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The smallworld phenomenon. Milgram revealed in his
famous experiment [12] that individuals are not only a
few handshakes away from each other, but they are also
able to find such short paths between them, in spite of
their extremely local view of the worldwide social network.
In 2000, Kleinberg [6] proposed a simple random network
model that captures this surprising property of social net-
works. Beyond this natural sociological motivation, his
model had an important impact on the design on several
peer-to-peer protocols (e.g., [13]), because it addresses the
general question of how decentralized algorithms can find
short paths in a partially unknown network.
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The small-world phenomenon—the principle that we are all linked by short chains of acquaintances, or “six degrees of
separation”—is a fundamental issue in social networks; it is a basic statement about the abundance of short paths in a graph whose
nodes are people, with links joining pairs who know one another. It is also a topic on which the feedback between social,
mathematical, and computational issues has been particularly fluid.

The problem has its roots in experiments performed by the social psychologist Stanley Milgram in the 1960s; to trace out short
paths through the social network of the United States, he asked participants to forward a letter to a “target person” living near Boston,
with the restriction that each participant could advance the letter only by forwarding it to a single acquaintance.

Milgram found that the median completed chain length was six. Why should a social network contain such short paths?
Working much more recently, applied mathematicians Duncan Watts and Steve Strogatz proposed thinking about networks with

this small-world property as a superposition: a highly clustered sub-network consisting of the “local acquaintances” of nodes,
together with a collection of random long-range shortcuts that help produce short paths. In addition to empirical studies of social,
technological, and biological networks, Watts and Strogatz considered the following simple model system: Start with a
d-dimensional lattice network, and add a small number of long-range links out of each node, to destinations chosen uniformly at
random. A network created by this superposition will have local clustering and short paths, just like many of the networks found
in the real world. (See Figures 1 and 2.)

But Milgram’s experiment really led to
two striking discoveries, of which the ex-
istence of short paths was only the first.
The second was that people in society, with
knowledge of only their own personal ac-
quaintances, were collectively able to for-
ward the letter to a distant target so quickly.
Viewed in computational terms, this is a
statement about the power of a routing
algorithm, equipped with purely local in-
formation, to find efficient paths to a des-
tination; that such a decentralized routing
scheme is effective says something strik-
ing about the underlying social network.

Modeling this aspect of the small-world
phenomenon poses further challenges: Can we find model systems for which it can be proved that Milgram-style decentralized
routing will produce short paths? Here, mathematical analysis of the Watts–Strogatz model and its variants yields some surprises.
For one, it is possible to prove that in the model of a d-dimensional lattice with uniformly random shortcuts, no decentralized
algorithm can find short paths; this, then, is a concrete example of a network in which
short paths exist, but local knowledge does not suffice to construct them.

Exploring further, though, we find that a subtle variant of the Watts–Strogatz network
will in fact support efficient search: Rather than adding the long-range shortcuts
uniformly at random, we add links between nodes of this network with a probability that
decays like the dth power of their distance (in d dimensions). Moreover, this is the only
link distribution of this form for which efficient search is possible. The intuition here
is that a probability decaying like the dth power of the distance is in fact uniform over
all “distance scales”—a node is roughly as likely to form links at distances 1 to 10 as
it is at distances 10 to 100, 100 to 1000, and so on. (See Figure 3.)

The ability to construct a searchable network in this way, with long-range links whose
probabilities decay with distance, has proved useful in the design of peer-to-peer file-
sharing systems on the Internet, where content must be found by nodes consulting one
another in a decentralized fashion. In other words, nodes executing these look-up
protocols are behaving very much like participants in the Milgram experiments—a
striking illustration of the way in which the computational and social sciences can

Figure 1. Two-dimensional grid with a
single random shortcut superimposed.

Figure 2. Two-dimensional grid with many
random shortcuts superimposed (as in the
Watts–Strogatz model).

Figure 3. A node with several random
shortcuts spanning different distance
scales.

Figure 1: Kleinberg’s network and a greedy path from red
to blue.

