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History: Stanley Milgram experiment (1967)
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Stanley Milgram (1960s)

» (1968) Every individual can find short paths (length < 6 on average) towards
an arbitrary individual based on his own local view only!
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The network model: Jon Kleinberg (2000)

W
M
U
»

TCOoOA T - - - - + " . o
ERANET 20 Septemper 18, 2011

I\“ )
)
1))
O

NS R R N
Nicolas Schabanel (LAFA, Uniersité



Jon Kleinberg’s small world networks (2000)

1

Pr{u — v} x dend(t, V)"

e Decentralized search algorithm:
- Does not know the long range links beforehand
- Can only ask for the long range contacts of already visited nodes

e Example: Greedy algorithm - Go to the grid-closest contact to the target
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Jon Kleinberg’s small world networks (2000)
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Jon Kleinberg’s small world networks (2000)
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When is decentralized search possible/efficient?
Lower bounds (Kleinberg, 2000)
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When is decentralized search possible/efficient?
Lower bounds (Kleinberg, 2000)

When a=d, Greedy path has expected length ©(log? n)
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When is decentralized search possible/efficient?
Lower bounds (Kleinberg, 2000)
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Kleinberg's result (2000): Long-range contacts distribution has to

be correlated to the underlying geography (x=d) for
decentralized search to work r o
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4« EXperimental greedy path length
pglynomial decentralized path length

8 | polynomial
‘e decentralized

.6 *e " path length

o,
*
3

Polynomial exponent of the
decentralized path length

long ; ‘
range '--x | long range links are
2 links are S i too short
too messy \ o/
0 )
0 1 d=2 3 2d=4 5 X

Nicolas Schabanel (LAFA, Université Paris Diderot) TERANET 2011 - September 19, 2011



V\:A P "

Kleinberg's result (2000): Long-range contacts distribution has to
be correlated to the underlying geography (x=d) for
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Kleinberg’s model & results raises
two main types of questions

Algorithms & peer-to-peer protocol design:
e Can we beat the greedy algorithm?

e Can we reach the true diameter of the graph?

e What would be an optimal search algorithm?

Social network & behaviors modeling:
e How does this “link” topology emerge ?

e How do real people use the social links?
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Kleinberg’s model & results raises
two main types of questions
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Three main types of algorithms
proposed in literature to beat the greedy

Algorithms based Algorithms based
on local exploration on non-local exploration

Greedy algorithm

[K'00, BFKK'01] [CGS'02, N\W04, FGP'04] [LS’04, LS'05, GS’11]
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The greedy algorithm

e Algorithm [K’00]:
Always forward to the closest (local or long-range)
neighbor w.r.t. the target

e Computes paths of expected length ©(log?n)

e Visit ©(log?n) nodes on expectation
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Algorithms based on local exploration

e Algorithm [FGP’04]:
- Scan all the long-range contacts of the log n
local neighbors close by and
- Forward to the closest long-range contact w.r.i.
the target

e Computes paths of expected length ©(log'+1/d n)

e Visit ©(log2n) nodes on expectation
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Algorithms based on non-local exploration

e Algorithm [LS’04, LS’05, GS’11]:
- Scan at most log'+¢ n long-range or local
neighbors nearby™ and
- Forward to the closest long-range contact w.r.i.
the target

e Computes paths of optimal expected length:
e O(logn)ifd=2
e O(logn loglogn)ifd =1

e Visit O(log?*t n) nodes on expectation

** the meaning of “nearby” will be detailled later on
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Comparing the three types of algorithms

Some differences:
e The length and structure of the path vary
e The rate and length of used long-range links

Some similarities:

e Significant progresses towards the target are made with some very long
long-range links which are spaced from each other

. Algorithms based Algorithms based
Nicolas Schabanel (UAF&%%@‘%@ SarB'Biderot} on local exploration on nonstocal explorationicmoer 19, 2011
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Comparing the three types of algorithms

. How do we analyze these three search algorithms?
Some differences: V4

e The length and structure of the path vary
e The rate and length of used long-range links

Indeed, TRUE for every efficient decentralized
Some similarities: l search algorithm [GS’11]

e Significant progresses towards the target are made with some very long
long-range links which are spaced from each other

. Algorithms based Algorithms based
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|

USing simple geometric arguments
to analyze of these algorithms
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The keys to Kleinberg's Greedy algorithm’s
O(log?n) expected path length analysis

