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Cech complex and Nerve

Definition (Cech complex)

Let P = {p1,...,pn} be aset of points in R, and denote by B,(p) the
closed ball of radius r centered at p. The Cech complex of parameter r
on P is the simplicial complex C'(P) statisfying:

o = {piy,---,pi,} €C(P) iff m B/(p;)

j=0...d




Cech complex and Nerve

Definition (Cech complex)

Let P = {p1,...,pn} be a set of points in R”, and denote by B,(p) the
closed ball of radius r centered at p. The Cech complex of parameter r
on P is the simplicial complex C'(P) statisfying:

o = {pigs--->pi,} €C(P) iff m B,(p;)
j=0...d

Lemma (Nerve)

The domains \J,, ¢p B:(pi) and |C"(P)| are homotopy equivalent.



Cech complex and Nerve

If P finite, |C"(P)], r > 0, changes homotopy type a finite number of
times forr = rq, ..., re. Consider ay, . . ., o such that:

O<ay<n<a <...<re<oao.

We study the sequence:

oo (p)

C(P)
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Fix a field F (such as Z/27).
Definition (Persistence module)

For a fixed set of indices {1,...,n} (or real numbers a1 < ... < ay), a
persistence module, denote by V, is a collection {V1, ..., V,} of finite

dimensional [F-vector spaces, and linear maps fi: V; = Vip1, 1 < i< n:
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Persistence module
Fix a field F (such as Z/27).

Definition (Persistence module)

For a fixed set of indices {1,...,n} (or real numbers a1 < ... < ), a
persistence module, denote by V, is a collection {V1, ..., V,} of finite
dimensional [F-vector spaces, and linear maps fi: V; = Vip1, 1 < i< n:

f; fe f: fir—
V= Vit s Vy—2 sy —2 o oy

Definition (Morphism of persistence modules)

Let V.= (Vi,f;), W= (W,gi),i=1...nbe two persistence modules.
A morphism of persistence modules ¢: V — W is a collection of linear
maps {@;: V; = W,}i=1. ., such that each square:

] commutes fori=1...n— 1.
Vi——=V, L . : :
! i ® is an isomorphism of persistence modules if

‘p"i 9 Jﬁo’“ each ¢; is an isomorphism of vector spaces.
Wi —=> Wit1 We then denote V = W.



Decomposition of persistence modules

Definition (Direct sum of persistence modules)

A direct sum of two persistence modules V = (V;, f;) and W = (W, g;),
i=1...n,is the persistence module

VoeW:=(V,eW,f®g)i=,.n

A persistence module V is indecomposable iff

VV:6Vy — Vi =0 or V5 =0.



Decomposition

Theorem (Decomposition)

Every persistence module V over the indices {1, ..., n} admits a
unique decomposition in indecomposable persistence modules

V= @PIb;d], 1<b<d<n,
i

called interval modules, such that I[b;d] :==

0 0 0
0

0 Fid“'idFOOO

-~

indices: [1;6—1] [bd] [d+1;n]
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Representation of interval decompositions
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Indices:

Hli

I

Representation

1

<

of interval decompositions

D>

OL,IFM,IF@IFL, o,

o °, F W _F L I Y |
D (&) [S5) [S5) @
o >, o O F 9 0o >, 0



Representation of interval decompositions

Indices: 1 2
<
H,: 0 0 . F M, FeF 4()» 4>
0 ‘., F U, F UL F YL 0
= @ &) @ ® ®
o ", o0 ", F Y, 0 . 0
barecode: } { 1[2; 4] & 1[3; 3]

Definition (Representation of decompositions)

Let V = @, I[b;; dj]. The persistence barecode of V is
the drawing of the collection of horizontal intervals

[bi; Cl,]



Representation of interval decompositions

Indices: 1 2
<
H,: 0 0 - F M, FeF 4()» 4>
0 ‘., F U, F LI
= @ &) @ ® ®
o ", o0 ", F Y, 0 . 0
barecode: I | 1[2;4) ® 1[3; 3]
H

Definition (Representation of decompositions)

Let V = @, I[b;; dj]. The persistence barecode of V is
the drawing of the collection of horizontal intervals

[bi; dj]. The persistence diagram of V is the plot of the !
collection of points (b;; d;) in the plane, plus the diagonal .

