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Computer Algebra is a relatively young topic in the panorama of Mathematics, and many
problems are still waiting for satisfactory solutions.

In the realm of polynomial algebra two main ingredients need manipulation and im-
plementation, discrete and continuous data. In particular, a polynomial over the reals or
the complex numbers is built on top of a discrete object, the support, and a continuous
object, the set of its coefficients. The support is very well understood and has a strong
base inside classical algebra. On the other hand, if the coefficients are not exact, the very
notion of a polynomial, and all the classically derived algebraic structures, such as ideals,
free resolutions, Hilbert functions, tend to be blurred.

An easy example is the following; consider three distinct non-aligned points in the
affine plane over the reals. First of all, it is not clear what is the meaning of being non-
aligned; a better description might be being far from aligned. Now consider the vanishing
ideal; it is generated by three quadratic polynomials. However, if we change some of the
coefficients of these polynomials by a small amount, almost surely we get the unit ideal,
since the first two conics still intersect in four points, but the third will almost certainly
miss all of them.

Based on these observations, a new fields of investigation is emerging. We have named
it Approximate Commutative Algebra (ApCoA), see

http://www.ricam.oeaw.ac.at/specsem/srs/groeb/schedule_B1.html
http://cocoa.dima.unige.it/conference/apcoa2008/.

Approximate coefficients and/or continuous families of points may encode experimental
data like measures of physical quantities in an oil field, see

http://staff.fim.uni-passau.de/algebraic-oil/en/index.html.

If we want to use algebraic methods with the goal of building up polynomial models,
we face the difficulty of doing good multivariate interpolation (see [1], [2], [3]). To this
end, Gröbner bases are not well-suited because of the rigid structure imposed by term
orderings. Other objects behave better, are called border bases. They have emerged as
good candidates to complement, and in many cases substitute for, Gröbner bases (see [10],
[12], [13], [15], [18]). But possibly the most important break through is a recent discovery
of a link between border bases and Hilbert schemes. It may provide a solid mathematical
foundation for the new emerging field (see [5], [6], [7], [8], [9], [14], [16], [17]).

References

[1] J. Abbott, C. Fassino, M. Torrente, Thinning out redundant empirical data, arXiv:0702.327
(2007).

1



[2] J. Abbott, C. Fassino and M. Torrente, Stable border bases for ideals of points,
arXiv:0706.2316v2.

[3] J. Abbott, M. Kreuzer, L. Robbiano, Computing zero-dimensional Schemes, J. Symb. Com-
put. 39, pp 31–49 (2005).

[4] The CoCoA Team, CoCoA: a system for doing Computations in Commutative Algebra, available
at http://cocoa.dima.unige.it.

[5] A. Conca and G. Valla, Canonical Hilbert-Burch matrices for ideals of k[x, y],
arXiv:0708.3576.

[6] M. Haiman, q,t-Catalan numbers and the Hilbert scheme, Discr. Math. 193 (1998), 201–224.

[7] M. Huibregtse, A description of certain affine open schemes that form an open covering
of Hilbn

A2
k
, Pacific J. Math. 204 (2002), 97–143.

[8] M. Huibregtse, An elementary construction of the multigraded Hilbert scheme of points,
Pacific J. Math. 223 (2006), 269–315.

[9] A. Iarrobino, Reducibility of the families of 0-dimensional schemes on a variety, Invent. Math.
15 (1972), 72–77.

[10] A. Kehrein and M. Kreuzer, Characterizations of border bases, J. Pure Appl. Alg. 196 (2005),
251–270.

[11] M. Kreuzer and L. Robbiano, Computational Commutative Algebra 1, Springer, Heidelberg
2000.

[12] M. Kreuzer and L. Robbiano, Computational Commutative Algebra 2, Springer, Heidelberg
2005.

[13] M. Kreuzer and L. Robbiano, Deformations of border bases, arXiv:0710.2641, To appear in
Collectanea Mathematica.

[14] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Springer, New York 2005.

[15] B. Mourrain, A new criterion for normal form algorithms, AAECC Lecture Notes in Computer
Science 1719 (1999), 430–443.

[16] R. Notari and M. L. Spreafico, A stratification of Hilbert schemes by initial ideals and appli-
cations, Manuscripta Math. 101 (2000), 429–448.

[17] L. Robbiano, On border basis and Gröbner basis schemes, Preprint.
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