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S1 ¯ S2 := exp (log(S1) + log(S2))
λ ~ S := exp (λ. log(S)) = Sλ.
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|~�0vp|¥�AgAxzv�|~�½ÂC|~l V.�z}��0�0v4§�Å¸l\±#|~�¥�_¬U�0�"|¥x�gj|~��gj�~u¿�0vpl�²¶�j�µxp}Q��}Ak¨�U�e�zldÂC}A�eÃ�_�0���~|��wl����¸k�l��e�Uv�xp}
�eº��0l�=|~�@ªe�e�z|~���Axhk�l��e�Uvh|¥��s[l���§ Oj§
b
È��S, '¶�(' Ì4, /9� ! 
l�_� ��#l� �c���-������

exp(M)
�� � � � �������

M
� ������� ��� � �

exp(M) =
∑∞

n=0
Mk

k!

�
���#�

G ∈ GL(n)
�3 �h��
���� �[� �K� �����

M ∈ M(n)
��	�� 
�� 
l���

G = exp(M)
�
��
����

M
� �h�#� ���_� � �$� �

 ��������� ��
�� � �
N

���4� ' � ' ��� � � G = log(M)
�

n°�]��l��jl4�)�e�=¦�xpg0l��~}��@�e�z|¾xzgjk }�²«�Q�zl��e�7|¥�[ª�l4�pxp|~{j�~l�kd�axp�z|¥¯Äk���u"�j}�x¨l�¯w|�vyxG¦µ�e�0�½|¥²«|¥x¨l4¯w|~v©xzv®|¥x
kd��u¨�j}�x3{clR�j�j|��@�jl�§Ofhg0l«�����)·¨}e²$l�¯w|�vyxzl4�0��lR|~v7����l��jl4�)�e�0�0gjl4�j}Ak�l4�j}A�\|¥����}A�j�jl���xplG�\ÂC|~l«�A�p}A�j�0v�§
oR�jlR�Al4�jl��z���¥�~u¨�jl4lG�jvf� ' �«l�¯w�c}��jl��Axz|~���~vµxp}®�zl��A�zg\l�ª�l4�zu¨l��¥l�k�l4�Ax%� �����Ã§Ofhg0lR�����)·�}e²$�j�j|��@�jl4�jlGvpv7|~v
lGvpvpl4�Axz|��e�~�¥u
�w�0l�xp}\xpgjl�|~� � �0l4�0�4l�}e²O�z}ex)�axz|¥}A�0v 	3�z}exz�exp|~�j�d}�²_�e�����j���~l

α
|�v�xpgjl®vz�ek�l��Av��p}�xz�exp|~�j�

nonqp�r�s�s�t$u
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}�²������e�0���~l
α + 2kπ

±#g0l4�pl
k
|~vh����|~�Axzl4��l���§_s[|~�0��l.xpgjl��¥}A�A�e�z|¥xpgjk }�²��®�p}�xz�exp|~}��\kd�axz�z|¾¯��w|~�plG�´xp�~u

�wl��cl4�0�jv®}��Ä|¥xzv®�p}�xz�exp|~}��Ä���j���~l�v 
¶}A�jl��e�j�A�¥l�vp�wº\��lGv�|~� %�³®¦�{j�jx¨vpl4ª�l��z���µ�e�0���~l�v��e�zl\�jl���lGvpvz�e�zu
±#gjl��

n > 3
�´¦c|¥xR|�v«�j}exR�j�j|��@�jl�§ m�}a±3l�ª�l4�G¦0±#gjl4�Q�dkd�exp�z|¾¯;|~vRvp�wº\��|~l4�Axz�¥uY���~}Avpl&xp}\xpgjl�|��wl4�@xp|¥x°uA¦

xzgjl4�Ä���~}��@�e�z|¾xzgjk �e�~±7��uwvRl4¯w|~v©xzv�¦$���0�¿k¨}A�pl�}�ª�l����ek�}��j�;���¥�Ol4¯w|~v©xp|~�j�;�¥}A�A�e�z|¥xpgjkdv�¦Jxpgjl��pld���¥±7��uwv
l4¯[|�v©xzv7}��jl.±#|¾xzg
v©kd���¥�~l�v©x7�j}A�pk;¦w�4���¥�~l�� #4��� �4�#� #l��� � � � ��� � 
 �¨§_nÃxh|�v7��|~ª�l4��{[u�xzgjlR²¶}A�¥�~}�±#|~�j�¨vpl4�z|¥lGv 	

log(Id + M) =

∞
∑

k=1

(−1)k+1

k
Mk.


 ]��

fhgj|�v3vpl4�z|¥lGv_|~v3��{0vp}��~�wxpl��¥u���}��[ª�l4�z��l4�@xO²¶}A�
‖M‖ < 1

±#gjl4�zl
‖.‖

|�v3�e���e�~��l4{0�z���j}A�pk;¦A|=§ l�§'ª�l4�z|¾²¶u[|~�j�
‖M.N‖ ≤ ‖M‖.‖N‖

²¶}��«�e�~�Cvz�A�U�e�zlRkd�exp�z|~�4l�v
M, N

§
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exp : M(n) → GL(n)
� � �

C∞ �d�)#"#c� � � �  ������ � 	f��� �#�������  � ��# ��� ��#�� � ���
M ∈ M(n)

�K�#��� �C�E��� � ��� ��
 �-� � �������d��o��� � #c �K�$���d�#�-�
dM ∈ M(n)

� � �K��� ��� � � �

DM exp .dM =

∞
∑

k=1

1

k!

(

k−1
∑

l=0

Mk−l−1.dM.M l

)

.

I� �

?�  ÌCÌ-3 � fhgjl3vpk�}[}exzgj�jlGvpvC}�²
exp

|�v�vp|¥k��j�~u&�«��}��Uv©lG�A�0l4�0�4l_}e²wxzgjl3�j�j|¥²¶}��zkM��{0vp}��~�wxpl3��}A�@ª�l4�z��l��0��l
}�²_|¥xzv.vpl4�z|~l�v«l�¯w�0���0v©|~}���|~�¿�e�@uY�4}�k��0����x.vpl�x.}�²

M(n)
§�fhgjl¨�w|¥ÆJl4�zl4�Axz|~����|�vR}�{wx)�e|~�jl����4�~�Avpvp|��4�e�~�~u

{[u��®xzl4�zk {@u\xpl��pk �wl��p|~ªa�exp|~}���}e²�xzgjl�vpl4�z|¥lGvh�wl4¬0�j|~�j�¨xzgjl&l�¯w�c}��0l4�Axz|~���I§

Å¿lhvpl4l3gjl4�zlµxpg0�ex�xzgjl7�j}��w°��}Ak¨k��jxz�axz|~ª@|¥xyu�}e²jxpgjl7kd�axz�p|¥¯&k��j�¥xp|~�j�¥|��4�exp|~}��¨��}�k��j�~|��4�axzl�v�v©l��p|~}��Uv©�~u
xzgjl\�w|¾ÆJl4�zl4�@xp|��axz|¥}A�¸}e²3xzgjldl�¯w�c}��0l4�Axz|~���I¦$±#gj|��zg"|�v�k��0�)gÄv©|~k��j�~l4�&|~�¿xzgjl\vz�4�e���e�&����vpl�§ m�}a±3l4ª�l���¦
x)�e·[|¥�0�®xzgjl�xp�)���4l.|~�
�µ�c§ 
¹� �7u[|¥l��~�0v 	
> Ì   Ì - -I¡w  É &�� � � �4���

∀M, N ∈ M(n) :
!N� �K�$�

(M.N) =
!N� �K�$�

(N.M)
� ' � 
���� � �

!N� �K�$�
(DM exp .dM) =

!N� �����
(exp(M).dM).


�I �
Å¿l&±#|~�¥�$���~vp}¨�0vpl�|~��xzgjl�²¶}��~�¥}a±#|~�j�®xzgj|�v#�j�p}A�cl4�px°u\}��;�wl4xpl��pk�|~�0�e�Ax)v 	

?�  Ì-A_Ì �('¶�+' Ì-, &�� �o���
M ∈ M(n)

�d! 
���� �K�#�
(exp(M)) = exp(

!N� �K�$�
(M))

�

?�  ÌCÌ-3 � fhgj|�v®|�v®lG��vp|¥�~uÄv©l�l4�]|~�½xzl4�zkdv®}e²«l�|¥�Al4�[ªa�e�~�jlGv�}e²
M
§½fhgjl �A}��)�j���½�wlG��}�k��c}@v©|¥xp|~}��½}�²

M
�HGG���7�Avpvp�j�zl¨xpgU�ax®f��)���4l

(M)
|�v&xpg0l�vp�jk }e²#|¾x)v�l�|¥�Al4�@ªe�e�~�jl�v�§
m7�wx�xzgjl�l�¯w�c}��jl��Axp|����_}�²#�;xp�z|¥

���j���j���e�«kd�axz�p|¥¯
xz�z���0v©²¶}��zk�v#xzgjl¨�w|��e�A}��0���$ªa�e�~�jlGv�}�²Oxpg0|~vRkd�exp�z|¾¯Y|¥�@xp}�xpgjl�|¥��vz�4�e���e�«l4¯[�c}A�jl4�@xp|��e�=§
fhgjl®�wl�xzl4�zk�|¥�0���AxR}e²

exp(M)
|�v«vp|¥k��j�~u�xpg0l��0�p}w�w�U�´x«}e²O|¥x)v�l�|¥�Al4�@ªe�e�~�jl�v�¦0±#gj|~�)gY|�v«�j�plG��|�v©l��¥u�xpg0l

l4¯[�c}A�jl4�@xp|��e��}�²�xpgjl�xp�)���4l.}�²
M
§

X ¡�� È   Ê > ¡�� A � È -�- Ê�� ¡�	���Í Ì  �� g Ì   � 	�-¹¡ � � �$���
	�	��� � � ' �  @� �- �_�$� � � � � 
l�[� 
l�$� � ��� � � ��
��
� � �������7�$�L�#� � ���#�

M,N ∈ M(n)
� �c�

t ∈ R
� � 
l�#�

t
� � � �d��  �#�4� 	K� 
 � ' � 
���� �d��
��+����  � ' �*� �

��� � ��H��# � �#��� �a� � ' 
N��� 
B� 
l�h � � � ��� � 
 �k	C���$� � � ��
�� #c��� �4�#� #l��o � � � ��� � 
 � �

-/.Sn�-/0



���������
	����������������������������� �"!��#�������$� GKG

log(exp(t.M). exp(t.N)) = t.(M + N) + t2/2([M,N ])
+t3/12([M, [M,N ]] + [N, [N,M ]])
+t4/24([[M, [M,N ]], N ]) + O(t5).
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� � � �$���� �� 
l���
[M,N ] = MN − NM

� � � 
l� � �����9� �K���K�#�i� �
M

���4�
N
�

fhgjlYm7��·�l4�p ¤ �ek��j{cl��¥�¥ mR�e�0vz�w}��©ÆÀ²¶}��zk��j���¿vpgj}a±�v®g0}�± k��0�)g
exp(log(M). log(N))

�wl4ª[|��axzl�v
²¶�z}�k

M + N
�w�jl®xp}�xpgjl®�0}��w°��}Ak¨k��jxz�axz|¥ª[|¥xyu
}e²_xpgjl¨k��exp�z|¥¯;�j�z}w�w�0��x�§.Å g0�ax.|�vR�pl�kd�e�z·a�e{j�~l�|~v

xzg0�ax#xpgjl��jl4ª[|~�exp|~}��;�4����{cl&l�¯w�j�zl�vzvpl���}��j�~u\|~�
xpl4�zkdvh}�²'ÂC|~l&m7�z�A�z·�l4xzv7{cl�xy±3l�l4�
M
���0�

N
§

���'� � 8�� 4���+�
	��	��+���1 49+����4*�
f�l4�0vp}��)vµgU�Gª�l.ª�l4�zu��zl4kd�e�z·a�e{j�~lR�e�~��l�{j�z��|��#�j�z}��cl��©xz|¥lGv4§'Ï�|~�zv©x�¦[xpgjl��pl��e�~±7��uwvµl4¯[|�v©xzvh���j�0|~�@�jl�� ��� �
� ����������
'kd�axp�z|¥¯.�¥}A�A���p|¥xpgjk ²¶}����hxzl4�0vp}��G§�swl���}A�0��¦�|¾²wxpg0lOxzl4�0vp}���vp�0���4lO|�vC�0}ex���v©�j{0���z}��j��}e²

GL(n)
¦

|¥x�|�v�vyx)�e{j�~l�±#|¥xpgÄ�plGv©�clG�´x�xz};|~�@ª�l��zvp|~}��C§\�Y}A�pl�}�ª�l���¦�|¥x)v�v©�clG�´xp�)�e�µ�wl���}Ak��c}Avp|¾xz|¥}A�¿|�v&�0�e�pxp|����0�~���p�~u
vp|¥k��j�~l��§
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S ∈ Sym(n)
� ��
���� � � �K� ����� � �B������
�� �c� � � � ����+��� � � �4��� � � �L�$� ��� � � ' 
C��� 


S
� �_�����#� � �c� �� ! 
C� �M� �E� � #l���������#	N � �M� 
l�B��� �#����� �M� �#�l�#� �$� �

Sym+
? (n)

� � �c� �h���$		� ��� ��	�# � �
GL(n)

� �#	N� � � � � ��� ���H� � ��� � �L�#�$����� � � �B��� ��� �L�#����� 
l� � � ������� � ��#l� �c�#�����*��
exp : Sym(n) →

Sym+
? (n)

� �h� �c��� � � � ���4���

?�  ÌCÌ-3 Ïj}A�.xzgjl�¬0�zv©x&�0���©xG¦$vpl4l�l4�~l4k�l4�@xz�e�zu��¥|~�jlG�e���e�~��l4{0�z��kd�e�[�0�e��v�¦C}�� �HGG���=§\Ïj}���xpg0ldvpl��4}��0�
�0���©xG¦jv©l�l.²¶}��#l4¯j�ek��j�~l �HG+O!���zg0���wxpl��9%j§

fhg0�e�j·wv&xp}Yxpg0l\l�¯w|�vyxzl4�0�4ld}�²#���"}A�©xzgj}��j}A�pkd�e�O{0�Av©|�v&|~�Ä±#gj|��zg]�
xpl��0vp}�� 
¹�plGv©�C§;��v©u[k�k�l�xz�p|��
kd�axz�p|¥¯��O|~v3�j|~����}��U�e�=¦expgjlR�~}��A���p|¥xpg0k�v 
¶�zl�vp�C§�xzgjlRl�¯w�c}��jl��Axp|���� �Og0��v3���0�e�pxp|����0�~���p�~u¨v©|~k��j�¥lRl�¯w�j�zl�v©
vp|¥}A�C§�n°�Qv©�U�zgQ�d{U��vp|~v�¦0xz��·[|¥�j�\xpgjl

log

¶�zl�vp�C§#xpg0l

exp
�#}�²_�\|~v.v©|~k��j�¥uY�w}��jl�{[u;�e�0�j�¥u[|~�j�dxzgjl4|~�

vz�4���~���7ª�l��zvp|¥}A��xp}�l�|¥�Al4�@ªe�e�~�jl�v 	
{

log(R.
³R|��e�

(λ1, ..., λN ).RT ) = R.
³«|��e�

(log(λ1), ..., log(λN )).RT

exp(R.
³«|��e�

(λ1, ..., λN ).RT ) = R.
³R|��e�

(exp(λ1), ..., exp(λN )).RT .

