Twelfth Lesson

Formalising a LUP
Decomposition



Take a classic algorithm
Cormen LUP algorithm

How difficult to formalise?

Test our linear algebra (matrix.v)
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Linear equations

r + 2y + 3z= O
20 — 4y + 6z =18
3r — 9y — 3z= 0
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Easy case: recursive construction

Add to A one line and a co
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Main case (a # 0)

Schur complement A’ = A — 1/a(v x w)
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Main case: recursive construction (A’ = A — 1/a(v * w))
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Special case
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1. Put a non-zero element at (0,0) if needed by
line permutation

2. Perform the recursive call on the Schur
complement

3. Recompose the result of the recursive call
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Write the algorithm

Write the specification

Prove that the specification is met
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Inductive matrix (m n : nat) R :=
Matrix of {ffun ’I m x I n — RZ}.

Notation "’M[R]_(m,n)" := (matrix m n R).
Notation "’M[R]_(n)" := "M[R]_(n,n).

Definition A : *M[R]_(m,n) :=
\matrix(i,j) F.

Aij: R
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Using ordinal :

lshift n (2 : ’I_m) : ’I_(m + n)
rshift m (2 : ’I_.n) : ’I_(m + n)
split (z : ’I_(m + n)) : ’I_m + ’I_n

where
Inductive A + B := inl of A | inr of B.
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Al A

Definition row_mx A; A, : MIR]_(m, ny + ny) :=
\matrix_(i, j) match split j with
inl j; = Ay ¢ j; | inr jo = A, @ J
end.
Definition lsubmx (A : °’M[RI_(m, ni + ny)) =
\matrix_(i, 7) A i (lshift no 7).

Definition rsubmx (A : °’M[R]I_(m, ny + nsy))

\matrix_(i, j) A i (rshift ny, 7).
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Definition col_mx A, A, :

\matrix_(i¢, j) match split ¢ with
1I1121:>Au21] | inri2:>Adi2j

end.

Definition usubmx (A : °’M[L[R]I_(mqy + mo, n))

\matrix_(i, j7) A (1shift my 7) j.
Definition dsubmx (A : °’M[R]_(my + mo, n))

%matrix_(i, j3) A (rshift mq ) J.

A,
Ay

MIR]_(my + my , n) =
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Definition col_mx A, Aw Ag Ag =
col_mx (row_mx A, A, ) (row_mx Ay Ag).

Definition ulsubmx A := lsubmx (usubmx A).
Definition ursubmx A := rsubmx (usubmx A).
Definition dlsubmx A := lsubmx (dsubmx A).

Definition drsubmx A := rsubmx (dsubmx A).
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Definition row_perm (s : ’S_m) A :=

\matrix_(i, j7) A (s 1) j.

Definition perm_mx n s : ’M[R]_n := row_perm s 17:M.

Definition xrow i1 i9 A := row_perm (tperm i i5) A.

Definition tperm_mx n %1 9 : ’M[R]_n :=

perm_mx (tperm i; o).
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1A

Let P a predicate on a finite type T
[pick « | P x] : option T
where

Inductive option (A : Type) := Some of A | None.

If there is a default value:
odflt a [pick « | P x] : T

where
Definition odflt (A : Type) (a : A) (o : option A) :=

if o is Some v then v else a.
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1. Put a non-zero element at (0,0) if needed by
line permutation

2. Perform the recursive call on the Schur
complement

3. Recompose the result of the recursive call
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Let M n = °’M[F]_n.
Fixpoint cormen_lup n : M n.+1 -> M n.+1 * M n.+1 * M n.+1 :=

if n is _.+1 then

fun A =

let k := odflt O [pick Kk | A kK 0 != 0] in

let A7 : ’M_(1 + _) = xrow 0 k A in

let P; @ °M_(1 + _) := tperm_mx O k£ in

let Schur := drsubmx A; - ((A k 0)°-1 *: dlsubmx A;) *m ursubmx A in
let: (P2, Lo, Uz) := cormen_lup Schur in

let P = block.mx 1 00 P, * P; in

let L := block_mx 1 0 ((A k£ 0)~-1 *: (P *m dlsubmx A1)) Lo in
let U := block_mx (ulsubmx A;) (ursubmx Ai) 0 Us in

(P, L, U)
else fun A = (1, 1, A)
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We have a decomposition:

Lemma cormen_lup_correct n (A : ’M_n.+1)
let: (P, L, U) = cormen_lup A in P *x A =L *x U.

The first component is a permutation:

Definition perm_mx n s : ’M[R]_n := row_perm s 17:M.
Definition is_perm_mx n (A : °’M[R]_n) :=

existsb s: ’S_n, A == perm_mx s.
Lemma cormen_lup_perm n (A : ’M[F]_n.+1)

let: (P, _, _) = cormen_lup A in is_perm_mx P.
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The second component is a lower friangular
matrix with one of the diagonal

Lemma cormen_lup_lower n (A : ’M[F]_n.+1) ( j : ’I_n.+1) :

let: (_, L, _) = cormen_lup A in
1 <=3 — L 145 = G == 45)h:R.

The third component is an uppper triangular
matrix

Lemma cormen_lup_upper n (A : ’M[F]l_n.+1) ( 75 : ’I_n.+1) :
let: (_, _, U) := cormen_lup A in
j<i1—U?411j5=0.
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Lemma cormen_lup_correct n (A : °’M[F]_n.+1)
let: (P, L, U) := cormen_lup A in P *x A =L x U.

