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MotivationTake a 
lassi
 algorithmCormen LUP algorithmHow diffi
ult to formalise?Test our linear algebra (matrix.v)
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Linear equations
x + 2y + 3z = 5

2x − 4y + 6z = 18

3x − 9y − 3z = 6

Formath School 2012 – p.3



Linear equations






1 2 3

2 −4 6

3 −9 −3













x

y

z






=







5

18

6













1 2 3

2 −4 6

3 −9 −3






=







1 0 0

2 −8 0

3 −15 −12













1 2 3

0 1 0

0 0 1







Formath School 2012 – p.4



Linear equations
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x1 = 5, y1 = −1, z1 = 2 z = 2, y = −1, x = 1
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Linear equations
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AlgorithmEasy 
ase: re
ursive 
onstru
tion
P A = L UAdd to A one line and a 
olumn of zeros:
P

1 a w

A =

1

L U

a w
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AlgorithmMain 
ase (a 6= 0)
a

v

w

AS
hur 
omplement A′ = A − 1/a(v ∗ w)
a w

A′
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AlgorithmMain 
ase: re
ursive 
onstru
tion (A′ = A − 1/a(v ∗ w))
P A′ = L U

u = 1/a(P ∗ v)
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AlgorithmSpe
ial 
ase
P A

a w

= L ULine permutation
P ′ A

a w

= L U
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Algorithm1. Put a non­zero element at (0,0) if needed byline permutation2. Perform the re
ursive 
all on the S
hur
omplement3. Re
ompose the result of the re
ursive 
all
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FormalisationWrite the algorithmWrite the spe
ifi
ationProve that the spe
ifi
ation is met
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What is a matrix?
Inductive matrix (m n : nat) R :=

Matrix of {ffun ’I_m ∗ ’I_n → R}.

Notation "’M[R]_(m,n)" := (matrix m n R).
Notation "’M[R]_(n)" := ’M[R]_(n,n).

Definition A : ’M[R]_(m,n) :=
\matrix(i,j) E.

A i j : R
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Getting blo
ks




Aul Aur

Adl Adr



Using ordinal :
lshift n (i : ’I_m) : ’I_(m + n)
rshift m (i : ’I_n) : ’I_(m + n)
split (i : ’I_(m + n)) : ’I_m + ’I_nwhere
Inductive A + B := inl of A | inr of B.
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Row blo
k
[Al|Ar]

Definition row_mx Al Ar : ’M[R]_(m, n1 + n2) :=

\matrix_(i, j) match split j with

inl j1 ⇒ Al i j1 | inr j2 ⇒ Ar i j2

end.

Definition lsubmx (A : ’M[R]_(m, n1 + n2)) :=

\matrix_(i, j) A i (lshift n2 j).

Definition rsubmx (A : ’M[R]_(m, n1 + n2)) :=

\matrix_(i, j) A i (rshift n1 j).
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Column blo
k




Au

Ad





Definition col_mx Au Ad : ’M[R]_(m1 + m2 , n) :=

\matrix_(i, j) match split i with

inl i1 ⇒ Au i1 j | inr i2 ⇒ Ad i2 j

end.

Definition usubmx (A : ’M[R]_(m1 + m2, n)) :=

\matrix_(i, j) A (lshift m2 i) j.

Definition dsubmx (A : ’M[R]_(m1 + m2, n)) :=

\matrix_(i, j) A (rshift m1 i) j.
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Blo
k




Aul Aur

Adl Adr





Definition col_mx Aul Aur Adl Adr :=

col_mx (row_mx Aul Aur) (row_mx Adl Adr).

Definition ulsubmx A := lsubmx (usubmx A).

Definition ursubmx A := rsubmx (usubmx A).

Definition dlsubmx A := lsubmx (dsubmx A).

Definition drsubmx A := rsubmx (dsubmx A).
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Permutation
i1

i2
[A]

Definition row_perm (s : ’S_m) A :=

\matrix_(i, j) A (s i) j.

Definition perm_mx n s : ’M[R]_n := row_perm s 1%:M.

Definition xrow i1 i2 A := row_perm (tperm i1 i2) A.