fhgjlGv©l.²¶}A�pk��0�~��l.kd�e·�l��[�jk�l4�z|~���e�C�4}�k��j�wxz�exp|~}��Uv7}�²��~}��A���p|¥xpg0k�vh���0��l�¯w�c}��0l4�Axz|~���~vhgjl��pl��0���©xz|~�4�w
���e�z�¥udl4ºd�4|¥l��Ax��Avh��}Ak��0�e�zl��dxz}®xzgj}Avpl.}e²���l4�0l4�)�e�ckd�axz�p|���lGv4§O�Y}��zl4}aª�l4�G¦Axpgj|�vhª[|~l4±#�c}�|~�Ax#��|~ª�l�vh���~vp}
�®vyxz�z��|¥�AgAxp²¶}��z±7�e�z��k�l�xpg0}w�d²¶}��h��}Ak��j�wxp|~�j�®|~�@ª�l��zvpl�v 	�|¥xhvp�wº\��lGvµxp}®|~�@ª�l4�)vpl�xpgjl.l4|~��l��@ªa���¥�0l�vµ|¥�����
}A�©xzgj}��j}A�pkd�e�J{0��vp|~v7xz}�}�{jxz�e|~��xpgjl&|~�@ª�l��zvpl�§

��� p�����������p�������� ��!"�$p$# p&% p&# �'����(4p���p&)'*+�&,-,-�.����#/�0,1�2����# 354/��67���+# ����,-*8,1���9�.3#:*+�8(;���<�-��� p�*��7��=?>@���<�.3&��,-A�4/��!
���&�?#/B�� p7��# �'�C����*D�$pC# p&% p�# �'�1��(FE�G�H�IJ,1�2����# 3-4/��67���+# ����,-*�!&*�# p����<# �����$p9KL�8M#/��NO��B5��*����+���P�2��#/��p5NQ����*��?�$p�6�4/��*D���+�
����K&# �������+�5,SR�4 ��#/A�4/��*O��(

2π

=
T2U ��#/*V#/*VB&R������?������(W���.�V�����2�X��� p�*�����*O�����0YLZ�[.\^]�_`Z.a&H�[+]7bWZ7[.E�!&4/#/c����+���P�2��#/��p�*��$p&B1�$p���#/*��,-,-�.����#/�O,1�2���+#/����*Qd/e�f2g'=

nonqp�r�s�s�t$u
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fhgj|�v&xz|¥k�l\² �z}�k xpgjl�ª@|~l4±#�c}A|¥�@x�}e²hxp}A�U}A�~}���u¿�e�0�Ä�w|¥Æcl��pl��Axp|��e�3��l�}�k�l�xz�puA¦Cxzgjldxzl4�0vp}���vp�0�A��ldg0�Av
���~vp}¨kd�e�@u��0���©xz|~�4�j�~���p|¥xp|~l�v�§
?�  Ì-A_Ì �('¶�+' Ì-, /9�

Sym+
? (n)

� � ��� ��#l�#� �$� � �L� � 
��  �$� �$� �c�M� �
Sym(n)

���4�7� � � 
l�#� � ����� �E�_�$		�#�
� � �-� ���  �M��

Sym(n)
�

?�  ÌCÌ-3 � Ï�|¥�)vyxG¦��~l�x®�0v��zl����e�~�OxpgU�ax¨��v©u[k�k�l�xp�z|���kd�axz�z|¾¯¸|�v%#l� �$� ����� �7��� 
a��� � �&|¥²����0�"}��j�~u¿|¥²h²¶}A�
lG���)g�ª�lG�´xp}A�

x 6= 0
¦
xT .S.x > 0

§OÅ |¥xpg;xpgj|�v#|~�
k�|¥�U��¦j�~l�x��0v���}A�0v©|��wl��h}��0l&��vzv©l��©xz|¥}A���ex��®xp|~k�l"	
� Sym+

? (n)
|�v&�e�¸}��cl��C§�ÂCl4x

‖.‖
{cld�
�j}��zk }��

R
n §dÂ$l�x ‖.‖ {cl¨xzgjl\��vzv©}w�4|~�expl����0}��zk }A�

kd�axz�p|���lGv4¦[vpl4l����Avµ�~|~�jl����µ²¶}��zkdvµ}A�
R

n 	 ‖M‖ = sup
‖x‖≤1

‖M.x‖
§OÏ0}��h�e�[u¨xpl��0v©}A�

S
¦[±3lRg0��ª�l"	

|xT .S.x| ≥ λmin‖x‖
2 ±#g0l4�zl λmin := min

λ∈Sp(T )
λ > 0

§ÄÎRv¨�¿��}A�0v©lG�@�jl4�0�4l�¦_��v®�~}��j�¸��v¨�
vpu[k¨k�l4xp�z|~�&kd�exp�z|¾¯

dS
|~vRvp�0�zgYxpgU�ax

‖dS‖ < λmin
¦U±3l�g0��ª�l&²¶}��

x 6= 0
	

xT .(S + dS).x >
(λmin − ‖dS‖)‖x‖2 > 0
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DM exp .dM = 1/2((DM/2 exp .dM). exp(M/2) + exp(M/2).(DM/2 exp .dM)) = 0.
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∀i, j : dNi,j(1 + exp(−λi/2 + λj/2)) = 0.
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S1 ¦ S2 :=
1

2
(S1.S2 + S2.S1).

fhgj|�v®�j�z}w�w�U�´x¨|~v�v©k�}[}�xpgC¦_�4}��0vpl4�zª�l�v�xpgjl
|��wl4�Axz|¥x°u]�e�0�Äxpg0l�|~�@ª�l��zvpl�¦O{j�wx�|¥x�|~vM�4��� � ���#�+�#��� ����� ���
n°�0�wl�l���¦0±3l�g0��ª�l�|¥�;��l��jl4�)�e� 	

(S1 ¦ S2) ¦ S3 6= S1 ¦ (S2 ¦ S3).
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{cl�xy±3l�l4�
x°±7}¨xpl��0v©}A�zv

S1, S2
|~v#��|~ª�l4�
{@u 	

d(S1, S2) = ‖ log(S
−1/2
1 .S2.S

−1/2
1 )‖.
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±#gjl��pl

‖.‖
|~v_���_�0���~|��wl������j}��zk �wl�¬0�jlG�¨}��

Sym(n)
§'ÂCl�xµ�0v_�wl4¬0�jlhxzgjlh²¶}A�¥�~}�±#|~�j��k��j�¥xz|¥�j�~|��4�axz|¥}A�
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S1 } S2 := S
1/2
1 .S2.S

1/2
1 .

Å |¥xpg¿xpgj|�v.k��j�¥xp|~�j�¥|��4�exp|~}��C¦�xpgjl��eº��0l�Ã|¥�[ªa�e�z|��e�AxRk�l�xz�p|��®��}A�0v©xp�z�0�´xzl���|¥� �HG+O��_�4���Q{cl®|~�Axzl4�z�j�zl�xplG�
xzgjl4�]�Av����¥l4² x©Ã|¥�[ªa�e�z|��e�Ax�k�l4xp�z|~��§Q�Y}��zl4}aª�l4��¦�xpgj|�v�k��j�¥xp|~�j�~|~���axz|¥}A�½|~v®vpk�}[}exzgC¦'�4}�k��0�exp|~{j�¥l�±#|¥xpg
kd�axz�p|¥¯Y|¥�[ª�l4�)v©|~}��Q�e�U�Ykd�axz�p|¥¯Yl�¯w�c}��0l4�Axz|~���I§.�µª�l4�zu@xpgj|~�j��±3}��z·wv#¬0�0l�¦�l�¯j��l��wxRxpg0�ex.|¥x.|�v.���~vp}��4� �
� ���#�+�#��� ����� ����Î��A��|¥�Yxpgj|�v.��}�k�lGv#²¶�z}�k xpg0l��j}A�wÃ�4}�k�k��wx)�axp|~ª[|¥x°u
}e²Oxpg0l�kd�axz�p|¥¯;k��j�¥xp|~�j�¥|��4�exp|~}���}A�
xzl4�0vp}��)v4§

fhg@�0v�¦J±3l¨vpl4l�xpg0�ex��wl4¬0�j|~�j�
�\�A�p}A�j��v©xp�z�0��xp�j�zl®�w|~�zl��´xz�¥u
²¶�z}�kÁxzgjl®kd�exp�z|¾¯Yk��j�¥xp|~�j�~|~���axz|¥}A�Q|~v
�w|¥º\���j�¥x�§
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� , 	�-¶�+' A -�'¹¢�¡j�+' Ì4, X ¡j� È Í Ì4, 83Ì-: ¡w  '¶�+5��½� fhgjl4}A�pl�k %]�c}�|~�Axzv;�½ª�l��pu¼|¥k��c}��pxz���Ax�²¹���´x�	
Sym+

? (n)
|~v��w|¥ÆJl4}�k�}A�p�jgj|��®xz};|¥x)v�xz���j��l4�@x�vp�0�A��ld�ax&xzgjld|��wl4�@xp|¥x°uA¦

Sym(n)
§�m7�wx

Sym(n)
gU��v

���Q�A�j�w|¥xp|~ª�l®���z}��j�Qv©xp�z�0�´xz�j�plA¦J���0�Yxp}�}A{wxz��|¥�¿�����z}��j�Qvyxz�p�U�´xp�0�pl®}���xpgjl®xzl4�0vp}��.vp�0�A��l�¦J}��jl¨���e�
vp|¥k��j�~u�xp�)�e�0vp�c}��pxµxpgjl��A�j�w|¥xp|~ª�l.v©xp�z�0�´xz�j�plR}�²

Sym(n)
xp}

Sym+
? (n)

±#|¾xzg�xpgjl.l�¯w�c}A�jl4�@xp|��e�=§'�Y}A�pl
�j�zl��4|~vpl4�~u�¦w±3l�v©l4x 	
b
È��S, '¶�(' Ì4, =6� ���#�

S1, S2 ∈ Sym+
? (n)

� � �9�K� 
a�4�
��
���� � - Ì-: ¡w  '¶�+5�� '¹¢ � 	�-¶�+' A -�'¹¢�¡w�(' Ì4,
S1¯S2� � �

S1 ¯ S2 := exp(log(S1) + log(S2)).

 GG� �

?�  Ì-A_Ì �('¶�+' Ì-, =6�
(Sym+

? (n),¯)
� �f�f�K� � 	�# �d! 
l�f�c��	N��� � 4�� ��� ���-�S� �9��
�� 	C��	�� ����K�#����� � � �d��������� �

���4� ��
��7� �	� ���$�#����7� � ���������E� �_��
��7� �	� ���$�#�7� � ��
�� �d��������� �#�����#� � �B��� ��� �L�#��� ' 
l�#�c� � ���_� ' �
� �����#� �$� ��� � � 	N� ��� � � 
l� � ���������M�#�#�l�#� �
��
��#� � 
l� H� � � ��� ��
�� ��� #c� �+� 	��#�9� � � ��	���S� �E��
���� � � � �������
#c� �(� 	��#� �i�o�L��� �#	N�a�c� �  ��� ��� �a��
�� � 	N���� #4����$� ����� � � � ¢ Ì � � 	���¡w�('*) È �

?�  ÌCÌ-3 � fhgjl.k��j�¾xz|¥�0�¥|��4�exp|~}���|~vh�wl4¬0�jl���{[u\���j�j|¾xz|¥}A��}����~}��@�e�z|¾xzgjkdv4§�nÃxh|~v3xpg0l4�zl�²¶}��zlR�Avpvp}w�4|~�axz|~ª�l
���0�1�4}�k�k��wx)�axp|~ª�l�§�s[|~�0��l

log(Id) = 0
¦�xpg0l¿�jl��wxp�)�e�.l��¥l�k¨l��Ax;|~v

Id
�e�0� vp|¥�U��l

log(S−1) =
− log(S)

¦_xzgjl;�jl4± |~�@ª�l4�)vpl�|�v®xpgjl;kd�axz�p|¥¯½|¥�[ª�l4�)v©lA§]Ï�|¥�U�e�~�¥uA¦µ±3l
g0��ª�l
exp(log(S1) + log(S2))

= exp(log(S1)). exp(log(S2)) = S1.S2
±#gjl4�

[S1, S2] = 0
§

nonqp�r�s�s�t$u
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l�  � � � ��� � 
 � ��� � 	N���� #4����$� ����� �
¯

���
Sym+

? (n)
�H� �$��� #l� ��� ��H� ' � ��
E� ���9������	�����	N� �

��a� � �+����
 �d����� ���� � �
(S1, S2) 7→ S1¯S−1

2

� �
C∞ �h! 
l�#� � ����� � �

Sym+
? (n)

� � �K���L�#� � �$��� ��	N� � �����L�
� �*� ��� ��	�#�������	�����	N� � � �

¯
�

?�  ÌCÌ-3 �
(S1, S2) 7→ S1 ¯ S−1

2 = exp(log(S1) − log(S2))
§Äm3�jx�vp|¥�0�4l

exp
���0�

log
�e�0�Äxpgjl

�A�j�w|¥xp|~}��¼�e�zl;v©k�}[}�xpgC¦µxpgjl�|¥����}Ak¨�c}@v©|¥xp|~}��»|�vd�e��vp}¸vpk�}[}exzgC§¼m7u]�wl4¬0�j|¥xp|~}�� 
Iv©l�l � I��Ã¦7�0�e�AlY��I ��¦
Sym+

? (n)
|�v#��Â$|¥l&���z}��j�$§

b
È��S, '¶�(' Ì4,Y. �
(Sym+

? (n),¯)
� �h��� * ��� � 
l�_!��#�l�#� � � ��� �K� � 	�# �

?�  Ì-A_Ì �('¶�+' Ì-,T. �
exp : (Sym(n),+) → (Sym+

? (n),¯)
� �d�[� ���h��� ��	�# � ��� �d��� # 
N� � � �# �� #l�����

������	NH� ��� � �c����#l��� ��� ��� �#� ��		� ��� ��	�#-� � �
Sym+

? (n)
��� ��� �#� ��� �4�$� � �d� ��� � �C�[��
�� � � �������E� � #�� �4�#������� 

��h� 
l�L�#�[��
Sym(n)

� ' 
C��� 
 � � � ����� #c �7� ��� 
l� ����� �
(t.V )t∈R

' 
���� � V ∈ Sym(n)
��� ���7�������

�#� �#	��#�4�$� � ��
�� � ��� ��� ��	�# � ��#l� �c�#�����*�� � �
Sym+

? (n)
� �i�K��� ��� ���d��
�� �# �L�$�������� � � ������� � � #�� �4�#������� 

������
�� � �*���  ��� �#� �
Sym(n)

