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Morse matching

Fix the coefficient field Z/2Z.

Definition

A simplicial complex K induces a face partial ordering < between
simplices. It is the transitive closure of the relation <

7<0 iff 7TCoand dim7 =dimo — 1.

The Hasse diagram of a complex is the directed graph (V, E) with:
V=K {0}
- (0= 71)€Eiffr <o.

acd

a /\

be ac cd ad



Morse matching

Definition
A partial matching of K is a partition K = XU T LI S with a bijective
pairingw : T — S, where:

T <w(T), forall T € T.

— itis a graph matching in the Hasse diagram of K.




Morse matching

Definition
Let K be a simplicial complex, H = (K, ) its Hasse diagram, and
(XU TUS,w) a partial matching. Define the directed graph H as the
graph (K, F'):

- with same underlying undirected graph as H,

- where every edge (w(7) — 7) € Eisreversed in F/, i.e.,
(r = w(r)) €F.

If H is acyclic, we call the partial matching a Morse matching.

Q €X acd




Morse matching

Definition
Let K be a simplicial complex, H = (K, ) its Hasse diagram, and
(XU TUS,w) a partial matching. Define the directed graph H as the
graph (K, F):

- with same underlying undirected graph as H,

- where every edge (w(7) — 7) € Eisreversed in F/, i.e.,
(r = w(r)) €F.

If H is acyclic, we call the partial matching a Morse matching.

Q €X acd

NB: a cycle can only alternate between two dim. d and d + 1 (w bij.).

[5]



Morse matching

Definition
Let K be a simplicial complex, H = (K, E) its Hasse diagram, and
(XU TUS,w) a Morse matching.

- Simplices in X are called critical.

- A Morse matching is optimal if it has the minimal number of
critical simplices, over all possible Morse matchings of K.




Morse matching

Definition
Let K be a simplicial complex, H = (K, E) its Hasse diagram, and
(XU TU S,w) a Morse matching.

- Simplices in X are called critical.

- A Morse matching is optimal if it has the minimal number of
critical simplices, over all possible Morse matchings of K.

It is NP-hard to decide whether a simplicial complex has a Morse
matching with less than k critical simplices.




Compute a (good) Morse matching: Heuristic

X :
acd

/\\ T < S

bc

- A set of available simplices; A <K, X, T,S < ()
- While A # ():

» if there is a free pair (7,0) in A, match 7 with o:

» A—A\{r, o}, perform elementary collapse
» T TU{r},
> S SU{o} =w(r)=0
> else make any available maximal simplex ¢ € A critical:
> set X+ XU{(},
» A= AN\{¢} remove maximal simplex
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Compute a (good) Morse matching: Heuristic

Lemma (Correction)

- A set of available simplices; A<+ K, X,T,5<+
- While A £ ():

> if there is a free pair (7,0) in A, match 7 with o:

> A A\ {7, 0}, perform elementary collapse
» T« TU{r},
> S«SU{o} =w(r)=o0
> else make any available maximal simplex ¢ € A critical:
> set X+ XU {C},
» A A\{C} remove maximal simplex




Compute a (good) Morse matching: Heuristic
Lemma (Correction)

- A always contains a simplicial complex: only perform elementary
collapses and maximal simplex removals.

- A set of available simplices; A<+ K, X,T,5<+
- While A £ ():

> if there is a free pair (7,0) in A, match 7 with o:
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» T« TU{r},
> S«SU{o} =w(r)=o0
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» A A\{C} remove maximal simplex




Compute a (good) Morse matching: Heuristic
Lemma (Correction)

- A always contains a simplicial complex: only perform elementary
collapses and maximal simplex removals.

- T X S always contains a matching: after being matched, a simplex
is removed from the available simplices.

A set of available simplices; A <+ K, X,T,S < ()
While A £ ():
> if there is a free pair (7,0) in A, match 7 with o:

> A A\ {7, 0}, perform elementary collapse
» T+ TU{r},
> S«SU{o} =w(r)=o0
> else make any available maximal simplex ¢ € A critical:
> set X+ XU {C},
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Compute a (good) Morse matching: Heuristic
Lemma (Correction)

- A always contains a simplicial complex: only perform elementary
collapses and maximal simplex removals.

- T X S always contains a matching: after being matched, a simplex
is removed from the available simplices.

- The matching is always acyclic: ...

- A set of available simplices; A<+ K, X,T,5<+
- While A £ ():

> if there is a free pair (7,0) in A, match 7 with o:

> A A\ {7, 0}, perform elementary collapse
» T+ TU{r},
> S«SU{o} =w(r)=o0
> else make any available maximal simplex ¢ € A critical:
> set X+ XU {C},
» A A\{C} remove maximal simplex




Compute a (good) Morse matching: Heuristic

Lemma (Correction)

- A always contains a simplicial complex: only perform elementary
collapses and maximal simplex removals.