A={x=y}. 5]

O



Algorithm for persistent homology

Definition (Filtration)

A filtration of a simplicial complex K is an ordering (o1, . ..,0,) of its
simplices such that K; := {o71,...,0;} is a simplicial complex for all

i=1,...,n. We represent it by the sequence of elementary inclusions:

0:=Kj—2 2 Ky —2 o — 7 JK,=K

K,



Algorithm for persistent homology

Definition (Filtration)

A filtration of a simplicial complex K is an ordering (o1, . ..,0,) of its
simplices such that K; := {o71,...,0;} is a simplicial complex for all
i=1,...,n. We represent it by the sequence of elementary inclusions:

o1 o2 o3 @n

@ = KO K]_ K2 Kn - K

Example: Filtration induced by scale in the Cech complex, where each
inclusion is decomposed further into inclusions of one simplex at a time:

C(P) ——C™ (P) —— Co2 (P)




Algorithm for persistent homology

Lemma (Elementary inclusion)

Let K — K U {o} be an elementary inclusion, with dim o = d. Then:
- either dimHy_1 (KU {0}) =dimHy_1(K) — 1,
-or  dimHy(KU{o}) =dimHy(K) + 1
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Algorithm for persistent homology

Lemma (Elementary inclusion)

Let K — K U {o} be an elementary inclusion, with dim o = d. Then:
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Algorithm for persistent homology

Lemma (Elementary inclusion)

Let K — K U {o} be an elementary inclusion, with dim o = d. Then:
- either dimHy_1 (KU {0}) =dimHy_1(K) — 1,
-or  dimHy(KU{o}) =dimHy(K) + 1

First, note that for all dimensions d we have:

- Zd(K) C Zd(K U {O’}) = dim Zd(K) < dim Zd(K U {O’}),

- By(K) c By(KU{0}) = dimBy(K) < dimBy(K U {c}).
Additionally,
Cu(KU{o}) = C4(K)P (o) = dim Cy(KU{c}) = dim Cy(K)+1.

Finally, we have: dim ker Gy dim im 9y

dimCy(KU{o}) =dimZy(K U {c})+dimBy_1 (KU {c}), so:
- eitherdimBy_1 (KU {0}) = dimBy_1(K) + 1,
-or  dimZy(KU{o}) =dimZ4K) + 1.

We conclude with dim Hy; = dim Z, — dim By.

10



Algorithm for persistent homology

Lemma
Llet K - KU {0} and dimo = d. We have:

dimHy(KU{c}) =dimHy(K) +1 iff [0c] =0 in Hy(K).
In which case o is a creator. Otherwise, we have:
dim Hd_l(KU{O'}) = dim Hd_l(K) —1 and [(90'] #0 in Hd(K),

and o is a destructor.

Note that do € Cy_1(K) because all subfaces of o are in K.



Algorithm for persistent homology

Lemma
Llet K - KU {0} and dimo = d. We have:
(i) [0o] =0inHy_1(K) = dimHy(KU{c}) = dimHy(K) + 1,
(i) [0o] #0in Hy—1(K) = dimHy 1 (KU {c}) =
dim Hd_l(K) -1



Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
(i) [00] =0inHy—1(K) = dimHy(KU{c}) = dimHy(K) + 1,

(i) [0o] #0in Hy—1(K) = dimHy 1 (KU {c}) =
dim Hd_l(K) — 1.

(i) o creator. If [0o] = 0 in Hy_1(K) then 0o € B4_1(K) and there
exists a chain a € Cy(K) such that o = Ja.



Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
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exists a chain a € Cy(K) such that do = da. Consequently, the chain
a—oe€Cy(KuU{o})isacycle ie,d(a—0)=0a— 0o =0.
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Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
(i) [00] =0inHy—1(K) = dimHy(KU{c}) = dimHy(K) + 1,

(i) [0o] #0in Hy—1(K) = dimHy 1 (KU {c}) =
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a—oe€Cy(KuU{o})isacycle ie,d(a—0)=0a— 0o =0.
Additionally, if {c1, ..., c} is a basis of Zy(K), then
{c1,...,ck,a— o} is abasis of Zy(K U {c}) because:

- it is free as none of the ¢; have o in their formal sum,

- dimZy(K) < dimZy(K U {c}) + 1.
Hence dim Zy(K U {0}) = dim Z4(K) + 1.
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Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
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(i) [00] #0in Hy—1(K) = dimHy_1 (KU {o}) =
dim Hd_l(K) — 1.

(i) o destructor. If [0o] # 0 then do ¢ By_1(K) but
do € Bdfl(K U {0‘})
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Lemma
Let K — KU {o} and dimo = d. We have:
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0o € By_1(KU{o}). Same argument:

- By_1 grows so dimBy_1 (K U {c}) > dim B4_1(K), but



Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
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Algorithm for persistent homology

Lemma
Let K — KU {o} and dimo = d. We have:
(i) [00] =0in Hy—1(K) = dimHy(KU{c}) = dimHy(K) + 1,

(i) [00] #0in Hy—1(K) = dimHy_1 (KU {o}) =
dim Hd_l(K) — 1.