�

?�  ÌCÌ-3 � Å¿l\gU�Gª�ldl4¯[�0�¥|���|¥xp�~uQxz�z���0v©�c}A�©xzl��Qxpg0l\���z}��j�"v©xp�z�0��xp�j�zld}e²
Sym(n)

|¥�@xp}
Sym+

? (n)
vp}

exp
|�v#�¨k�}��z�jgj|�v©k;§'nÃx�|�v#�e��vp}��¨{j| �ylG�´xp|~}��$¦0�e�0��xzg@�0v�����|�vp}�k�}��z�jgj|�v©k;§'fhg0l&vpk¨}w}expg0�jl�vzv7}e²

expxzgjl4�Y��vzvp�j�plGv3|¥xzv��4}�k��0�exp|~{j|¥�~|¥x°u�±#|¥xpg
xpg0l&�j|¾ÆJl4�zl4�@xp|��e�$vyxz�p�U�´xp�0�pl�§
ÂCl�x«�Uv��plG�4�e�~��xpg0l��wl�¬U�j|¾xz|¥}A�Y}e²O}��jl4=�U�e�)�ek�l�xpl��#vp�j{j�A�p}A�j�0v�§

(S(t))t∈R

|~v«vp�0�)gY�\v©�j{0���z}��j�;|¾²
���0��}��j�~u;|¥²µ±3l®gU�Gª�l

∀t, s : S(t + s) = S(t) ¯ S(s) = S(s) ¯ S(t)
§&m7�wx.xpgjl��

log(S(t + s) =
log(S(t)¯ S(s)) = log(S(t)) + log(S(s))

{@u��wl�¬U�j|¾xz|¥}A��}�²
¯
§Ofhgjl��pl4²¶}��zl

log S(t)
|~v#�e��v©}¨�®}��jl4

�0���z��k�l�xpl���vp�j{j���z}��0�&}�²
(Sym(n),+)

¦a±#gj|��)g�|~v��jl���lGvpvz�e�z|~�¥u.}e²jxpgjl3²¶}��zk
t.V

±#gjl4�zl
V ∈ Sym(n)

§
V
|~v\xpgjl � ��
 �-� � �������d��@� ���c��� ��� ����}�²

S(t)
§�Ï�|~�0�e�~�¥uA¦hxpg0lQl�¯w�c}��jl��Axp|��e�R|~v�}�{wx)�e|~�jl��À²¶�z}�k�}��jl4

�0���z��k�l�xpl��#v©�j{j�A�p}A�j�0v�¦[±#gj|��zgY�e�zl����¥�C}e²�xpg0l.²¶}A�pk
(exp(t.V ))t∈R
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fhg@�0v«±7l�g0��ª�l��A|¥ª�l��;xpgjl�xzl4�0vp}��Rvp�0�A��l��\v©xp�z�0�´xz�j�zl�}e²_Â$|¥l����z}��0�
xpg0�exR�~l���ª�l�v��j�0�)g0�e�j�Al��
xzgjl
�4�~�Avpvp|~���e�'k��exp�z|¾¯Q�j}�xp|~}��0v�}e²3|~�@ªAl4�)v©l��e�U�Ql4¯[�c}A�jl4�@xp|��e�=§¨fhg0l��jl4± k��j�¥xp|~�j�¥|��4�exp|~}��¸�Uv©lG��¦C|=§ l�§®xzgjl
�~}��@�e�z|¾xzgjk�|~�¨k��j�¥xp|~�j�~|��4�axz|¥}A�C¦���l��jl4�)�e�~|���l�v.xpgjl\kd�exp�z|¾¯¸k��j�¾xz|¥�0�¥|��4�exp|~}��Ä±#gjl4�"xy±3};xzl4�0vp}��)v&�w}��j}ex
�4}�k�k��wxpl&|~��xzgjl&kd�axp�z|¥¯�v©l��0v©lA§

fhgjl��Avpvp}w��|��axzl��QÂC|~l�Î��~��l�{j�z��|~v.xpgjldvp�0���4l®}�²7v©u[k�k�l�xz�p|��®kd�axp�z|���l�v�¦�±#gj|��zg¸|�v��w|¥Æcl�}�k�}��z�jgj|��
���0�Q|�vp}�k�}��z�jgj|���xz}�xzgjl��A�p}A�j�Q|¥x)v©l4�¥²y§dfhgjlGv©l¨xplG�zgj�j|��4���'xzl4�zk�v�k�l����Qxzg0�ax&xpgjl�x°±3}Yvp�0���4l�v.g0��ª�l
lGvpvpl4�Axz|��e�~�¥udxpg0l�vp��k¨l&���¥�Al4{j�)�e|��R�e�U�
�w|¾ÆJl4�zl4�@xp|��e�$v©xp�z�0�´xz�j�plGv4§

fhgjl
�plG���wl��¨vpgj}��0�~�]�j}exzl�xpg0�ex¨xpg0|~vdÂC|~l
���z}��j�»vyxz�p�0��xp�j�zl�|�v®xp}¸}A�j�¨·[�j}a±#�¥lG�w��l
��}Ak��j�¥l4xpl��¥u
�jl�± |~�Äxpgjl��¥|¥xpl��z�exp�j�zl�§�Ïj}A�®��vp�0���4l���v��4}�k�k�}��j�~u¿�0vpl��½�Av&xpl��0v©}A�zv�¦�xpgj|�v�|�v�}��"xzgjl\²¹�A��l�}e²#|¥x
ª�l��pu»vp�j�p�0�p|�v©|~�j�U§ fhgj|�vd�0�p}A{0�e{j�~u»��}�k�lGv¨²¶�z}�k xpg0lY²¹���´x\xzg0�ax\xpg0lQf$l��0v©}A�\Â$|¥l����z}��j�À|�vB�4� �R�
k��j�¥xp|~�j�~|~���axz|¥ª�l&kd�axz�p|¥¯��A�p}A�j�C¦w�4}��Axz�z���pu�xz}�k�}Av©x�ÂC|~l��A�p}A�j�0v�§

�5�'� � �0� � . �9� 8  �549
	� ( 4 ��+,�� � ��� ���54�� 46����� + � �4 ��+�� � 1
*«}�±¼xzg0�ax7±7l«gU�Gª�l«�A|¥ª�l��

Sym+
? (n)

�®vyxz�p�0��xp�j�zl«}e²�ÂC|~lR���z}��j�C¦@±3l«xp�j�z�dxz}�xzgjl«x)��vp·¨}�²Cl�¯w�j�~}��z|~�j�
k�l�xz�p|��4v«��}Ak��0�axz|¥{j�~l&±#|¥xzg;xpgj|�v��0l4±Wvyxz�p�0��xp�j�zl�§hfhgjl&²¶�z��k�l4±3}A�p·�}e²O��|¥l�k����j�j|��e�Yk¨l4xp�z|~��v#|�v�ª�l4�zu
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�c}a±3l4�p²¶�j� 	3|¾xR�j�z}�ª[|��wl�v��\vp|¥k��j�~l&²¶�)�ek�l4±7}��z·d²¶}��Rv©xz�exp|�vyxz|~��v�|¥��k����j|¥²¶}����jv4§�s[l�l � G�����²¶}��R�\�wl�x)�e|~�¥lG�
�A�4��}A�j�Ax#}���xzgj|�vhxp}��0|~��§

Î�k�}��j���#|¥l�k����j�j|��e�;k�l4xp�z|~��v#|~�YÂ$|¥l����z}��j�0v�¦ �#� � �	� � ���*���-��k�l�xz�p|��4v«�e�zl.xpg0l�k¨}@vyxR��}��[ª�l4�j|~l4�@x�§
Å¸l&g0�GªAlRxzgjl�²¶}��~�¥}a±#|~�j���jl�¬0�j|¥xp|~}�� 	
b
È��S, '¶�(' Ì4, R9� � �d�#�������

<,>
��� 
 �4�$�[� ���h� ���f��� ��	�#

G
� � ������� � � ��� �#� � �	� � ���*���-� � �

∀m ∈ G
�

� 
l��H� �$���E���4� ��� � 
N��� � 	N���� #4����$� ����� � � �
m

�K� �4��� � 
l��� � � � � ��� � �c����� ���#� ' ���#� #l� � �-�����[� � ��� � � �
� �#��� �#��������� �
6 5 È[Ì   È � R � � � � � � � 	 ��� 
���#4� �#�$����� ��� � � �L������� �-� � �#��������� 
���� �h� 
l� ��� * � ' �*� �(#c� ��#l�#��������� �

	"� � �#� � � � � ��������� �d�#������� � �h� ���� � �	� � ����� �-� ' �H� �H�@� �	� �#�$�$�����
� �� �� � � �#� � �	� � ��������� � �E���4� � �� ��� �

∀m ∈ G,Ad(m)
� �M� �Y� �#��� �#��� � � � ��
�� � ���7�� ��� �#� �

g
�

' 
���� � Ad(m)
� � � 
l� �K���#� � �-�@� � #4� ���#���-� ������� � ��

m
�
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Å gjl4�Ä±3l\�Avpvp|¥k�|~�~�expl¨xzgjl\�¥}A�A�e�z|¥xpgjk�|��®k��j�¥xp|~�j�~|~���axz|¥}A�¸xp}Q�e�Ä���j�w|¥xp|~}��Ä���0�¿xpgjl\�¥}A�A���p|¥xpg0k¨|��
vz�4���~���hk��j�¥xp|~�j�~|~���axz|¥}A�
xz}\���0vp�0�e��vp���e���e�#k��j�¾xz|¥�0�¥|��4�exp|~}��C¦U±3l&g0��ª�l��e�~��xzgjl��j�p}A�cl4�pxp|~l�vh}�²O��ª�l���xp}��
vp�0���4l�§�m7u���}A�0vyxz�p�U�´xp|~}��$¦cxpg0l¨kd�e�j�0|¥�j�

exp : (Sym(N),+, .) → (Sym+
? (n),¯,~)

|�v���ª�lG�´xz}��
vp�0���4l�|�v©}Ak¨}A�p�0gj|~vpk;§�fhgj|�vµ}e²$�4}��j�)v©l«�w}[lGv_�0}ex3k�l�����xzg0�ax3xpgjl«xpl��0vp}��3vp�0�A��l�|�v3��v©�j{[ª�l���xp}��7v©�0�A��l
}�²hxzgjl�ª�l���xp}��¨v©�0�A��l�}e²«vz�A�U�e�zldkd�exp�z|~�4l�v�§Qm7�wx�xzgj|�v¨v©gj}a±�v�xpg0�ex®±3l
�4�e�½ª[|~l4± xpgj|�v¨v©�0�A��l���v®�
ª�lG�´xp}A��vp�0���4ld±#g0l4�Ä±7l\|��wl4�@xp|¥²¶u"�;xzl4�0vp}���xp}Q|¾x)v��¥}A�A�e�z|¥xpgjk;§;fhgjl��@�jl�v©xp|~}A�"}�²#±#gjl�xzgjl4�®}����j}ex
xzgjl«xzl4�0vp}��hv©�U����lR|~vh��ª�l��´xz}��hv©�0�A��lR�jl4�cl4�U�jv3}A�\xpgjl.ª�l���xp}��hv©�0�A��l.vyxz�p�0��xp�j�zlR±3l.���plR�4}��0vp|~�jl4�p|~�j�U¦

nonqp�r�s�s�t$u
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���0�"�4� �µ}A�"xpgjl�v©�U����l\|¾x)v©l��¾²y§YÅ |¥xpgÄxpg0l��4�~�Avpvp|~���e�_�_�0�4�¥|��wl����½v©xp�z�0�´xz�j�zld}�²#vz�@�0�e�zldk��exp�z|~�4l�v�¦�|¥x
|�v&�j}�x��;ª�l���xp}���v©�0�A��lA§�m7�wx�±#|¾xzg¸xzgjl\�¥}A�A�e�z|¥xpgjk�|��®k��0�¾xz|¥�j�~|��4�axz|¥}A�Ä���0�¿xpgjl\�~}��A���p|¥xzgjk�|~��vp���e���e�
k��j�¥xp|~�j�~|~���axz|¥}A�C¦j|¥x�|~v�§
b
È��S, '¶�(' Ì4,"F �

(Sym+
? (n),¯,~)

� �h�$�  H��� � 
l�_!������#� ���-�$��� � � � #l�������
Ïj�z}�kMxzgj|~v'ª[|~l4±#�c}�|~�AxG¦e{j|¥|~�@ªe�e�z|~���Ax�k�l4xp�z|~��v�}���xpgjl#f�l4�0vp}��OÂC|~l7���z}��j�®�e�zl7vp|¥k��j�~u��wl4�z|¥ª�lG�&²¶�z}�k

xzgjl�������vzv©|��4���J�_�0���~|��wl����
k�l4xp�z|~��vh}���xzgjl&ª�l��´xz}���v©�U����l
(Sym(n),+, .)

§a6 5"	�� Ë®È 5�¡�) È ' ,"3 ¡j¢e�
Í È��S,�È Í ¡ ,�È@Ë ; 	�¢&-�'IÍ È ¡ , ���4  	�¢e�
	$  È½Ì-, �+5 È � ÈC, � Ì  Y� A ¡0¢ È;{[u;xp�)�e�Uv©�c}A�©xz|¥�j�\xzg0�ax�}�²µ|¥xzv
Â$|¥l«Î«�¥�Al4{j�)�

Sym(n)
}A�¨xzl4�0vp}��)v�§�m7�wx_xzgj|~vµ�_�U���~|~�wlG�e��vyxz�p�0��xp�j�zl#gU��v_�j}exµxpgjlR�wl�²¶lG�´xzvµk�l��Axp|~}��0l��

|~�¿xpgjl�s[l���xp|~}��YG¨}�²µxpg0|~v��e�pxp|����~l"	.k��exp�z|���l�v.±#|¥xpg"�@�j�~�Ol�|¥�Al4�[ªa�e�~�jlGv.�e�zl��ax&|~�w¬0�j|¥xpl\�w|�vyx)�e�0�4l����0�
xzgjl\v©u[k�k�l�xz�puQ�j�p|~�0��|~�j�~l�|�v&�pl�vp�cl���xplG��§d�Y}A�pl�}�ª�l���¦�kd�e�[u�|~�@ªe�e�z|~���0��l¨�j�z}��cl��©xz|¥lGv��e�zl¨ªe�e�~|~��¦$�~|¥·Al
vp|¥k�|~�~���p|¥xyu@=|~�@ªa���p|��e�0��l�§

� �M%����
���;���´����#������	 �¨������4�����27� (�)��* +"��,.-0/1�
23��4	��#��� 56�7�C-
%�423�

n°�
xpgj|�v�vpl��´xz|¥}A�C¦w±3l&�j�zl�vpl4�Ax#xpgjl��#|~l4kd�e�0�j|~���;vyx)�axz|~v©xp|��4���J²¶�z��k�l4±3}��z·�²¶}��#xpgjl�f�l4�0vp}��«s[�0���4l�±#|¥xpg
Â$}��eÃ�_�0�4�¥|��wl����;k¨l4xp�z|��e§hnÃxR|�v��0���©xz|~�4�j���e�z�¥u�vp|¥k��j�~l�¦Jv©|~�0��l�|¾xR|�v#xzgjl®vp��k¨l���v#xzgjl��0v©�U�e�$�_�U���~|~�wlG�e�
²¶�)�ek�l4±7}��z·�±#g0l4�
}A�jl�|��wl4�@xp|¥¬0l�v��®xzl4�0vp}��hxp}d|¾x)v#�¥}A�A�e�z|¥xpgjk;§

