Third Lesson

Programming with Cog
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Typed language
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Typed language

Defining new objects

o:'l
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Defining new objects
o:1

Checking
Check o.
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Defining new objects
o:1
Checking
Check o.

o:1
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Functional language
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Functional language

Defining functions

funzx : 1" =« : 1" — T
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Defining functions
fun z : 1T = «x
Checking

Check fun x

T — T

T = =x.
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Defining functions
fun z : 1T = «x
Checking

Check fun x

fun 2 : 1T = «

T — T

T = =x.

T — T
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Defining new objects
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Defining new objects

Definition name : type := body.
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Defining new objects

Definition name : type := body.

Check name.
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Defining new objects

Definition name : type := body.

Check name.

name : type
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Defining new objects

Definition name : type := body.

Check name.

name : type

Print name.
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Defining new objects

Definition name : type := body.

Check name.

name : type

Print name.

name = body
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Defining objects
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Defining objects

Definition five : nat = 5.

o i Formath School 2012 — p.5



Defining objects

Definition five : nat = 5.

Check five.
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Defining objects

Definition five : nat = 5.

Check five.

five : nat
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Defining objects

Definition five : nat = 5.

Check five.

five : nat

Print five.
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Definition five : nat = 5.

Check five.

five : nat

Print five.
five = 5
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Defining functions
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Defining functions

Definition double : nat — nat :=
fun x : nat = x + x.
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Defining functions

Definition double : nat — nat :=
fun x : nat = x + x.

Check double.
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Definition double : nat — nat

fun zx

nat = & + x.

Check double.

double

nat — nat
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Definition double : nat — nat :=
fun £ : nat = x + x.

Check double.

double : nat — nat

Print double.
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Definition double : nat — nat :=
fun £ : nat = x + x.

Check double.

double : nat — nat

Print double.

double = fun x : nat = x + x
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Defining functions

Definition double : nat — nat :=
funx : nat = o + 2.
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Definition double : nat — nat :=
funx : nat = o + 2.

Using arguments

Definition double (2 : nat) : nat — nat :=
xr + .
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Definition double : nat — nat :=
funx : nat = o + 2.

Using arguments

Definition double (2 : nat) : nat — nat :
€T + XI.

Omitting types
Definition doublex = x + x.
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Definition double : nat — nat :=
funx : nat = o + 2.

Using arguments

Definition double (2 : nat) : nat — nat :
€T + XI.

Omitting types
Definition doublex = x + x.
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Proving with definitions
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Proving with definitions

Definitions are transparent

o i Formath School 2012 — p.8



Definitions are transparent

Check erefl.
erefl : forall (A : Type) (x : A), x = X
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Definitions are transparent

Check erefl.
erefl : forall (A : Type) (x : A), x = X

Lemma triv1l0 : double five = 5 + 5.
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Definitions are transparent

Check erefl.
erefl : forall (A : Type) (x : A), x = X

Lemma triv1l0 : double five = 5 + 5.

Proof. by apply: erefl. Qed.
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Proving with definitions

Controlling manually:
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Controlling manually:

Unfolding

rewrite /name
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Controlling manually:

Unfolding

rewrite /name

Folding

rewrite -/name

TR
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Proving with definitions

double five = 5 + 5.
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Proving with definitions

double five = 5 + 5.

rewrite /double.
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Proving with definitions

double five = 5 + 5.

rewrite /double.

five + five = b + 5.
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Proving with definitions

double five = 5 + 5.

rewrite /double.
five + five = b + 5.

rewrite /five.
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Proving with definitions

double five = 5 + b.
rewrite /double.

five + five = 5 + b.
rewrite /five.

5+ 5 =5 + 5.
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Proving with definitions

double five = 5 + b.
rewrite /double.

five + five = 5 + b.
rewrite /five.

5+ b =5+ 5.

rewrite -/five.
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Proving with definitions

double five = 5 + 5.

rewrite /double.

five + five 5 + 5.

rewrite /five.
5 + 5 =5+ 5.

rewrite -/five.

five + five five + five.
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Proving with definitions

nnnnnnnnnnn
SPRING SCHamL
uuuuuuuuuuuu

rewrite

rewrite

rewrite

rewrite

double five
/double.
five + five
/five.

5+ b5 =5+
-/five.
five + five

-/ (double

).

5 + b.

5 + b.

five + five.
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Proving with definitions

nnnnnnnnnnn
SPRING SCHamL
nnnnnnnnnnnn

rewrite

rewrite

rewrite

rewrite

double five = 5 + 5.