(i) o destructor. If [0o] # 0 then do ¢ By_1(K) but
0o € By_1(KU{o}). Same argument:

- By_1 grows so dimBy_1 (K U {c}) > dim B4_1(K), but
- dimBy 1 (KU{c}) <dimBy_;(K) + 1.
Hence dimBy_1 (K U {c}) = dimBy_1(K) + 1.
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Denote by C(K @ Cy(K) and 0 := @8(1: C(K) — C(K).
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Algorithm for persistent homology

Denote by C(K @ Cy(K) and 0 := @8(1: C(K) — C(K).
d>0 d>0
@ — KO o1 Kl 02 K2 o3 On Kn - K

Definition (Compatible basis)
We construct a basis {(c1, . . ., c,) = C(K), a partition F LU G U H of the
indices {1,...,n}, and a bijection G <+ H, satisfying:
(i) forallie{1,...,n}, {c1,...,c) = C(K)),
S c=€101+ ... +€_10i-1 -|-, € € L/2Z,
(ii) forallf€ F, Ocy =0
(iii) forallg <> hin G x H, Ocy, = Cg.

We call this data a compatible basis for the filtration of K.

NB: ¢; is a chain in K. Talking about “c; in K;” means the restriction of
ciin K,‘.



Algorithm for persistent homology

Theorem (Correctness)

Let {c1,...,cn}, FUGUH and G <> H be a compatible basis for K.

Denote by H(K) the persistence module induced by the filtration of K :

02 o3 On

P—" K, K, K,
H(K) := 0 — H(K;) — H(K3) H(K,)
then, H(K) = PIlgh—1] PIffin].
g<>h fer

Claims (algorithmic proof):
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Algorithm for persistent homology

Theorem (Correctness)

Let {c1,...,cn}, FUGUH and G <> H be a compatible basis for K.

Denote by H(K) the persistence module induced by the filtration of K :

(Z) o1 Kl o2 K2 o3 on Kn
H(K) :=0— H(K;) —— H(K>) H(K,)
then, H(K) = Pllg;h—1] EPIlfin].
g<>h fer
Claims (algorithmic proof):
- A compatible basis exists, and  {c1,...,¢} basis for C(K;),
-{cr i feF f<itU{c:g€C,g<i} basis for Z(K;),
-{cg 1 g€C, g h,g<h<i} basis for B(K;),
-=>{le] s feF f<i}U{[c] : g€C, g h, g<i<h<i}
basis for H(K;).

[14]
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b) {cr:feF F<iU{c:g€C,g<i} basis for Z(K;),
(© {cg : g€ G, g+ h, g<h<i} basis for B(K;),
d) = {lc] : feF f<i}U{[cgl : g€C, g h, g<i<h<i}
basis for H(K;).

(e) = H(K;) = @feF <i ([eAd) @gec, gérh, g<i<h<i <[Cg]>~

For each f € F or g € G consider the modules induced by [c] and [c,]:

0" 2 0 {fe]) =" > ([c])
indices: [1;—1] [F:n]
id id
02, ...0-20Y ([cg]>*>---*><[cg]>*0>0*0>-~0
indices: [1;g—1] [g:h—1] [h;n]
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Algebraic algorithm for persistent homology

Suppose we have a compatible basis for K;, claims (i), (ii), (iii) are
satisfied for the filtration Ky — ... — K, . Next: K; Ehidani Kt

if (00111 = 0in H(K}), then 0041 € B(K;) and

001 = Z EgCg = Z gg0ch.

geaG heH,g«h

Consequently 0(oi41 — D €gch) =0, and oi1 — Y €,¢p is a cycle in
Z(K;11) that:
- is independent of other cf and ¢, because it contains ;1 1,
- cannot be a boundary in K, because ;1 has no coface.
= 0741 creates a new homology class [0741 — D €gch] # O:
- setCip1 = 0j41 — »_€gCh, and F <= FU {i+ 1}.
This is a compatible basis for Ko — ... — Kj;1 , satisfying

(i), (i), (iii). exercise
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Algebraic algorithm for persistent homology

Suppose we have a compatible basis for K;, claims (i), (ii), (iii) are

satisfied for the filtration Ko — ... — K. Next: K; i Kt
if [0o11] # 0in H(K;), then

001 = Z ercr+ Z €¢Cq

fer geC
H/_/ H/—/
#0 :Zhel—l,geh ggdcy

Let fo = max{f € F: ef # 0}. We have

8((7,‘4.1 - Z EgCh) = ZEfo.

heH,g<h fer

= 041 destroys the non-trivial homology class ) ., ef[cr].
- Setcry <+ ) pepercr, and G+ GU{fo}, F<t F—{fo},
- set Gyl < Ojp1 — ZheH,th ggch, and H < HU {i+ 1},
- pairfy <> i+ 1.