�_�z�A�´xz|~���e�~�¥uA¦A}��jlRv©|~k��j�~u¨�0vpl�v_xzgjl«�Uv©�0���0xp}[}A�~vµ}e²C�_�0���~|��wl�����vyx)�axz|~v©xp|��4vµ}A��xpg0l«�~}��@�e�z|¾xzgjkdv_���0�
kd�e�Uv®xpg0l;�plGv©�0�¾x)v¨{0���)·Äxp}¸xpgjlYf�l4�Uv©}A� POlG�´xz}��\s[�0�A��l;±#|¾xzg»xpgjlYl�¯w�c}��jl��Axp|��e�=§»Å¸l;�plG�4���¥�7xpgU�ax
xzgjl4}A�pl�xz|��4�e�~�~u¨²¶�j�¥�~u&�y�0v©xp|¥¬0l���{clG�4�e�Uv©l«xzgjl�f�l��0v©}A�hÂC|~lR�A�p}A�j��l4�0�w}a±3l���±#|¥xpg
�®{j|~|~�@ªa���p|��e�@x7k¨l4xp�z|��

¹|I§ l�§'gjl4�zl#��Â$}��eÃ�_�0�4�¥|��wlG�e�®k�l4xp�z|~����|~vO|�v©}Ak¨}A�p�0gj|~��¦��w|¾ÆJl4}Ak�}��z�jgj|��h�e�0�¨|~vp}�k�l4xp�z|~�3xz}.xzgjl����0�w|¾xz|¥ªAl
�A�p}A�j��}e²'vpu@k�k�l�xz�p|��.kd�axz�p|���lGv7±#|¥xpg
xzgjl���vzv©}w�4|~�explG���R�_�0���~|��wl����
�j}A�pk;§

Î��j�j�~|��4�axz|¥}A�0v&}e²7xpgjl\v©xz�exp|�vyxz|��4v�}A�¿xzl4�0vp}��)v.|~�0�4�¥�0�jl�²¶}���l�¯j�ek��j�~ld³.f7Ã����n.vpl4�Ak�l4�Axz|¥}A��	�v©l�l
�HG+%��Ã§
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 	 4 � � +��
fhgjl.xpl��0v©}A�#v©�0�A��l.±#|¾xzg;�¨ÂC}A�eÃ�_�0���~|��wl�����k¨l4xp�z|��R|�vh�¨�#|~l4kd���j�j|��e�
vp�0���4l�¦[l�¯j�A�´xp�~u\�Av3xpgjl.xzl4�0vp}��
vp�0���4lµ±#|¾xzg®�e�®�aºd�jl4=|~�@ªa���p|��e�@x$k�l�xp�z|��e§�n°� � G����Ã¦�xpgjlhvyx)�axz|~v©xp|��4����²¶�z��k�l4±3}A�p·.|¥�®�#|~l4kd���j�j|��e��vp�0�A��l�v
|�v7²¶�j�~�~u��j�zl�vpl4�@xpl���²¶�z}�k �¨��l�}�k�l�xz�p|��4���c�c}A|¥�@x#}�²�ª[|¥l�±&§

n°�"xzgjl�vpl�vp�0���4l�v�¦�}A�jl\�0vp�0�e�~�~u¿��l��jl4�)�e�~|���l�v�xpgjl��4�~�Avpvp|��4�e�_l4¯w�UlG�´x)�axp|~}��Ä}e²����z���0�w}�k¨Ãªa�e�p|��e{j�¥l
±#|¥xpg\xzgjlR�j}exz|¥}A�\}e²$Ï0���G�zgjl4x3l4¯w�cl��´x)�axz|¥}A�C§�nÃx7|�v3�wl4¬0�jl����Av_xpgjl.vpl�x7}e²$�c}�|~�Axzv3±#gj|��zg�k�|~�j|¥k�|��4l«xzgjl
k�l�xz�p|��\�w|�v©�cl��zvp|¥}A�¸}�²7xzgjl��z���0�w}�k ªa�e�z|��e{j�~l�§
ÂCl4x

(G, d(., .))
{cl����#|~l4kd�e�0�j|~���Ävp�0���4ld±#|¥xpg½|¾x)v

�w|�v©xz�e�U��l��e�0�
S : Ω → G

�
G
Ãªa�e�~�jl��Q�z���0�w}�k ªa���p|��e{0�¥lA§�Â$l�x

dP
{cl¨xpgjl��j�z}�{0��{j|~�¥|¥x°uYk�l��Av©�0�pl

�Avpvp}w��|��axzl��]xz}
S
�wl�¬U�jl�� }��¼xzgjl¿v©�U����l�}e²����¥�R�U}@vpvp|~{j�~lY}A�wxz�4}�k�l�v

Ω

¹vpl4l � ���R²¶}����½�4}�k��j�~l�xpl

�wlGvp�4�p|~�wxp|~}A�Y}�²Oxzgjl¨�4�~�Avpvp|��4�e���j�p}A{0�e{0|¥�~|~v©xp|��&²¶�z��k�l4±3}A�p·J¦U�0���©xz|~�4�j�~���p�~u�²¶}��«xzl��)gj�j|��4�����plG�A�0|¥�zl4k�l4�@xzv
vp�0�)g;��vhk�l��Av©�j�)�e{0|¥�~|¥x°uA¦[±#gj|��zg;±#|~�¥�C�j}�x#{cl&k�l4�Axz|¥}A�j�jlG��gjl��pl��´§
�� �5]�EPE.Z���� ]�b'H���!NF�D,-���$p^���@�2�F�����D,-�.���+#/�D��p^�����D*�A@�����D��( *+�&,-,^�.���+#/��#/*V�����D*���,-�D��*V���@�2�OR&*���B1��p^�����8*�A@�����

��( *+�,-,-�.���+#/�<,1�2���+#:����*�M#/�.NO��B���*����&��� #/��084/6���K����^��("���&� U � p�*������ #:�<6��+��R�A =

-/.Sn�-/0



���������
	����������������������������� �"!��#�������$� �NG

Å |¾xzg
xpgjlGv©l&�j}ex)�axz|¥}A�0v�¦@xzgjl�Ïj�����)gjl�x�k�l��e�
E(S)

}�²
S
|~v��wl�¬U�jl��
{@u 	

E(S) =
���p�¨k�|¥�

T

∫

Ω

d2(T, S(ω))dP (ω).

 GG� �

� #c����� ��� ¦#l�¯w|�vyxzl4�0��lY���0�]�j�0|~�@�jl��jl�vzvd�e�zl
}��j�~u½���0���z���Axzl4l��½±#g0l4�»xpg0l;ªe�e�~�jl�v®x)�e·�l��»{@u
S
���pl

�4}��Ax)�e|~�jl��À|¥� �"�zl4��|~}��À}e²
G
xpg0�ex\|�v\v©kd���¥��l4�j}A�j��g$§ swl4l �HGG���R�0�e�Al G+%¿²¶}��dxzgjl�v©xz�expl4k�l��Ax\}�²

& ���z�)gjl4�
 v3xpgjl�}��zl4k;§Å gjl4�]xpgjl;Ï0���G�zgjl4x¨l�¯w�cl���xz�exp|~}��½|�v®�j�0|~�@�jl��¥u½�wl�¬U�jl���¦µ}��jl
���e�»�e��v©}¿��}Ak��j�wxpl
k�}�k�l4�@xzv®}�²
vp�j�cl4�z|¥}A��}��)�wl4�C�¥|~·�l'xzgjlµ��}aªa���p|��e�0��lA§Cfhgj|�v�|�v$�w}��jlOxpgj|�v�xp|~k�l_�0vp|¥�j��ª�l��´xz}��)v4¦��0�ek�l��¥u«xpgjlµ�¥}A�A�e�z|¥xpgjkdv
�4l4�Axzl4�zl��¿}��¿xpg0l�k�lG�e�C§d�Y}A�pl��j�plG��|�v©l��¥uA¦�xpg0ld�4}�ªe�e�z|~�e�0�4l®kd�axp�z|¥¯ 
¹vpl4l��HGG���µ�0����lMG ]��R|~v��wl�¬0�0l��
{[u 	

CovE(S)(S) = E(log
E(S)(S)) =

∫

Ω

log
E(S)(S(ω)). log

E(S)(S(ω))T dP (ω).

 G+I �

Å |¾xzgj|¥�Qxzgj|�v«²¶�)�ek�l4±3}A�p·J¦Ukd�e�[u;�0vp�0�e�'vyx)�axz|~v©xp|��4���$xz}[}���vR�4����{cl®�0vpl���¦J�~|~·�l®�Q�eg0���~���j}�{j|�v«�w|�vy
x)�e�0�4l�¦w�Al4�jl��z���¥|����exp|~}��0v3}�²�xpgjl&�j}A�pkd���J���G±&¦jl�xz��§µs[l4l �HGG���C²¶}��#k�}A�pl&�wl�x)�e|~�~v�§

���'& � 
	��� �
	 � 46��� ��+,�
fhg0���j·wv'xp}&xpg0l�|�v©}Ak¨l4xp�z|~�h|�v©}Ak�}��z�jgj|~vpk�{cl�xy±3l4l���xpgjl�xpl4�Uv©}A�µv©�0�A��l#±#|¥xpg\��ÂC}���=�µ�0���~|~�jl��e��k¨l4xp�z|��
���0��xpgjl��_�0�4�¥|��wl����;ª�lG�´xz}���vp�0���4l�}�²'vpu[k�k¨l4xp�z|~��kd�axz�p|���lGv4¦wxpg0l�xzgjl4}A�pu�}e²�xzl4�0vp}��p=ªe�e�~�jl����)�e�U�w}�k
ªa���p|���{j�¥lGv�|�v����zl��axz�¥uÀv©|~k��j�~|¾¬0lG��§��_ª�l4�zu»�0}exp|~}A� }e²&�j�z}�{0��{j|~�¥|¥xp|~l�v��e�U� vyx)�axz|~v©xp|��4v�}�� ª�lG�´xp}A�zv\|~v
�zl��A�w|¥�~u\��l4�0l4�)�e�~|���l���|¥�
xpgjl�xzl4�0vp}����4�Av©lA§

n°�0�wl4lG��¦j}��jl��4�e�;�wl4¬0�jl�xpgjl��4�~�Avpvp|��4�e�Jª�lG�´xz}��#vp�0�A��l�vh}e²��)�e�0�j}�k�xpl��0v©}A�zv 	
b
È��S, '¶�(' Ì4, j6� � �
�$� � ��� 
a�4� �����

α ≥ 1
� 
l�0� ���4�K� 
 �L�$��� � � � #��K���

(Lα(Ω, Sym+
? (n)),¯,~, ‖.‖α)��

Lα � � �-� � ��� ��� �B� �#�l�#����� �L���	���� � ���4�K� � � � �������H����� � �������-��� 
@����������� ' � � 
Y� 
l� � ���#� ���E� #l��������
� ��� �d�#������� � � ������������� �L���	��$�B� ���4�K� � � � ������� ��� ' � � 
 ��
�� �#� �d� � �-� � ��� ���� �� � ��� � �#	N� � � � �#��� �

S ∈
Lα(Ω, Sym+

? (n))
� �h� �c� ���� �[� � �

∫

Ω

‖ log(S(ω))‖αdP (ω) < ∞.

=�e� �

! 
l�d�L�$�#�+�#��� � ���E�4� � �
‖S‖α

� � ����� #4 � �

‖S‖α =

(
∫

Ω

‖ log(S(ω))‖αdP (ω)

)
1

α

.

I�NG��

oR�jl&�4���
���~vp}��4}�k��j�wxzl&�)g0�e�)����xpl4�z|�vyxz|~�«²¶�j�0�´xz|¥}A�0v�¦jl�x)�e§

���'� 	2+��D� �54 � ( 46
 ��� 
	��� ����� 
�+ �
	�C� 46� �  ��� �3�0� � . �C� 8� �546
 � ( 4 ��+,�� �
¤ }Ak¨�0�wxp|~�j�.k�l����0v'�e�U��l�¯w�cl���xz�axz|~}��0v�|~v'�0�e�pxp|����0�~���p�~u&v©|~k��j�~l7±#|¥xpg�ÂC}A�eÃ�_�0�4�¥|��wl�����k�l�xp�z|��4v�¦ak��0�)g
k�}��zlRxzg0�e�;|¥�
xpg0l&��l4�0l4�z�����#|~l4kd�e�j�0|~���;�4��vpl�§'n°�0�wl�l���¦0±3l�g0��ª�l"	
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Ïj}������@u
L2 xzl4�0vp}��p=ªe�e�~�jl����)�e�U�w}�k ªa���p|��e{0�¥l

S
¦$|¥xzv�ÂC}A�eÃ�_�0���~|��wl����¸Ïj�����)gjl�x�k�l��e�

E ��� (S)
¦

���~vp}��4�e�~�~l������ �K���@	��#����K�$� � �d�$� �U¦c|�vR�wl4¬0�jl��Q�e�U�;�0�j|~�@�jl��¥uYvp}0§�nÃx.|�v«��|~ª�l4�Q��v«|~�Yxpgjl®�_�U���~|~�wlG�e�
����vpl.{@u 	
6 5 È[Ì   È � < � ���#�

<,>
��� � ���������@	��#���������� � ��������� � �M��
��f� �#�l�#� �i� #l�������
���#�

S
�$� �

L2 � �#�l�#� ���
� � �	��$�[� � �c�K� � �L������� �# ���[! 
������ ��� � ���$� 
���� � ������� � ' ��*S�K� 
 �4�$�E� �4� ' ��� � ��� �

E ��� (S) = exp

(
∫

Ω

log(S(ω))dP (ω)

)

.

I��� �

 �� #l���������#	N ����� ! 
�� ��� �K���@	��#���������� �d�$� � ��
N

� ���������$� � � ����� �#� � � �

E ��� (S1, ..., SN ) = exp

(

1

N

∑

i

log(Si)

)

.