/double.

five + five 5 + 5.
/five.
5+ 5 =5+ 5.

-/five.

five + five.

five + five

-/ (double _).

double five = double five.
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Defining data-structures
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Defining data-structures

Inductive name =
C1 of Tll& &T";q
| Co of Tl”&... &T;,;

[ Chot T'W g .. & T
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Defining data-structures

Inductive name =
ClOlel&... &T7;4
| Cgole”&... &T;,;
o (k 1k

Check (C; 01 ... 0p,).
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Inductive name =
C1 of Tll& &CZ}’L1
| Coof TV & ... &T

[ Chot T'W g .. & T

Check (C; 01 ... 0p,).

(Ci 01 ... 0p,) : mame

AP INTERKATIONAL
SPRING SCHamL
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Defining data-structures

(ssrbool.v)

Boolean
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Defining data-structures

(ssrbool.v)

Boolean

Inductive bool := true | false.
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Defining data-structures

(ssrbool.v)

Boolean

Inductive bool := true | false.

Check true.
true . bool
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(ssrbool.v)

Boolean

Inductive bool := true | false.

Check true.
true . bool

Check false.
false: bool
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Defining data-structures

Conditional Expression
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Defining data-structures

Conditional Expression

if test then then-part else else-part
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Defining data-structures

Boolean connectors
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Boolean connectors

Definition andb x y := 1if x then y else false.
Notation "z && y" = (andb x y).
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Boolean connectors

Definition andb x y := 1if x then y else false.
Notation "z && y" = (andb x y).

Definitionorbx y := 1f x then true else y.
Notation "x | y" := (orb x ).
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Boolean connectors

Definition andb x y := 1if x then y else false.
Notation "z && y" = (andb x y).
Definitionorbx y := 1f x then true else y.
Notation "x | y" := (orb x ).

Definition negb x := 1f x then false else true.
Notation "—— z" := (negb x).
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Proving with booleans
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Conditional simplications are transparent

..................
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Conditional simplications are transparent

Lemma trivIfTF :
1f true then 1 else 2 = 1f false then 3 else 1.
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Conditional simplications are transparent

Lemma trivIfTF :
1f true then 1 else 2 = 1f false then 3 else 1.

Proof. by apply: erefl. (ed.
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Controlling simplications manually
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Controlling simplications manually
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Proving with booleans

forall x, true && x = x && true

Ry i Formath School 2012 — p.17



Proving with booleans

forall x, true && x = x && true

move — XI.
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Proving with booleans

forall x, true && x = x && true

move — XI.

true && x r && true
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Proving with booleans

forall x, true && x = x && true

move — XI.

true && x

r && true

rewrite /=.
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Proving with booleans

forall x, true && x = x && true

move — XI.

true && x r && true

rewrite /=.

r = x && true
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Proving with booleans

Case analysis

Ry i Formath School 2012 — p.18



Proving with booleans

Case analysis
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Proving with booleans

r = x && true
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Proving with booleans

r = x && true

case:. T.
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Proving with booleans

r = x && true
case: x.

(1/2) true = true && true

(2/2) false

false && true
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Proving with booleans

Lemma andbC : forall x vy, x && vy = y && x.

Proof. by move = x y; case: z; case: y. (ed.

ey i Formath School 2012 — p.20



Lemma andbC : forall x vy, x && vy = y && x.

Proof. by move = x y; case: x; case: y. Qed.

Lemma negb_or : forall z y, - (x || y) = == x & —— .

Proof. by move = x y; case: x; case: y. Qed.
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Summary
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Definition name : type := body.
if test then then-part else else-part.

Inductive name = C; of ... | ... | Cp of
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Definition name : type := body.
if test then then-part else else-part.

Inductive name = C; of ... | ... | Cp of

rewrite /name -/name /=

case: term.
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Defining sequences

(seq.v)
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Defining sequences

(seq.v)

[:: 2; 3; 5; 7]

Ry i Formath School 2012 — p.22



Defining sequences

(seq.v)
[:: 2; 3; 5; 7]

[:: false; truel]
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Defining sequences

(seq.v)
[:: 2; 3; 5; 7]: seq nat

[:: false; true]: seq bool
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Defining sequences
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Defining sequences

A A DA
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Defining sequences

A A DA

Inductive seq (T: Type) = Nil |Cons of T & seq T.
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C C C C N

A A

[: 7 ]

Inductive seq (T: Type) = Nil |Cons of T & seq T.

