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q���fag	�{q�­®x{�.�kx{s���skvyx{��qN�.ÞÑga��z~qtx;|{vy³{g	��zyxIqkgN�%­®xI�kfÄq�­®x{��skcwg	uwv�ÊPvy�W³>����vy�{�Is�fagN���Ñv����¶�W�wf�u�gN��x{­
qkvyf	��z�gauw�rs
vy��qtsk�����8s�v�³Ig	�N�{qkgNqN�4v�����z����rv���|«�{å �kvy|{v~�«s����{��qt­®x{��fa��skvyx{��qN�
i§�HskgN�kg3q�s�v��w|Iz�pI�Q­®x{�.|{gN�wg�����z
zyvy�wgN�{�Ðs����{��q�­®xI�kfÄ��skvyx{��qN�I©-gYqkcwx>©Ís�c��>s�qkv�favyzy�{�kzyp	skx	skcwg.µ�xI|�ÊË�\����z�v~�rgN�{�¶fagN�{���Hskc���sd©-g��kg3��g��Hs�z�p
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���kxI��xHqtg3�«v�� � �N�
	Ë�Qskcwgauwv�ÊËv��W³>����vy�{�HsYfagN�{�Ñv~q.�$|Ig��wgN���{z�vyÉN��skvyx{�«x�­'skcwg«áEqk�N��z~���8â�|{gNx{fag�s��kv~��fag3�����
qkvy����g�s�cwg��rg�skgN�kfavy�����HsÐx{­`s�cwg�uwv�ÊËv��W³>����vy�{�Hs\f	g3���av~q\g�Ów�I�8skzypÒg3}H����z�skx
s�cwg�|{gNx{fag�s��kv~�dfagN�{�Äx�­Qskcwg
�wg�skgN�kfavy�����Hs�qdx�­´s�cwg��w��s��w�
µ/�{qtsÒuw�rsÒ��x�sÒzygN�Iq�s3�´s�cwvyqÒ�wg�©æs�pW�`g¶x�­�fagN�{�¬vyqÒ��qtg3��skxä�wg�°��wg;�%�wx>³{gNzÐ��z~�{q�q
x�­��`x{zypI��ßa��g

s����{��qt­®x{��fa��skvyx{��qN�Ð�N��zyz�g3�çÚ�ÃEÖ�ÁP¹§¸º»�¼>½>¿8¸À½>»�Á�Æ�Ç>ÚÏØ{½�èZ»`Ã���©�cwvy��cÍ�{z�zyx>©�q�skx�­®��qkg«z�xr���{z��kvy|{v~�Zx{�¶�>ßÄ�wg
��x{fa�`x{�wgN�Is�q�½�¿�·�¸ºÁP¿k½�¿8¸ºÚ Ø�Ö�½�¿�½��Ð½>Ø%Ö�¿kÇ>Â Á��wÃ�¸ÀÕIÃ�»�ÁE¸ºÁPØ>����x{�Hsk������p¯s�xZµ´x{|�ÊË�\����z�v~�rg3���6�`x{zypI��ßa��g
­®��qtvyx{���r©�c�vy��c%©-g���gN��g��Hskzyp¶vy�Hsk��xW�w����g3�$vy� ���D��	P�
bdcwg�qkgN}H�wgNz�x�­�skc�vyq��{�ts�vy��z�g.v~q�x{��|I�{�wvyÉ�gN�;�{q-­®xIz�zyx>©�q�� ��vy��qtsN�r©-g
��gN���{z�zQs�cwg.­®�w������fag��Hs��{z��w��x{�rÊ

gN�ts�v�g3q�x{­�µ´v�g;|{��x{�w��q������¯x�­�v��W³>����v~���Hs���vyg�fÄ�����wvy�{�¬fag�sk��v~��q�vy�¬s�cwgNqkg;qk���{��gNqN���{���¬�w��x>³{gas�c��>s
u�vÏÊËv��W³>����v~���Hsa��v�gNfa�{�w�wv~���Îfag�sk��v~��qÄ�rx¬�wx{sÄg�ÓrvyqtsÄ­®x{�Ä��vy|{v~�¯s����{��q�­®xI�kfÄ��skvyx{��qN�ZbdcwgN���d©'g«�rg�s��{v�z
s�cwg	�w�kxI��gN�ts�v�g3q�x�­\s�cwga|{��x{�w�±g�Ór��xI�wg��Hskv~��z@�{���±zyx{|H����vÏs�cwf�v���µ�vyg	|I�kxI�w��qN�.i§�äs�cwg���g�ÓWsÒnWgN��skvyx{���
©-g���g�zyp;xI�%skcwg3qtg��w��x{�`g��kskvygNq�s�x¶x{uws���vy�±�¶��x>³{g�z/�rg�°���vÏs�v�xI�±x�­\uwv�ÊËv��W³>����vy�{�Hs�f	g3����q�v��Ñ���Wp$°��wvÏs�g�Ê
�wv�fag���qtvyx{���{zQ�kg3��z�µ�vyg.|{��x{�w��q��r��zyx{��|�©�v�skc«�	�w��xHx{­´x�­!v�s�qdg�Órv~q�s�g�����g
�����;�w�wv~}H�wg��wg3qkq��{���;©'g
��z~qkx
���kx>³Igdskcwg.��xI�H³Ig���|{gN����gdx�­´skcwgYg�ß¶��vyg��Hs'v�skgN����skvy³{g�qk��cwgNfag��w��x{�`xIqkgN�avy� � �
	�s�x	��x{fa�w�rs�g�s�cwvyq'fagN�{�
vy�a�w���{�8s�vy��g{��bdcwg����I©'gdg�ÓW��z�v~��v�s@skcwgd­®xI�kf�s��{ª{g��	uWp
skc�g�uwvÏÊËvy�H³>�{�kv~���Hs!f	g3���avy�a���W�wf�u�gN�@x�­4qtvyfa�wz�g
�N�{qkgNq�©�cwg���gÒ�$��z�xHqtg3��­®x{��f�g�Órvyqts�q�­®x{��skcwv~q�fagN���´��gI� |���skc�g +�gNvyqkg��Wu`g���|$|I�kxI�w������­ºskg���©d�����wq���©'g
­®xr����q!x{�	z�vy�wg3���!sk������q�­®xI�kfÄ�>s�v�xI��qN��������v��a���{�ts�vy���wz~���!x{�	�kvy|{v~�Òsk������qt­®x{��fÄ�>skvyx{��q/�{����s�g���qkx{��qN�/µ´�Iq�s
u��rs-��x�sdz�g3�{qtsN�W©'g���g�zyp	xI�$uwv�ÊËv��W³>����vy�{�Hs'fagN�{��q\s�x	�wg�°��wg.���wx>³{gNz`��zy�Iqkq'x�­´�`x{zypI��ßÄ�wg�s����{��q�­®xI�kfÄ��Ê
s�v�xI��qN�´���{z�zygN�²Ú�ÃÀÖ�ÁP¹§¸º»�¼>½>¿8¸À½�»�ÁÐÆwÇ�Ú Ø{½�èZ»`Ã��´©�c�vy��c1��zyz�x>©�qYs�x$­®��qkgaz�xr�N��z@��v�|Ivy�äx{�
�>ßÄ�wgÄ��xIfa��xI�wg��Hs�q
½�¿�·�¸ºÁP¿k½�¿8¸ºÚ Ø�Ö�½>¿	½��Ð½>ØYÖ�¿kÇ>Â Á���Ã�¸ÀÕIÃ�»�ÁE¸ºÁPØ>�
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�	� ¢N¤w¢�� � � ¡�� i§�Òs�cwg�qtg3}H�wg�zrx{­�skc�vyq@�{�ts�vy��z�gI�>©'gd©�vyz�zr��qkgd�Y�W�wf�u�gN�!x�­���x�s���skvyx{��qN�>©�cwv~��c	�{�kg-zyvyqtskg3�
u`g�zyx>©
�!ÞÑg
u`g�|Iv��%©�v�skc%�wx{s��>s�v�xI��q-­®x{����qt���{z4fÄ�>sk��v�Ó$|{��x{�w��q-�{����qt�wu�fa�{�wv�­®x{z~�wq�Ì

� GL(n)
vyq!s�cwg�|I�kxI�w�ax�­Q�kg3��zrvy�H³Ig��kskvyuwzyg

n×n
fÄ�>s��kv~��g3q��H�����	fax{��g�|{gN�wg�����zyz�pI�>­®x{�\�{�Wp;áº°��wvÏs�g

�rvyf	gN��qkv�xI����zºâ�³IgN�8s�x{��qk���I��g
E
�
GL(E)

©�vyz�z�u�gÒskcwg�|{��x{�w�«x{­\v��W³Ig��kskvyuwz�g
zyvy�wgN�{��x{�`g����>s�v�xI��q
�{��skvy�w|ax{�

E
�

� SL(n)
v~q'skcwg	ÈPÆwÃ�Å�¸À½>Ú�ÚÏ¸º»`Ã�½>¿�Ô{¿kÇ>Ü3ÆQ�rvE� g{�!s�cwg�qk�wuw|I�kxI�w�¶x{­/fÄ�>s��kv~��g3qÐx{­

GL(n)
©�cwxHqtg.�rg�skg��kÊ

fav����{�Hs�vyqdg3}I����zQskx �I�
� O(n)

v~q4s�cwgÐ|I�kxI�w��x�­´Ç>¿8Á��wÇ�ÔIÇ�»`½�Ú�sk������q�­®xI�kfÄ�>s�v�xI��qN��vP� gI�/q�}I������g�fÄ��sk��vy��gNq�q��>s�vyqt­®pWv��w|
R.RT =

Id
�w©�cwgN�kg

Id
vyqds�cwg
v~�rg��Hskv�s�p¶fÄ�>s��kv�Ó;�{���

RT
vyqds�cwg.sk������qt�`xIqkgN�$fa��sk��vÏÓ;x�­

R
�

� SO(n)
vyq�skc�g¶ÈPÆwÃ�Å�¸À½>Ú\Ç>¿8Á��wÇ�ÔHÇ>»`½�Ú�Ô�¿kÇ�Ü3Æ`�Qu`g�sts�g���ªW�wx>©��«c��{q�skcwg	|{��x{����x{­�¿kÇ>Á§½>ÁP¸ÀÇ>»�È8��iËsYv~q

skcwg�qk�wuw|I�kxI�w��x�­
O(n)

©�cwxIqkg.g�zyg�fag��Hs�q�qk��skv~q�­®p
det(R) = 1

�
� SE(n)

v~q.s�cwgÄ|{��x{�w�Ñx�­�ÈPÆwÃ�Å�¸À½>Ú �-Ü�Å�Ú ¸ÀÕIÃ�½�»«sk������q�­®xI�kfÄ�>s�v�xI��qN�4vE� g{�as�cwgÄ|{��x{�w��x�­-�kvy|{v~���rvyqtÊ
�wz~�{��gNfag��Hs�qN�

� M(n)
v~q-skcwg�qk���{��g.x�­!�kg3��z

n × n
q�}H������g�fa��sk��vy��gNqN�

� Sym+
? (n)

vyq-s�cwg�qt���{��g.x{­!qkpWf	fag�sk��vy���`xIqkvÏs�v�³Ig�Ê§�rg�°���vÏs�g���gN�{z
n × n

fÄ��sk��vy��gNqN�
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� Sym(n)
vyq-s�cwg
³{g3�8skxI��qt���I��g.x�­!��gN��z

n × n
qtpWfafag�s��kv~��fa��sk��vy��gNqN�

��gN�wg�����z\áE��u�qtsk���{��s�â-µ�vyg
|{��x{�w�;�wx�s��>s�v�xI��q�Ì
� ©�cwg�� G v~q��Äµ�vyg�|{��x{�����rvÏs�q��wgN�rsk����z´g�zyg�fag��Hs�©�vyz�z/u�g�©���v�stskgN� e

�������%�	s�pW�wv~����z´g�zyg�fag��Hs�x{­
G ©�vyz�z´u�g m

�\bdcwg�µ�vyg
��zy|{gNuw����x�­ G ©�vyz�z´u�g
©���vÏskskgN� g
�

� skcwgYs��{�w|{gN�Hsdqk���{��g�x{­ G �>sd��xIv��Hs m
©�vyzyz�u`g.�kg�­®g����kg3�	skxa�{q

TmG �r©�cwvy��c����{�¶u�g�vy�Is��wv�skvy³{g�zypskcwxI�w|{cHs�x{­��{q-s�cwg
zyv��wg3����qk���{��g�� u`gNqts����w���kx¾Órvyfa��skvy�w| � G �{�kxI�w��� m
�

� ©'g��rg��wx{skg Lm

á®��gNqk���
Rm

â-s�cwg�zyg�­ºskÊ�á®��gNqk���d��v�|IcIskÊ§â�fÒ�wz�skvy�wzyvy�N�>s�v�xI��uWp����«g�zyg�fagN�Is
m ∈ G ��w�w�kskc�g���f	xI�kgI�r©'g.©�vyz�z´z�g�s

Inv : G → G u`g.skc�g
v��W³{gN��qkvyx{�$xI��gN����skxI�N�
� vÏ­Q��fÄ�{�w�wvy�w| Φ : G → G v~q��wv -Qg���g��Hskv~��u�z�gI�>©'g-©��kv�skg DmΦ

v�s�q-ÁË½�»HÔHÃ�»�Á�ÂÄ½�Æ á®xI���rv�-Qg���g��Hskv~��z
fÄ����â���s

m
�

DmΦ
vyq��afa�{�w�wvy�w|	­®�kxIf

TmG skx TΦ(m)G
��©�cwv~��c�fag3����qds�c��>s�skx¶��s��{�w|{gN�Is

³{g3�8skxI�Äz�xr�N�>skg3�¨�>s
m
áÀ©�cwvy��c¨v~qÄu��Iqtv~���{z�zyp²���¨vy�r°��wv�skg3qtvyfÄ��z��wvyqk�wz~�{��gNfag��Hs�â	v�s;�{q�qkxW��vy��skg3q

�«s����w|Ig��Hs�³IgN�8s�x{�	�>s
Φ(m)

áÀ����x�skc�g��	v��r°��wvÏs�gNqkv�fÄ�{z-�rv~qk�wzy�I��gNf	gN�HsN��� z�vy³Wv��w| �/vy�²�Ñ�rv -Qg���g��Hs
³{g3�8skxI��qt���{��g¾â8�
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� ��� � �®¢�� � � �K � � �F' £ � �6�!¡ � Þ�gYqts��{�ts\uWp	�kg3���{z�zyv���|.skcwgYu��{qkvy�d���kxI��gN�ts�v�g3q@x�­´µ´v�g�|I�kxI�w��qN�{��zyx{��|
©�v�skc;skc�g.��x{�W³{gN�wvyg��Hs-��x�skvyx{��q'©�c�vy��c%����g���zy�Iqkqkv~����zyzyp	��qtg3�¶s�xa�wgNq�����v�u`g�s�cwgNqkg.�w��x{�`g��kskvygNqN�!b'pW�wv~����z
g�Ów��fa�wzygNq;x�­Òqk����cç|I�kxI�w��q$�{�kgä|{��x{�w��q;x�­�|Ig�xIf	g�sk��vy�N��z�sk������qt­®x{��fÄ�>skvyx{��qäá®gI� |������kvy|{v~�Íx{�%�>ßÄ�wg
s����{��qt­®x{��fa��skvyx{��q�â8�W©�cwgN�kg�s�cwg
fÒ�wz�skvy�wzyvy�N�>s�v�xI�;v~qdskc�g���x{fa�`xIqkvÏs�v�xI�$x{­�fÄ�����wv���|IqN�
i§�aqtvyfa�wzyg's�g���fÄq��{�.µ´v�gd|{��x{����vyq�°���qts\�Y|I�kxI�w��vy�	skcwg�½>Ú ÔIÃ3·�¿�½>¸ÀÅ\qkg���qtgI�>vE� g{�@��qtg�s!x{­�gNz�gNf	gN�Hs�q!vy�

©�c�vy��c«�%Â	ÜrÚ ÁE¸ ÆQÚ ¸ÀÅ�½>ÁP¸ÀÇ>»;u�g�s�©'gNg��«g�zyg�fagN�Is�q�v~q��rg�°��wgN�4�dbdcwv~q�f��wzÏs�v���z�v~����skvyx{�%vyqY�{q�qt��f	g3�;skxÄc��¾³Ig
��gN�>s��{���%vy�Is��wv�skvy³{g��w��x{�`g��kskvygNqNÌ@v�sYv~q��{q�qtxr��vy��skvy³{gÄá

(a.b).c = a.(b.c)
â8�`vÏs�c��{q��a�wgN�rsk����z´g�zyg�fag��Hs

e�{���;gN�{��c�g�zyg�fagN�Is
a
c��{q��	�w�wv~}H�wg
v��W³Ig���qtg

a−1 �nWg3��xI���4�Ð�Ñµ�vyg;|I�kxI�w�¬c��{q	��q�s��k����sk�w��g$x{­ÒáÀqkfaxHx{skc��ÐvE� g{� C∞ â;Õ�¸ ��Ã�¿kÃ�»�ÁE¸À½�Ú�Âa½�»�¸ Ö�Ç�Ú�Õ>�²bdc�vyqfag3����q-s�c��>s�v�s�vyqdzyxr���{z�zyp$qkv�favyzy�{�dskxÄ�	³{gN��skxI��qt���I��gI�Hu��rsY���{�;u`g�}H�wv�skg�� ���w��³{g3�!�W|{zyx{u��{z�zyp{�
bdcwvy���4�Qskcwga��zy|{gNuw����v~�Ò�����±�rv�-`gN�kgN�Is�vy�{z@����g�qtsk�����8s��w�kg3q	Å�Ç�Â�Æ�½>ÁP¸À·�ÚyÃ�Ì�v��W³Ig���qtvyx{�ä�{���²áÀz�g�­ºstÊ������

��vy|{cHstÊ�â�f��wzÏs�v���z�v~����skvyx{��q.����g¶È8ÂÄÇNÇ�Á��$fÄ�����wv���|IqN�.bdc�vyq�fagN�{��qYskc���s�v�s
vyq��`xIq�qtvyuwzyg�skx�vy���rg�°��wvÏs�g�zyp
�wv -Qg���g��Hskv~�>s�gÄskc�g�f%� �wxI�Òfax{��ga­®x{��fÄ��z-�rg�°���vÏs�v�xI��qÒ�{���1fax{��g$�rg�s���vyzyqN�!�wzygN�{qkg¶��g�­®gN�
skxä��zy�Iqkqkv~����z
�wv -Qg���g��Hskv~��z4|Ig�xIf	g�sk��pÄu�xWxIªWqdzyvyª{g�nWg�g
� �3�
	´x{� � ���
	Ë�

#&% ¤ � � 4 � ¡ � �±�{�Wp¶��qk����z�qkg�s�q����{�;u`g
³Wv�gN©'g3�;�Iq�µ�vyg ����x{����q�� %Y��fag�zypQÌ

� ³{g3�8skxI��qt���{��g3q
� Â�ÜrÚÏÁE¸ ÆQÚ ¸ÀÅ�½>ÁP¸º¼¾Ã	ÂÄ½>ÁP¿8¸Ïã�Ô{¿kÇ�Ü3Æ�È8Ì GL(n)
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O(n)

�
SO(n)

�wg�s����
� ��Ã�Ç�ÂaÃ�ÁP¿8¸ÀÅ¯ÁP¿k½>»�È®Ö�Ç>¿8ÂÄ½>ÁP¸ÀÇ>» Ô{¿kÇ�Ü3Æ�È�qk����c �{q%��vy|{v~�6s����{��q�­®xI�kfÄ��skvyx{��qN��qkvyf	vyz~����vÏs�v�g3q��
�>ßÄ�wg
sk������qt­®x{��fÄ�>s�v�xI��q��y�y��©�cwv~��cä���{�ä���WpW©d�¾p;��z~qkx¶u�g	zyxHxIª{g3�%�w��xI�Ñ�Iq�fÄ�>s��kv�Ó%|{��x{�w��q�³Wvy�¶skcwgNv��
� ­À�{vÏs�cr­®�wz"����g��w��gNqkg��Hs��>skvyx{�;u��{qkgN�;x{��cwxIf	xI|{gN�wg�xI��qd��xWx{���rvy���>s�gNqN�
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v���|$fÒ����c±v�fa�`x{�ks��{����g�vy�Ñ��x{fa�w�rs��>s�v�xI����z�������skx{f�p � ��	Ë�YåY�wg�skxÄs�cwg�c�v�|Ic±z�gN³{gNz´x�­@s�gN��cw��vÏÊ
���{z�v�s�p«�wg�g3�rgN�±skx%�rgN�{z!©�vÏs�c�qk����c±vy�r°��wv�skg�ÊË�wv�fag���qtvyx{���{z@qt���I��g3q��Q©-g�©�vyz�z!�wx{s���x{��qtv~�rg��Yskc�vyq
s�pW��g
x{­!µ´v�g.|{��x{����q-v���skc�vyq�©-x{��ªQ�
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 � ��£ � ¡ � � ¢N¤r¢�� � � � Þ�gÐ©�vyz�zH�wgNgN�
���W�wf�u�gN�´x{­w�wx�s�v�xI��q´��zy�Iqkqkvy�N��zyz�p
��qtg3�¶s�x¶�rgNq�����v�u`g�skcwg
���kxI��gN�ts�v�g3q'x{­!µ´v�g.|I�kxI�w��qN�!bdc�g�p$�{�kg�skc�g.­®x{zyz�x>©�vy�w|�Ì

� b´x
�{�Hp
³IgN��skx{� v ∈ TeG
�{vP� gI�´s�x
���Wp.s��{�w|{gN�Is@³IgN�8s�x{��skx G ��s!skcwg�v~�rg��Hs�vÏs�pÒ�N���	u�g��Iqkqkxr��v~�>skg3�v��«�	x{��g�ÊPskx�ÊËx{��gYfÄ�����wg�����Ú�ÃEÖ�ÁE¹§¸º»�¼¾½�¿8¸À½>»�Á´³{g3�8s�x{�-°�g�z~�

Xv

���rg�°���gN��uWp
Xv(m) = DeLm.v

�
vE� g{�\qkvyf	��z�p;uHp$z�g�­ºstÊËfÒ�wz�skvy�wzypHvy�w|

v
�

� ©'g«�N���Î|{vy³{g (TeG, +, .)
�-©�cwv~��cZv~qauWp²��xI��qtsk�����8s�v�xI�Î�Î¼>Ã�Å�Á§Ç>¿�ÈPÆw½IÅ�Ã��d��qtsk������sk�w��g%x�­
Û@¸ÀÃ

½>Ú ÔHÃ3·�¿k½��4vE� g{��|{vy³{gÒvÏs.���±g�ÓHs����$��zy|{g�u����{vy�.xI��gN����skvyx{�«©�cwv~��c±v~qY�{�ä�{q�qtxr��vy��skvy³{g������«uwv�ÊPzyv���gN���
v����wg��Y�w�kxr�r���8sY�N��zyz�g3�$s�cwg	Û@¸ÀÃ	·�¿k½IÅ��IÃ�ÁP�Q�rg��wx{skg3�%cwg���g

[ , ]
�dbdcwv~q�x{�`g����>s�v�xI�«��zyxIqkg�zyp$��g���g3�8s�q

skcwg-fÒ��zÏs�v��wzyv~���>s�v�³IgÐ�w��x{�`g��kskvygNq/x�­rs�cwg-|{��x{�w� G ��i§�������kskv~����zy�{�N�3­®x{�!��xIfafÒ�rs��>skvy³{g'µ�vygÐ|{��x{����q��skcwg�µ´v�g
u����I��ª{g�sdv~q���zy©-�¾prq-�W�wz�zP�
bdcwv~q!v��w��g��!�w��xW�w���8s!vyq!�I�8sk����zyz�p��rgN�kvy³{g3�.­®��x{f�ÔHÃ�»QÃ�¿k½�Ú3µ´v�g-uw���{��ªIg�s/xI��qkfaxHx{skc�³{gN��skxI�´°�gNzy��q��
qtvy����g

(TeG, +, . , [ , ])
���{�«u�g	��xI��qtv~�rgN�kg3���Iq��;Û@¸ÀÃ�È�Ü�·�½�Ú ÔIÃ3·�¿k½
x{­\³{gN��skxI��°�g�z~�wq�x{� G �`qkvy����g©'g��N����vy�wg��Hskv�­®p

TeG
©�v�skc�s�cwg�qtg�s�x�­!z�g�­ºstÊËv��W³>����vy�{�Hsd³IgN��skx{�-°�gNzy��q��

��q.fag��Hs�v�xI�wgN�ä�w�kgN³Wv�xI��qtzyp{��skc�g	��x�s���skvyx{�«­®xI��skcwgaµ�vyg	�{z�|Ig�uw���¶x{­ G ©�vyz�z!u`g	vy�±s�cwv~q
���kskv~��zyg
g
�\iËs�c��{q��a�W�wfÒu`g���x{­���g�fÄ�{�kª>��u�z�g.��zy|{gNuw���{vy�Y�w��x{�`g��kskvygNq
áÀv��«�{���rvÏs�v�xI��skxÄv�s�q��Iqkqkxr��v~�>skvy³WvÏs�p
������uwv�ÊËz�vy�wgN�{�kv�s�pwâ\©�c�vy��c«����g�skcwg�­®xIz�zyx>©�v���|�Ì
vºâ ∀a, b ∈ g, [a, b] = −[b, a]

á�� �{�Hskv�ÊË��x{fafÒ�rs��>s�v�³Wv�s�p � â8�r©�c�vy��c�v�fa�wzyvygNq
[a, a] = 0vyvºâ ∀a, b, c ∈ g, [a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0

á��I�I��x{u�v4vy�rgN�Hskv�s�prâ��
nWvyf	��z�g-g�Ów��fa�wzygNq´x�­�µ´v�g'uw���I��ª{g�s�q�v~q�����g\|{vy³{gN�
uHp

GL(n)
�{���
v�s�q/fÒ�wz�skvy�wzyvy�N�>skvy³{g-qt��uw|{��x{�w��q��

z�vyª{g
SL(n)

x{�
SO(n)

��i§�.skcwg3qtg-���Iqtg3q���skcwg-µ�vygÐ��zy|{gNuw���dv~q´��¼¾Ã�Å�ÁËÇ�¿\ÈPÆw½IÅ�Ã�Ç�ÖÐÈ�Ý�Ü�½�¿kÃ-Âa½�ÁE¿8¸ÀÅ�Ã�È8�
�����Äskcwg�µ�vyg�uw���{��ªIg�s\u`g�s�©-g�g��¶s�©'x�gNz�gNfag��Hs�q

M
�����

N
x{­4skcwv~q-��zy|{g�u����.v~q\s�cwg	Å�Ç�Â�Â	ÜrÁË½�ÁËÇ�¿

x�­-skcwg3qtgas�©-x%fÄ�>sk��v~��gNqN��vP� gI�
[M, N ] = M.N − N.M

�Äi§�1�����kskv~����zy�{�N�Qs�cwg$µ�vygÄ��zy|{gNuw���;x�­
GL(n)

vyq
M(n)

�Is�c��>s-x�­
SL(n)

v~q\s�cwgYqk�wuW³{g3�8s�x{�Ðqk���{��g�x�­
M(n)

x�­�fÄ��sk��vy��gNq\©�v�skc;�
sk���{��g
gN}H���{zÐs�xÑÉNg���x��@�����¬skcwg%µ�vyg��{z�|Ig�uw���%x�­

SO(n)
vyqÒskcwg�³{g3�8s�x{�aqt���I��g¶x{­Yqkª{g�©�qkpWf	fag�sk��vy�

fÄ�>sk��v~��gNqN� �wxI���	��x{fa�wzyg�s�g��{����x{�w�Hs�x{�%µ�vyg
��zy|{gNuw���Iq��wqkg�g�� ����	Ë�
� G �N���au`g � ��g����kg3qtgN�Is�gN�!�>uWpa�.|{��x{�w�	x�­QfÄ�>s��kv~��g3q\�{��skvy�w|
x{� g

�I³Hv~�.©�c���s\vyq'����zyzygN�	vÏs�q�½{Õ	��Ç>¸º»�Á
¿kÃ§Æ`¿kÃ�È�Ã�»�ÁË½�ÁE¸ÀÇ�»��

Ad(G)
��ÞÑg�©�v�zyz!qtgNg
skc���s�s�cwgÒ�w��x{�`g��kskvygNq�x�­!skc�vyqY�kgN�w��gNqkg��Hs���skvyx{�«�����«skcwg

g�Órv~q�s�g�����g
x�­/u�vÏÊËv��W³>����v~���Hs-fag�sk��vy�Nq-­®x{��s�cwg.|{��x{�w� G �{�kg�cwvy|{cwzyp$zyv���ª{gN���bdcwv~qdf	g3����q-s�c��>s�xI�wg.������fÄ����gN�I��c;gNz�gNf	gN�Hsdx{­´s�cwg
|{��x{�w�;v��Hs�xa�;Ú ¸º»QÃ�½�¿ÒÇ�Æ�Ã�¿�½>Á§Ç>¿
á®vP� gI���w�
fÄ�>sk��v�Ówâ�©�cwvy��c±�I�8s�q�x{�%s�cwgÒµ�vygÒ�{z�|Ig�uw���w� �«x{��g
�w��gN��v~qkg�zyp{���{�«g�zyg�fag��Hs

m
x�­ G �I�8s�q�x{�«�{�

���������
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g�zyg�fag��Hs
v
x�­

g
uWp

Ad(m).v =
�
m.v.m−1 ���>��bdc�vyq�x{�`g����>s�v�xI�±v~q��N��zyz�g3�ä�;�kgN�w��gNqkg��Hs���skvyx{�v��;skc�g.qkg���qtg�x�­-¿kÃËÆQ¿kÃ�È�Ã�»�Á§½>ÁP¸ÀÇ>»äÁ���Ã�Ç�¿8Ø�áEqtgNg � �3�
	`­®xI���	��x{fa�wzyg�s�g�s��kg3�>skfagN�Is8â8�r©�cwv~��c$fag3����q

skc���sdskcwv~qdfÄ���w�wvy�w|av~q.Å�Ç�Â�Æ�½>ÁP¸À·�ÚyÃd©�vÏs�c�skcwg
µ�vyg�|{��x{�w��q�s��k����sk�w��g�x�­ G �\bdcwv~qd��xIf	���>skvyuwvyz�v�s�p��xI��qtv~qts�qdx�­�skc�g.­®x{zyz�x>©�vy�w|	�w�kxI��gN�ts�v�g3q�Ì
vºâ

Ad(e) = Idvyvºâ ∀m ∈ G, Ad(m−1) = Ad(m)−1

v�vyvºâ ∀m, n ∈ G, Ad(m.n) = Ad(m).Ad(n)vy³wâ
Ad : G → GL(g)

vyq�qkfaxHx{skc��
bdcwv~q��{fax{�w�Hs�q�skx%qk�¾pWvy�w|Äs�c��>s

Ad
vyq.�«È8ÂÄÇNÇ�Á���Ô{¿kÇ>Ü3Æ ��Ç>ÂÄÇ>ÂÄÇ>¿PÆ �W¸~È8Â á®xI��µ´v�g�|{��x{�w�äcwx�Ê

fax{fax{���wcwv~qtf¶â��

��� � � ����� �����
	���
�� ��� ��� 	���������� ��	������ �

µ´v�g.|I�kxI�w��q�����g	»`Ç>Á´³{gN��skxI�dqk���I��gNqdvy�%|{gN�wg�����zQuw�rs�c��¾³{g.�af	xI�kg
��x{fa�wzyvy�N�>skg3�;qtsk������sk�w��g{Ì!vy��q�s�gN�I�
x{­Ò�6áÀ��x{fafÒ�ws��>s�v�³Ig3â$�{�w�rv�skvyx{� �

+
�d�����6�²qk�N��z~���¶f��wzÏs�v���z�v~����skvyx{� �

.
�y��s�cwg�p¨x{��z�pÎc��¾³{gÑ�6á®�wxI�rÊ

��x{fafÒ�ws��>s�v�³Ig�v��$|{g���g�����zºâ�fÒ�wz�skvy�wzyvy�N�>skvyx{� �× �H�����Ä�{�¶v��W³Ig���qtvyx{�	x{�`g����>s�x{��á®©�c�vy��c$��x{���kg3qt�`x{���wq�skxs�cwg�q�����z~���df��wzÏs�v���z�v~����skvyx{��uHp −1
­®xI��³{gN��skxI�dqk���I��gNq�â8�

+�x>©�qtc�x{�wz~�±xI�wg�|Ig��wgN���{z�vyÉ�gÒskcwga�wx{skvyx{�Ñx�­�ÂÄÃ�½>»;skx;skcwv~q�s�pW��gax�­'�wx{�rÊËzyv��wg3���.qt���{��g��Íb/x��rx
qkx��rxI�wg
���{�;��g�zypÄx{�;skcwgÄ¸º»�¼¾½�¿8¸À½>»QÅ�Ã�ÆQ¿kÇ�Æ�Ã�¿8ÁP¸ÀÃ�È's�c��>sdskc�g
f	g3���%qtc�x{�wz~��½.Æ`¿8¸ÀÇ�¿8¸�qk��skv~q�­®pI�rv���x{���rg��
s�xa|{g���g�����zyv�ÉNg�s�cwg
v��W³>����v~������gY�w��x{�`g��kskvygNqdx{­´s�cwg�����vÏs�cwfag�s�vy�.fagN�{�;vy�%³{g3�8skxI��qt���I��g3q��
i§���wg�gN���'vy�¯s�cwg±���Iqtg;x�­Y³IgN��skx{�aqk���{��gNqN�@skcwg«�{�kv�skcwfag�skv~�;fag3����q	�w��gNqkg��Hs�qaqtsk��x{�w|Ñv��W³>����v~������g