I��% �

 �� ��
��
L1 �$�L�#� � ���4� �$� �d� ���c��� ����	�(�f� 
l� � ���$� 
���� � � #����#� ��������� � �h��� 
a��� �C�h��
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Cov(S) = E(log
E 
�� (S)(S)) =

∫

Ω

(log(S(ω))−log(E ��� (S)))⊗(log(S(ω))−log(E ��� (S)))dP (ω).
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m�}a±3l4ª�l���¦0±3l�v©l�l�xzg0�ax«xpgjl�l�¯w�c}��jl��Axp|����$�e�U�
�~}��@�e�z|¾xzgjk�|~��k����j�j|~�j�Av«�e�zl���}�k��j�~|��4�axzl��;|¥�;xzgjl
Â$}��eÃ�_�0�4�¥|��wl����;�4�Av©l&{@u�xpgjl��0vpl&}�²�xpgjl��w|¥ÆJl4�zl4�Axz|~���~v�}e²�xzgjl�k��exp�z|¾¯
l�¯w�c}��jl��Axz|~���C���0�
�~}��@�e�z|¾xzgjk;§
fhgj|�vµ|�v_xpgjl«�0�p|���l�xp}��0��u�xz}�}A{wxz��|¥�\ª�l4�zu¨vp|¥k��j�~lR�w|�vyx)�e�0�4l�vµ���0���Al4}w�jl�vp|~��v4§�n°�\k�}Av©x3���j�j�~|~���axp|~}��Uv4¦
xzgj|~v
|~v�}e²��j}»��}A�0vpl��@�jl4�U��l�¦�{cl����e�0vpl¿�w|�vyx)�e�0�4l�v�¦���l4}j�wl�vp|~��v��e�0�1k¨lG�e�0v
�4���1{clQ�Uv©lG�1�w|~�zl��´xz�¥u
±#|¥xpgj}A�wx��0vp|¥�j�dl�¯w�j�~|~�4|¾xz�¥u\xpg0l&k¨l4xp�z|~��§µs[l4l�s[l��´xz|~}��B]w§
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b
È��S, '¶�(' Ì4, &4&�� ���#�

S
�$� �Y� ���4����� � �#�l�#� � � � 
l�#� ��
���� ��� � ' �# �� ��� 
a�4�$� � ' � ' �   ' ��� � �

EAff (S)
� ���M��� �c��� � � �L������� ��� �d�$� � � �c� ' �_� ���$�  
� 
l��� ' � ' ��� � �

ELE(S)
� 
l� ��� �K���@	��#����K�$� �

� ����� �
fhgjl4}��zl4k O.g0�Av�xz}�{cl��4}�k��0�e�zl��®±#|¾xzg¨xpgjl��plGv©�j�¥x)v'}�{jxz�e|~�jlG�®��l��jl4�)�e�~�¥u�}���Ï0�����)gjl�x_k�l��e�UvO���0�

|~���0���©xz|~�4�j���e�3}����eº��0l�=|~�[ªa�e�z|~���Ax3k�l��e�0v�§'n°�\xpg0lR���axpxpl��h�4�Av©lA¦Axpgjl��plR|�v3|~���Al4�jl��z���o�4�R���~}Avpl���²¶}A�pk
²¶}A�7xzgjl&k�l��e�
}�²�k�}��zlRxpgU�e��xy±3}¨xzl4�0vp}��)v4§Om7�wx�gjl4�zl�¦w|~��xzgjl�ÂC}A�eÃ�_�0���~|��wl�����k¨l4xp�z|~��v7²¶�z��k�l4±3}A�p·J¦
xzgjl4�zl�|~v®}��0l�¦�xzg0�e�0·[v�xp}�xzgjl
��}Ak¨k��wx)�axz|¥ª[|¥x°u"}�²#xpgjl
���0�w|¾xz|~ª�l��j�z}w�w�0��x®{cl�xy±3l4l4�½xzl4�0vp}��)v4§"oR�jl
vpgj}��j���"�j}exz|~�4l�xzg0�ax�xpgjl�k¨lG�e�T�K�+���[�c� � �K� #l�#�4� � � � 
l� � �#����������v&�~}��0����v�xzgjl\k�l4xp�z|~�d|�v�ÂC}���
�_�U���~|~�wlG�e�C§hÅ¿l�g0��ª�l�xpgjl®vp��k�l&�jgjl��j}�k�l4�j}A�
²¶}A�«�eº��0l�=|~�@ªe�e�z|~���Ax#k�l����0v�§7fhgj|�v���l��jl4�)�e�~|��4l�v7xzgjl
�4�~�Avpvp|~���e�@�plGv©�j�¥x'}��®�_�0���~|��wl����®k�l��e�Uv�±#g0|~�)g¨�e�zl3|¥�U�wl4�cl��0�wl4�@x'²¶�p}AkMxpgjlh�_�0�4�¥|��wlG�e�¨�w|�v©xz�e�U��l7�0vpl���§

Ïj�z}�k �HGG���=¦w±7l�vpl4lRxpgU�ax#|¾²�xpg0l4�zl.|~vh�j}��4�¥}@v©lG�d²¶}��zk�²¶}��7xpg0l&�aºd�jl�Ã|~�@ªa���p|��e�Ax7k�l�����}e²$xzl4�0vp}��)v4¦
xzgjl4�zl�|�vh�)�axzgjl4�#� �$� � �K�$���-�������d� ��	�����������xpg0�ex«�wl�¬0�jlGv#|¾x�|~k��j�¥|���|¥xp�~u 	

∫

Ω

log(EAff (S)−1/2.S(ω).EAff (S)−1/2)dP (ω) = 0.

=��]��

fhgjl¸vp}��~�wxz|¥}A� xp}]xpg0|~v
l��@�0�exp|~}��1l�¯w|�vyx)v
�e�0�1|~v��0�j|~�@�jl"�e�0�1±#gjl4�1xzgjlQxzl4�0vp}��pÃªa�e�~�jlG�À�)�e�U�w}�k
ªa���p|���{j�¥l

S
|~v�{c}��j�U�wl���§��_�)����xp|��4���¥�~u�¦$xpgj|�v��~l����jv�xz}Y|¥xpl4�)�axz|~ª�l��[�jk�l4�p|��4���_k�l�xzgj}w�jv&xp}�vp}��~ª�l¨xzgjl

lG�A�U�axp|~}��$¦�±#gj|��zg\���plh²¹���_k�}��zl���}Ak¨�0�wxz�exp|~}��j�0���¥u®l�¯w�cl4�0vp|~ª�lhxpgU�e��xpgjlR�w|~�plG�´x3��}Ak¨�0�wxz�exp|~}���}�²cxzgjl
Â$}��eÃ�_�0�4�¥|��wl�����k�l��e�
�Uv©|~�j���µ�c§ 
=��� �´§

���'� � 49�
	 4 ��+,�� ������49+�13��8�
������� ��� � 4 ��49+ 	  � 
	�����
fhgjl��jl�¬0�j|¥xp|~}��Y}e²�xpgjl�ÂC}���=�µ�0���~|~�jl��e�
k�l��e�;��|~ª�l4�;{@u��3�c§ 
=��% �3|�v#l�¯[xz�pl4k�l��¥u�vp|¥k�|~�~���hxp}�xpgU�ax�}�²
xzgjl�������vzv©|��4����vp���e���e�h��l4}Ak�l�xp�z|��4�e�Jk�l����C§'n°�U�wl4lG��¦j±3l&�4�~�Avpvp|��4�e�~�~udg0�Gª�l 	
b
È��S, '¶�(' Ì4, &l/ � ! 
l� ���$��� �#�������$�  � ��� � � �+#l�L��� �����L� ��	�� ���#�$�

d1, ..., dN
�*� � �K��� ��� � �

E(d1, ..., dN ) = exp

(

1

N

N
∑

i=1

log(di)

)

.

fhgjl&ÂC}A�eÃ�_�0���~|��wl��e�
�e�U���eº��jl4=|~�@ªe�e�z|~���AxhÏ0���G�zgjl4x#k¨lG�e�0v#�4����{c}exzg
{cl&��}��Uv©|��wl4�zl�����vh��l��jl4�p
���¥|����exp|~}��0v.}e²3xzgjld��l4}Ak�l�xp�z|���k�l����C§�n°�0�wl4lG��¦Cxzgjl4|~���wl4xpl��pk�|~�0�e�@x&|�v.xpgjld��l�}�k�l�xz�p|��®k�l��e�¸}�²µxzgjl
�Al4}�k�l�xz�z|~�Rk�l����
}e²�xzgjl&�z���0�w}�k �wl4xpl��pk�|~�0�e�@xzv �
6 5 È[Ì   È � ^ � ���#�

S
�����

L1 � � �c�K��� � �#�l�#� � � ! 
���� ��
��B�K�#� ��� � � �4������� �M� ���[��� �K���@	��#����K�$� �
� �����B� � ��
�� � ��� �d�#�����*� � ��� � � � ��
���� � � � �4����� ����� �#� ��� �c� �-� �9��� � �$��� ����� � �

S
� �

L∞ � � ��� ��� �c�#�
� � �L������� ��� �d�$� ��� �h��� 
a�4�$� ���4�[��
�� �#��� �h� ����	N�� 
l�� �L� ����� � ��� ����� �#� ��� �c� ��� �

nonqp�r�s�s�t$u



�KO �����f�$�$� �K��� �#�
� ��

?�  ÌCÌ-3 � Ïj�z}�k��_�z}��$§
GR±7l.·[�j}�±1xpg0�ex#�wl4x
(exp(M)) = exp(

f��)����l
(M))

²¶}��#�e�[u\vp�@�0���plRkd�axz�p|¥¯
M
§_fhgjl4�
²¶}��hxpg0l&��l4}Ak�l�xp�z|��Rk¨lG�e�C¦j±3l&��l�x�	

�wl4x
(ELE(S)) = exp(

f��z�A��l
(log(ELE(S))))

= exp

( f$�)���4l
(

∫

Ω

log(S(ω))dP (ω))

)

= exp

(
∫

Ω

f��)����l
(log(S(ω)))dP (ω)

)

= exp

(
∫

Ω

log(
�wl�x

(S(ω)))dP (ω)

)

= exp (E(log(
�wl�x

(S)))) .

fhgjl���}Ak�k��wxz�exp|~}��;{cl4x°±3l�l4�;xpg0l�|¥�@xpl����)�e�$�e�0�
xpgjl&xz�z�A��l��w}��0l&|~�;xpgjl��4}�k��j�wx)�axp|~}A�0v#|¥���y�0v©xp|¥¬0lG�
{cl����e�0vpl.xpgjl�xz�z�A��l.|�v��¨�¥|~�jl����#}��cl4�)�axz}��7}A�
k��exp�z|~�4l�v�§ m�l4�U��l�xpgjl&�zl�vp�j�¥x�§

Ïj}��'�aºd�jl4=|~�@ªe�e�z|~���Ax$k�lG�e�0v�¦Gxzgjl4�zl3|~v��j}.���~}Avpl���²¶}A�pkM²¶}���xpgjl7k�l����C§?�i	N�Axzgjl4�zl3|~v�xpgjl7{0�e�zuw��l��w
xz�p|��«l��@�0�exp|~}�����|~ª�l4��{@u\�µ�c§ 
=��]���§Om3u\�e�j�0�¥u[|~�j��xpgjl�vz�ek�l«²¶}��zk��j���®��v3{cl�²¶}A�pl.�e² xpl4�hg0�Gª[|~�j��xz�e·Al4�
xzgjl&l�¯w�c}��jl��Axz|~���C�e�0���Uv©|~�j�d�wl�x

(S.T ) =
�jl�x

(S).
�jl�x

(T )
±7l�}A{wxz��|¥��xpg0l&�pl�vp�j�¥x�§

fhgjl4}A�pl�k ]\v©g0}�±�v«xpgU�ax.xpg0l�ÂC}���=�µ�0���~|~�jl��e�Q���0�Q�eº��0l�Ã|¥�[ªa�e�z|~���AxRk�l����0vR}e²_xzl4�0vp}��)v.�e�zl�ª�l4�zu
vp|¥k�|~�~����§¸n°�½xpl��pkdv®}e²«|~�Axpl��p�c}A�~�exp|~}��C¦'xpg0|~v¨�plGv©�0�¾x¨|�v¨vp�exp|�vy²¹�A�´xp}A�puA¦Ov©|~�0��l�|¥x¨|~k��j�~|¥lGv�xpgU�ax®xzgjl�|~�w
xzl4�z�c}����axplG�Q�wl�xzl4�zk�|¥�0���AxG¦�|=§ l�§�xzgjl¨ª�}A�¥�0k¨l¨}�²_xzgjld��vzv©}w�4|~�expl���|¥�@xpl4�z�c}����axzl��Ql4�~�¥|~�0vp}�|��jv4¦�±#|~�~�'ªe�e�zu
{cl�xy±3l�l4�
xpgjl&ªe�e�~�jl�vh}e²�xzgjl��wl�xzl4�zk¨|~�0���Ax)vh}e²�xzgjl�vp}��j�)��lRxzl4�0vp}��)v4§'n°�0�wl�l���¦j±3l&g0��ª�l"	
?�  Ì-A_Ì �('¶�+' Ì-,TF � ���#�

S
�$�d�

L∞ � ���4�K� �k� �#������� �M! 
���� � 
l�d����� �#� ��� �c� ��� � �h��
l� � ����� 
l�#� ��� �K�
�@	��#�������� � � �c�E� � �4�#� � �	� � ����� �-� � �����l�h� � � ' � ��
N� ����
�� � �-� �#� � � 

[ inf
ω∈Ω

(S(ω)), sup
ω∈Ω

(S(ω))]

?�  ÌCÌ-3 � fhgj|�vh|�v�v©|~k��j�~u�����}A�0vpl��@�jl4�U��l�}e²�xzgjl&k�}��j}�xp}A�j|~�4|¾xyu\}�²�xzgjl�vz�4�e���e�hl4¯[�c}A�jl4�@xp|��e�C���0��}�²
xzgjl�vp���e���e�h|¥�@xpl4�A�z���I§
> Ì   Ì - -I¡w  É < � �o���

S1
� �c�

S2
���E� ' �B� �#�l�#� �$� �T! 
l� ���$�+�K�������M� �-� �#� #l�� � ����� ����#4� � �+������� � �B��
��

��� �c��� � � �L������� ���S� �4�9��� �K���@	��#����K�$��� � �#���������a �$�K� � � �i���$��� ���������
� �-� �#� #l�� � ����� �E� �
�K�#� �#� � � �4� �-��� �
� � � �$� �l�#� ��	��#�4�$� �a� 
C� � � ��� ��� #��  ��������� � �h�K�#� �#� � � �4� �-��� � � �d���4� � � �-��� �

?�  ÌCÌ-3 � n°�0�wl4lG��¦U|~��{c}expgQ�4��vpl�v�¦jxpgjl�|~�Axzl4�z�c}����axzl��;�jl�xpl��pk�|~�0�e�@xR³Rl�x
(t)

|~v�xpgjl��Al4}�k�l4xp�z|~��k�l����
}�²Jxpgjl«x°±7}��wl4xpl��pk�|~�0�e�@xzv�¦A|=§ lA§O�ax

t ∈ [0, 1]
	'³Rl�x

(t) = exp((1− t) log(
�wl4x

(S1))+ t log(
�jl�x

(S2)))
§

fhgj|�v#|¥�@xpl4�z�c}����axz|¥}A��|�vhk�}��j}�xp}A�j|~��¦jv©|~�0��l�xpgjl��w|¥ÆJl4�zl4�Axz|~�exp|~}��
u[|~l4���jv 	

d

dt

³«l�x
(t) =

³«l4x
(t) log(

�wl�x
(S2.S

−1
1 )).

fhgjl�vp|¥�A��}�² d
dt

³Rl�x
(t)

|~v���}A�0vyx)�e�@x��e�0���A|¥ª�l���{[u
log(

�wl�x
(S2.S

−1
1 ))

§

-/.Sn�-/0
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	���
n°���Al4�jl��z���I¦@Â$}��eÃ�_�0�4�¥|��wlG�e���e�0���aºd�jl4=|~�@ªe�e�z|~�e�@xµk�l����0v7�e�zl«vp|~k¨|~���e�G¦@{j�wx7xpgjl�ud���plh�c� �c|��wl4�@xp|��4�e�=§
*«}��jl4xpgjl4�~l�vzv�¦�xpg0l4�zl��e�zl\�Y�@�0k�{cl4�®}e²�����vpl�v&±#g0l4�pldxzgjl4u"���pl\|~�jl4�Axz|~���e�=¦�²¶}���l�¯j��k��j�¥l\±#gjl��"xzgjl
�)�e�0�w}Ak��¥}A�A�e�z|¥xpgjkdvh�e�~�C�4}�k�k��wxpl&±#|¥xpg;}��0l&�e�j}exzgjl4���e�~k�}Av©x�v©�j�zl4�~uA§�n°�
²¹����x�¦j±3l&g0�Gª�l�k�}��zl"	
?�  Ì-A_Ì �('¶�+' Ì-, j6� ���#�

