Rum, D) = Halt by Lemma 1.

m If M does not halt on ¢; then (Ry), Halt) is a datalog-rewriting of
(Rm, Halt), where R}, is the set of datalog rules in Ry. That is, for
every fact set F, we show that (R, F) = Halt iff (R}, F) = Halt.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.
m If M halts on ¢, then ({— Halt}, Halt) is a datalog-rewriting since
(Rum, D) = Halt by Lemma 1.

m If M does not halt on ¢; then (Ry), Halt) is a datalog-rewriting of
(Rm, Halt), where R}, is the set of datalog rules in Ry. That is, for
every fact set F, we show that (R, F) = Halt iff (R}, F) = Halt.

> If (R}, F) = Halt, then (Ru, F) = Halt since R}, C Ru.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 2
The rule query (Ru, Halt) is datalog-expressible.

Proof.

m If M halts on ¢, then ({— Halt}, Halt) is a datalog-rewriting since
(Rum, D) = Halt by Lemma 1.

m If M does not halt on ¢; then (Ry), Halt) is a datalog-rewriting of
(Rm, Halt), where R}, is the set of datalog rules in Ry. That is, for
every fact set F, we show that (R, F) = Halt iff (R}, F) = Halt.

> If (R}, F) = Halt, then (Ru, F) = Halt since R}, C Ru.
> To-do: If (Ru, F) = Halt, then (R}, F) = Halt.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i Halt, then (Ru, F) % Halt.
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Lemma 3.
If M does not halt on e and (R}, F) i Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
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m The constants in Chase(Ry,, F) form a disjoint union of N-chains.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(Ry,, F) form a disjoint union of N-chains.

» Because of N™(x,x) — Halt, N(x,y) — N (x,y), and
N(x,y) A N*(y,z) — N (x,z); there are no N-cycles.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(Ry,, F) form a disjoint union of N-chains.
» Because of N*(x,x) — Halt, N(x,y) — N*(x,y), and
N(x,y) ANT(y,z) — N*(x,z); there are no N-cycles.
» Because of N(x,y) A N(x,z) — y ~ z and

N(y,x) A N(z,x) — y ~ z, constants have at most one
N-successor/predecessor.
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Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N+(E,i,e1) N qs(g-],f*]) — Halt
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N+(E,i,e1) N qs(g-],f*]) — Halt
as(p,ci) AN*(c;, ¢;) — Halt
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N+(E,i,e1) N qs(g-],f*]) — Halt
as(p,ci) AN*(c;, ¢;) — Halt
q(p.c)rnq(p’,c) > p=p" foreveryqeQ
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N (_i, 04) A gs(4q,€,) — Halt

as(p,ci) AN*(c;, ¢;) — Halt

q(p,c)Aqg(p’,c) >p~p  foreveryqgeQ
r(p’,c)

q(p,c) Ar(p’,c) — Halt foreveryg #rinQ
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N (_i, 04) A gs(4q,€,) — Halt
as(p,ci) AN*(c;, ¢;) — Halt
g(p,c)Aq(p’,c) - p~p  foreverygeQ
q(p,c) Ar(p’,c) — Halt for everyq #rinQ
s(p,¢c) AN (c,p) — Halt for every s € {0,1,B}UQ
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) % Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R};, F) form a disjoint union of N-chains.

m Because of gs(x,y) A gs(z,w) — x =~ w, there is at most one starting
chain. Moreover, because of the following rules, this starting chain
encodes encodes a prefix of the computation of M on e:

N (_i, 04) A gs(4q,€,) — Halt
as(p,ci) AN*(c;, ¢;) — Halt

g(p,c)Aq(p’,c) - p~p  foreverygeQ
q(p,c) Ar(p’,c) — Halt for everyq #rinQ
s(p,¢c) AN (c,p) — Halt for every s € {0,1,B}UQ
a(p,c) Ab(p,c) — Halt for every a # b in {0,1, B}
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.
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Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:

01 N 02 N a3 N 04 b1 N b2 N b3 . RS
————0

Cq: RS Gy RS C3: RS CA: RS
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:
a Ny G Ny G N G b1szNb33RS
————0
¢i:RS ¢:RS ¢3:RS ¢,: RS
We can extend the above into a model of (Ry, F) by:
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:
01 N 02 N a3 N a4 b1 N bz N b3: RS
————0
Cq: RS Gy RS C3: RS CA: RS

We can extend the above into a model of (Ry, F) by:
» Adding N(bs, b,) and N*(b;, b,) for a fresh b, and all1 < i < 3.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:
01 N 02 N a3 N a4 b1 N bz N b3: RS
————0
Cq: RS Gy RS C3: RS CA: RS

We can extend the above into a model of (Ry, F) by:
» Adding N(bs, b,) and N*(b;, b,) for a fresh b, and all1 < i < 3.
» Appending the chain in Chase(Ru, ?) to the starting chain.
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THE RULE QUERY <RM, HALT) IS DATALOG-EXPRESSIBLE

Lemma 3.
If M does not halt on e and (R}, F) i~ Halt, then (Ru, F) i Halt.

Proof. Suppose that the fact set Chase(R};, F) does not contain Halt.
m The constants in Chase(R}, F) form a disjoint union of N-chains.

m There is at most one starting chain, which encodes a prefix of the
computation of M on e.

m Hence, the fact set Chase(Ry;, ) may look a bit like this:

a Ny G Ny G N G b1szNb33RS
r——0—H0—>0 ———0—0

Cq: RS Gy RS C3: RS CA: RS

We can extend the above into a model of (Ry, F) by:
» Adding N(bs, b,) and N*(b;, b,) for a fresh b, and all1 < i < 3.
» Appending the chain in Chase(Ru, ?) to the starting chain.
If M does not halt on ¢, the resulting fact set does not contain Halt.
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m Is the class of all RPQ-expressible queries RPQ-rewritable?

m Is there a procedure to check if a KB (R, F) entails a fact  that is
sound, complete, and terminates if (R, ) is RPQ-expressible?

Remark

Open Problem 1 can be instantiated for other languages such as
monadic datalog, UCRPQs, languages based on CFGs...

Open Problem 2
Consider a KB (R, F), a (possibly non-Boolean) CQ ¢, and a list d of
constants occurring in F.

m Is there a procedure to check if (R, F) = ¢|[d] that is sound,
complete, and terminating if R is datalog-expressible?
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CONCLUSIONS

Theorem

There is no procedure to check if a KB (R, F) entails a fact ¢ that is
sound, complete, and terminates if (R, ¢) is datalog-expressible.
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CONCLUSIONS

Theorem

There is no procedure to check if a KB (R, F) entails a fact ¢ that is
sound, complete, and terminates if (R, ¢) is datalog-expressible.

Corollary

The class of all datalog-expressible rule queries is not
datalog-rewritable.

Thanks for your attention!
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