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• To use data: store & query
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• What is the most efficient way of answering a 
database query?
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Goal
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Which Unions of Conjunctive Queries can be 
answered with optimal time guarantees? 
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• Query = problem
• Time complexity, data complexity, RAM model
• Achievable time bounds:
• Need to print every answer ( |OUT| >> |IN| )
• Need to read the input before the first answer

• 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧: solvable in linear preprocessing and constant delay

Which queries are in DelayC'()?



Starting Point

CQs

acyclic

free-connex

CQs:      ∈ 𝐷𝑒𝑙𝑎𝑦𝐶!"# ⇔* free-connex
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[Brault-Baron 2013]
[BaganDurandGrandjean CSL’2007]

* Hardness results assume:
(1) no self-joins
(2) hardness of Boolean matrix multiplication and hyperclique
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[Brault-Baron 2013]
[BaganDurandGrandjean CSL’2007]

What about UCQs?

* Hardness results assume:
(1) no self-joins
(2) hardness of Boolean matrix multiplication and hyperclique
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• Overview
• Explanations
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• When is it easy?

• Hard ∪ Hard
• Sometimes it is easy
• Dichotomy
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Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

[BaganDurandGrandjean CSL’2007]
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free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?
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Acyclic non-free-connex:



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2
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Acyclic non-free-connex:

A B



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2

𝑸
R C

1 2

2 2
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Acyclic non-free-connex:

A B



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2

𝑸
R C

1 2

2 2
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Acyclic non-free-connex:

A B

0 1
0 1



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2

𝑸
R C

1 2

2 2
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Acyclic non-free-connex:

A B

0 1
0 1



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)
[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2

𝑸
R C

1 2

2 2
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Acyclic non-free-connex:

A B

0 1
0 1



Lower Bound

CQs

acyclic

free-connex
𝑄 𝑥, 𝑧 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧

Assumption: Boolean 𝑛×𝑛 matrices cannot be multiplied in time 𝑂(𝑛9)

∉ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧

[BaganDurandGrandjean CSL’2007]

1 1
0 1

0 1
0 1 = ? ?

? ?

A

R C

1 1

1 2

2 2

B

R C

1 2

2 2

𝑸
R C

1 2

2 2
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Acyclic non-free-connex:

A B

0 1
0 1



Within Unions

59

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
𝐧𝐨𝐭 𝐟𝐫𝐞𝐞

𝐜𝐨𝐧𝐧𝐞𝐱



Within Unions

60

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱



Within Unions

61

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝑸𝟏
1 2 ⊥
2 2 ⊥ 𝑅𝟑

2 ⊥

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱



Within Unions

62

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝑸𝟏
1 2 ⊥
2 2 ⊥ 𝑅𝟑

2 ⊥

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱

∪
𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)



Within Unions

63

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝑸𝟏
1 2 ⊥
2 2 ⊥ 𝑅𝟑

2 ⊥𝑸𝟐
1 1 2

1 2 2

2 2 2

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱

∪
𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)



Within Unions

64

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝑸𝟏
1 2 ⊥
2 2 ⊥ 𝑅𝟑

2 ⊥𝑸𝟐
1 1 2

1 2 2

2 2 2

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱

𝑂 𝑛B solutions:
The computation does not
contradict the assumption

∪
𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)



Within Unions

65

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤

𝑅$
1 1

1 2

2 2

𝑅%
1 2

2 2

𝑸𝟏
1 2 ⊥
2 2 ⊥ 𝑅𝟑

2 ⊥𝑸𝟐
1 1 2

1 2 2

2 2 2

The hardness results do not hold within a union

𝐧𝐨𝐭 𝐟𝐫𝐞𝐞
𝐜𝐨𝐧𝐧𝐞𝐱

𝑂 𝑛B solutions:
The computation does not
contradict the assumption

∪
𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)



Enumeration Complexity of UCQs

• Goal
• Overview
• Explanations
• Easy ∪ Hard

• Why isn’t it always hard?
• When is it easy?

• Hard ∪ Hard
• Sometimes it is easy
• Dichotomy
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Providing Variables

67

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧



Providing Variables

68

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧
Body-homomorphism



Providing Variables
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𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧
Body-homomorphism

𝑄9 computes 𝑅D ⋈ 𝑅9



Providing Variables
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𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧
Body-homomorphism

𝑄9 computes 𝑅D ⋈ 𝑅9 ⟹ 𝑄9 provides {𝑥, 𝑦, 𝑧} to 𝑄D



Providing Variables

71

𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧

𝑄!′ 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅′(𝑥, 𝑦, 𝑧)

Body-homomorphism

𝑄9 computes 𝑅D ⋈ 𝑅9 ⟹ 𝑄9 provides {𝑥, 𝑦, 𝑧} to 𝑄D



Providing Variables
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𝑄! 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤
∪