S
��� �

L∞ � ���4����� � �#�l�#� � �7 �i��
l�
�
	������������� �d�$� �_� �i� 
l� �L�$�#�+�#��� � ����� � �-�
�����k � � � ��� � 
 � �$��� ��	N� ����� ��d� �$�
��	N� �� � ' � ��
 log(S)

� � 
l�#��� 
l� �o� �K���@	��� ���K�$� � � �c� � 
l�d��� �c���
� � �L������� ��� �d�$� �l�h� � �h�������-�����$� ��

?�  ÌCÌ-3 � ÂCl�x
L̄ :=

∫

Ω
log(S(ω))dP (ω)

§»fhgjl;g@u[�c}exzgjl�vp|~v¨|�v®xpg0�ex
[L̄, log(S(ω))] = 0

�e�~k�}Av©x
vp�j�zl4�~u�§�fhg0|~v_|~k��j�~|¥lGvOxpg0�ex

log(exp(−1/2L̄).S(ω). exp(−1/2L̄)) = log(S(ω))− L̄
���¥k�}Av©xµvp�j�pl��¥uA§

Å¸l®vpl4l�xpg0l4�Yxzg0�ax
exp L̄

¦J|I§ l�§�xpgjl¨ÂC}A�eÃ�_�0���~|��wl����;k�l����C¦c|~v.�\vp}��~�wxp|~}���}e²_�µ�c§�
I� ]��´¦c|=§ lA§�|�vR�e��vp}
xzgjl��aºd�jl�Ã|~�@ªa���p|��e�Axhk�lG�e�C§

s[}�²¹����¦�±3l®gU�Gª�l®�j}�x�{cl4l4�¸�e{0�¥l�xz}��0�p}aª�l�xzgjl���}A�@ª�l��zvpl��0�e�px.}e²µxpgj|�v.�j�z}��c}@v©|¥xp|~}��C§�nÃx�kd��u;{cl
xz�p�jl�|¥�Y��l��jl4�)�e�C���0��xzgjl��j�z}[}e²�}e²'xpgj|�v«��vzv©l��©xz|~}���±#|~�~�${cl�xzgjl�v©�j{w�yl���x«}�²�²¶�wxp�j�zl�±3}A�p·J§ m�}a±3l4ª�l���¦
xzgjl#�jl4¯[xµv©�j{Uv©lG�´xp|~}����j�z}�ª[|��wl�vO�.�U�e�pxp|��e�w�j�z}[}�²y¦eªa���¥|��®}��0�¥u�±#gjl��¨xpl4�Uv©}A�zvO���plh�j}exOxz}[}&���j|~vp}exz�p}A�j|��e¦
|=§ lA§_���~}AvplRxz}d��vp���e�~l���ª�l4�)v©|~}���}�²�xpgjl&|��wl4�@xp|¥x°uA§

����� � 
 + � 49+	� � �� � ��+�� 1 �/ � �3�0� � . �C� 8� � 49
	� ( 46
 ���
n°��s[l���xp|~}�� ][¦&±3l]vpl4l"xzg0�ax¿�eº��jl4=|~�@ªe�e�z|~���AxYk�l����0v;xpl��0� xp}1{cl½�¥lGvpvQ�e�j|�v©}�xp�z}��j|��¿xpgjl4��ÂC}���
�_�U���~|~�wlG�e� k�l����0v4§ n°�0�wl4lG��¦hxpgj|�v\|�v��"�Al4�jl��z���#�zl�vp�j�¾xG§ fhgjlY²¶}A�¥�~}�±#|~�j�"xzgjl4}A�pl4k l4¯[�0�~��|¥�0vdxpgj|�v
�jgjl��j}�k�l��j}��
±#gjl���xzl4�0vp}��)vh���pl.|�vp}exp�z}��0|~�Rl��j}��j�AgC§
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S
�$� �E� � �c�K� �k� �����#� � �# �L�#�[���c� 	K� 
�� �E��
�� ���K�#����� � � �@�#�E� 
l� � ' � �$� � ��# #4 �

� 
l� �f� ������� � � � # ���#*����h��	C�#�K��� 	 ����� ��	N ��� ��d� �$�f�$	N� �# � ���#�$� � �$������� � � � � � 
l�#� ��
��[ � � � ��� � 
 �
�� � 
l� ���������@	��#���������� � ����� �K�(��� �4��� ��� � � 	N� � �  � �L��� ��	N� �� � ' � ��
 log(S)

� ��
���� ' � 
���� � ��
��
����  � ' �*� �M� �4� ��	����� � � �

!N� �K�$�
(EAff (S)) <

!N� �K�$�
(ELE(S)).


=�e� �

?�  ÌCÌ-3 � fhgjl¨|~�wlG��|�vRxp}
vpl4l¨gj}�±Wxzgjl®xy±3}�k�lG�e�0v.�j|¾ÆJl4�&�4�¥}@v©l�xp}�xpg0l¨|~�jl4�Axz|¾xyuA§�f$}
�j}�xpg0|~v�¦�±3l
|~�Axz�p}w�j�0��l®��vpkd�e�~��vz�4���¥|~�j�\²¶�A�´xz}��

t
���0��vpl4l�g0}�±Mxpg0l�x°±7}�k�l����0v«ªa���pu
±#gjl��

t
|~v.���~}Avpl�xp} �4l4�z}0§

Â$l�x
St
{cl�xpgjl®ª�l��zvp|~}��Y}e²

S
vz�4���¥lG�;{@u

t
|¥��xpg0l®�¥}A�A�e�z|¥xpgjk�|����w}�kd�e|~�C§.Î��z}��j�0�;xzgjl®|��wl4�@xp|¥x°uA¦J±3l

���e�
�0vpl.xzgjl�mh�e·�l��© ¤ �ek¨�0{cl4�~�¾ m«�e�Uvp�w}��©Æ 
Im ¤ Ï��7²¶}��zk��j����xz}dvp|~k¨�0�¥|¥²¶u\xzgjl&{0���puw�4l4�Axz�p|��Rl��@�0�exp|~}��

¹�µ�c§,
I� ]����§µÂCl4x��0v#�0vpl�xpg0l�²¶}��~�~}�±#|~�j���j}�xz�axz|~}��0v 	

log(S(ω)) := L(ω)
¦
L̄t;Aff := log(EAff (St))���0�

L̄LE := log(ELE(S))
§

Ï�|~�)vyxG¦w±3l&�0vpl.xy±#|~�4l.xzgjl�m ¤ Ï"²¶}A�pk��0�~�®xp}d±3l�}A{wxz��|¥��xzgjl�²¶}��~�¥}a±#|~�j�����j�j�z}G¯w|~k��exp|~}���	

log(EAff (St)
−1/2.St(ω).EAff (St)

−1/2) = tL(ω) − L̄t;Aff − t3 1
12 [L(ω), [L(ω), L̄t;Aff ]]

+t3 1
24 [L̄t;Aff , [L̄t;Aff , L(ω)]] + O(t5). 
I��I �

fhgjl��
±3l&|¥�@xpl����)�axzl.}aª�l4�
Ω
xz}�}�{jxz�e|~��xpgjl�²¶}A�¥�~}a±#|¥�j�d�e�j�0�p}�¯w|¥kd�exp|~}���Â$l4k�kd� 	
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l�#�
t
� � � � � *o�#�4��	K� 
 � ' � 
l� �L���

L̄t;Aff = tL̄LE +
t3

12

∫

Ω

[L(ω), [L̄LE , L(ω)]]dP (ω) + O(t5).

�%�� �

?�  ÌCÌ-3 � f$}#}A{wxz��|¥�.xzgjlµ�e�j�j�z}�¯[|~kd�axz|¥}A�C¦4�j}exzl'xpgU�axCxpgjlµvpl��4}��0�R²¹���´xz}��
t3 1

24 [L̄t;Aff , [L̄t;Aff , L(ω)]]|~�Q�3�c§ 
=��I �«{cl���}Ak�l�v.�
O(t5)

§&n°�0�jl4l��C¦�±#gjl4�Qxzgjl¨|¥�@xpl����)�axp|~}��Q}�ª�l��
Ω
|�v.�j}��jlA¦

L(ω)
{clG��}�k�lGv

L̄LE
§Om7�wx7±3lR���e�\�zl4�j�����4l

L̄LE
{@u�|¥x)vµªe�e�~�jl«|¥�\xzl4�zk }�²$�aºd�jl4=|~�@ªe�e�z|~�e�U��l#k�l����\�0vp|¥�j�®�µ�c§ 
I�KI ��§

fhgjl��C¦j�0vp|¥�j��xpgjl�²¹����xhxzg0�ax
[L̄t;Aff , L̄t;Aff ] = 0

±3l�v©l4l�xpg0�ex#±7l�}�{jxz�e|~�;�
O(t5)

§
*�}exzlY�e��vp}¿xpg0�ex�xzg0�e�j·wv¨xz}¸xpg0l � ��� �d�#��� � #c��� �4�#� #4 �4¦

L̄t;Aff
{clG��}Ak¨lGv

−L̄t;Aff
±#gjl4�

t
|~v

�)g0�e�j�Al4��|¥�@xp}
−t
¦C|=§ l�§

t 7→ L̄t;Aff
|~v�}w�j��§¨ÎRv&�
��}A�0vpl��@�jl4�0�4l�¦�}A�j�~uY}w�j�Qxpl4�zkdv����j�cl����.|~�Qxzgjl

�wl�ª�l4�~}��jk�l4�@x#|~�;�c}�±3l��zvh}e²
t
§

*�l�¯[xG¦j±3l.x)�e·�l.xzgjl&l�¯w�c}��0l4�Axz|~����}e²��3�U§ 
�%�� �7�e�0�
�j|¾ÆJl4�zl4�@xp|��axpl�xzgjl&l�¯w�c}��jl��Axz|~���Jxp}�}A{wxz��|¥� 	

EAff (St) = ELE(St) + DtL̄LE
exp .

(

t3

12

∫

Ω

[L(ω), [L̄LE , L(ω)]]dP (ω)

)

+ O(t5).

fhgjl��"±3l\�0v©l�v©l�ª�l4�)�e�O�j�z}��cl4�pxz|¥lGv.xp}����j�j�z}G¯w|~kd�axpl¨xzgjldxp�)����ld}e²#�eº��jl4=|~�@ªe�e�z|~���Ax&k�l��e�Uv4§�Ï�|~�zv©x�¦
±3l¸�0v©l ¤ }��z}��~�~���pu GQxp}Àvp|~k¨�0�¥|¥²¶u¼xpg0l¿�Uv©l¿}�²�xpgjl"�w|¥ÆJl4�pl��Axz|~���.}�²�xpgjl¸l�¯w�c}A�jl4�Axz|��e�=§ fhgjl�� ±3l
���j�j�p}�¯w|~k��explRxpgjl&l4¯w�c}��jl��Axp|��e��{[u\xpgjl�¬0�)v©xhx°±7}¨xpl��pkdvh}�²�|¥xzv�v©l��p|~l�vhl�¯w�0���0v©|~}��$§�Å¸l&��l�x�	

f��z�A��l
(EAff (St)) =

f��)���4l
(ELE(St)) +

f$�)���4l (
exp(tL̄LE).

t3

12

∫

Ω

[L(ω), [L̄LE , L(ω)]]dP (ω)

)

+ O(t5)

=
f$�)���4l

(ELE(St)) +
f$�)���4l (

(Id + tL̄LE).
t3

12

∫

Ω

[L(ω), [L̄LE , L(ω)]]dP (ω)

)

+ O(t5)

=
f$�)���4l

(ELE(St)) +
t4

12

∫

Ω

f��z�A��l (
L̄LE .[L(ω), [L̄LE , L(ω)]]

)

dP (ω) + O(t5)

=
f$�)���4l

(ELE(St)) −
t4

12

∫

Ω

f��z�A��l (
L(ω)2.L̄2

LE − (L(ω).L̄LE)2
)

dP (ω) + O(t5).

f�}d��}A�0���~�0�wl�¦j±3l&�0v©l�xpgjl�²¶}��~�~}�±#|~�j�dÂCl4k�kd� 	
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A, B ∈ Sym(n)
�d! 
l�#� �

!N� �K�$�
(A2.B2 − (A.B)2) ≥ 0.

! 
l��� �4� ��	����� � �[� � ����������� � �h� �c� ���� �[� �
A

� �4�
B

���[�4���@�$��� ��	N� ���

?�  ÌCÌ-3 � ÂCl�x
(Ai)


¹�pl�vp�C§
(Bi)

�µ{clRxzgjl���}A�¥�jk���ª�l��´xz}��)vµ}�²
A

¶�zl�vp�C§

B
��§OÂ$l�x

<,>
{clRxpg0l.�0vp�0�e�

vz�4���~���7�j�z}w�w�0��x�§_fhgjl4�;±3l�gU�Gª�l 	
{ f$�)���4l

(A2.B2) =
∑

i,j < Ai, Aj >< Bi, Bj >f$�)���4l
((A.B)2) =

∑

i,j < Ai, Bj >< Bi, Aj > .