- T X S always contains a matching: after being matched, a simplex
is removed from the available simplices.

- The matching is always acyclic: ...
Suppose that, at some point, reverting an arrow creates a cycle. Pick the

first such arrow (T, 0):

matched earlier

\\m/

contradiction:

must be free when matched
but o is a coface.

new match



More interesting example

abed
d /\
abc abd acd bed
a ‘ c ab ac ad be bd cd
b a b c d

What is the number of critical simplices of an optimal Morse matching?
A0

B 1
c 2
D
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Fundamental Theorem of Discrete Morse Theory

Theorem

Let K be a simplicial complex, and (XU T S, w) a Morse matching.
There exists a chain complex (C(X), d") with cells in X, called a Morse
complex, whose homology groups are isomorphic to the ones of K.

More precisely,

- Cy(X) generated by the d-dimensional simplices of X,
- 82} Cd(X) — Cd_l(X).

Application: reduce a complex drastically when computing its
homology.

make a triangle critical

allows elementary collapses




Boundary map 9%

Definition

In a complex K with Morse matching (XU TU S,w), let o, 7 € X be
critical simplices, with dimo = dim 7 + 1.

A gradient path from o to 7 is a directed path from o to 7:

og—=s1—w(sy) o sa— ... s o w(s) =T

in H, alternating between simplices of dimension d and d — 1:

dim.
d+1 o w(sy) w(s2) w(sy)



Boundary map 9%

Definition

For o, 7 € X, with dim ¢ = dim 7 + 1, define
[0 : 7] := # distinct (0 — 7)-gradient path € Z/2Z.
Then the boundary map 0" : C(X) — C(X) is defined such that:
(o) = Z [o:7] T

TEX
dimo =dim7 +1

dim.
d+1 o w(s1) w(s2) w(sy)
AV AVANE VAN
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Example: Morse complex

acd

AN

be

dbe)=1-b+1-¢



Example: Morse complex




Example: Morse complex



Example: Morse complex



Example: Morse complex




Example: Morse complex

We need to prove that
- (C(X),0%) is a chain complex, i.e., ¥ 0 9¥ = 0,

- (C(X), ") and (C(K), d) have same homology.



The Morse complex is a chain complex

Inductive Proof of: 8§ o 8§+1a =0 Vd, andVo € X
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000 =0.
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Now, let X LI T LI S be a Morse matching with &% o &* = 0, and denote
by X4 C X the d-dimensional simplices in X.
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Consider o, 7 € X being such that pairing o and 7 would lead to a valid
Morse matching (X \ {o, 7}) U(TU{7}) U (SU{c}).



The Morse complex is a chain complex
Inductive Proof of: 8 0 0% jp10 =0 Vd, andVo € X

For X =K, and T = S = (), 3" = 9 the usual boundary map, and
000 =0. v

Now, let X LI T U S be a Morse matching with 9* 0 9 = 0, and denote
by X4 C X the d-dimensional simplices in X.
For any a € X441, we have:

agoagﬂ() ad(z Z Z

bEXy bEXy c€EXy—1

o
—
=
=

Consider o, 7 € X being such that pairing o and 7 would lead to a valid
Morse matching (X \ {o, 7}) U(TU{7}) U (SU{c}).

In particular, for any a € X441, and ¢ € Xg—1, using (1):

Z[a:b][b:c]—l—[a:T][T:C]:O Va € Xg41,¢ € Xg—1.
b#T



:c]=0
s
i+ ac:

[a:b]b:

2

C Xd_ .
6 Xd 9 E
va +

2)



Z[a:b][b:C]+[a:T][T:C]:0
b#T

Va € Xg41,C € Xg—1.  (2)

Add (o, 7) to the Morse matching, denote by (X, &") the new Morse

complex, X' := X\ {0, 7}. Forany a € X":

counting [x : y] in (X, OX)




Z[a:b][b:c]—l—[a:T][T:C]:O Va € Xg41,¢ € Xg—1.  (2)
b#T

Add (o, 7) to the Morse matching, denote by (X, &") the new Morse

complex, X' := X\ {o,7}. Forany a € X": | counting [x : y| in (X, 0%)

(92,(/0 g;rl(a) = 85/ Z ( [a:b] +la:7][o:b]) b

b#T
b paths not traversing paths traversing
Xy
edge T—0 edge T—0

(already in (X,0")) (new in (X',axl))
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b#T ceEXy—1
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NB: [0 : 7] is 1 as otherwise we get a cycle adding (o, 7) to the matching.
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Proof of invariance by elem. collapse, with homotopy
K a simplicial complex, (o, 7) a free pair:

¢

Co(K—{0o,7})

C.(K)

P(x) = x, ie. theinclusion C¢(K — {0,7}) — Co¢(K)

o ifx=r,

0 if x = o,
o(x) = T—0c ifx=r, and D(x) = {
X otherwise.

