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1. Factorization of dense polynomials.

= Y Yaftaln € Qlag,...,@n]  With a; € Z,b; € Nand ged(a;, by) = 1

It is possible to compute the complete factorization of f in Q[x1,...,zn] in

n=1: O(d15|093H1(f))

n > 1: ((df’tn) log Hl(f)>0(1)

bit operations, where d = deg(f) and Hy(f) = ggggf{{zf’ L EZBHle



2. Integer roots of a lacunary polynomial f ¢ Z[x].

Example:

f=-18 — 3z + 32° 4+ 272 — 1% 4 622997 — 2022998 4 622097
Hi(f) =Ilfllh =84 loga | fll1 ~ 6.392317

f= (=18 — 3z 4 32°) + 22(27 — 23) + 22997 (6 — 20z + 62°)

The only common root of —18 — 3z + 322, 27 — 23 and 6 — 20z + 622 is 3.
Note that also 1 is a root of f.



2. Integer roots of a lacunary polynomial f ¢ Z[x].

Example:
f=—-18 — 3z 4 322 + 272° — 212 + 622997 _ 2022008 4 42007

Hi(f) =|fll1 =84 logs|f|l1~ 6.392317

f= (=18 — 3z 4 3z2°%) + 22(27 — 23) + 22997 (6 — 20z + 622)

The only common root of —18 — 3z + 322, 27 — 23 and 6 — 20z + 622 is 3.
Note that also 1 is a root of f.

Thm: Let f = g+ 2°h € Z[z] with deg(g) = a < 8. If 3 —a > logs ||f|l1 and
reZ—{0,1,—1} then

f(r)=0 <« g(r)=h(r)=0.



3. The proof.

Thm: Let f = g+ 2Ph € Z[z] with deg(g) = a < 8. If 8 —a > logs ||f|| and
reZ —4{0,1,—1} then

f(r)=0 <« g(r) =h(r) =0.

Proof: Suppose that f(r) =0 and h(r) & 0. Then
rOh(r) = —g(r) = [r|? <|rlP|n(r)] = lg(m)] < Ir¥lIfll1

= 20-a |r|5_o‘ <|fllh = B—a<logz|flli



4. How to control denominators?

p-adic absolute values: Let p € N be a prime number. For every non-zero
rational number z = p* ¢ with k € Z, pta and p{b, we define

1
zlp = k-

Ultrametric: |z + y|, < max{|z|p, |y|p} for all z,y € Q and p € N prime.
Product formula: Let x € Q — {0}. Then |z 11, prime |z|p = 1.
Heights: Let x € Q. Then

H(z) = max{1,|z|} - [[ max{1, |z]p} = max{|al,b},
p

where x = ¢ with a € Z, b € N and gcd(a,b) = 1.



5. Rational roots of a lacunary polynomial f ¢ Q[x].

Thm: Let f =g+ zP%h € Q[z] with deg(¢) =a < 3. If re Q—{0,1,—1} and

B —a>logy H1(f),
then f(r) = 0 if and only if g(r) = h(r) = 0.



5. Rational roots of a lacunary polynomial f ¢ Q[x].

Thm: Let f =g+ 2Ph € Q[x] with deg(g) =a < 8. If re Q —{0,1,—1} and
B —a >logy H1(f),
then f(r) = 0 if and only if g(r) = h(r) = 0.
Proof: WLoG f € Z[z] primitive. Let r € Q —{0,1,—1} such that f(r) = 0O
and h(r) #= 0. For the standard and p-adic absolute values, we have
max{1, r|p}’ | (r)]p < 1
max{1, [r[}*~*h(r)| < || fllL = H1(f).
Using the product formula, we get:

H(r)P~* < Hi(f).
This implies 2°~% < H{1(f) and 8 — a < logs H1(f). u



6. Small degree factors of a lacunary polynomial f € Q[x].

Thm: Let f = g+ 2Ph € Q[z] with deg(g) = a < 8. If ¢ € Q[z] is an irreducible
polynomial with degree bounded by s, with a root that is not O or a root of
the unity, and

s -1093(3s) - loga (H1(f))
2 Y

8 —a>

then q|f if and only if ¢g|g and gq|h.



6. Small degree factors of a lacunary polynomial f € Q[x].

Thm: Let f = g+2Ph € Q[z] with deg(g) = a < 8. If ¢ € Q[x] is an irreducible
polynomial with degree bounded by s, with a root that is not O or a root of
the unity, and

B —a>

s -1093(3s) - 1092 (H1(f))
2 Y
then q|f if and only if ¢|g and gq|h.