Kleinberg’s model. Kleinberg’s small world model con-
sists of a d-dimensional grid {−n, . . . , n}d (representing
local acquaintance between individuals, such as geographic
or professional) augmented with one “long-range” directed
link per node pointing to a random node at distance r chosen
with probability proportional to 1/rα where α is a parame-
ter of the model (each long-range link represents a random
acquaintance met in the past for instance). Kleinberg de-
fined a decentralized routing algorithm as an algorithm that
tries to route locally a message from a node (the source) to
another (the target), that is to say, by visiting only neigh-
bors (local or long-range) of already visited nodes (starting
from the source). Kleinberg’s most striking result is that
no decentralized algorithm can find short paths if α ̸= d
(i.e., path of length polylog(n) where n is the size of the

grid), even when the diameter of the augmented graph is
Θ(logn) as it was shown later on by [10, 11]. Only when
α = d, decentralized algorithms may find short paths be-
tween random pairs. Indeed, the simple greedy algorithm
that simply routes the message to the closest neighbor (lo-
cal or long-range) of the current message holder computes
paths of expected length O(log2 n) [6] (see Fig. 1).

Two main types of questions. Kleinberg’s model raises
two main type of questions. First, from the algorithmic and
peer-to-peer network design point of view: Can we beat
greedy algorithm? Second, from the sociological point of
view: What does this model tell us about real social net-
works?

Algorithmic and network design questions. This
point is now almost fully understood. Several decentral-
ized algorithms [7, 3, 8, 5] have been proposed that com-
putes much shorter paths to the target than the greedy for
the smallworld case when α = d. [3] proposes a local ex-
ploration based algorithm that explores the O(logn) clos-
est local neighbors before routing the message: this leads
to a path of expected length O(log1+1/d n). [7, 8, 5] pro-
pose a non-local exploration based algorithm which ex-
plores theO(log1+ε n) closest (in hops) local and non-local
contacts before routing the message, which lead to an ex-
pected path length of Θ(logn log logn) hops when d = 1,
and Θ(logn) hops for all d ≥ 2. These two bounds turned
out to be optimal: indeed, [5] proves that no efficient decen-
tralized can beat these bounds (even when d = 1 where the
diameter is Θ(logn)). Note that even if the path computed
by these algorithms are much shorter, these algorithms will
almost surely visit at least as many nodes as the greedy,
Ω(log2 n) nodes, to compute them as proved by [9].

Sociological questions. The astonishing algorithm-
based result by Kleinberg implies that the so-called small-
world phenomenon requires a tight relationship between the
long-range contacts randomly collected during life and the
underlying topology: α = d, a relationship that no statisti-
cal studies could have spotted! Indeed, this phenomenon is
clearly unrelated with diameter (which is polylogarithmic
for a much wider range of values: all α ∈ [0, 2d) [10, 11]),
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(a) Greedy search algorithm

(b) Local exploration search algorithm

(c) Non-local exploration search algorithm (the last link of
each exploration phase is blue)

Figure 2: Pictures of the three types of paths: local links are
red; long-range links are white; unused links are thin.

clustering coefficient (which is close to 0 here), or degree
distribution (out-degree is uniform, and in-degree follows
some Poisson distribution here). This algorithmic approach
allows to get a much better understanding of the situation
by telling precisely which distribution for the long-range
contact is necessary for the smallworld phenomenon to take
place.

One important issue is now to explain how this distribu-
tion araises in real social networks. Several simple dynam-
ical models have been proposed [2, 1]. Both of them give
raise to the desired long-range link distribution (only ex-
perimentally for [2]), but none of them answers completely
to the question since they both make some unsatisfying ar-
bitrary choices: the distribution of the ”time to forget” for
instance in [1]. Another important question is: what kind of
algorithm do people use in social network, if any? How can
we tell from the experiment?

The threemain types of search algorithms. To try to an-
swer these questions, one may want to study the characteris-
tics of the paths constructed by the various algorithms pro-
posed in the literature. These algorithms are essentially of
three types: greedy [6], local exploration based [3] and non-
local exploration based [7, 8, 5]. Typical paths of each type
of algorithm are given in Fig. 2. One can observed some
important differences: the greedy path contains long-range
links of all lengths while the two others tend to follow longer
long-range links; the local exploration based algorithm tend
to follow fewer long-range links than the non-local one and
these are much longer. We can observed also some similar-
ities between them: significant progresses toward the target
are made by some very long long-range link that happend
every so often. This last similarity was indeed proved to
be true for every efficient decentralized algorithm: it is a
corollary of the proof of the lower bound by [5].