=
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The keys to Kleinberg's Greeady algorithm's
G)(|092 n) expected path length analysis \
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The keys to Kleinbergs Greedy agorithm's
- O(log? n) expected path length analysis \
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\ The probability to fall in
. . each ring is ©(1/log n)
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The keys to Kleinberg's Greeady algorithm's
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The keys to Kleinberg's Greedy algorthm's
G)(Iog2 n) expected path length analysis \
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Analyzing the
non-local exploration-based algorithm LS04, GS11]

=
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Analyzing/the
non-local exploration-based algor/bm [I_SO4 GSH]
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Analyzing/the B
non-local exploration-based algorithm ™ [L.504, GS'11]
b

So that the last levels
contain = log'+¢ n yet
unexplored nodes

radius log&in
Nicolas Schaband (LAFA, Université Paris Diderss TERANET 2011 - September 19, 2011




Analyzing/the B
non-local exploration-based algorithm ™ [L.504, GS'11]
b

So that the last levels
contain = log'+¢ n yet
unexplored nodes

With constant pré)bability

radius log&in
Nicolas Schaband (LAFA, Université Paris Diderss TERANET 2011 - September 19, 2011




Analyzing/the B
non-local exploration-based algorithm™ [L.504, GS'11]

Vs
8 I

" é V;/heenow need to estimate "’
L growth of the BFS

T — —_
T —— '
# S —

' 4 /,
/

So that the last levels |
contain = log'+¢ n yet
unexplored nodes

BFS Of
depthh

n\extensiong

With constant prbtgability

e

radius logt' n
(LIAFA, Université Paris Dideros
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Estimation of the growth of the BFS:
Probability for a long-range link to be in it
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Estimation of the growth of the BFS:
Probability for a long-range link to be in it

The probability to fall in
each ball is ©(1/log n)
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Estimation of the growth of the BFS:
Probabﬂtyfor a long-range link to be in it

The probability to fall in
each ball is ©(1/log n)

With probabiji |
on Probability Olog r/ log n), the

_ g-range contact is Included in the BFS
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Estimation of the growth of the BFS

Nicolas Schabanel (LAFA, Université Paris Diderot)

D

e Two components:
- Number of balls
- Growth of the ball borders

e d = 1: no growth of ball borders

)
- Size of level j in BFS is (1 + 1°g')
logn

log(logl"“ n) - lognloglogn
~ log(1 + {252 log T

e d = 2: Ball border increases at least by +1

i
- Size of level i in BFS is (1 +y / logr )
logn

i log(log'*€ n) \/Iog n - log logn
haxa(r) =

l 1 / og T
og( i Rg\lt— 2011 - September 19, 2011




Resulting expected path length

r; = log** n, fori=1...€T(1)‘;51%
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Resulting expected path length

. — log*€ S __logn
e r; =log  n, forz—l...eloglogn
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Resulting expected path length

. — Jog* S _logn
e r; = log " mn, forz—l...eloglogn

lognloglogn 1

R ad ha=(ri) & icloglogn i€ ngn
1
E[f(Pa=1)] < Z = logn - " = O(lognloglogn)
igel_cl;;gl:g_n Greedy?ﬁ;a.l steps
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Resulting expected path length

. — Jog* S _logn
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lognloglogn 1

e ha1(rs) icloglogn " e g
1
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ige—,;—‘;% GMyEd steps

Srond= il viognloglogn  +/lognloglogn
pays Vieloglogn Vie
1
E[{(Pa»2)] S Viognloglogn ) | = B ~ =0(logn)
Sn?é‘i:ﬁ " Greedy local-search-based final steps

1 logn
€ loglogn
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Resulting expected path length

o r; =logm, fori=1...Tl?l%

lognloglogn
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Analysis of the
non-local exploration based search algorithm

2 .
Our decentralized search algorithm:
e As long as r > R [where R = log?n (ford = 1) or R = 2¥°97 (for d > 2)]

» Do a BFS upto depth h(r)
but stop before if log'*¢ n nodes are encountered on a BFS-level

» Go to the contact grid-closest to the target among the current nodes
e As soon asr < R, then use Greedy local search

This decentralized algorithm visits O(log?+©(€) n) nodes and
computes optimal expected length paths O(log n) for d = 2

What about d = 1?
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Proving the observed similarities between all
efficient decentralized search algorithms:
Our lower bound ford =1 C<an
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Looking for a matching lower bound for d = 1

e There is a O(/n)-time decentralized algorithm [Martel, Nguyen, 2004]

=What happens if we bound the time to be < m = O(log¥n) for some y >0 ?
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Looking for a matching lower bound for d = 1

e There is/é O(/n)-time decentralized algorithm [Martel, Nguyen, 2004]
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Looking for a matching lower bound for d = 1
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Looking for a matching lower bound for d = 1

e There is/a O(/n)-time decentralized algorithm [Martel, Nguyen, 2004]
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Looking for a matching lower bound for d = 1
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Looking for a matching lower bound for d = 1

e There ig,/'a O(/n)-time decentralized algorithm [Martel, Nguyen, 2004]

=What/happens if we bound the time to be =m = O(log¥Yn) for some y >0 ?