-/.Sn�-/0



���������
	����������������������������� �"!��#�������$� ��I

Â$l�x_�0vO�j}a±À�zgj}@v©l#�.�z}ex)�axz|¥}A�®k��exp�z|¥¯
R
xpg0�ex_k���·�l�v

A
�j|~����}��U�e� 	

R.A.RT = Diag(λ1, ..., λn) =:
D
§µÂ$l�x��0v��wl�¬U�jl

C := R.B.RT �e�0�
�0vpl.xzgjl&�j}�xz�axz|~}��0v
(Ci)

���0�
(Di)

²¶}��#xpgjl���}��~�jk��
ª�lG�´xz}��)v
}�²

C
�e�U�

D
§OÅ¸l��Al�x�	

{ f��)����l
(A2.B2) =

∑

i,j < Di, Dj >< Ci, Cj >=
∑

i λ2
i < Ci, Ci >f��)����l

((A.B)2) =
∑

i,j < Di, Cj >< Ci, Dj >=
∑

i,j λi.λj < Ci, Cj > .

m7u;xzgjl ¤ ���0�zg[u@°sw�)g@±7��� �®|¥�jlG�@�0�e�~|¾xyuA¦�±3l¨g0��ª�l
|
∑

i,j λi.λj < Ci, Cj > | ≤
∑

i λ2
i < Ci, Ci >

¦
±#gj|��)g��j�p}aª�l�v#xpgjl�¬0�)vyxR�c}�|~�AxG§«m7�wx«xpg0l ¤ �e�U�zg[uAysw�)g@±7��� �&|~�jl��@�0���¥|¥xyu
|~vR���Yl��@�0���¥|¥xyu�|¥²µ���0�;}A�j�¥u
|¥²�xpgjl��pl�|~v#�¨�4}��0v©xz���Ax

µ
v©�0�)g�xzg0�ax

D.C = µC.D
§Om7�wx#}A�j�~u

µ = 1
���¥�~}�±�v3xpg0l�|¥�0l��@�0�e�~|¥x°u\}e²�xpgjl

�~l4k�kd�dxz}�{cl¨�e��lG�A�U�e�~|¾xyu�§.fhgj|�vR|~vRl��@�j|~ªa���¥l��Ax«xz}
C.D = D.C

¦J±#gj|��zgQ|�v«lG�@�j|¥ªe�e�~l4�Ax.|¥��xp�0�p��xp}
A.B = B.A

§ m«l4�0�4l.xzgjl&�zl�v©�0�¾xG§
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ÂCl�k�k����®xp}dxpgjl�}A{wxz��|¥�jlG�
l�v©xp|~kd�axp|~}��
²¶}A�
xzgjl\xp�)����lA¦�±3l�v©l�ldxpg0�ex�²¶}A�®�

t 6= 0
vpkd�e�~�µl4�j}A�j��gC¦�xzgjl\xp�)����l\}e²hxzgjl��aºd�jl�Ã|¥�[ªa���p|��e�Ax�k�l����"|�v

|~�0�wl4lG�¨v©xz�p|��´xz�¥u�|¥�w²¶l��p|~}��'xp}�xpgjlhxz�z�A��l7}�²Uxpgjl�Â$}��eÃ�_�0�4�¥|��wl����®k�l��e�¨±#g0l4�jl�ª�l4�'xpgjl#k�l����¨�¥}A�A���p|¥xpgjk
�w}wl�vh�j}ex«��}Ak¨k��jxpl��e�~k�}Av©x#vp�j�zl4�~ud±#|¥xzg�xzgjl&�~}��A���p|¥xpg0k�}e²�xzgjl&�)�e�0�w}Ak xzl4�0vp}��G§
> Ì   Ì - -I¡w  É ^ � � �M� �	� � �������4�$� �����
��d� ' � �d�$� ��� ' � � 
�� ��� #����#�9� � �#������ � � �9��
��������������9� �4� ��	����� � �
�K���L�#��� �"! 
l�$� � �����[� � � � ���� � � �[�4�#� � 
 �$� ��
l�(�(�_� �h� � � � �#�l�#��� � � � 
l� ��� � �

λId ' � � 
 λ > 0
�

> Ì   Ì - -I¡w  É F � � 
l�#����
�� �����d�#�l������� � ��� �#	�� o� �
2
�a� 
l� ��� �K���@	��#����K�$��� �d�$� � �� � �#�l�#� �$� ' 
N��� 


��� �f� �#����� �)#4��� ���c� 	K� 
 � �i������������ � � � � � ����� �#� ��� ��#4��� � 
l�#�E��
���� � � � �4�#� � �	� � ��������� �d�$� � ' 
����M� 
l� ���
� �����l�h�K�[�4���
����� �4�#���K���

?�  ÌCÌ-3 � n°��xzgj|�v'�4�Av©lA¦Gxpg0l4�zl7���pl3}��j�~u.xy±3}.l4|~��l4�[ªa���¥�jlGvC²¶}��'l����)g�k�l��e�$§�fhgjl4|~���j�z}w�w�U�´xzv'�e�zlµl��@�0���
���0�;±3l�g0��ª�l��\v©xp�z|~��x«|~�jl��@�0���¥|¥xyu�{cl4x°±7l4l4�Yxzgjl4|~�.v©�jk;§ ¤ }��0vpl��@�jl��Axz�¥uA¦0xpgjl����e�z��lGvyx�l�|¥�Al4�@ªe�e�~�jl&}�²
xzgjlYÂC}���=�µ�0���~|~�jl��e�]k�l����»|�v�v©xp�z|~��xp�~uÄ���e�z��l���xpg0���]xzgjlY�aºd�jl�Ã|~�@ªa���p|��e�@x®}A�jl�¦3���0�]±3l;g0�GªAl�xzgjl
}A�j�c}Avp|¾xzl.�zl�vp�j�¥xh²¶}��hxzgjl�v©kd���¥�~l�v©x#l4|~��l��@ªa���¥�jlA§

� 
Á���;���27����4������� �c�®���h%��¿���4������������ �#�
�$��/����$%'�&�¿���4�������� ����	

 ��������$%'�&�;�2 �À��)���h%'��
,

n°��xzgj|~v#v©lG�´xz|¥}A�C¦[±3l���}Ak¨�U�e�zl«l�¯w�cl4�z|~k�l4�Ax)�e�J�plGv©�j�¥xzv7{cl�xy±3l4l��
ÂC}A�eÃ�_�0���~|��wl����\k�l�xz�p|��4vh�e�0���aºd�jl4
|~�@ªe�e�z|~���Axµk�l�xp�z|��4v�§�Å¸l«g0��ª�l«vpl4�~l���xpl���xzgj�pl�lR�e�j�j�~|��4�axz|¥}A�0vµ�e�~�zl����ju��0�plGv©l4�@xplG��|~�$�HG+O�� 	�k��j�¥xp|~�~|¥�0l��e�
|~�Axzl4�z�c}����axp|~}��$¦w�wl��0v©l&l�¯[xz�z���U}A�~�exp|~}���}�²'v©�U�e�)v©lRxpl��0vp}����j�ax)�¨���0�
���j|~vp}exz�p}A�j|���¬0�¥xpl��p|~�j�0§

fhgjl_�zl�vp�j�¾x)v�}A{wxz��|¥�0l������pl_�@�0���¥|¥xz�exp|~ª�l4�~uR���0�&�@�0�e�@xp|¥xz�axz|~ª�l4�~uRª�l4�zuRvp|¥k�|~�~����§�fhgjl_}��j�~u.�w|¥ÆJl4�zl4�0��l
|�v'�R�~|¾xpxp�~lhk�}��zl7���j|~vp}exz�p}A�@u�|~�®�zl�vp�j�¾x)v�}�{wx)�e|~�jl���±#|¥xpg®xpg0lhÂ$}���=�_�U���~|~�wlG�e��k�l�xz�p|��e§ m�}a±3l4ª�l���¦�xpg0l4�zl
|�v.����}A�0v©|��wl��z��{j�¥l®�w|¥Æcl��pl��0��l¨|¥�Qxpl��pkdvR}e²3�4}�k��j�wx)�axz|¥}A�0�e�'��}Av©x 	#xzgjl¨�plGvp��k��j�¥|~�j��}e²_xzl4�0vp}��R¬0l4���jv
���e�
{cl��Avhk��0�)gY��v

1000
xz|¥k�l�v#²¹��v©xpl��#|~��xzgjl�Â$}���=�_�U���~|~�wlG�e�;�4��vpl�§O�_¯[�cl��p|~k�l4�@xz�e�~�~u�¦0�¨²¹���´xz}��#}�²

�ex#�¥lG��v©x
6
|~v#}�{Uv©l4�zª�l���|~�;���j�j�~|~���axz|¥}A�0vhvp�0�)g;��v#�wl��0vpl�l�¯[xz�z���c}����axp|~}���}A���e�j|�v©}�xp�z}��j|���¬U�¾xzl4�z|¥�j�U§

�Y}��zl4}aª�l4��¦U�3³«�µv&�e�zl�k��0�)g¿vp|¥k��j�~l4�.|~��xpgjl�ÂC}A�eÃ�_�0���~|��wl���������vpl�§.fhgU�e�j·wv«xp}�xpgjl¨|�v©}Ak¨l4xp�z|~�
|�v©}Ak�}��z�jgj|�v©kr{cl�xy±3l4l4�&xzgjl_xpl��0v©}A��v©�0�A��lµ�e�0��xpgjlµ�_�U���~|~�wlG�e��ª�l���xp}A�$vp�0���4lO}�²jv©u[k�k�l�xz�p|��Okd�axz�p|���lGv4¦
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xzgjl_l�ª�}��~�wxp|~}���lG�@�0�axz|¥}A�0vC�e�zl_������vzvp|~���e�aª�lG�´xz}��C�µ³R�µv�|¥�&xpgjlµ�¥}A�A���p|¥xpgjk�|��'�w}Akd�e|~�C§�fhgjl4|~�$�plGv©}A�¥�jxp|~}��
�4}��0vp|~v©xzv�vp|~k¨�j�~u¿}�²hkd�e�0�j|¥�j�Q�e�~�_xpl4�Uv©}A�zv�xp}Yxpg0l\�¥}A�A���p|¥xpgjk�|����w}Ak���|¥�$¦�vp}��~ª@|~�j�;xpgjl��µ³«�3v�±#|¥xpg
�4�~�Avpvp|~���e�RªAl��´xz}��
k�l�xzgj}w�jv�¦.�e�U� ¬0�U�e�~�¥u kd�e�0�j|¥�0�»{0�A�z·¼xpg0l¸�zl�vp�j�¾x
xp}»xzgjl¿xzl4�0vp}��;vp�0�A��l¿±#|¥xpg
xzgjl¿l�¯w�c}��0l4�Axz|~���I§ fhg0|~v�ª�l��pu¼vp|¥�A�j|¥¬U�4���Ax
vp|¥k��j�~|¥¬U�4�axz|~}�� �e�~�~}�±�v\²¶}���xpgjl¸�j|¥�zl���x��Al4�jl4�)�e�~|����axz|¥}A�
}�²��e�~�µª�l���xp}A���µ³R��xpg0l4}��zu¸�e�U�"k¨l4xpgj}j�jv&xz}Yxzl4�0vp}���¬0l4���jv�§�fhgj|�v�u[|~l4���jv���k��0�zg½k�}��zl � l�¯w|~{j�¥l
���0� �c}a±3l4�p²¶�j�«²¶�)�ek�l4±7}��z·]xpg0���1|~�1xpgjl¸�eº��0l�=|~�@ªe�e�z|~���Ax��4�Av©lQ±#gjl4�zlQl��A�zg �4�~�Avpvp|~���e�«�µ³R� g0�Av
xz}¸{cl;�4���pl4²¶�j�~�¥uÄ�zl�°���j���wxplG�"xz}¿xpgjlY�#|~l4kd���j�j|��e�]²¶�z��k�l4±3}��z·¸xz��·[|¥�j�¸|¥�@xp}Ä���4�4}��j�@x�vp�j{0v©xz���Axz|~���
�4}��z�pl���xp|~}��0vh�w�jl�xp}�xpgjl��4�j�pªe�axz�j�plA§

� ��� (�� 8 ���8� �549
 + ���7� 46+�1 ��8 
*����7�
�Rv©�0���0³R|¾ÆJ�0vp|¥}A�df�l��0v©}A�On°kd�e�Al�vO���pl#���j|�v©}�xp�z}��j|��e§�Î¼xyu[�j|~���e�U³RfÀ|¥kd����lhgU��v

128∗128∗30
ª�}G¯wl��~v�¦

���0���¨ª�}G¯wl��Jg0��v7xpgjl�²¶}��~�~}�±#|~�j��v©�U�axp|��e�C�w|~k¨l��0vp|¥}A�0v 	
2mm ∗ 2mm ∗ 4mm

§OÅ gjl��
}A�jl.±#|�vpgjl�v7xp}
�zl�vz�ek��j�~l�xpgjl�k |�v©}�xp�z}��j|��4���¥�~u�¦c|I§ l�§&|~��xpg0l®l4¯j�ek��j�~l�}A{wxz��|¥�

128 ∗ 128 ∗ 60
ª�}�¯wl4��v«±#gj}@v©l¨v©�U�axp|��e�

l4¯@xzl4�0vp|~}��Y|�v
2mm ∗ 2mm ∗ 2mm

¦c}��0l�|�v�²¹����lG�;±#|¥xpg�xpgjl®�)gj}A|~�4l�}e²Oxpgjl®|¥�@xpl4�z�c}����axz|¥}A�;k�l4xpgj}w��§
fhgj|�v��zl�vz�ek��j�~|~�j�\vyxzl4�����e�Y{cl��4�p�0�4|~���I¦j²¶}A�«|¥�0v©x)�e�0��l�|~�Q�e�~��}��z|¥xpgjkdvhxp�)���)·[|¥�j��¬0{cl��zv�|~�;xzgjl�±#gj|¾xzl
kd�axpxpl��#}e²�xzgjl&{j�)�e|~� 
Iv©l�l �HG���� �´§

n°�®Ï�|¥�U§aG7���plµ�j�zl�vpl4�@xpl��&xzgjl3�zl�vp�j�¥xzv�}�{jxz�e|~�jlG��²¶}A�$xzgjl7|¥�@xpl4�z�c}����axz|¥}A��}e²jx°±7}«xpl��0v©}A�zv$±#|¥xpg�xpg0�pl�l
k�l�xzgj}w�jv 	_�¥|~�jl����#|~�Axzl4�p�c}A�~�exp|~}��
}e²O��}[l4º\��|~l4�Ax)v��e�0�
|¥�@xpl��p�c}A�~�exp|~}��;�e�~}��j����l�}w�wl�vp|~��v7|~�
xpg0l��aºd�jl4
|~�@ªe�e�z|~���Ax®�e�U�ÄÂ$}���=�_�0�4�¥|��wlG�e�½�4�Av©lGv4§¸oR�jl�vpl4l�v�|~k¨k�lG�w|~�expl��¥u¸xpgU�ax�xzgjl
������vzv©|��4���_|~�Axzl4�z�c}����axz|¥}A�
}�²«xpl4�Uv©}A�zv®|�v�|¥�0�A�wl��@�0�expl 	�xpgjlY�wl4xpl��pk�|~�0�e�@x�}�²«xpgjl;|~�Axzl4�z�c}����axplG�Äxzl4�0vp}��)v¨�w}wl�v¨�j}exdªa���puÄ|¥�¼�
k�}��0}exp}A�j|���±7�GuY{cl4x°±3l�l4�Qxzgjl¨x°±3}�xzl4�0vp}��)v4§�fhgjl¨ª�}A�¥�jk�l¨}e²µxpgjl�|~�Axpl��p�c}A�~�expl��Ql4�~�¥|~�0vp}�|����zl��A�zgjlGv
�»���~}�{0���Rkd�e¯w|¥k��jk {cl�xy±3l4l�� xpg0l¿xy±3}Àl�¯[xp�zl4k�|¥xp|~l�v�¦R±#gj|~�)gr|�v
�j}exYvz�axz|~v©²¹����xp}A�puÀ�0g@uwv©|��4���¥�~u |¥�
xzl4�zk�v3}�²��w|¥Æc�0vp|~}��C§Ofhg0|~vhv©±7l4�~�¥|~�j�®l�ÆJl��´xh|�vµxyu[�j|��4�e�J}e²$|~�Axpl��p�c}A�~�exp|~}��\k�l�xzgj}w�jv7{0��vpl��\}���������vzv©|��4���
�_�U���~|~�wlG�e�
k�l4xp�z|~��v4§µoR��xpg0l&�4}��Axz�z���puA¦@�Al4}w�wlGv©|��«|~�Axzl4�z�c}����axz|¥}A���0�p}aª[|~�wlGvh�®k�}��0}exp}A�j|��R��l�}�k�l�xz�p|��
|~�Axzl4�z�c}����axp|~}���}e²0�jl�xpl��pk�|~�0�e�@xzv�¦�±#gj|��)g��zl�vp�j�¥xzv$|~��|~�Axpl��p�c}A�~�explG��l��¥�~|~�0v©}A|~�&±#|¥xpg¨�«vp�exp|�vy²¶u[|~�j�«ª�}��~�jk�l