Measuring the sociological meaningfulness. In order to
find the algorithmic model(s) that best suit the experimental
datas on the recorded human behaviors in ”Milgram-like”
experiments, we need to exhibit characteristics of the fol-
lowed paths that: first, take clearly different values for each
type of algorithm; and second, that can easily be computed
in the recorded paths from the experiments. With E. Lebhar,
we have studied various parameters that could match these
two criteria. For instance, Fig. 3 displays for the greedy
and local exploration based algorithms, the exact ”load” of
the long-range as a function of their length, i.e., the ex-
pected number of paths that go through links of that length
given some random source and target. One can observed
that the behavior of this parameter differs a lot between the
greedy and the local-search algorithms and can also be eas-
ily recorded from real-life experiment. At the present time,
there is no mathematical of these parameters, but we have
some hope that the geometric framework that was designed
in [5] (see Fig. 4 for an illustration of the key useful facts)
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should help in that matter.  
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FIG. 3.5 : Variations de g(x, n − 1) en fonction de x pour n = 100 en échelle

semi-logarithmique.

104
; la valeur 1/4 peut donc cacher une dépendance en n (par exemple, la pente

pourrait en fait s’exprimer comme 1/(4 + Hn/n
2), mais ce type de dépendance

est invisible pour n � 104
).

Lorsque k > 1, la partie croissante de la courbe est assez similaire au cas

k = 1, mais la partie décroissante atteint un minimum dès x = 1 et remonte

rapidement avec un point d’inflexion. Pour des valeurs intermédiaires de k (k = 2
et 3), la fonction présente même deux extrema locaux. Cela peut s’expliquer en

remarquant que lorsque m = n− 1, G utilise toujours un lien longue-distance de

s, et lorsque k > 1, la probabilité que le lien pris soit long est plus grande. La

probabilité de visiter un noeud très proche de s devient donc de plus en plus faible

et la courbe s’infléchit de plus en plus (lorsque k augmente), en passant par une

étape intermédiaire où le minimum, qui existe pour k = 0, est encore présent.

Les tracés observés présentent un comportement assez complexes pour les

petites valeurs de x qui justifie notre approche graphique. On remarquera que ces

tracés corroborent l’hypothèse 3.2 lorsque k = 1.
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FIG. 3.6 : Valeurs de x au minimum de la courbe g(x, n − 1) pour k = 1 et

1 � n � 10000

3.2.1.3 Charge d’un lien de longueur � � 1.

Nous sommes à présent en mesure d’exprimer la charge induite par l’algo-

rithme glouton G sur un lien longue-distance de longueur � � 1 et d’origine

donnée.

Proposition 3.8 Pour tout k, n � 1, soit load
G(k, �) la charge d’un lien longue-

distance, de longueur � � 1 et d’origine x induite par G dans �Kk,n. On a :

load
G(k, �) =

1
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Preuve. Nous calculons l’espérance du nombre de chemins traversant le lien d’ori-

gine x et de longueur � lorsque l’on choisit une source et une cible aléatoirement

uniformément. On considère le routage entre chacun des n
2

couples (s, t) du

réseau. On remarquera que, pour un lien d’origine x et de longueur � � 1 fixées,

Position depuis la source du nœud de probabilité 
de visite minimale pour l'algorithme glouton

Distance de la source à la cible

k = 1
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FIG. 3.10 : load
G(�) et load

Eω(�) pour n = 50 et ω ∈ {7, 9, 12}.

Observation des tracés. La figure 3.10 présente les tracés de la charge d’un lien

longue-distance en fonction de sa longueur pour les algorithmes G et Eω. Nous

avons représenté des tracés de load
Eω(�) pour des valeurs assez grandes de ω afin

d’accentuer les différences de charge en comparaison de l’algorithme glouton.

Pour des valeurs inférieures de ω, les courbes pour G et Eω sont plus proches,

mais la charge induite par Eω présente le même comportement que celui décrit

ici.

On observe une rupture de pente de la charge induite par Eω lorsque � = ω. On

peut expliquer cette rupture en observant que si le lien considéré est de longueur

inférieure à ω, il ne peut appartenir à aucun des chemins de routage dont son

origine est la source ; ce phénomène disparaı̂t à partir de la valeur ω. La variation

de la charge induite par Eω, croissante puis décroissante, peut s’expliquer par deux

effets opposés de l’accroissement de la longueur � :

– le lien augmente sa probabilité d’être le meilleur d’une fenêtre d’explora-

tion,

– mais le nombre de chemins susceptibles d’utiliser le lien diminue.