Definition tperm_mx n i1 i2 : ’M[R]_n :=

perm_mx (tperm i1 i2).
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Pi
king
i[A]Let P a predi
ate on a finite type T

[pick x | P x] : option Twhere

Inductive option (A : Type) := Some of A | None.If there is a default value:
odflt a [pick x | P x] : Twhere
Definition odflt (A : Type) (a : A) (o : option A) :=

if o is Some v then v else a.
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Algorithm1. Put a non­zero element at (0,0) if needed byline permutation2. Perform the re
ursive 
all on the S
hur
omplement3. Re
ompose the result of the re
ursive 
all
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Algorithm
Let M n := ’M[F]_n.

Fixpoint cormen_lup n : M n.+1 -> M n.+1 * M n.+1 * M n.+1 :=

if n is _.+1 then

fun A ⇒

else fun A ⇒ (1, 1, A) .

let k := odflt 0 [pick k | A k 0 != 0] in

let A1 : ’M_(1 + _) := xrow 0 k A in

let P1 : ’M_(1 + _) := tperm_mx 0 k in

let Schur := drsubmx A1 - ((A k 0)^-1 *: dlsubmx A1) *m ursubmx A1 in

let: (P2, L2, U2) := cormen_lup Schur in

let P := block_mx 1 0 0 P2 * P1 in

let L := block_mx 1 0 ((A k 0)^-1 *: (P2 *m dlsubmx A1)) L2 in

let U := block_mx (ulsubmx A1) (ursubmx A1) 0 U2 in

(P, L, U)
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Spe
ifi
ationWe have a de
omposition:
Lemma cormen_lup_correct n (A : ’M_n.+1) :

let: (P, L, U) := cormen_lup A in P * A = L * U.The first 
omponent is a permutation:
Definition perm_mx n s : ’M[R]_n := row_perm s 1%:M.

Definition is_perm_mx n (A : ’M[R]_n) :=

existsb s: ’S_n, A == perm_mx s.

Lemma cormen_lup_perm n (A : ’M[F]_n.+1) :

let: (P, _, _) := cormen_lup A in is_perm_mx P.
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Spe
ifi
ationThe se
ond 
omponent is a lower triangularmatrix with one of the diagonal
Lemma cormen_lup_lower n (A : ’M[F]_n.+1) (i j : ’I_n.+1) :

let: (_, L, _) := cormen_lup A in

i <= j → L i j = (i == j)%:R.The third 
omponent is an uppper triangularmatrix
Lemma cormen_lup_upper n (A : ’M[F]_n.+1) (i j : ’I_n.+1) :

let: (_, _, U) := cormen_lup A in

j < i → U i j = 0.
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Proving I
Lemma cormen_lup_correct n (A : ’M[F]_n.+1) :

let: (P, L, U) := cormen_lup A in P * A = L * U.

Lemma mulmx_block (m1 m2 n1 n2 p1 p2 : nat)

(Aul : ’M[R]_(m1, n1)) (Aur : ’M[R]_(m1, n2))

(Adl : ’M[R]_(m2, n1)) (Adr : ’M[R]_(m2, n2))

(Bul : ’M_(n1, p1)) (Bur : ’M_(n1, p2))

(Bdl : ’M_(n2, p1)) (Bdr : ’M_(n2, p2)),

block_mx Aul Aur Adl Adr *m block_mx Bul Bur Bdl Bdr =

block_mx (Aul *m Bul + Aur *m Bdl) (Aul *m Bur + Aur *m Bdr)

(Adl *m Bul + Adr *m Bdl) (Adl *m Bur + Adr *m Bdr)

Lemma mxE F : matrix_of_fun F =2 F.

Lemma mx11_scalar (A : ’M[R]_1) : A = (A 0 0)%:M.
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Proving I
Lemma cormen_lup_correct n (A : ’M[F]_n.+1) :

let: (P, L, U) := cormen_lup A in P * A = L * U.

Proof.