- With high enojigh probability: no jump over a ring
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Iwo-steps strategy to
lower bound the number of steps inside each ring
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IwWO-steps ‘ra’gegy to
lower boynd.the number of steps inside each _rl_rlg\
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Two-steps stfategy to
lower bo 9,{he number of steps inside /e’aﬁg rfng
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IwWO-steps 'ra@egy to
lower boynd.the number of steps inside each Ii_rLg\

s T admeeme e
With high/enopigh probability: < = '
To do 1: Algorithmic issue
Control the positions of the < m entry points

To do 2: Geometric issue
Upper bound the maximum distance covered
by the paths of length h(r) from the entry points

og V
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Todo 1: Algorithmigissue
Control the eniry points

-
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Todo 1: Algorithmigissue
Control the eniry points

Position
n°j
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Todo 1: Algorithmig/issue
Control the enjry points
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Todo 1: Algorithmig’ issue
Control the enjry points

ﬁ'o 4 B A,

Before the algorithm is running...," --------
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Todo 1: Algorithmig’ issue
Control the enjry points
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Todo 1: Algorithmig’ issue
Control the enjry points

While the algorithm is running... "

e —

? o :
- These are the entry points 1
Position drawn beforehand according .
n°j to Kleinberg’s distribution %
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Todo 1: Algorithmig’ issue
Control the enjry points

While the algorithm is running... "

? o :
— These are the entry points ".
Position drawn beforehand according .
n°j to Kleinberg’s distribution %
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Todo 1: Algorithmig’ issue
Control the enjry points
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Todo 1: Algoritnmig’ issue
Control the enjry points

-----------
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- ~

While the algorithm is running... "
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M Reject and draw a random contact
Accept outsi'de the ball
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Position drawn beforehand according v < 4
n° to Kleinberg’s distribution . %
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Todo 1: Algoritnmig’ issue
Control the enjry points
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Todo 1: Algoritnmig’ issue
Control the enjry points

-----------
'''''
o -~
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Reject and draw a random contact
Ll Accept outside the ball
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Todo 1: Algoritnmig’ issue
Control the enjry points

-----------
-----
- ~

While the algorithm is running... "

. ’

? Y '
Q; Reject and draw a random contact
Accept outside the ball
— These are the entry points ' ,
Position drawn beforehand according v < 4
n° to Kleinberg’s distribution . %

-
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ithm, the distribution is indistinguishable from the original

For the algor

But the entry points are now independent of the algorithm 4
- 52
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/ WW the algorithm is running...’ 0 /f """
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W Reject and draw a random contact
Accept outsi'de the ball
— These are the entry points ?
Position drawn beforehand according '
n°j to Kleinberg’s distribution %
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Todo 2: Geometric issue
Upper bounding the distance covered by the paths

entry BFS forest rooted the m + 2 entry points in the annulus A(%, d|

zone
/\ exit
—o—/_\ el zone
’\ local links =
long-range link
RS S | ——
-4 *d \ \ ] IS
e I 2o "~ m? m°

L ] o
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Todo 2: (Geometric issue

Upper bounding the distance covered by the paths

entry BFS forest rooted the m + 2 entry points in the annulus A(L

m? ]

zone
/\ /\ exit
A zone
local links —A
1ong-range link

| =

. =)

1 1

] ]
d d
m + m?