Odt1 y

Cyi1 Cy Co-1

AN AN

0" oy id Dg  ¢poyp id 0

e TV

Cat2 Cot1 Cq

0 otherwise.



Proof of invariance by elem. collapse, with homotopy
K a simplicial complex, (o, 7) a free pair:

¢

Co(K—{0o,7})

C.(K)

P(x) = x, ie. theinclusion C¢(K — {0,7}) — Co¢(K)

0 if x = o, .
o(x) = T—00 ifx=r, and D(x):{a =T

X otherwise.

p)
Coy1 — x| £ 1.0 Cy1

Cos:

0 otherwise.



Proof of invariance by elem. collapse, with homotopy
K a simplicial complex, (o, 7) a free pair:
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X otherwise.
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Proof of invariance by elem. collapse, with homotopy
K a simplicial complex, (o, 7) a free pair:

Co(K) —2

Co(K—{0o,7})

C.(K)

P(x) = x, ie. theinclusion C¢(K — {0,7}) — Co¢(K)

0 if x = o, .
o(x) = T—00 ifx=r, and D(x):{a =T

) 0 otherwise.
X otherwise.
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Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v



Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X X X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1

(C(X),8) —"—= (C(X),8) —"—=(C(X), &) with
0 if x = o,
o(x) = -0 ifx=r, and Y(x) =x—[x:7]o
X otherwise.



Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
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Morse complex. dimo =dim7+1=d+ 1
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X otherwise.
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Cys1(X) ——— Cy(X) —— Cy_1(X)



Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1
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0 if x = o,
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X otherwise.
Commutativity:
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Cqy(X) Cy-1(X)



Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1

(C(x),8) —2— (C(X), ) —L~(C(X),0)  with

0 if x = o,
d(x) = -0 ifx=r, and P(x) =x—[x:7]o
X otherwise.

Commutativity:

aX

X
d+1 9

x—[x:7jlo ————= 9" — [x: 7|00 Co-1(X)
Yat1 Y Yd—1
i o
= Ca(X') - Cy-1(X)



Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X X X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1
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0 if x = o,
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X otherwise.
Commutativity:
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X/ 63(/

o Dopprlx blb+ D s x s 7llo: bJb A+ 20x s T]T —F
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Inductively: Base case trivial. v
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Inductively: Base case trivial. v

X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
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X otherwise.
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Inductively: Base case trivial. v

X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
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X otherwise.
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Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
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X otherwise.
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Inductively: Base case trivial. v
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(C(X),8) —"—= (C(X),8) —"—=(C(X), &) with
0 if x = o,
o(x) = -0 ifx=r, and Y(x) =x—[x:7]o
X otherwise.
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Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
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Inductively: Base case trivial. v
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Inductively: Base case trivial. v
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Inductively: Base case trivial. v

X a Morse complex, (o, 7) € X X X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1
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X otherwise.
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Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1

(C(X),8) —"—= (C(X),8) —"—=(C(X), &) with
0 if x = o,
o(x) = -0 ifx=r, and Y(x) =x—[x:7]o
X otherwise.

Chain equivalence: Easy side: p o) =id  x+— x — [x: T]o — x.

P P
Cap1(X) ——— Cy(X') > Cy_1(X)
/ Ja+1 0P id/”w/qﬁow id Dm/
Cas2(X) Ca1(X) Cy(X)




Proof of invariance by adding a Morse pair

Inductively: Base case trivial. v
X a Morse complex, (o, 7) € X x X such that X' := X\ {0, 7} a valid
Morse complex. dimo =dim7+1=d+ 1

P . (C), o) —~

(C(x),0Y) (C(X), ) with

o ifx=r,

0 otherwise.

0 if x = o,
Yo p(x) = -0 ifx=r, D(x) = {

x— [x:7T]o otherwise.

Chain equivalence:

P P
Cat1(X) - Cy(X) . Ca-1(X)

N

Dy+1 poe id Dy Ppog id Dg—1

7

Cat2(X) Cur1(X)

Cu(X)



Exercise from last time

Compute the homology of:

- atetrahedron, and of an empty tetrahedron,

- acircle,

- an annulus.
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- a tetrahedron, and of an empty tetrahedron, — diagonalise the
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Exercise from last time

Compute the homology of:

- a tetrahedron, and of an empty tetrahedron, — diagonalise the
matrix.

- acircle, — triangulate with 3 edges, diagonalise the matrix.

- an annulus.
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