Qed.

elim: n ⇒ [|n IHn] /= in A *; first by rewrite !mul1r.

set k := odflt _ _; set A1 : ’M_(1 + _) := xrow _ _ _.

set A′ := _ - _; move/(_ A′): IHn; case: cormen_lup ⇒ [[P ′ L′ U ′]] /= IHn.

rewrite -mulrA -!mulmxE -xrowE -/A1 /= -[n.+2]/(1 + n.+1)%N -{1}(submxK A1).

rewrite !mulmx_block !mul0mx !mulmx0 !add0r !addr0 !mul1mx -{L′ U ′}[L′ *m _]IHn.

rewrite -scalemxAl !scalemxAr -!mulmxA addrC -mulrDr {A′} subrK.

congr (block_mx _ _ (_ *m _) _).

rewrite [_ *: _]mx11_scalar !mxE lshift0 tpermL {}/A1 {}/k.

case: pickP ⇒ /= [k nzAk0 | no k]; first by rewrite mulVf ?mulmx1.

rewrite (_ : dlsubmx _ = 0) ?mul0mx //; apply/colP⇒ i.

by rewrite !mxE lshift0 (elimNf eqP (no k _)).
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Proving II
Lemma cormen_lup_perm n (A : ’M[F]_n.+1) :

let: (P, _, _) := cormen_lup A in is_perm_mx P.

Lemma perm_mx_is_perm (n : nat) (s : ’S_n) : is_perm_mx (perm_mx s).

Lemma is_perm_mxMr (n : nat) (A B : ’M[R]_n) :

is_perm_mx B → is_perm_mx (A *m B) = is_perm_mx A.

Definition lift0_mx A : ’M[R]_(1 + n) := block_mx 1 0 0 A.

Lemma lift0_mx_is_perm (n : nat) (s : ’S_n) :

is_perm_mx (lift0_mx (perm_mx s)).
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Proving II
Lemma cormen_lup_perm n (A : ’M[F]_n.+1) :

let: (P, _, _) := cormen_lup A in is_perm_mx P.

Proof.

Qed.

elim: n ⇒ [|n IHn] /= in A *; first exact: is_perm_mx1.

set k := odflt _ _; set A1 : ’M_(1 + _) := xrow _ _ _.

set A′ := _ - _; move/(_ A′): IHn; case: cormen_lup ⇒ [[P L U]] {A′}/=.

rewrite (is_perm_mxMr _ (perm_mx_is_perm _ _)).

case/is_perm_mxP ⇒ s →; exact: lift0_mx_is_perm.
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Proving III
Lemma cormen_lup_lower n (A : ’M[F]_n.+1) (i j : ’I_n.+1) :

let: (_, L, _) := cormen_lup A in

i <= j → L i j = (i == j)%:R.

(block_mx a w v P) i j where i j : ’I_n. + 1

split (i : ’I_(1 + n)) : ’I_1 + ’I_n

where Inductive A + B := inl of A | inr of B.

lift: ’I_n → ’I_n.-1 → ’I_n

j i j + 1
lift i j

unlift: ’I_n → ’I_n → option ’I_n.-1

liftK: forall n (h : ’I_n), pcancel (lift h) (unlift h).

split1: forall n (i: ’I_(1 + n)), split i = oapp inr (inl 0) (unlift 0 i).
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Proving III
Lemma cormen_lup_lower n (A : ’M[F]_n.+1) (i j : ’I_n.+1) :

let: (_, L, _) := cormen_lup A in

i <= j → L i j = (i == j)%:R.

Proof.

Qed.

elim: n ⇒ [|n IHn] /= in A i j *; first by rewrite [i]ord1 [j ]ord1 mxE.

set A′ := _ - _; move/(_ A′): IHn; case: cormen_lup ⇒ [[P L U]] {A′}/= IHn.

rewrite !mxE split1; case: unliftP ⇒ [i′|] → /=; rewrite !mxE split1.

by case: unliftP ⇒ [j′|] → //; exact: IHn.

by case: unliftP ⇒ [j′|] →; rewrite /= mxE.
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Proving IV
Lemma cormen_lup_upper n (A : ’M[F]_n.+1) (i j : ’I_n.+1) :

let: (_, _, U) := cormen_lup A in

j < i → U i j = 0.

Proof.

Qed.

elim: n ⇒ [|n IHn] /= in A i j *; first by rewrite [i]ord1.

set A′ := _ - _; move/(_ A′): IHn; case: cormen_lup ⇒ [[P L U]] {A′}/= IHn.

rewrite !mxE split1; case: unliftP ⇒ [i′|] → //=; rewrite !mxE split1.

by case: unliftP ⇒ [j′|] →; [exact: IHn | rewrite /= mxE].
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Con
lusionsDefinition : 15 linesProof : 60 linesKey point : library
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