On observe également que plus la taille de la fenêtre d’exploration augmente, plus

la charge se déplace vers les liens les plus longs, du fait du choix d’un meilleur

lien parmi un échantillon plus grand.
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 2

 4

 6

 8

 10

 12

 14

 16

 18

 20  40  60  80  100  120  140  160  180  200

lo
n

g
u

e
u

r

n

E_5
G

FIG. 3.14 : LongueurE3(n − 1) et LongueurG(n − 1) pour k = 1 et
n ∈ {1, . . . , 200}.

contenant une part importante de liens locaux ; elle montre aussi que ces chemins
contiennent des liens longue-distance assez longs par rapport à la taille du réseau.
Entre une source et une cible très éloignées, ces chemins sont plus courts que
ceux calculés par l’algorithme glouton même pour un réseau de très petite taille
(environ 60 noeuds) ; mais ils surchargent les liens les plus longs, qui sont les plus
rares, et l’anneau sous-jacent. Toutefois, nous n’avons pas analysé d’algorithme
où l’exploration se fait à la fois sur les liens locaux et longue-distance, comme
celui que nous avons présenté dans le chapitre précédent. Ce type d’exploration
atténue a priori la charge de l’anneau sous-jacent. De même, il serait intéressant
de reprendre l’analyse pour une taille de fenêtre d’exploration non constante qui
s’adapte à la distance courante à la cible. En effet, plus la distance restant à par-
courir est réduite, moins la marge d’optimisation est grande ; il est donc naturel
de penser qu’une taille de fenêtre d’exploration décroissante avec la distance à la
cible produirait de meilleurs résultats. C’est également le cas de l’algorithme que
nous avons présenté dans le chapitre précédent.

Dans la perspective de construire, à partir de ce modèle, des réseaux informa-
tiques décentralisés où le routage est efficace, ces observations posent la question
du choix de la distribution des liens longue-distance. Si l’on veut bénéficier du
gain en longueur de chemin de routage apporté par un algorithme à exploration
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G
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local(m) pour k = 1, ω ∈ {4, 6, 7} et n = 50 en

échelle semi-logarithmique.

moyenne de 1/2.
En comparant les taux des deux algorithmes, on observe une utilisation bien

plus importante de l’anneau sous-jacent par l’algorithme Eω sur les tracés de la fi-
gure 3.11. Sur le tracé en échelle semi-logarithmique (figure 3.12), on observe
que R

G
local(1, m) décroı̂t de façon quasi linéaire, suggérant une dépendance en

log(1/m).
En combinant l’observation de la charge et celle du taux de liens locaux, on

peut émettre l’hypothèse que l’algorithme Eω utilise des liens longue-distance
très longs qui lui permettent de raccourcir le chemin de routage, mais qu’ils sont
atteints en utilisant un grand nombre de liens locaux. Par ailleurs, l’algorithme
glouton utilise des raccourcis moins longs, mais les atteint par des liens longue-
distance de faible longueur plutôt que par des liens locaux.

3.3.2 Comparaison des longueurs de chemin
Fraigniaud et al. [FGP04] montrent que l’exploration des liens locaux sur une

profondeur O(log1/d
n) permet de réduire l’espérance de la longueur du chemin de

routage, entre une source et une cible à distance n, de Θ(log2
n) à O(log1+1/d

n),
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Figure 3: Link load as a function of its length
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The probability to fall in 
each ball is Θ(1/log n)
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log r balls
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Figure 4: Key geometrical fact for the analysis in [5]

Some open questions. Regarding the algorithmic theme,
some questions remain open such as determining the
shorstest expected length attainable by an algorithm
bounded to visit at most O(log2 n) as the greedy (the al-
gorithm by [5] visits Θ(log2+ε n) nodes). We conjecture
that it has to be Ω(logn(log logn)2) when d = 1 and
Ω(logn log logn) for d ≥ 2— that is to say log logn times
longer than the algorithm in [5] (note furthermore that these
bounds are attained by the algorithm in [7, 8]). Obtaining
such a result would required a much finer analysis of the
geometry of Kleinberg’s network.

Concerning the sociological implications, besides the
analysis of pertinent parameters (see above), designing con-
vincing dynamical models to explain the rise of ”Kleinberg-

like structures” in real networks is still an important direc-
tion for research in the area. One can also try to use met-
ric theory to isolate what could be candidate for long-range
links in real-life networks. An interesting article in that di-
rection is [4].
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