Notation "[::]" := Nil.
Notation "h :: t" = (Cons h t).

Notation "[h; ; ho; ... ; h,l" =
Chy :: ho ¢ ... i hy o [::]1).

wemon. ‘
o Formath School 2012 — p.23



Pattern Conditional
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Pattern Conditional

if term is pattern then then-part else else-part
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Functions on sequences

Getting the tail of a sequence
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Getting the tail of a sequence

Definition tl (1" : Type) (I : seq 1) :=
if [ is h :: tthen t else [::].
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Proving with sequences
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Conditional simplications are transparent

..................
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Conditional simplications are transparent

Lemma trivtl :
tl [:: 2; 3; 5; 7] = [:: 3; 5; 7].
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Conditional simplications are transparent
Lemma trivtl :

tl [:: 2; 3; 5; 7] = [:: 3; 5; 7].
Proof. by apply: erefl. Qed.
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Swapping the first two elements a sequence
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Swapping the first two elements a sequence
Definition swap (1" : Type) (I : seq 7T):=

if [ is hy :: hy :: t then hy :: hy :: t

else |.
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Proving with sequences

forall T (I: seq 1), swap (swap [) = [
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Proving with sequences

forall T (I: seq 1), swap (swap [) = [

move = 1 [.
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Proving with sequences

forall T (I: seq 1), swap (swap [) = [
move = T [.

swap (swap [) = [
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Proving with sequences

forall T' ([: seq T), swap (swap [) = [
move = T [.
swap (swap [) = [

case: |[.
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Proving with sequences

forall 7" (l: seq 1), swap (swap [) = [
move = T [.

swap (swap [) = [
case: |[.

(1/2) swap (swap [::]) = [::]
(2/2) forall h t, swap (swap h :: t) = h :: t
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Proving with sequences

forall 7" (l: seq 1), swap (swap [) = [
move = 1 [.

swap (swap [) = [
case: |[.
(1/2) swap (swap [::1) = [::]

by apply: erefl

(2/2) forall h t, swap (swap h :: t) = h :: t
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t

move = hy t.
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t
move = hy t.

swap (swap hy :: t) = hy :: 1
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t
move = hy t.
swap (swap hy :: t) = hy :: 1

case: .
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t
move = hy t.

swap (swap hy :: t) = hy :: 1
case: t.

(1/2) swap (swap [:: Aql) = [:: hql

(2/2) forall h t, swap (swap hy :: h :: 1)

I
=
>
a8
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Proving with sequences

forall h t, swap (swap h :: t) = h :: t
move = h; t.
swap (swap hy :: t) = hy :: 1
case: 1.
(1/2) swap (swap [:: A1]) = [:: hyl
by apply: erefl.
(2/2) forall h t, swap (swap hy :: h ::t) = hy :: h :: t

by move = hy t; apply: erefl.
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Defining recursive functions
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Defining recursive functions

Fixpoint name : type := body.
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Functions on sequences

Appending Two sequences
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Appending Two sequences

Fixpoint app (1" : Type) (1 Iy : seq T):=
if [y is h :: tthen h :: (app t [3) else Is.
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Appending Two sequences

Fixpoint app (1" : Type) (1 Iy : seq T):=
if [y is h :: tthen h :: (app t [3) else Is.

Notation "l; ++ [" = (app [ [3).
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Proving with functions
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Proving with functions

elim: term.
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Proving with sequences

forall T" (I: seq 1), | ++ [::] =1
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Proving with sequences

forall T" (I: seq 1), | ++ [::] =1

move = 1 [.
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Proving with sequences

forall T" (I: seq 1), | ++ [::] =1
move = T [.

[ ++ [::] =1
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Proving with sequences

forall T" (I: seq 1), | ++ [::] =1
move = T [.
[ ++ [::] =1

elim: [.

Ry i Formath School 2012 — p.33



Proving with sequences

forall T" (l: seq 1), [ ++ [::] =1
move = T [.

[ ++ [ =1
elim: |[.