Algorithm: It is possible to compute all the irreducible factors with degree
bounded by s of a lacunary polynomial f € Q[x] with ¢t terms in

(s-t-log(deg f) - log Hl(f))o(l) bit operations.



7. The multivariate case.

Thm: Let f,g,h € Q[z,y] such that f = g + y®h and set a = deg,(g). Let
p € Q[z,y] be an irreducible polynomial of degree bounded by s which is not
“cyclotomic” . If

log3(nmax{s, 16})
log3(nlog(nmax{s,16}))’

B—a>10% s-n*- loga(Hy(f)) -

then p|f if and only if p|g and pl|h.



7. The multivariate case.

Thm: Let f,g,h € Q[z,y] such that f = g + y®h and set a = deg,(g). Let
p € Q[z,y] be an irreducible polynomial of degree bounded by s which is not
“cyclotomic” . If

log3(nmax{s, 16})

R a 4 . S . n4 . .
& > 10 1092(H1 (/) log3(nlog(n max{s,16}))’

then p|f if and only if p|g and pl|h.

Thm: Let f,g,h € Q[z,y] such that f = g + y®h and set a = deg,(g). Let
p € Q[z,y] be an irreducible polynomial of degree bounded by s with at least
three terms. If

5
B—a> 1014 . 5. nl%. logs>(H1(f)) - log®(max{ns,16})

log#(nlog(max{ns, 16}))’

then p|f if and only if p|g and plh.



8. The tools for the proof 1.

Heights of algebraic numbers: Letr; € Q. Letp=a(z—7r1)---(x—ry) € Z[x]
be the primitive minimal polynomial of . Then

p 1/d
H(r) = {w 11 max{l,mn] .
=1



8. The tools for the proof 1.

Heights of algebraic numbers: Letr; € Q. Letp=a(z—7r1) - (x—ry) € Z[x]
be the primitive minimal polynomial of . Then

p 1/d
H(r) = {|a| 1T max{1,|n-|}] .
=1

Example: Let p > 5 be a prime number. Let &, = cos(%ﬁ) + isin(%ﬂ) be a
primitive p-th root of the unity. Then

p—1 1/(]?—1)
] > /2(P=3)/(2p=2) > »1/8,

H(14 &) = [H max{1,[1 + &}
i=1



9. The tools for the proof II.

GAP Thm: Let f=f; —|—ng2 € Qlz1,...,zn] with deg, (f1) = a < 8. Let
ne Q and let £1,...,&,_1 be roots of the unity such that f(¢é1,...,&,-1,n) = 0.

If
logo H1(f)

logo H(n)
then f1(&1,...,én—1,m) = f2(&1,.--,&n—1,m) = 0.

8 —a>



9. The tools for the proof II.

GAP Thm: Let f=f; —|—ng2 € Q[zq,...,zn] with deg,, (f1) = a < 8. Let
ne Qandlet &q,...,&,_1 be roots of the unity such that f(&q,...,&,-1,n7) = 0.
If

logo H1(f)
logo H(n)

then f1(&1,...,én—1,m) = f2(&1,---,&n—1,m) = 0.

8 —a>

Example: Let f = g+ yPh € Q[x,y] with deg,(g) = a < B. Suppose that
y —x — 1|f. In particular f(&),1 4+ &) = O for all prime p > 5. If the GAP

satisfies

B —a>8logy Hi(f)
then we have g(&p,1 4+ &p) = h(&p,1 +&p) =0, i.e. y—xz—1|g and y —x — 1|h.



10. The tools for the proof III.

Def: Let p € Q[z1,...,zn] and let w > 0.
Cpw=1{£€GLT/IeQ : p(&n) =0 A logs H(n) > w}

A(p) = sup {w >0 / Cpa is Zariski-dense in @n_l}



10. The tools for the proof III.

Def: Let p € Q[z1,...,2n] and let w > 0.

Cpw={€€ G /3n €@ : p(&,n) =0 A loga H(n) > w]

A(p) = sup {w >0 / Cpa is Zariski-dense in @n_l}

Lower bound: If p is (absolute) irreducible of degree s and it has at least
three terms, then

A(p) > 10~ 1% Jog*(nlog(max{ns,16}))
b) =" 1ag log®(max{ns, 16})




11. The tools for the proof IV.

Lower bound: If p € Q[x1,...,xn] is irreducible of degree s and it is not
divisible by any binomial z? — 6z¢ with 6 € G, then

1074 log3(nlog(nmax{s, 16}))

n%s log3(n max{s,16})

A(p) >