���kxI��gN�ts�v�g3q�Ì�vy�W³>����vy�{����g-©�vÏs�ca�kg3qt�`gN��s@skx
���Wp
s����{��qtz~�>s�v�xI���{���Ò©�v�skca��gNqk��g3�8s@s�x.�{�Wp�fÒ�wz�skvy�wzyvy�N�>s�v�xI�
uWp.��q�����z~���3�´bdcwv~q�fag3����q�skc���s´skc�g'����v�skcwfag�s�vy�ÐfagN���
v~q�vy�W³>����vy�{�Is/©�vÏs�c��kg3qt�`gN��s�skx���zyz�s�cwg'�{z�|Ig�uw����v~�
xI��gN����skvyx{��q�vy���r����gN�ÑuWp«skcwga³IgN�8s�x{�
qk���{��gaqtsk������sk�w��g{�	iËs
fa�{ª{g3qY|IxWxW��qkg���qkgÒs�c��>s
s�cwga�wx�s�v�xI�Ñx{­
fag3���%�����;skc�g.�{z�|Ig�uw����v~��q�s��k����sk�w��g
qtc�x{�wz~�$u`g$Å�Ç>Â�Æw½�ÁE¸À·�Ú�Ã��
i§�%s�cwgÒ���Iqtg
x{­@|{��x{�w��qN�rs�cwg�vy�H³>�{�kv~������g
©�vÏs�c«�kg3qt�`gN��s�skx¶zyg�­ºskÊ-�{���%�kvy|{cHskÊPf��wzÏs�v���z�v~����skvyx{��q
á®skcwg

|I�kxI�w�$�N���$u`g.�wx{�wÊË��x{fafÒ�rs��>s�v�³Ig3â\�{���Äs�cwg.v��W³Ig���qtvyx{�¶xI��gN����skxI�-�{�kg�skcwg.gN}H�wvy³>��zyg��Hsdx�­�s�cwg.v��W³>����vÏÊ
�{����gÒ�w�kxI��gN�ts�v�g3q��Iqkqkxr��v~�>skg3��skx$skcwg�f	g3���±vy�±³IgN�8s�x{��qk���I��gNqN��ÞÍcwgN�ä©-g
sk������qtz~�>s�gÒ�¶|Iv�³Ig��±qkg�sYx{­
q���fa�wzygNq�x{�	�±�w��x{u���uwvyz�v�s�p1fagN�{qk�w��g{�!v�s	v~q	�kg3�{qkx{���{uwz�gas�xÑ©�v~qkc¬skc���s�s�cwg�vy�afagN���²u�g;sk������qkz~�>skg3�
g�Ów�{�8s�z�p«vy�Ñskcwg¶q���fag	©-�¾pI�������äskcwgÄq���fag	�w�kxI��gN�ts�p«v~q
�rg3qtvy���{uwzyg�©�cwgN�Ñ©-g�s���ªIg	skcwgavy�H³Ig���qtg3q�x{­
s�cwg�q���fa�wzygNqN�
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(xi)

·�Ã
N
ÆwÇ>È�¸ºÁP¸º¼>ÃÒ»�ÜrÂa·�Ã�¿�È
½�»`Õ

(wi)
·�Ã

N
»QÇ>»�¹§»QÃËÔI½�ÁE¸º¼>Ã�»QÇ>¿8ÂÄ½>Ú ¸%$3Ã�Õ �ÐÃ�¸ÏÔ �WÁEÈ
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Ad(m).v = Y m.v.m−1 Z = D
m−1Lm.DeR

m−1 .v = DmR
m−1 .DeLm.v

*U9
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Ad(R).M = R.M.R−1
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�∑
i wi = 1 � ���
�wÃ�½>¿8¸ºÁ��WÂÄÃ�ÁP¸ÀÅ;ÂaÃ�½�»ZÇ�ÖaÁ��wÃ;Õ{½>Á§½«¸~Èa¸º»�¼>½>¿8¸À½�»�Á �@¸ºÁ��¬¿kÃ�ÈEÆ�Ã�Å�ÁYÁËÇ«Â�ÜrÚ ÁP¸ Æ`ÚÏ¸ÀÅ�½�ÁE¸ÀÇ�»�"

·�ÜrÁÐ»QÇ>Á �@¸ºÁ��«¿kÃ8ÈPÆ�Ã�Å�Á-ÁËÇ¶¸º»�¼>Ã�¿�È8¸ÀÇ�»��

Σiwi

1

xi

6= 1

Σiwixi

,
¸º»%ÔIÃ�»`Ã�¿k½�Ú � á �3â

�
�rÜWÈÒÁ���Ãa½>¿8¸ºÁ��WÂÄÃ�ÁP¸ÀÅaÂÄÃ�½�»Ñ¸~È�»`Ç>Á4Ö�ÜrÚºÚ Ø«½{ÕI½�ÆQÁËÃ�Õ�Á§Ç¶Á��W¸~ÈÒÂ	ÜrÚ ÁP¸ Æ`Ú ¸ÀÅ�½�ÁE¸º¼>Ã	È8ÁE¿8Ü�Å�ÁPÜr¿kÃ ���d»äÁ��wÃÄÅ�Ç>»�¹
ÁP¿k½�¿8Ø�"\Á���ÃYÔHÃ�Ç>ÂÄÃ�ÁP¿8¸ÀÅ�ÂÄÃ�½>»c" �@¿8¸ºÁEÁ§Ã�»	�wÃ�¿kÃ

E((xi), (wi))
"\¸~È\Ö�ÜrÚºÚ Ø;½IÕ{½�Æ`Á§Ã�Õ �3 8Á-¸~È�Ô�¸º¼>Ã�»1·�Ø��

E((xi), (wi)) = exp(Σiwi log(xi)).
áE�{â

� Ã
¿kÃ�Å�½>ÚºÚ/Á���ÃÒÅ�Ú�½¾È�È8¸ÀÅ�½>Ú@Å�Ç>»�¼>Ã�ã{¸ºÁPØÄ¸º»`Ã�Ý�Ü�½>Ú ¸ºÁPØ$·�Ã�Á �ÐÃ�Ã�»ÑÁ���Ã
Á �ÐÇÄÂÄÃ�½>»wÈ	�

exp(Σiwi log(xi)) < Σiwixi,
á �Iâ
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Á���Ã�ÕI½>Á§½¶¸~È
»`Ç�ÁÐ¿kÃ�Õ�Ü�Å�Ã�Õ¶ÁËÇ;½aÈ8¸º»HÔ{Ú�Ã�ÆwÇ�¸º»�Á �
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 �²��zy�Iqkqkv~����zI���w�w��xI�I��c�s�xY�rg�°��wgÐ���wx�s�v�xI�
x�­rfagN�{�
��x{fa����skvyuwz�g�©�v�skc¶�{z�|Ig�uw����v~�'x{�`g����>skvyx{��q!vyq!s�xÒ�rg�°��wgd°���q�sÐ�¶Õ�¸~È8ÁË½�»`Å�Ã�áÀx{�\fag�s��kv~�Nâ!��x{fa����skvyuwz�g�©�v�skc
s�cwgNqkg.x{�`g����>s�v�xI��q������$skc�g���skxa��g�zyp¶x{��skc�vyq��rv~qts�������g.skxÄ�rg�°��wg.s�cwg
fagN���´�

3 � ¤ � ¡�¤ � � � �À¡N¢N¤ � ¥ � ¡ � �wxI���±qkcwx{�ksÒs�v�fagI�@z�g�s���q��wx>©���xI��qtv~�rgN��skc�g;�w��x{u�z�gNf x{­��rg�°���v��w|
fag3����q�vy�äs�cwga|{g���g�����z!qtg�stskvy�w|%x�­YÂaÃ�ÁE¿8¸ÀÅÄÈPÆw½IÅ�Ã�È8��vP� gI��skc�gaqkg�s�q.x{�Ñ©�cwvy��c1�1Õ>¸~È8ÁË½�»`Å�Ã�v~q
�rg�°���gN�4�
b/x¶fÄ��ªIg.skcwg��wx�s�v�xI�«x�­\fagN�{�²Å�Ç>Â�Æw½�ÁE¸À·�Ú�ÃY©�vÏs�c«skc�gÒfag�s��kv~���`x{�wg������«��g�zyp�x{�%skc�gÒvy�Is��wv�skvy³{g�v~�rgN�
x{­�Â	¸º»�¸ºÂÄ½>Ú\¼>½>¿8¸À½�»`Å�Ã;Ç�¿¶Õ>¸~ÈPÆwÃ�¿�È8¸ÀÇ>»%s�x%�wg�°��wg�skc�g	fag3������u`gN�N����qkga�;fag�sk��vy���w��x>³Hv~�rg3qY��©d�¾p�x{­
}H���{�Hskv�­®pHvy�w|�cwx>©*��z�xHqtg1á®xI�a­À���Ä�¾©d�¾prâ�s�©-xÑgNz�gNf	gN�Hs�qÄ����g;­®�kxIf gN�I��c²x�s�cwg��Ävy�¨�Ñfag�sk��vy�%qk���{��g
(E, dist)

� �«xI�kg;�w��gN��v~qkg�zyp{�@s�cwg%f	g3���Î�����Zu�g«�rg�°��wg3�Z�Iq�s�cwg%��xIv��Hs
E(X)

©�cwv~��cZfavy�wv�favyÉ�g3q
qkx{fag�ªHvy���«x{­Ð�rv~qt�`g���qtvyx{�Ñ�rvyqk�`g���qtvyx{�±x{­@skcwga�w��s��

(Xi)
N
i=1

����x{�����%vÏs�qtgNzÏ­�á®©�v�skcä��gNqk�`gN�8sYskx%qtxIfag
��x{�rÊË�wg�|H�>s�v�³IgY�wxIfÄ��zyv�ÉNgN�;©'gNv�|IcIs�q

(wi)
â8��­®x{��g�Ów�{f	��z�gIÌ

E(Xi) = arg min
Y ∈E

∑

i

wi.dist(Xi, Y )α.
á®�Hâ

bdc�g��N�{qkg
α = 2

��x{���kg3qt�`x{����q\vy�$³{g3�8s�x{�dqt���I��g3q\s�xÒs�cwg��{�kv�skc�f	g�skv~��fag3�����r�����¶vy�;x{skcwgN�-qk���{��gNqÐskx
s�cwg�vy��|{g���g�����zyv�É3�>skvyx{�´�N���{z�zygN�
skcwg �4¿#��Å �wÃ�Á�fagN�{� � � 	P� �wxI�

α = 1
�>x{��g\x{urs���vy��q´skcwg'|{g���g�����zyv�É3�>skvyx{�.x{­

s�cwg
ÂÄÃ�Õ�¸À½>»��\jY��g�qtcwxI�wz~�Ò�wx{skgds�c��>s@s�cwg��rv~qt�`g���qtvyx{�	fÄ�¾p�c��¾³Igdqkg�³Ig�����zWfav���v�favyÉ�g���qN����x{�@vy��q�s�������g{�
s�cwv~q�v~qÒ��z~�{q�qkvy�N��zyz�p«s�cwg;�N�{qkgÄv��¬³IgN��skx{��qt���I��g3q�­®x{�

α = 1
��g3qkqkg��Hs�vy�{z�zyp±u`gN���{��qkg¶v��1s�cwv~qÒ���Iqtg¶skcwg

�wvyqk��gN��qkvyx{�²v�sÄvyq	�wx{saqtsk��v~�8skzyp²��x{�W³{g�ÓQ�\��x{�Hsk������pÑskx�skcwg«�N�{qkg
α > 1

�²�Ð³{g��Z©�cwg��
α > 1

�\s�cwg
�wvyqk��gN��qkvyx{�%x�­@s�cwg��w��s��

Xi

qtcwxI�wz~�%�wx�s�u`g�s�xWx¶cwvy|{c±vy�«x{���rg���skx$|I���������Hs�g�g�skc���s�s�cwg��rv~qk��gN��qkv�xI�
c��{q��	�w�wv~}H�wg
|{zyx{u��{zQf	vy�wvyfÄ��� ��	Ë�

����� � 	�� 	A� ��� ��	���������������� ��� � ����� � ��	�� �B����� ��	������!� ��� ��	A� � 	�� �
	�� 
 � �������

i§�±skcwg	���{qkg�x{­Ðµ�vygÒ|{��x{����q���©'g�©�v�zyz!qtgNg�cwg���gÒc�x>© xI�wg��N���¯áÀx{�.�������wx�s8â��rg�°��wg��;�rvyqts��{����g	��xIf�Ê
���>skvyuwzyg.©�vÏs�c±��zy|{g�u����{vy��x{�`g����>skvyx{��q.½�»`Õ�s�cwg
�rv�-`gN�kgN�Is�vy�{uwzyg�q�s��k����sk�w��g.x�­/skcwg3qtg
|I�kxI�w��qN�

���������
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 ��� � � ¡��À¥{¡ � bdcwg	�wvyqts��{����g3q�áÀx{��f	g�sk��vy�Nq�â	Å�Ç>Â�Æw½�ÁE¸À·�Ú�Ã�©�v�skcÑskcwg
�wv -Qg���g��Hskv~��u�z�g
qtsk�����8s��w�kg.x{­!�rv�-Qg���g��Hskv~��uwzyg.fÄ���wv�­®x{z~�wq�����g
���{z�zygN���Y¸ÀÃ�ÂÄ½>»�»�¸À½>»ÑÂaÃ�ÁP¿8¸ÀÅ8È8�
hd�{qkv~����zyzyp{�'skcwg±v~�rg3�¬vyqÄskx²�rg�°��wg¬È8ÂÄÇNÇ�Á��rÚ Ø%v��Íg3�{��cÎs��{�w|{gN�Hs$qt���I��g

TmG �ÎÈ�Å�½>Ú�½�¿aÆ`¿�ÇNÕ�Ü�Å�Á
< ., . >TmG

��bdc�g��rv~q�s�������g�u`g�s�©-g�g��%s�©-xÄ�`x{vy�Is�q
m
�����

n
v~q�s�cwg��±xIurs��{v���gN�%uWp���x{fa�w�rs�v���|Äskcwg

favy�wvyfa�{z�zyg��w|{skc%x�­@�ÄqtfaxWx�s�c����w��³{g
c(t)

��xIv���v��w|as�cwg�f*v��%xI�wg
�w�wv�s�x�­�skvyfag{�ÐÞ�g
��gN���{z�zQs�c��>s�skcwg
zyg���|�skc

l(c)
x�­

c
v~q���zy�Iqkqkvy�N��zyz�pÄ|Iv�³Ig��;uHpQÌ

l(c) =

∫ 1

0

∥

∥

∥

∥

dc

dt
(t)

∥

∥

∥

∥

Tc(t)G
dt.

� qkfaxWx�skc%�����k³Ig�x{­�favy�wvyfa�{z�zyg��w|{skc�u�g�s�©'gNg���s�©'xa�`x{vy�Hs�q�v~q����{z�zygN�%�ÄÔIÃ�Ç3Õ{Ã�È8¸ÀÅ��`������v�­/s�cwg���g
vyq��
���wvy}H�wgd|Ig�xr�rgNqkv~�Ðu`g�s�©-g�gN�Òs�©-xY�`x{vy�Hs�qN�>skc�vyq@���w�k³Igdvyq!���{z�zygN�	�	Â�¸º»�¸ºÂ�¸%$�¸º»WÔYÔHÃ�ÇNÕIÃ8È8¸ÀÅ��@i§�Is�g���gNqtskvy�w|{zyp{�
­®xI�@���Wp�|{vy³{gN�Ò�`x{vy�Hs!vy�Ä�YqkfaxWx�skc	fÄ���wv�­®x{z~��g����rx>©-gN�Ò©�vÏs�cÄ����v�gNfa�{�w�wv~����f	g�sk��vy�{��s�cwg���gdg�Órvyqts�q!�{�
Ç�ÆwÃ�»±»QÃ�¸ÏÔ �w·�Ç>¿���ÇNÇ3Õ�x�­´skcwv~qd��xIv��Hsd©�cwv~��c$v~qdÔHÃ�ÇNÕIÃ8È8¸ÀÅ�½>ÚºÚÏØ;Å�Ç>»�¼>Ã�ã{�WvP� gI�@©�cwg���gY�{�Wpa��x{�w��z�g�x�­´�`x{vy�Hs�q
�N���«u`g���xIv��wg3�«uWp«�Äfav��wvyfav�ÉNv���|$|{gNxr�rgNqkvy�{��ÞÍcwgN�«s�©'x$��xIv��Hs�q�����g�� ­À��� �`�{�����ksN��skcwgN�kg	�����%­À�{v�z/skx
u`gY�{�Wp	|Ig�xr�rg3qtv~��u`g�s�©-g�g��¶skcwgNf áºskc�v��wªÄx{­´��qkg�sd©�vÏs�c$qtgN³{gN���{z���xI�w�wg3�8skg3�¶��xIfa��xI�wg��Hs�q�â!xI�'xI�Äskcwg
��x{�Hsk������pÑqkg�³Ig�����z\|Ig�xr�rg3qtv~��q;á®�`xIq�qtvyuwzyp1�{�¯vy�r°��wv�s�pwâÒ�N���«��xIv��¬s�cwgNqkg$�`x{vy�Hs�q�áºs�cwv���ª¬x�­����Hs�v��`xr�w��z
�`x{vy�Hs�qYx{���$qk�wcwg���g3â�� �wx{�.�rg�s���vyz~qYxI�«skc�g	g�ÓrvyqtskgN����g	�����«�`xIq�qkv�uwzyg	�w�wv~}I��g��wg3qkqYx�­Ð|Ig�xr�rg3qtv~��qN�`qkg�g
­®xI��g�Ów��fa�wzyg������
	Ë�

� �32 ¤r£(�À¤ � ¥ � �.£ � � � £¾¢�� � ¡ �K 
 � � �¯¤ � � �E¤ � 3 � ¢N£(�À¥{¡ � µ�g�s-��qd��x>©ç�rg�s���vyz`skcwg
�rv�-`gN�kgN�Hs-s�pW�`gNq
x{­´vy�H³>�{�kv~������gÒá®xI�-��x{fa����skvyuwv�zyv�s�prâ\skc��>s������;g�Órv~q�sdu�g�s�©'gNg��$�	��vyg�fÄ�����wvy�{�¶fag�s��kv~��xI�;��µ�vygY|I�kxI�w�
�{���;vÏs�q���zy|{gNuw���{vy�Y�w��x{�`g��kskvygNqN��bdc�g�p;�{�kgYskc�g.­®x{zyz�x>©�vy�w|�Ì

� � zyg�­ºskÊPvy�W³>����vy�{����g(��Ì�skc�gYfag�s��kv~��vyq-vy�W³¾�{�kv~���Hs-©�vÏs�c;��gNqk��g3�8sdskxa���WpÄf��wzÏs�v���z�v~����skvyx{�$xI�¶s�cwg.z�g�­ºsN�
���wx{skcwgN�
��qkg�­®�wz@©d�¾p%x�­'��cw���Iqtvy�w|$skcwv~q.vyq�s�x�q��¾p%skc��>s
z�g�­ºstÊËfÒ�wz�skvy�wzyvy�N�>s�v�xI��q.����g;¸~È�Ç>ÂÄÃ�ÁE¿8¸ÀÃ�È
x�­ G �wvE� g{�\�wx	��x�s���c��{�w|{g.�rv~q�s�������gNqdu`g�s�©-g�g��%gNz�gNf	gN�Hs�qdx�­ G �i§�¯s�g���faq	x{­Yqk�N��z~�����w�kxr�r���8s�q	�����²�rv�-`gN�kgN�Hskv~��z~q��!s�cwvyq	fagN�{��q	�w��gN��v~qkg�zypäs�c��>s	­®x{�Ä���Wp�s�©-x
��xIv��Hs�q

m
�����

h
x�­ G ����� ���Wp ³{gN��skxI��q

v
�����

w
x�­

TmG � ©'g c��¾³{g{Ì
< DmLh.v, DmLh.w >Th.mG=< v, w >TmG

�
� � ��vy|{cHstÊËv��W³>����v~������g5�yÌ/vy�W³¾�{�kv~������g�©�vÏs�c���gNqk�`gN�8sds�x¶���WpÄfÒ�wz�skvy�wzyvy�N�>s�v�xI��xI�$s�cwg
��v�|IcIs3�
� � vy�W³{gN��qkv�xI�rÊËv��W³>����vy�{����g(��Ì@vy�W³>����vy�{����g
©�v�skc±��gNqk�`gN�8s�skx$vy�W³{gN��qkv�xI���dbdcwgÒvy�W³{g���qkv�xI�;xI��gN����skx{��vyq
skcwgN�«���%vyqkx{fag�sk��pÄx�­ G �

bdcwg3qtgY�w��x{�`g��kskvygNq-����g�»`Ç�Á�vy���rgN��gN���rg��Hs3�\bdcwvyq-qkv�fa�wzyp¶��xIf	g3q@­®��x{fæskc�g�­À�I�8s-skc���sÐ­®x{�d���Wp	s�©-x
gNz�gNfag��Hs�q

m, n
x{­ G �´©-g	c��¾³{g (m.n)−1 = n−1.m−1 �	bdcwv~q.vyf	��z�vygNq�­®xI�
g�Ów��fa�wzygÒs�c��>s.s�cwgÄz�g�­ºstÊf��wz�skvy�wz�v~����skvyx{�¬���{�Ñu`g¶xIurs��{v��wg3�ÑqkfaxWx�skc�z�pä­®�kxIf x{��g	��vy|{cHstÊËfÒ�wz�skvy�wzyvy�N�>s�v�xI���{���Ñs�©'x%vy�H³Ig���qtvyx{��q

vy��skcwg.­®xIz�zyx>©�vy�w|�©d�¾pQÌ
Lm = Inv ◦ Rm−1 ◦ Inv

�
�mqtvyfa�wz�g	á®uw�ws'������g�zyp�fag��Hskvyx{�wg3�Ävy�¶��z~�{q�qtv~���{zw�kg�­®g���g�����gNq@xI�$µ�vyg�|I�kxI�w��q�â!��x{��qtg3}I��g�����g�x�­4skc�vyq

v~q-skc��>sÒ½>ÚºÚW��v�|IcIskÊPvy�W³>����vy�{�Is-fag�sk��v~��q����{�$u`g
x{urs���vy�wgN�¶­®�kxIfàzyg�­ºstÊËvy�H³>�{�kv~���Hsdf	g�sk��vy�NqduWp � vy�W³{gN��qkv�xI���y�
�{���Ñ¼N¸ÀÅ�Ã�¼¾Ã�¿�È�½>�@i§���wg�gN���w©'g.c��¾³Ig{Ì