𝑄" 𝑎, 𝑏, 𝑐 ← 𝑅! 𝑎, 𝑏 , 𝑅"(𝑏, 𝑐)

𝐧𝐨𝐧 𝐟𝐫𝐞𝐞
− 𝐜𝐨𝐧𝐧𝐞𝐱

𝐟𝐫𝐞𝐞 − 𝐜𝐨𝐧𝐧𝐞𝐱

∈ 𝐃𝐞𝐥𝐚𝐲𝐂𝐥𝐢𝐧

𝑄!′ 𝑥, 𝑧, 𝑤 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅′(𝑥, 𝑦, 𝑧)

𝑥, 𝑦, 𝑧

𝑧, 𝑤

𝑥, 𝑦

𝑦, 𝑧
𝑥, 𝑧

Body-homomorphism

𝑄9 computes 𝑅D ⋈ 𝑅9

𝐟𝐫𝐞𝐞 − 𝐜𝐨
𝐧𝐧𝐞𝐱

⟹ 𝑄9 provides {𝑥, 𝑦, 𝑧} to 𝑄D



Enumeration Complexity of UCQs

• Goal
• Overview
• Explanations
• Easy ∪ Hard

• Why isn’t it always hard?
• When is it easy?

• Hard ∪ Hard
• Sometimes it is easy
• Dichotomy
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Hard ∪ Hard = Easy

• Example: CQs with isomorphic bodies.

𝑄! 𝑥, 𝑧, 𝑤, 𝑢 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$ 𝑤, 𝑢
𝑄"(𝑥, 𝑦, 𝑧, 𝑢) ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$(𝑤, 𝑢)
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Hard ∪ Hard = Easy

• Example: CQs with isomorphic bodies.

𝑄! 𝑥, 𝑧, 𝑤, 𝑢 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$ 𝑤, 𝑢
𝑄"(𝑥, 𝑦, 𝑧, 𝑢) ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$(𝑤, 𝑢)

75

hard part

hard part



Hard ∪ Hard = Easy

• Example: CQs with isomorphic bodies.

𝑄! 𝑥, 𝑧, 𝑤, 𝑢 ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$ 𝑤, 𝑢
𝑄"(𝑥, 𝑦, 𝑧, 𝑢) ← 𝑅! 𝑥, 𝑦 , 𝑅" 𝑦, 𝑧 , 𝑅# 𝑧, 𝑤 , 𝑅$(𝑤, 𝑢)
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hard part

hard part

Step Output Side Effect

1 Solve 𝑄%′ Find 𝑅$ ⋈ 𝑅%
2 Solve 𝑄$) 𝑄$ Find 𝑅* ⋈ 𝑅+
3 Solve 𝑄%) 𝑄%

⊆ 𝑄%



Theorem

77

Q ∉ 𝐷𝑒𝑙𝑎𝑦𝐶!"#

∈ DelayC'()
Both queries

become free-connex
by adding provided atoms

⟺
Both queries are 
body-isomorphic,
free-path guarded

and bypass guarded
⟺

⟺

We can classify every UCQ of the form Hard ∪ Hard: 

* Hardness results assume:
(1) no self-joins
(2) hardness of Boolean matrix multiplication, hyperclique detection and 4-clique detection.



In the Slides

• Updates to CV
• One result:  Enumeration Complexity of 

Unions of Conjunctive Queries 
• Research project
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The Fine-Grained Complexity of Evaluating Queries

• To use data: store & query

• Big data requires extremely efficient algorithms
• Fine-grained complexity: ‘polynomial’ is not enough

• What is the most efficient way of answering a 
database query?

79



The Fine-Grained Complexity of Evaluating Queries

What is the most efficient way
of answering a database query?
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The Fine-Grained Complexity of Evaluating Queries
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What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries

82

more expressive 
query classes

self-joins

[C+, PODS’19][C+, TODS’21]

What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries
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What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries
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enumeration
vs.

direct access

[C+, PODS’20]
[C+, PODS’21]

What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries
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What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries

87

time 
complexity

space 
complexity

practical 
performance

What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries
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time 
complexity

space 
complexity

practical 
performancepreprocessing / delay 

tradeoff

What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries
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What is the most efficient way
of answering a database query?



The Fine-Grained Complexity of Evaluating Queries

90

general 
relational 
database

sparsity / 
constraints uncertainty graph 

databases
dynamic 

data

[C+, ICDT’18][C+, TOCS’19]

What is the most efficient way
of answering a database query?

Ontologies



The Fine-Grained Complexity of Evaluating Queries

What is the most efficient way
of answering a database query?
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In the Slides

• Updates to CV
• One result:  Enumeration Complexity of 

Unions of Conjunctive Queries 
• Research project
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