(1/2) [::] ++ [::] = [::]

(2/2) forall h ¢,
t ++ [::] =t — Ch :: t) ++ [::]1] =h :: t
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Proving with sequences

forall T" (l: seq 1), [ ++ [::] =1
move = T [.
[ ++ [ =1
elim: /.
(1/2) [::] ++ [::] = [::]
by apply: erefl
(2/2) forall h t,
t ++ [::] =t — (h :: )+ [::] =h 2 t
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Proving with sequences

forall h t,
t ++ [::] =t — Ch :: t) ++ [::]1] =h :: t

Ry i Formath School 2012 — p.34



Proving with sequences

forall h t,
t ++ [::] =t — (h :: t) ++ [::] =h ::

move = h t IH.
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Proving with sequences

forall h t,
t ++ [::] =t — (h :: t) ++ [::] =h ::

move = h t IH.
(h :: t) ++ [::] =h :: t
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Proving with sequences

forall h t,
t ++ [::] =t — (h :: t) ++ [::] =h ::

move = h t IH.
(h :: t) ++ [::] =h :: t

rewrite /=.
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Proving with sequences

forall h t,
t ++ [::] =t — (h :: t) ++ [::] =h ::

move = h t IH.
(h :: t) ++ [::] =h :: t
rewrite /=.

h :: (@& ++ [::]1) =h :: t
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Proving with sequences

forall h t,
t ++ [::] =t — Ch :: t) ++ [::]1] =h :: t

move = h t IH.
(h :: t) ++ [::]1] =h :: t
rewrite /=.

h :: (@& ++ [::]1) =h :: t

by rewrite [H.
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Defining natural numbers

(ssrnat.v)
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Defining natural numbers

(ssrnat.v)
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Defining natural numbers

(ssrnat.v)

Inductive nat := 0| S of nat.
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Defining natural numbers

(ssrnat.v)

Inductive nat := 0| S of nat.

Notation "n .+1" = (S n).
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Functions on natural numbers
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Functions on natural numbers

Definition prednn = if n is m.+1 then m else n.
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Functions on natural numbers

Definition prednn = if n is m.+1 then m else n.

Notation "n .-1" = (predn n).
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Functions on natural numbers

Definition prednn = if n is m.+1 then m else n.

Notation "n .-1" = (predn n).

Fixpoint addn m n :=
if m is m’.+1 then (addn m' n).+1 else n.
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Definition prednn = if n is m.+1 then m else n.

Notation "n .-1" = (predn n).

Fixpoint addn m n :=
if m is m'.+1 then (addn m' n).+1 else n.

Notation "m + n" = (addn m n).
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Definition prednn = if n is m.+1 then m else n.

Notation "n .-1" = (predn n).

Fixpoint addn m n :=
if m is m'.+1 then (addn m' n).+1 else n.

Notation "m + n" = (addn m n).

Fixpoint muln m n :=
if m is m’.+1 then n + muln m' n else m.
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Definition prednn = if n is m.+1 then m else n.

Notation "n .-1" = (predn n).

Fixpoint addn m n :=
if m is m'.+1 then (addn m' n).+1 else n.

Notation "m + n" = (addn m n).

Fixpoint muln m n :=
if m is m’.+1 then n + muln m' n else m.

Notation "m * n" = (muln m n).
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Definition predn n :

Notation "n .-1" :

Fixpoint addn m n :
if m is m'.+1 then (addn m' n).+1 else n.

(addn m n).

Notation "m + n"

Fixpoint muln m n :

(predn n).

1if n 1is m.+1 then m else n.

if m is m'.+1 then n + muln m' n else m.

Notation "m * n"

Fixpoint size (T

AP INTERKATIONAL
SPRING SCHamL
ON FORATIZATION OF

(muln m n).

Type) (I

seq 1) :=

t then (size t).+1 else O.
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Proving with natural numbers

forall n, n + 0 = n
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Proving with natural numbers

forall n, n + 0 = n

move — nNn.
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Proving with natural numbers

forall n, n + 0 = n
move = n.

n+0=n
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Proving with natural numbers

forall n, n + 0 = n
move = n.
n+0=n

elim: n.
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Proving with natural numbers

forall n, n + 0 = n
move = n.

n+0=mn
elim: n.

(1/2) 0+0=0

(2/2) forall n,

n — n.+1 + 0 =n.+1

n + 0
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Proving with natural numbers

forall n, n + 0 = n
move = 7.
n+0=mn
elim: n.
(1/2) 0+0=20
by apply: erefl
(2/2) forall n,

n — n.+1 + 0 =n.+1

n + 0
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Summary
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Inductive name = Cy of ... | ... | C; of
Definition name : type := body.
if test then then-part else else-part.

if term is pattern then then-part else else-part.
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Inductive name = Cy of ... | ... | C; of
Definition name : type := body.
if test then then-part else else-part.

if term is pattern then then-part else else-part.

rewrite /name -/name /=

case: term elim: term.
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