���������������
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<, >

·�Ã;½äÚ�ÃEÖ�ÁE¹§¸º»�¼¾½�¿8¸À½>»�Á ��¸ÀÃ�ÂÄ½>»�»�¸À½>»ÎÂaÃ�ÁP¿8¸ÀÅ;ÕIÃÀÙÐ»`Ã�ÕÑÇ�» G � �
��Ã�»¨Á��wÃ
� ¸º»�¼¾Ã�¿8Á§Ã�Õ��`ÂaÃ�ÁE¿8¸ÀÅ �,� "�Õ{ÃEÙ\»QÃ�Õ«·�Ã�Ú�Ç���"Y¸~È�¿8¸ÏÔ �WÁP¹§¸º»�¼>½>¿8¸À½>»�Á#"Y½�»`Õ%ÂÄÇ>¿�Ã�Ç�¼¾Ã�¿ �ÐÃ��w½�¼¾Ã

<, >e=�
,�e

�
�/Ç>¿Y½�»�Ø�Á �ÐÇ-Æ�Ç>¸º»�ÁÀÈ

m
½>»QÕ

h
Ç�Ö G ½>»`Õ�½>»�Ø�¼¾Ã�Å�ÁËÇ�¿�È v

½�»`Õ
w
Ç�Ö

TmG "��ÐÃ.ÕIÃÀÙÐ»`Ã�Á���Ã�¸º»�¼¾Ã�¿8ÁËÃ�ÕÂÄÃ�ÁE¿8¸ÀÅ �,� ½¾È\Ö�Ç�ÚºÚ�Ç��!È	�

� v, w �m
def
= < DmInv.v, DmInv.w >T

m−1G
.

�d¿kÇNÇtÖ ������sk���{z�zyp{�/skc�g¶�w��xHx{­��kgNz�vygNq
xI�wzypäx{�¯�wv -Qg���g��Hskv~�>s�v���|%skcwg¶g3}H����zyvÏs�p
(h.m)−1 = m−1.h−1 �bdc�vyqdpWvyg�z~�wq�Ì

Dh.mInv ◦ DmLh = Dm−1Rh−1 ◦ DmInv.
bdc�vyq��{z�zyx>©�q'skx¶qkcwx>©m�rvy��gN�8s�z�p¶skc���sNÌ

� DmRh.v, DmRh.w �Th.mG=� v, w �TmG ,

©�c�vy��c�fagN����q-skc���s �,� vyqd��v�|IcHstÊËv��W³>����vy�{�HsN�
µ/�{qts-uw�wsd��x�sdz�g3�{qtsN�Hskcwg�gN}H���{z�v�s�p

<, >e=�,�e

��x{fagNq'­®��x{fæskcwg�­À�I�8s-skc���s�}H�wv�skg�vy�Is��wv�skvy³{g�zyp
DeInv = −Id

�-©�cwg���g
Id
vyqÄskcwg±v~�rgN�Is�vÏs�pZx{�`g����>s�x{�av��

TeG
�çbdcwv~q¶���{�Îu`g«gN�IqtvyzypZqkg�g��Z­®��x{f

s�cwg���zy�Iqkqkv~����z/�kg3qt��zÏs
De exp = D0 log = Id

�����«skcwg�gN}H����zyv�s�p1áÀ³>��zyvy�äv��ä�{�±x{�`g��ä�wg�vy|{cWu`x{��cwxWxW�
x{­

e
â

m−1 = exp(− log(m))
�/©�cwgN�kg

exp
�{���

log
����g	skcwgÄ|I�kxI�w�Ñg�Ór��xI�wg��Hskv~��z'������zyx{|I�{�kv�skc�f��

���kg3qtgN�Is�gN�;v��«�rg�s��{v�z4vy��skcwg�qkgN}H�wgNz4x�­�skcwv~q����kskv~��zyg{�
@ � £ � 4&4À¤r£ 
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�d¿kÇNÇtÖ ��Þ�g�c��¾³{gÄ����q�s«qtgNg��mv��m�\�kxI��xHqtv�skvyx{� �±skc��>s%�kvy|{cHstÊËvy�H³>�{�kv~���Hs¶fag�s��kv~��q����{�6u�g�x{uws���vy�wg3�
uWp¯��x{fa��xHqtv�skvyx{�²u�g�s�©'gNg��²zyg�­ºskÊPvy�W³>����vy�{�Is	fag�sk��v~��qa�����¯skcwg%vy�W³{g���qkv�xI�¬x{�`g����>skxI�N�\�{���¯³Wv~��g�³{gN��q��
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< ., . >
g�Órv~q�s�q\­®xI�'s�cwg.µ�vygY|I�kxI�w� G �WskcwgN� ∀m ∈ G � Ad(m)
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Ad
Ç�Ö

SE(n)
½>Á�Á��wÃ.ÆwÇ�¸º»�Á

(R, t)Ç�»�½�»±¸º»NÙÐ»�¸ºÁ§Ã8È8¸ºÂÄ½>Ú�Õ�¸~ÈPÆ`Ú�½IÅ�Ã�ÂÄÃ�»�Á
(dR, dt)

¸~È�Ô{¸º¼¾Ã�»�·�Ø��

Ad(R, t).(dR, dt) = (R dR RT , −R dR RT t + R dt).

�.ÈÒ½;Å�Ç>»�È�Ã�Ý�Ü�Ã�»`Å�Ã1"'»`Ç�·�¸º¹§¸º»�¼¾½�¿8¸À½>»�Á �Y¸ÀÃ�Âa½�»�»�¸À½>»äÂÄÃ�ÁE¿8¸ÀÅaÃ�ã{¸~È8ÁEÈÒÇ>»�Á���Ã�ÈPÆ�½{Å�ÃaÇ�ÖÒ¿8¸ÏÔ�¸ÀÕ;ÁP¿k½>»�ÈºÖ�Ç�¿8¹
ÂÄ½>ÁP¸ÀÇ>»�È �
�d¿kÇNÇtÖ ��i§�Zskc�g±���{qkg�x�­YfÄ��sk��vÏÓ²µ´v�g%|{��x{����q��Ð©'g%c��¾³Ig$s�cwg�­®x{zyz�x>©�vy�w|Ñ­®x{��fÒ�wz~� � ����	

Ad(h).dh =
h.dh.h−1 ­®x{� dh ∈ g

�$�'zy�Iqkqkvy�N��zyz�pI�@��qkv��w|Ñcwx{faxI|{g���g�x{��qÒ��xWxI���rvy����skgNqN�!skc�g%µ´v�g�|{��x{���¯x�­���vy|{v~�
s����{��qt­®x{��fa��skvyx{��q'v~qd­À��v�skcr­®��z�zyp$��g��w��gNqkg��Hs�gN�¶uWp$skcwg.­®xIz�zyx>©�v���|�fÄ�>s��kv�Ó;µ´v�g
|I�kxI�w� � �)��	ËÌ

(R, t) ∼
(

R t
0 1

)

.
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� <OD � 03,76F:#<5.�?cP%(1:
SE(3)

b�DE? DE45:8,�DEJ`9
� � (�b � < � 6FC`,345< 6F,�:8DI6F>�:#,�������� V�� (Abi,7\U,�:�@�(1>`: :#,�?F>�4 6gJ`(W,�? � (E6gJ�,�2-, � J_( � 68C�, J`<503, � ?F<5( � D � J <5?�(1*W6hDE< � ,�J^< � D
\U,�: 9T,�.�( � (103<5.ADE4�b�D�9[@ >�?F< � =
?FC�(1: 6�D � J^DE*�?868:FDE.76/DE:8=1>`03, � 68?�:8DI6FC`,�:g68CLD � 45( � =;D � J^J�<5:8,�.76 .�(1032�>`6FDI6F<5( � ? DE?g< �
�������BP%(1:

n = 3
V
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�Yqtvy�w|	skc�vyqN�w©-g�|Ig�s3Ì

Ad(R, t).(dR, dt) ∼
(

R t
0 1

)

.

(

dR dt
0 0

)

.

(

RT −RT .t
0 1

)

,

©�c�vy��c1pWv�gNzy��q.skcwg;���w�wxI�w����gN�Ñ­®x{��fÒ�wz~�w�;i§�1skcwv~q.­®xI�kf��wzy����s�cwgÄsk������qtz~�>s�v�xI� �
t
�´vy�Hsk��xW�w����g3q��%�w�rÊ

u`x{�����rgN�¶skgN�kf ©�cwv~��c¶�w��g�³Ig��Hs�qÐskcwg.�{�>��x{vy�Is-|{��x{�w�a­®��x{f u`g�vy�w|	u�xI�w���rg3�4�@���w�wzypWv���|	bdcwgNx{��g�f��r�
v�s�vyq's�cwg��%��zygN�{�Ðs�c��>s��wx	uwv�ÊPvy�W³¾�{�kv~���Hs-f	g�sk��vy��g�ÓWv~qts�q'­®x{�d��v�|Ivy�as����{��qt­®x{��fa��skvyx{��q'vy�$��åàáÀ��� �3â��

Þ�gÒs�cH��q�qkg�g�skc��>s�skcwgÄ��vyg�fÄ�����wvy�{�Ñ�{�w�w��xI�{��c«u��{qkgN�«xI�äuwv�ÊPvy�W³>����vy�{�Is�fag�sk��v~��q��������wx�s.u�g	g�ÓWÊ
s�g����wgN�;skxa��v�|Ivy�$sk������qt­®x{��fÄ�>s�v�xI��q��r�{���$gN³{gN�;zygNq�q�qtx	s�x¶�>ßÄ�wg�sk������qt­®x{��fÄ�>s�v�xI��q��
jY�wg%qkcwx{�wz~�¯��x�skg;skc��>sax{�w�	�kg3qt��zÏsÄ��xI�Is����I�rv~�8s�q	�äqts���skgNf	gN�Hs	vy� � ��	Ë�\©�cwv~��cZ��zy�{v�fagN�¯skc���sa�

u�vÏÊËv��W³>����v~���Hs'fag�s��kv~��g�Órv~q�s�gN�;©�cwg��
n = 2

�@bdcwg.��g�­®g���g�����g�u��{��ªWvy�w|Òs�cwv~q���z~��vyfà©-�Iq � �)� 	P�rvy��©�cwvy��c
v�s�v~qdx{�wzyp$qts��>s�gN�;skc��>s�skc�x{�w|Ic