Lemma mulmx_block (mi mo ni m2 pi p2 : nat)
(Ayr + PMIRI_(m1, n1)) (Aur @ MIR]I_(m1, n2))
(Ag; : "MIR]_(m2, n1)) (Ag, : *MLRI_(m2, n2))
(By; @ °M_(n1, p1)) (Bur : ’M_(n1, p2))
(Bar : ’M_(n2, p1)) (Bgr : ’M_(n2, p2)),
block_mx A,; Aur Agq Ag, *m block_mx B,; Bur Bg Bgr =
block_mx (A,; *m B, + Ayr *m Byg) (A, *m By, + Aur *m Bg,)
(Agr *m By + Agr *m Bg) (Ag *m Byr + Agr *m Bg,)

Lemma mxE F' : matrix_of_fun F =2 F.

Lemma mx11_scalar (A : °M[R]_1) : A= (A 0 0)%:M.
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Lemma cormen_lup_correct n (A : °’M[F]_n.+1)
let: (P, L, U) := cormen_lup A in P *x A =L x U.

Proof.

elim: n = [In [Hn] /= in A *; first by rewrite !mullr.

set k = odflt _ _; set A7 : °M_(1 + _) := xrow _ _ _

set A’ = _ - _; move/(_ A’): IHn; case: cormen_lup = [[P' L’ U’]] /= IHn.

rewrite -mulrA -!mulmxE -xrowE -/A; /= -[n.+2]1/(1 + n.+1)%N -{1}(submxK A1).
rewrite !'mulmx_block 'mulOmx 'mulmx0 !'addOr 'addrO !mulimx -{L’ U’}[L’ *m _]IHn.
rewrite -scalemxAl !scalemxAr -!mulmxA addrC -mulrDr {A’} subrk.

congr (block_mx _ _ (_ *m _) _).

rewrite [_ *: _Imx11_scalar !mxE 1lshiftO tpermL {}/A; {}/k.

case: pickP = /= [k nzAkO | no_k]; first by rewrite mulVf ?mulmx1.

rewrite (_ : dlsubmx _ = 0) ?mulOmx //; apply/colP=- 1.
by rewrite !mxE 1shiftO (elimNf eqP (no_k _)).
Qed.
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Lemma cormen_lup_perm n (A : M[F]_n.+1)
let: (P, _, _) :=

:= cormen_lup A in is_perm_mx P.

Lemma perm_mx_is_perm (n : mnat) (s : ’S_n) is_perm_mx (perm_mx s).

Lemma is_perm_mxMr (n : mnat) (A B : °’M[R]l_n)

is_perm_mx B — is_perm_mx (A *m B) = is_perm_mx A.

Definition 1iftO_mx A : °’M[R]_(1 + n) :=blockmx 1 00 A.

Lemma 1iftO_mx_is_perm (n : mnat) (s : ’S_n)

is_perm_mx (1iftO_mx (perm_mx s)).
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Lemma cormen_lup_perm n (A : M[F]_n.+1)
let: (P, _, _) := cormen_lup A in is_perm_mx P.
Proof.
elim: n = [In IHn] /= in A *; first exact: is_perm_mx1.
set k = odflt _ _; set A7 : °M_(1 + _) := xrow _ _ _
set A’ = _ - _; move/(_ A’): IHn; case: cormen_lup = [[P L U]l {A'}/=.

rewrite (is_perm_mxMr _ (perm_mx_is_perm _ _)).

case/is_perm_mxP = s —; exact: 1liftO_mx_is_perm.

Qed.
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Proving III

Lemma cormen_lup_lower n (A : ’M[Fl_n.+1) (¢ j : I_n.+1)
let: (_, L, _) := cormen_lup A in
1 <=3 — L1135 = (== 7"%:R.

(block_mx a w v P) 1 j where 7 5 : ’I_n.+1

split (z : ’I_(1 + n)) : ’I_1 + ’I_n

where Inductive A + B := inl of A | inr of B.

lift: ’I_n — ’I_n.-1 — ’I_n

D [ ] e

unlift: ’I_n — ’I_n — option ’I_n.-1
1iftK: forall n (h : ’I_n), pcancel (lift h) (unlift h).

spliti: forall n (¢z: ’I_(1 + n)), split ¢ = oapp inr (inl 0) (unlift O ).
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Lemma cormen_lup_lower n (A : ’M[Fl_n.+1) (2 5 : ’I_n.+1)
let: (_, L, _) := cormen_lup A in
1 <=3 — L1353 = (0 ==75)hR.
Proof.
elim: n = [In IHn] /= in A ¢ j *; first by rewrite [¢]Jordl [j Jordl mxE.
set A’ = _ - _; move/(_ A’): IHn; case: cormen_lup = [[P L U]l {A’}/= IHn.
rewrite !'mxE splitl; case: unliftP = [i'|] — /=; rewrite !'mxE splitl.
by case: unliftP = [j'|] — //; exact: IHn.
by case: unliftP = [j'|] —; rewrite /= mxE.

Qed.
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Lemma cormen_lup_upper n (A : ’M[F]l_n.+1) (z 5 : ’I_n.+1)
let: (_, _, U) := cormen_lup A in
j<t1—=U3:3dj5=0.

Proof.
elim: n = [In IHn] /= in A ¢ j *; first by rewrite [¢]ordl.
set A’ = _ - _; move/(_ A’): IHn; case: cormen_lup = [[P L U]l {A’}/= IHn.

rewrite !'mxE splitl; case: unliftP = [i/'|] — //=; rewrite 'mxE splitl.
by case: unliftP = [j'|] —; [exact: [Hn | rewrite /= mxE].

Qed.
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Definition : 15 lines
Proof : 60 lines

Key point : library
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