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Transition curves

On railroads during the 19th century, as speeds increased, the
need for a track curve with gradually increasing curvature
became apparent:

A polynomial curve of degree 3 was proposed as a
transition between line and circle in 1862, as cited in
A Manual of Civil Engineering by Rankine.
Equations of the ”true spiral”, was derived by several civil
engineers independently:
E. Holbrook (1880), A.N. Talbot (1890), J. Glover (1900).
The equivalence of the railroad transition spiral and the
clothoid seems to have been first published in 1922 by
Arthur L. Higgins.
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Clothoid curve

Clotho was one of the three Fates who spun the thread of
human life, by winding it around the spindle.
The Italian mathematician Ernesto Cesàro gave the name
”Clothoid” to a curve with a double spiral shape:
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Euler–Cornu spiral

However, that curve had already been studied by:
Leonard Euler in 1744, in connection with a problem set by
Jakob Bernouilli.
Marie-Alfred Cornu in 19th century during his studies on
light diffraction.
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One more application

By the end of 1970’s it turned out that the clothoid curve was
the ideal curve for looping rides in which people were turned
upside down:
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Clothoid parametrization I

The clothoid curve can be parametrized using Fresnel integrals
x(t) = (a FC(t),a FS(t)) (a is constant):

FC(t) =
∫ t

0
cos

πu2

2
du, FS(t) =

∫ t

0
sin

πu2

2
du.

The length L and the curvature k of the curve x(t) are

L =

∫ t

0
|ẋ(u)|du = at .
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Clothoid parametrization II

The curvature k of x(t) can be computed as a derivative of the
angle of rotation α(t) = πt2/2 by the length parameter L:

k =
dα
dL

=
dα
dt

dt
dL

=
πt
a
.

Usually a different parameter A = a/
√
π is used. Then

L =
√
πA t , k =

√
πt
A

, A2 = L/k .

Since a curvature radius is R = 1/k , hence

A =
√

R L.
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Line and circle blend

We can blend horizontal line with a osculating circle at the point
x(t0) using the clothoid arc for 0 ≤ t ≤ t0.

Here α0 = α(t0) = πt2
0/2 and

w = A
√
π FC(t0)− R sinα0, h = A

√
π FS(t0) + R(cosα0 − 1).
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Clothoid approximation I

Fresnel integrals can be approximated by Heald [1985]
formulas

FC(t) ≈ 1
2
− ρ(t) sin

π(ω(t)− t2)

2
,

FS(t) ≈ 1
2
− ρ(t) cos

π(ω(t)− t2)

2
,

where

ρ(t) =
0.506t + 1

1.79t2 + 2.054t +
√

2
,

ω(t) =
1

0.803t3 + 1.886t2 + 2.524t + 2
.
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Clothoid approximation II

Heald [1985] approximation (the maximum error 0.0017):
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Two circles blend
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Cloverleaf interchange

A cloverleaf interchange is a two-level interchange in which left
turns (in right-hand traffic) are handled by loop roads (U.S.:
ramps, UK: slip roads). To go left, vehicles first pass either over
or under the other road, then turn right onto a one-way 270◦

loop ramp and merge onto the intersecting road.
It was first patented in Maryland (US) by Arthur Hale in 1916.
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Stack interchange

A stack interchange is a four-way interchange whereby left
turns are handled by semi-directional flyover/under ramps.
Stacks eliminate the problems of weaving, and have the highest
vehicle capacity among different types of four-way
interchanges. However, they require considerable and
expensive construction work for their flyover ramps.
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Turbine interchange

The turbine/whirlpool interchange requires fewer levels (usually
two or three) than stack interchange while retaining
semi-directional ramps throughout, and has its left-turning
ramps sweep around the center of the interchange in a spiral
pattern in right-hand drive.

R. Krasauskas Road Interchange



Geometric principles of road design
Pinavia road interchange

Combinatorics of interchanges
Conclusions

The idea
Construction and optimization

The starting point – roundabout

Roundabout is a popular one-level road interchange type.

The idea is to resolve intersections of traffic using the minimal
number of overpasses...
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Pinavia – a new plated road interchange

A new Pinavia road interchange -
US patent No. US-2007-0258759-A1.
Author: S. Buteliauskas, Military Academy of Lithuania
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Pinavia road interchange: four directions
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Advantages of Pinavia

It is a two-level intersection with high capacity and no
intersecting traffic flows.
Due to a unique placement (braiding) of roadways the
traffic flows pass each other via four small overpasses (or
tunnels).
Traffic goes in a circular motion, and no lanes need to be
changed while passing the junction.
Radii of all curves in the junction can be set equal or larger
than the smallest radius of the curves of the intersecting
roads, so the driving speed in the junction can be equal to
the speed on the intersecting roads.
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The central territory of Pinavia

It is possible to use the territory in the center as a large
attraction point for passengers by building hotels, sales outlets,
centers of logistics etc.
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Pinavia with three directions
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Pinavia with five directions
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Knot theory approach

Knots and tangles

Let us forget geometry of an interchange and concentrate on its
topological properties.
A network of roads define a tangle – a knot with open ends.
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A tangle of the ’Plated’ interchange
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Collect intersections into ’bridges’

Intersections can be collected into local tangles that correspond
to bridges of the road interchange.
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Example 1

In case of the Plated interchange of three directions one can
reduce the number of bridges:
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Example 2

The Plated interchange of four directions:

R. Krasauskas Road Interchange



Geometric principles of road design
Pinavia road interchange

Combinatorics of interchanges
Conclusions

Conclusions and problems

We have made a short introduction to road design, including
clothoid splines and the example of Plated road interchange.
Several natural questions can be rased:

is it possible to approximate clothoid splines by certain
rational PH-splines with effective collision computations?
3D modeling of roads: for practical purposes the vertical
and horizontal components of track geometry are usually
treated separately – might be they should be integrated?
optimization of the Plated interchange in non-symmetric
cases;
we have seen simple combinatoric interpretation of road
interchanges; what about their classification?
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Questions

Thank you!
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