SE(2)
v~qd�wx{�wÊË��x{fa���{��sN�Wv�s�c��{q��	uwv�ÊËv��W³>����vy�{�Hs�ÂÄÃ�½¾È8Ür¿kÃ.á"�'c����rs�g��

�r�>����|Ig-�H�{â��/h-�rs!©�cwg���gN�Iq�s�cwgdg�ÓrvyqtskgN����g-x�­Q��fag�sk��vy�'v�fa�wzyvygNq/skc���s@x�­��YfagN�{qk�w��g�áEqtgNg � ��	Ë�����{|{g��{� )
s�cwg�fag3�{qk�w�kg��N���Äu`g�s�cwx{�w|IcHsÐx�­��{q\skcwgY�rg�s�g���f	vy���{�Is-x�­Qskc�g�fag�s��kv~�Nâ��{s�cwg�g�ÓWv~qtskg�����g�x{­4��f	g3�{qk�w��g
�wxHg3qa»`Ç�Á\v�fa�wzyp±s�cwg¶g�ÓWv~qtskg�����gax�­��%fag�sk��v~���¶bdcwv~q�qk�wurskzygÄfavyqts��{ª{gÄv~q.x�­d�wx±��xI��qkgN}H�wg�����g{�/qtvy����g
s�cwg���g�s��k�wzypa����g�g�Ów��fa�wzygNqÐx�­4�wxI�rÊË��x{fa���I�8sÐ|I�kxI�w��q@©�cwv~��cÄc��¾³Ig�uwv�ÊPvy�W³¾�{�kv~���Hs\fag�s��kv~��qN�!��q'z�xI�w|Ò�{q
s�cwg
|{��x{���;v~q���xIfafÒ�rs��>skvy³{gI�wqt����c�fag�sk��vy�Nq�x{uW³Wv�xI��qkz�pÄg�ÓWv~qtsÒáºskc�v��wª�x�­!³{g3�8s�x{��qk���{��gNq�� â��\h'�ws�cwg���g{�
s�cwg��wxI�rÊË��x{fa���I�8sk��gNq�qd½�»`Õ-�wxI�rÊ§��x{faf��rs���skvy³Hv�s�p�x{­

SE(n)
­®x{��uwv~��s�cwg�g�Órv~q�s�g�����g�x�­`qk����cÄ��fag�sk��v~���

j�s�cwg��
qkv�fa�wzygav�zyzy��q�s�����skvyx{��q�x{­Ðskc�vyq.�wc�g��wxIf	gN�wx{�1����g	|{vy³{g��Ñv��¬nWg3�8skvyx{�¬�r�´©�cwg���g�©-ga|{vy³{g	fax{��g
g�Ów��fa�wzygNqdx�­��wx{�wÊË��x{fa���{��s������;�wx{�wÊË��x{fafÒ�rs��>s�v�³Ig�µ´v�g
|I�kxI�w��q-©�vÏs�c%�wxauwvÏÊËvy�H³>�{�kv~���Hsdf	g�sk��vy�Nq��

0 � � � �32 ¤r£(�E¤ � ¢ 3 � ¤ � ¡ � �À¢�" � �/¢ 
 � � �¯¤ ��� �À¤ � 3 � ¢�£(�E¥{¡ � i§��s�cwgÒqkgN}H�wg�zP�w©-g.©�v�zyz´qkg�g
cwx>© vÏs
v~q-��xHqkqkvyuwz�g�skxa�rg�°��wg.|{g���g�����z�u�vÏÊËv��W³>����v~���Hs'fagN�{��q'v��%µ�vygY|I�kxI�w��q �@¸ºÁ���Ç>ÜrÁQ�kgNz�pWvy�w|	x{�¶uwv�ÊËv��W³>����vy�{�Hs
��v�gNfa�{�w�wv~���±fag3����qN��©�c�vy��c������±­À��vyz´s�x$g�Órv~q�s3��bdc�gÒª{gNp�skx$xI�w�.���w�w��xI�I��c%vyq�skx���qkg�skc�gÒ|{gN�wg�����z
½�Ú ÔHÃN·�¿k½>¸ÀÅ��w��x{�`g��kskvygNqdx�­@µ�vyg.|{��x{�w��q��r�����;vy�������kskv~���wz~���ds�cwg
|{��x{���$g�Ór�`x{�wgN�Hskv~��z������$zyx{|H����vÏs�cwf%�

� � "�����
Ò?A�����/
�+�5 �! 
#Ñ�d�/�/�����æ �2¬���;���$�Ä#Ñ ��������/��
�+1
�� � �1 ��
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���8� ��?

h-g�­®x{��gÒ�rg�°��wv���|¶|{gN�wg�����z/uwvÏÊËvy�H³>�{�kv~���Hs�fagN�{��q�vy�äµ�vygÒ|I�kxI�w��qN��©-gÒ�rg�s���vyz�v��«s�cwv~q�nWg3�8s�v�xI�%skcwg�­®�w�rÊ
����fag��Hs��{z��w��x{�`g��kskvygNq�x�­!skcwgÒ|{��x{�w�«g�ÓW�`x{��g��Hskv~��z´�{���%zyx{|I�{�kv�skc�f��dÞ�gÒ©�vyz�z´°����%s�cwgNqkg��w��x{�`g��kskvygNq
³Ig���pÄ��qkg�­®�wz�vy��skcwg�qkgN}H�wgNzE�

����� � � � ��	��	�
��� � ������� 	���
^����	 � � �g� ��	�� � �
E�" � 3 ¤r¢N£H� %9# % � � � � � ¢��À¤ 4�¤ � � � �!' ¤r£(�®¢�"�� � h-g�­®xI�kgÄ©-g¶�w��gNqkg��Hs
skc�g$|{��x{����g�Ór��xI�wg��Hskv~��z
�{���;z�xI|I����v�skcwf vy�;s�cwg�vy�d­®�wzyz4|{gN�wg�����zyvÏs�pI�Wz�g�sd��qd�kg3����zyz`skcwg.­®�����w��fagN�Is���z4�w��x{�`g��kskvygNq-x{­´skc�g	ÂÄ½>ÁP¿8¸Ïã
g�Ór��xI�wg��Hskv~��z`�����azyx{|H����vÏs�cwf%�{©�cwv~��c$��x{���kg3qt�`x{���ÒskxÒskcwgY|{��x{�w�ag�ÓW�`x{��g��Hskv~��z`�����Äzyx{|H����vÏs�cwf�x{­4skcwg
µ´v�g	|{��x{���±x�­

n × n
v��W³Ig��kskvyuwz�g	fÄ�>s��kv~��g3q��

GL(n)
��bdc�g�p±����g�s�cwga|{gN�wg�����zyv�É3�>s�v�xI�%skx%fÄ�>sk��v~��gNqYx�­

s�cwg
©-g�zyzÏÊËªW�wx>©��;q����{zy�{�-g�Ór��xI�wg��Hskv~��z��{���;z�xI|I����v�skcwf%�

���������������
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�wÃ%Ãkã�Æ�Ç>»QÃ�»�ÁE¸À½�Ú
exp(M)

Ç�Ö�½«ÂÄ½>ÁP¿8¸Ïã
M

¸~È�Ô{¸º¼>Ã�»Í·�Ø
exp(M) =

∑∞
n=0

Mk

k!

�
Û/Ã�Á

G ∈ GL(n)
�^ ®ÖÒÁ���Ã�¿kÃÄÃ�ãI¸~È8ÁÀÈ

M ∈ M(n)
È8Ü�Å �ÑÁ���½>Á

G = exp(M)
"-Á��wÃ�»

M
¸~È�È�½�¸ÀÕ�ÁËÇ%·�ÃÄ½

ÚyÇkÔH½>¿8¸ºÁ��WÂ Ç�Ö
N
�

i§�Z|{g���g�����zP�!skcwg�z�xI|I�{�kv�skcwf x�­��±��gN��z-vy�H³Ig��kskvyuwzyg$fÄ�>s��kv�Ó¬fa�¾p1�wx{s	g�ÓrvyqtsN�\�{���¯v�­�v�s	g�ÓWv~qts�q	vÏs
fÄ�¾p	�wx�s-u�g��w�wv~}H�wg{�@bdcwgYzy�I��ªax�­�g�Órv~q�s�g�����g�v~q'��|{g���g�����z���cwg��wxIfag��wxI�¶v��;��x{���wgN��skgN�$µ�vyg�|{��x{����q��
jY��g�|{gN�wg�����zyzyp��wgNgN�wq�Á �ÐÇ�g�Ór��xI�wg��Hskv~��z~qÐskx	�kg3�{��cÄg�³Ig���pag�zyg�fag��Hs � �I� 	P�@bdcwg�z~�{��ªax�­´���wvy}H�wgN�wgNq�q'vyq
g3qkqkg��Hs�vy�{z�zyp;�r��g�skx¶skcwg�v�� ���wg�����gÒx{­!��x�s��>s�v�xI��q�Ì'�kx{s���skvy�w|Äx�­Ð�{�±���w|Iz�g

α
vyq�skc�g�q���fag��{q��kx{s��>s�v���|

x{­/�������w|Iz�g
α + 2kπ

©�c�g���g
k
vyqd���;v��Hs�g�|{gN�N�\nWvy����g�s�cwg.z�xI|I����v�skcwf x�­��Ò��x�s��>skvyx{�$fa��sk��vÏÓ$�wv���gN��skzyp

�wg��`g����wq�x{�¬v�s�q���x�s���skvyx{�¬����|{zygNq$áÀx{�wg;���w|Iz�g$qk�rß¶��g3q�vy� �{å���uw�rs	qkg�³Ig�����zÐ�{�w|{zygNqÒ����g¶�wgN��gNq�qk�{�kp
©�c�g��

n > 3
â8��vÏs�v~qd�wx�s����wvy}H�wgI�

�.£(� � ¥D� �!¤ 4 � �!' ¤r£(�À¢�"�� �! ¤ 3 ¤r¢N£H� % � ÞÍcwg��¨���kg3��zdvy�H³Ig��kskvyuwzyg;fÄ�>s��kv�Ó¯c��Iq���x¨áE��xIf	��z�g�Ówâ
gNv�|Ig��W³>��zy�wg±xI�¨skcwg¨áÀ��z�xHqtg3��âac��{zÏ­�zyv���gäx�­���g�|I��skvy³{g±��gN�{z��W�wf�u�gN��qN�dskcwgN�çv�s;c��Iq$�²�w�wv~}I��gä��gN��z
zyx{|H����vÏs�cwf ©�cwxIqkg�áE��xIf	��z�g�ÓwâÐg�vy|{gN�W³¾�{z���gNq'c��¾³{g����$vyfÄ��|Iv����{�kp	���{�tsdv��

]− π, π[
� � �
	Ë��i§�$skcwv~q����Iqtg

s�cwv~q����{�ts�vy���wz~����zyx{|H����vÏs�cwf v~q�©-g�zyz�ÊË�rg�°��wg3�«�����±�N��zyz�g3�;Æ`¿8¸º»QÅ�¸ Æ�½>Ú ��Þ�gÒ©�vyz�z�©��kv�skg
log(M)