¶xpgjl¿�j�z}[}e²&}e²&xpgj|�v��zl�vp�j�¥x�|�v���|~ª�l4�1{@u ¤ }A�p}A�¥�����©u O �´§ *«}exzl�xpg0�ex�xpg0lQ|~�Axpl��p�c}A�~�explG�¼l4�~�¥|~�0vp}�|��jv
�A|¥ª�l���{@u&xzgjlhÂ$}���=�_�U���~|~�wlG�e��k�l�xz�p|��7�e�zl7vp}�k�l4±#g0�ex�k�}��zl7���j|~vp}exz�p}A�j|��OxpgU�e��xzgjl4|~�O�eº��0l�=|~�[ªa�e�z|~���Ax
�4}��j�Axzl4�z�0�e�px�§Ofhgj|�vhl4ÆclG�´x�|�vh�Al4�jl��z�����e�0��±h��v#�w|�vp�4�0vpvpl���|~�Ys[lG�´xz|¥}A�_Oj§

Ïj}��7�e³1|¥kd����l�v 
¶�zl�vp�C§ %�³1|~kd�e��lGv���}�²Jª�l���xp}��µ�j�exz�j¦A{j|~�¥|~�jl���� 
¶�zl�vp�C§�xp�z|~�¥|~�jl����)��|~�Axzl4�z�c}����axp|~}���|~v
�0vpl��
ª�l��pu\²¶�pl��@�jl��Axz�¥uA§_nÃx«�j�z}�ª[|��wl�v#�¨²¹��v©x«�¨�)�axzgjl4���������j�)�axzl.|~�Axzl4�z�c}����axz|¥}A�C§_Ï�|~�0§3�¨�j�zl�v©l��Ax)v7xzgjl
�zl�vp�j�¥xzv'}�²c��l�}w�wl�vp|~�7{j|¥�~|~�jl����O|¥�@xpl��p�c}A�~�exp|~}��®|~�¨xpgjl��eºd�jl�Ã|¥�[ªa���p|��e�AxO���0�¨Â$}��eÃ�_�0�4�¥|��wlG�e�¨����vpl�v�§�Ï0}��
�¨�c}Avp|¥xp|~}��
|¥�Yvp�0���4l.{cl4x°±3l�l4�
xpg0l�²¶}��j�hxzl4�0vp}��#��l��pkdv�¦@xzgjl���vzvp}w��|��axplG�\|~�Axzl4�z�c}����axplG�\xzl4�0vp}��#|�v7xzgjl
Ï0���G�zgjl4x�k�l������Avpvp}w�4|~�axzl��Rxz}�xzgjl3�4�~�Avpvp|��4�e��{0���puw�4l4�Axz�p|��_��}[l4ºd�4|¥l��Ax)v$}e²wxpg0l3vp�0�exp|��e�A�c}Avp|¾xz|¥}A�C§$n°�&xzgjl
�eº��0l�=|~�@ªe�e�z|~���AxO�4�Av©lA¦axzgjl���}Ak��j�wxz�exp|~}��¨}�²Uxzgjl#k�l����¨|�vO|¾xzl4�)�axz|¥ª�lA¦e±#gjl��plG��v'|¥�¨xzgjl�ÂC}A�eÃ�_�0�4�¥|��wl����
����vpl�¦exzgjl«�4�¥}@v©lG�®²¶}��zk ��|~ª�l4�d{@u¨�µ�c§ 
=��% ��|�v_�0vpl��d�w|~�zl��´xz�¥uA§'Î��@�e|~�C¦A�plGv©�j�¥xzvµ�e�zl#ª�l4�zu®vp|~k�|¥���e�G¦�±#|¥xpg
k�}��zl��e�j|�vp}exp�z}��[uQ|~�Äxpgjl
ÂC}A�e=�µ�0���~|��wl��e�½�4�Av©lA§�m7�wx®|~�Äxpl��pkdv�}e²«��}�k��j�jxz�axz|¥}A�0�e�3�cl4�p²¶}��zk����0��lA¦
xzgjld�w|¥ÆJl4�zl4�0�4l�|~v�l4¯@xz�zl4k�l4�~uY|~�¿²¹��ª�}���}�²7ÂC}A�eÃ�_�0�4�¥|��wl����Q|~�Axzl4�z�c}����axz|¥}A�C§¨fhgjld�plGvp��k¨�0�¥|~�j�
{0��vpl��
}A�QÂ$}��eÃ�_�0�4�¥|��wlG�e��k¨l4xp�z|��4v.�4����{cl���vRk��0�zg¸��v

1000
xp|~k�l�vR²¹��v©xpl��Rxpg0���Q|¥�Qxpgjl��aºd�jl4=|~�@ªe�e�z|~�e�@x

����vpl�§'�_�)���´xz|~���e�~�¥uA¦w�¨²¶�A�´xz}����ax��¥lG��v©xh{cl4x°±7l4l4�
10
�e�0�

50
|�vh}A{0v©l��pª�lG��§
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Ï�|~���j�zl G 	 8 ' ,�È ¡j B' , � È   A_Ì -¹¡j�+' Ì4,rÌ-3 � Ë®Ì � ÈC, � Ì  a� § ��� Ì ) È 	«�¥|~�jl����.|¥�@xpl4�z�c}����axz|¥}A��}��¿�4}[l�º�
�4|¥l��Axzv�§ , 'IÍ�Í - È 	h�aºd�jl4=|~�@ªe�e�z|~�e�@x�|~�Axzl4�z�c}����axz|¥}A�C§ X¨È - Ì[Ë�	hÂC}A�eÃ�_�0�4�¥|��wl����Y|¥�@xpl4�z�c}����axz|¥}A�C§�*«}expl
xzgjl��)g0�e�)����xpl4�z|�vyxz|~�7vp±3l4�~�~|¥�j�&l�ÆJl��´xµ}�{0vpl4�zª�l��®|¥�¨xzgjl#�_�U���~|~�wlG�e�d����vpl�¦e±#g0|~�)g�|~vO�0}ex_�j�zl�vpl4�Ax_|~��{c}expg
�#|~l4kd���j�j|~���"²¶�)�ek�l4±3}A�p·wv�§ *�}�xpl��e��v©}Yxpg0�ex¨ÂC}���=�µ�0���~|~�jl��e�Äk¨lG�e�0v®�e�zldk�}��zl��e�j|�v©}�xp�z}��j|��¨xpgjl�|¥�
�eº��0l�=|~�@ªe�e�z|~���Ax#��}A�j�Axzl4�z�0�e�pxzv�§

� �'& ����8 �2��1� � � . �  � 
 � �4 	 
	� ���
	� � 46����� +���1 
?� 4
n°���HG+O��7|~v®v©gj}a±#�"gj}a± }A�jl\���e�"xz�e·�l\|~�Axp}Q�A�4��}A�j�Ax�xpg0l��aºd�jl4=|~�@ªe�e�z|~�e�@x&k�l�xz�p|���xp}Qvp}��~ª�ld�µ³R�µv
|~�¼xpgjl¿f�l4�0vp}���Ï�|¥l��~�C§ Å g0l4� }A�jl�±#|~vpgjl�vdxp}½k�|~�j|¥k�|��4l¿�Ä�4�p|¥xpl��p|~}��¼}e²�xpgjl�xyu@�cl

E(S)
±#gjl4�zl

S : Ω ⊂ R
3 → Sym+

? (n)
|�v3��xpl4�Uv©}A�µÏ�|~l4����¦@}��jl«���e��¬0�zv©x3�4}�k��j�wxzl#xzgjl«���)���w|~l4�@x_}e²JxzgjlR���z|¾xzl4�z|¥}A�

� �# � �����L��� � ��
�� � ���������h±#|¥xpg
xpg0l&�0v©�U�e�J¬0�)vyx�ªa�e�z|��axp|~}A��}e²�xzgjl����z|¾xzl4�z|¥}A��	

E(S + εdS)(x) = E(S)(x) + ε < ∇E(S)(x), dS(x) >S(x) +o(ε).

Å |¥xpg¿xpgj|�v.���)���j|¥l��Ax�¦J}A�jl¨�4���Qk¨|~�j|~k�|���l®xpg0l����z|¾xzl4�z|¥}A��±#|¾xzg¸�e� � �-����� ���$���.l4ª�}A�¥�wxz|¥}A�Ql��@�0�axz|¥}A��}�²
xzgjl�x°u[�cl"	

St+1(x) = expSt(x) (−ε∇E(St)(x)) .

nonqp�r�s�s�t$u



%@� �����f�$�$� �K��� �#�
� ��

n°�½xpgj|�vd���$�+��������� �d��� � 
N� � � ��# #4� �+��� 
w¦_xzgjl�|~�jl���|�v�xp}¸���j���wx�xpg0l��4�~�Avpvp|��4�e�_¬0�)v©x®}��)�wl4���A�z�A�w|~l4�Ax
�wlGvp�4l4�Ax�±#|¥xpgÄ��¬0¯[lG�Qxz|¥k�l\v©xpl��

ε
xz}
xzgjl\�#|~l4kd�e�j�0|~���¿²¶�z��k�l4±3}A�p·J§�fhg0|~v&|�v&�j}��jl�{[u¿vpgj}[}exz|¥�0�

���¥}A�j��xpgjl«��l�}w�wl�vp|��hv©xz���©xz|¥�0���ax
S(x)

|~��xzgjlR�w|~�plG�´xp|~}��d��|~ª�l4�d{@u®xpg0l�}A�j�c}Avp|¾xzl#}�²JxpgjlR�#|~l4kd�e�j�0|~���
�A�z�A�w|¥l��Ax

∇E(St)(x)
±#|¥xpg"�\xz|¥k�ldvyxzl4�

ε
§®fhgj|�v.|~�Axz�p|~�0vp|~�®l�ª�}��~�wxp|~}��¿���0�e�)�e�@xpl�l�v�xzg0�ax��ax.xp|~k�l

txzgjl�¬0l��~�
St
|�vRv©xp|~�~���dxpl4�Uv©}A��¬0l4����¦J±#gj|~�)g�|�v«�j}exR�0l���lGvpvz�e�z|~�¥u�xpgjl¨�4��vpl&²¶}��.��������vzv©|��4���C�_�U���~|~�wlG�e�

�A�z�A�w|¥l��Ax#�jl�vz��l4�@x#|~�;±#gj|~�)g;�j}��wÃ�c}Avp|¥xp|~ª�l.l4|~��l��@ªa���¥�0l�vh�4���;�e�j�clG�e�G§

� �'� � 46� ��4 . - ��+�
 1 �78�
������� � ������ 
 + 	 ������ �  � � � ��7�
n°� �HG+O!�=¦U�e�;}��wxz|¥k�|����exp|~}���²¶�)�ek�l4±7}��z·d±7�Avh�j�z}��c}@v©lG�\xp}\�jl4�0vpl4�~u�l�¯[xz�z���U}A���axpl�vp�0���pl.xpl��0vp}��#|~�w²¶}��p
kd�axz|¥}A�C§�fhgj|�v�|�v��0vpl�²¶�j�_|~�¸�0�e�pxp|����0�~���R²¶}A�.xzgjl�l4¯[xp�)�e�c}����axz|¥}A��}�²7vp�0���zvpl�¬0�)v©x©Ã}��)�wl4�.|~�w²¶}��zkd�axp|~}��
}A�
���0�axz}�k�|��4�e��ªa�e�z|~��{j|~�¥|¥xyu�§

fhgjl&�4�p|¥xpl��p|~}���xz}�k�|¥�0|¥k�|��4l&|�v7xzgjl�²¶}��~�¥}a±#|~�j��	

E(S) = Sim(S) + λReg(S).

�%�G��

Sim(S)
|�v7xzgjl � ��� ��� 
��d�#��� � �#� �Mxp}�xpgjl�vp�0�e�)vpl.�0�axz�0¦w±#gj|��zg;|�vh}�²�xpgjl�²¶}��zk�	

Sim(S) =

∫

Ω

N
∑

i=1

d2(S(x), Si)Gσ(x − xi)dx.

�%A� �

m«l4�zl�¦
Ω
|�v�xpg0ld|~k�����ld�j}�kd�e|~�C¦$xpgjl

(xi)
���pl¨xpg0l

N
v©�U�axp|��e�_�c}Avp|¥xp|~}��0v�±#g0l4�zl¨xzl4�0vp}��&k�l��Av©�0�plGv

(Si)
�e�zl7·[�j}a±#�C§�fhgj|�vOl4�jl��p�Au�xzl4�pkdvOk¨}j�wl4��v�xpgjlh²¹�A�´xOxpg0�exOªe�e�~�jl�v

S(x)
�jlG�e�

xi
vpgj}��0�~�®�j}�x_�w|¥ÆJl4�

xz}[}&k��0�)g�²¶�z}�k�xzgjl�k�l��Av©�0�pl
Si
§Ofhgjl«��l��Axzl4�zl��[V��e�0vzv©|��e�

Gσ
}e²�ªa���p|��e�0�4l

σ2 �@�0�e�@xp|¥¬0l�v_gj}a±»xzgjl|~� � �jl��0��l&}�²�xpgjl&k�l��Av©�j�zl
Si
l�¯[xpl��0�jv#|¥�Yvp�0����l.²¶�z}�k

xi
§

fhgjl��j�z}��c}@v©lG�B� � �K	N � ���	�(� ����� � � ��� ��|~vhxpgjl��4�~�Avpvp|��4�e�Jg0���pk�}A�j|~�.l4�jl��p�Au 	

Reg(S) =

∫

Ω

‖∇S(x)‖2
S(x)dx.


�%K% �

�Y}A�pl��j�zl���|�v©l��¥uA¦[xpgjl�vz�@�0�e�zl����j}A�pk�}�²�xpgjl�vp�0�axz|��e�����)���w|~l4�@x
‖∇S(x)‖2

S(x)

|�v#��|~ª�l4�
{@u 	

‖∇S(x)‖2
S(x) =

3
∑

j=1

‖
∂

∂xj
S(x)‖2

S(x).

�%e� �

n°� �HG+O!�=¦U�µ�c§%
�%lG��7|�v�vp}��~ª�lG���0vp|¥�0��xpg0l���l4}j�wl�vp|~��k����z�)gj|~�j�d�jl�vz���z|¥{clG��|~�Qs[l���xp|~}���][§ �®±#|¥xpg����
�A�j�e�wxzl����@�jk�l��p|��4���Cvp�)gjl4k�l�xz�e·[|~�j��|¥�@xp}\���4�4}��j�@xhxpgjl��#|~l4kd���j�j|��e�;���j�zªa�exp�j�zl�§

83Ì-:0Ê�; 	�¢)-�'IÍ È ¡ , ,�È �4  '¹¢ > ¡0� È n°�Äxpgjl�ÂC}A�eÃ�_�0���~|��wl����"����vpl�¦�xpgjl��plGv©}A�¥�jxp|~}��"}e²#�µ�c§ 
�%lG���|~v
�A�plG�axp�~u\vp|¥k��j�~|¥¬0l���§_n°�
l4Æcl���x�¦0�µ�c§ 
�%@�"�3{clG��}�k�l�v 	

Sim(S) =

∫

Ω

N
∑

i=1
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