Note that (i) is maintained by the choice of fy as max. exercise
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Example:
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4
b .
- X
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Example:
indices: 1 2 3 ‘ 4
2 12 2 23 2 13 2 123 2 0
NOA A A X
3 1 3 1 3 1 3 1 3 1
1 =01+02+12 0(123) =12+23+13 =c1 +ca +c3
2rere
o =02+03+23 » € I fo=3 cF

c3 = 010313
=12+23+13
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> While Jj < js.t. low; = low;,
0 > coli <= coli+coli  (in Z/27Z)
» if col; # 0 add [low;; i — 1] to the barecode

- add all [i; n] to barecode s.t. col; = 0 and no
column j satisfies low; = i.
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Matrix implementation

define low; = index of lowest 1 in i-th column.
Undefined if column = 0.

-Fori=1...n,
> While Jj < js.t. low; = low;,
> coli <= coli+coli  (in Z/27Z)
» if col; # 0 add [low;; i — 1] to the barecode
- add all [i; n] to barecode s.t. col; = 0 and no
column j satisfies low; = i.

Invariant: at the end of step i, we have:
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partition.

- colf = 0 and no column j has low; = fthen
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i.e., there is a compatible basis cy, . .. ¢; for K;
such that coly = dci, 1 < k < i.
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Matrix implementation

define low; = index of lowest 1 in i-th column.
Undefined if column = 0.

-Fori=1...n,
> While Jj < js.t. low; = low;,
> coli <= coli+coli  (in Z/27Z)
» if col; # 0 add [low;; i — 1] to the barecode

- add all [i; n] to barecode s.t. col; = 0 and no
column j satisfies low; = i.

Invariant: at the end of step i, we have:

- iflow, =g g <h <itheng < hin

partition.
- colf = 0 and no column j has low; = fthen
feF.
i.e., there is a compatible basis cy, . .. ¢; for K;
such that coly = dci, 1 < k < i. ()(/73)




Comparing geometric diagrams

If P finite, |C'(P)], r > 0, changes homotopy type a finite number of
times forr = rq, ..., re. Consider ay, . . ., o such that:

O<ay<n<a <...<r<o.
Geometric filtration:

C(P) —= C*(P) —= C*?(P) — ... —= C%(P)
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Comparing geometric diagrams

If P finite, |C'(P)], r > 0, changes homotopy type a finite number of
times forr = rq, ..., re. Consider ay, . . ., o such that:

O<ay<n<a <...<r<o.
Geometric filtration:

C(P) —= C*(P) —= C*?(P) — ... —= C%(P)

If the j-th simplex o7 is inserted in C*(P) —= C'(P) we give it
geometric value o = /.

— use points (ap, ag) instead of (b, d) to get the geometric
persistence diagram.
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Comparing persistence diagrams

Let D = {(b;, dj) }ies U {x = y} and D" = {(b}, d}) };¢) U {x = y} be
two persistence diagrams, b, d € R.

The bottleneck distance dg(D, D')
between D and D' is:

$:D—=D" peD
bijection

ds(D, D) i= inf  sup|[p—®(p)| ]
[ ]
[ ]

Defined even when |I| # |J| by o
sending points to the diagonal. ‘

Theorem (Stability on a simplicial complex)

Letf,g: K — R be two functions on a same simplicial complex K,
inducing filtrations Ko, = f~1((—00; o) and K/, = g~ ((—00;7]).
Then

ds(D(f), D(g)) < [|f = g[co-
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Comparing persistence diagrams

Let D = {(b;, dj) }ies U {x = y} and D" = {(b}, d}) };¢) U {x = y} be
two persistence diagrams, b, d € R.

The bottleneck distance dg(D, D')
between D and D’ is: -

$:D—=D" peD
bijection

dg(D,D’) := inf sup|lp—®(p)||o ]
[ )
[ ]

Defined even when |I| # |J| by o
sending points to the diagonal. ‘

Theorem (Stability on general space)

Letf,g: M — R be two functions on a same metric space M, satisfying
some “tameness” conditions. If e > 0 s.t. Vr € R
f~1(—o0;r] C g7t (—o00;r+ €] and g~ (—o0;r] C FL(—o0;r+ €],

then  dg(D(f),D(g)) < e.