1
.

each long-range link exists entry zone
with probability < o

{fg\{? g“g\gm&

leaves for each BFS tree rooted on an entry point

exit zone

™
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Todo 2: Geometric issue

Upper bounding the distance covered by the paths

each long-range link exists

with probability < ¢

i

entry zone

.

leaves for each BFS tree rooted on an entry point

2

both long-range links exist together
with probability < o

éé”g gﬁf 1S,

exit zone

entry zone

leaves for each BFS tree rooted on an entry point

™
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Todo 2: Geometric issue

Upper bounding the distance covered by the paths

both long-range links exist together
Aé g’Q\ with probability < o entry zone
b s

leaves for each BFS tree rooted on an entry point exit zone

3
y
;

O(m,/m) interdependent embedded paths
& .
~ exit zone

Nicolas Sc w.h.p., at most m+/m interdependent paths from m random locations in A(%, d|

in each path,

each link is independently

a long-range link with
probability < 3o
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Todo 2: Geometric issue
Upper bounding the distance covered by the paths

both long-range links exist togethor ‘

3 &=\

\

[ in
these paths of length h(r) bY o(radius of the ring)

45"_-——-”-‘5" .
2 exit zone
' . ewesureach BES tree rooted on an entry point

a entry zone
3

O(m+/m) interdependent embedded paths
: .
~ exit zone

Nicolas Sc w.h.p., at most m+/m interdependent paths from m random locations in A(%, d)

4

in each path,

each link is independently

a long-range link with
probability < 3o
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Lower bound for d = 1
for every efficient decentralized search algorithm

e Theorem.
For d = 1, for all efficient decentralized search algorithm, the expected length
of the computed path is Q(log n log log n) for aimost all source-target pairs.

e Corollary.
The [GS’11] decentralized algorithm is asymptotically optimal among search
algorithms visiting at most a polylogarithmic number of nodes.

e Corollary.
Every efficient decentralized search algorithm stays for a little while within

each ring before jJumping to the smaller ring.
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Let’s now go back to the other subject:

How to connect these works with sociology ?
Towards an analysis of relevant parameters
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Differentiating the three types of algorithms

Some differences:
e The length of the path varies
e The rate and length of used long-range links

Some similarities:

e Significant progresses towards the target are made with some very long
long-range links which are spaced from each other

. Algorithms based Algorithms based
Nicolas Schabanel (UAF?%%&%& EJarB'Biderot} on local exploration on nonstocal explorationicmoer 18, 2011



Differentiating the three types of algorithms

Some differences:
e The length of the path varies
e The rate and length of used long-range links

Relevant differentiating parameters should:

o take different values for each algorithms
e be easily measured in real experiments

kit Algorithms based Algorithms based
Nicolas Schabanel (UAFQ%%&Q e Bderon on local exploration on nonstocal explorationicmoer 18, 2011



Examples of other relevant parameters

LS'05]

e % of local links used in the path as a function of the distance to the target

Greedy algorithm

 Local exploration ~ _': =
' . based algorithm =~ _

" ..‘\

% of local links used in the path

100

Distance bewteen source and target

e Probability to use a long-range link as a function of its length (the load of

a link in peer-to-peer networks)

Greedy algorithm -

Local exploration
based algorithm

w=12

w=9 *
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Probability of being used by a path
connecting a fixed source-target pair
8

e
8
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Nicolas Schabanel (LAFA, Université Pars Duwdl,'® @ # _# % = % = = = = TERANET 20

Length of the long-range link

11 - September 19, 2011



Examples of other relevant parameters LS'05]

e % of local links used in the path as a function of the distance to the target

(=]

r ]
Can we use our geometric arguments 10 analyze these
and other relevant parameters”? ,

Distance bewteen source and target

e Probability to use a long-range link as a function of its length (the load of
a link in peer-to-peer networks)

e § . Greedy algorithm -

‘g 04 e

] ‘g Local exploration |

53 ™ based algorithm

'g § , w=12
~ |
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Conclusions
Open questions

v
¢ when o # d: decentralized (K. 2000) & diameter (M. & N. 2004)
¢ when o = d: diameter (M. & N. 2004) & decentralized + natural matching algorithms (our result)

v between decentralized and centralized search when d=1
(the geometric extra space offered when d = 2 allows to go around this problem)

v better use 2-dimensional grids than rings for P2P

#® Human behavior modelization: Which algorithm are used by human? Use our technics to
analysis the statistics of the different “path type”.

® Afurthergapford=1anddz=2?
@ [N.&W. 2004] Every algorithm has to visit Q(log?n) nodes
@ [L.&S. 2004]’s algorithm visits O(log? n) nodes and gets a path of length O(log n-
& Our algorithm visits O(log?*° n) nodes and gets a path of length O(log n- )
@ Conjecture: O(log n- or1) is tight for or = 2 when visiting O(log? n) nodes.

#® Does our result extend to other general smallwordization processes?
(such as [Fraigniaud, Giakkoupis, 2010])
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