­®xI��s�cwg
���kvy����vy���{z4z�xI|I����v�skcwf�x{­!�	fÄ�>s��kv�Ó

M
©�c�g��wgN³{g���v�s�v~q��rg�°���gN�4�

��� � �
	���
�������� �
��� � ��� � � 	���

µ´g�s!��q/�wx>©¯�rg�s���vyzrqtxIf	g'x�­rs�cwgÐ­®�����w��fagN�Is���zW�w��x{�`g��kskvygNq/x�­rs�cwg'|I�kxI�w��g�ÓW�`x{��g��Hskv~��zW������z�xI|I����v�skcwf
vy�«µ�vyg.|{��x{�w��qN� �wxI��fax{��g��rg�s��{v�z~q�x{�;skc�gNqkg
�w�kxI��gN�ts�v�g3q��wqkg�g�� �>��	Ë�Ðhd�{qkv~����zyzyp{�Hskcwg3qtg
���kxI��gN�ts�v�g3q�����g
³Ig���p�qkvyf	vyz~���Yskx¶s�cwxIqkgÒx{­\skc�g�fÄ�>s��kv�Ó%g�Ór��xI�wg��Hs�vy�{z��{���±zyx{|H����vÏs�cwf%��©�cwv~��cä�{�kg	�¶���{�ts�vy���wzy�{�Y�N�{qkg
x{­�qk����c%fÄ���w�wvy�w|Hq��ÐjY�wg�qkcwx{��zy�;�wx�s�g�skc���s�skcwv~q����{�ts�vy���wzy�{�����Iqtg�vyq��{�8s�����zyzyp$}H�wvÏs�g
|{gN�wg�����zP�rqtvy����g
faxHq�s���z~�{q�qtv~���{z`µ´v�g�|{��x{����qd�����;u�g.zyxWx{ª{g3�Ä�w�`x{�%�{q-fÄ�>s��kv�Ó$µ�vygY|I�kxI�w��q-���WpW©-�¾p�� ���
	Ë�\h-�rs���zyzQµ´v�g
|I�kxI�w��q�����gY»QÇ>Á4áÀ��s@z�g3�{qts!�rvy��gN�8s�z�pwâ/fÒ��zÏs�v��wzyv~���>s�v�³Ig'fÄ��sk��vÏÓ�|I�kxI�w��qN���{q�v���skc�gd�N�{qkg'x{­wskc�g�µ�vyg'|I�kxI�w�
qtsk������sk�w��gÄ©'g$c��¾³{ga��gN��gN�Hskzypä�w��x{�`xIqkgN��uWpÑqkpWf	fag�sk��vy�Ä�`xIqkv�skvy³{g�Ê§�rg�°��wv�skgÄfÄ�>s��kv~��g3q
� �I� 	Ë�%bdc�vyqÒvyq
s�cwg
��gN�{qkx{�;©�cWp¶©'g
�rxa�wx{s�z�vyfavÏs�xI�w��qtgNz�³IgNq'skx	skc�g
fa��sk��vÏÓ����{qkg{�
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v
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exp(v)
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g(t)
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{

dg
dt

= DeLg(t).v
g(0) = e.
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�Ð}`�ÎáE�{â�c��{qÒ�����kskv~����zy�{�kzypä�wv~��g$�w�kxI��gN�ts�v�g3q��
g(t)
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t
�\�����1pWvyg�z~�wqÒ�

��x{�Hskvy�W�wx{��q.Ç�»`Ã�¹yÆw½�¿k½>ÂÄÃ�ÁËÃ�¿.È8Ü�·PÔ{¿kÇ�Ü3ÆÑáÀ��z~qkxa�N��zyz�g3�$xI�wg�ÊË���{���{f	g�skgN��Û@¸ÀÃ�qt��uw|{��x{�w�`â8�r©�cwv~��c;fag3����q
s�c��>s

g(0) = e
�
g(t + t′) = g(t).g(t′) = g(t′).g(t)

�
v
vyq��N��zyz�g3�±s�cwg«¸º»NÙÐ»�¸ºÁ§Ã8È8¸ºÂÄ½>Ú!ÔIÃ�»`Ã�¿k½>Á§Ç>¿�x�­

s�cwv~q
qt�wu�|{��x{�w���Ònrg�g������
	P�´����|IgNq.�D�3Ê����¶­®x{���w��xHx{­Àq�x�­\s�cwgNqkga�w�kxI��gN�ts�v�g3q��
i§�Ñ­À�{��sN���'}���áE�Iâ�v~q�skcwg
g3}H�wv�³>�{z�gN�Is�x{­/s�cwg
fÄ�>sk��v�Ó$�rv -Qg���g��Hs�vy�{z�gN}H����skvyx{���r©�cwv~��c�vyq��	�wv~��g
�{���%��z~�{q�qtv~���{z�ÚÏ¸º»`Ã�½>¿ ��� �-Ì

{

dG
dt

= G.V
G(0) = Id,
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©�c�xIqkg�qtxIz��wskvyx{�¶v~qÐ©-g�zyz�ÊPªW�wx>©��a­®��x{f���z~�{q�qkvy�N��zQj�åY�¯s�cwg�xI�kp�skx	u`g
G(t) = exp(tV )

�W©�cwgN�kg
exp

vyq
s�cwg
fÄ�>s��kv�Ó$g�Ór�`x{�wgN�Hskv~��z � ���
	Ë�

� � � � ��¤r£>¤ � � ¢ � £ = �/  ' £ � ����¡ 2 ¡ � 
 £ � ��� # % � � � � � ¢��À¤ 4 � ÞÑg�c��¾³{g�����qts'qtgNg��	skc��>s\­®xI�Ð��zyz
vu`g�zyx{��|{vy�w|.skx

g
�
exp(t.v)

v~qÐ��x{�wg�ÊP���{���{fag�skgN�\qt��uw|{��x{�w�ax{­ G Ì�skc�g��{�w�wvÏs�v�³Ig�qt��uw|{��x{�w� (t.V )t

x{­
gv~q�fÄ������g3�;vy�Hskx¶�af��wzÏs�v���z�v~����skvy³{g�qk�wuw|{��x{���;x{­ G uHp$skcwgÒg�Ór��xI�wg��Hs�vy�{zE� �'xI�W³{g���qkg�zyp{�W©'g
c��¾³{g�skcwgvy�HskgN�kg3q�s�v��w|���gNqk�wzÏs.s�c��>sÒ�{z�z\��x{�Hskvy�W�wx{��q�xI�wg�ÊË��������fag�skg��.qk�wuw|{��x{����q�x�­ G ����gax�­Ðs�cwv~q�­®x{��f�á � �3��	P�
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�Iqkqkxr��v~�>s�gN��skxÒ�Ò��v�gNfÄ���w�wv~���Äfag�sk��vy�{�{s�cwg�|I�kxI�w�ag�Ór��xI�wg��Hs�vy�{z�v~qÐ�rv�-`gNx{fax{���wcwv~��zyxr����zyzyp	�{�kxI�w���
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e
¸º» G "-½>»QÕÄ¸ºÁEÈ
Õ�¸ ��Ã�¿kÃ�»�ÁE¸À½�Ú´ÂÄ½�Æ²½>Á 0

¸~È
Á���Ã�¸ÀÕIÃ�»�ÁE¸ºÁPØ �
�d¿kÇNÇtÖ �Ynrv�����gäs�cwg�g�Ór��xI�wg��Hs�vy�{zYv~q%�²qkf	xWx{skc6fÄ�����wv���|���s�cwgÑ­À�{�8s�skc��>s%vÏs�q��wv -Qg���g��Hskv~��z�fÄ���mvyq
vy�W³{gN�ts�v�uwzygÑ��s

e
�{z�zyx>©�qÄ­®xI�$s�cwgÑ��qtgÑx�­�s�cwg � i§fa�wzyvy��vÏs	�w�w���8skvyx{� bdcwg�xI�kgNf ���Y©�cwvy��cç|{���{���{�Is�g�g3q

s�c��>s
v�s�v~q
���rv -Qg�xIfax{���wcwv~qtf�­®��x{f qkx{fag	x{�`g��ä��g�vy|{cWu�xI�kc�xHxr�«x{­
0
skx%�$xI��gN�Ñ��g�vy|{cWu�xI�kc�xHxr�«x{­

exp(0) = e
� ��x{��fax{��g
�rg�s���vyzyqN�wqtgNg������
	P������|Ig
�{�w�

bdcwv~qÐskcwgNx{��g�fæv�fa�wzyv�g3q@s�c��>s-x{�wg��N���¶�rg�°��wg �@¸ºÁ���Ç>ÜrÁÐ½>ÂÄ·�¸ÏÔ�Ür¸ºÁPØ��
zyx{|I�{�kv�skc�f�vy�$�
x{�`g��$�wg�vy|{crÊ
u`x{��cwxWxr�äx{­

e
Ì
­®xI�
g�³Ig���p

g
v���s�cwvyq�x{�`g��1�wg�vy|{cWu`x{��cwxWxr�4��s�cwg���gag�Órvyqts�qÒ�%�w�wv~}I��g

v
v��1s�cwgÄx{�`g��

��g�vy|{cWu�xI�kc�xHxr�;x�­
0
v��

g
�`qt����c;skc��>s

g = exp(v)
�'i§��skcwg
­®xIz�zyx>©�vy�w|��r©-g
©�v�zyz�©���vÏs�g

v = log(g)
­®x{�

s�cwv~q�z�xI|I�{�kv�skcwf%�W©�cwv~��c%vyq-s�cwg¶áÀ�{u�q�s����I�8s8âÐg3}H�wv�³>�{z�gN�Is�x{­/s�cwg¶á®fÄ�>s��kv�Ó�â\Æ`¿8¸º»`Å�¸ Æ�½>Úwzyx{|H����vÏs�cwf%�
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 � ���wx{skcwgN�
��qkg�­®�wz'�w�kxI��gN�ts�p«x{­'s�cwg±á®fag�sk��vy�3â�g�Ór��xI�wg��Hs�vy�{z@fa�{�1vyq.s�c��>s
|Iv�³Ig��	���Wp��`x{vy�Is3�>skc�g���g-g�Órvyqts�q@��x{�`g��	�wgNv�|IcHu`x{��cwxWxr��x{­�skc�vyq@�`x{vy�HsN�{�N��zyz�g3�	ÔHÃ�ÇNÕIÃ8È8¸ÀÅ�½>ÚºÚÏØ	Å�Ç>»�¼¾Ã�ãI�{vy�
©�c�vy��cÄ­®xI�����WpÄ��x{����gYx�­´�`x{vy�Hs�qN�Is�cwg���g�g�Órvyqts�q-�����wvy}H�wg�fav���v�favyÉ�vy�w|�|Ig�xr�rg3qtv~��u`g�s�©-g�gN�¶skc�g�f áÀqkg�g
­®xI�'g�Ów��fa�wzyg�� ���
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Φ : G × g → G × G "�Õ{ÃEÙ\»`Ã�Õ�·�Ø Φ(g, v) = (g, g. exp(v))
� �
�wÃ�»

Φ
¸~È�½>Ú �Ð½>Ø¾È

ÚyÇNÅ�½>ÚºÚÏØ$Õ>¸ ��Ã�Ç>ÂÄÇ>¿PÆ �W¸ÀÅ � �äÇ>¿�Ã-Æ`¿�Ã�Å�¸~È�Ã�ÚÏØ�"�Ö�Ç>¿Ò½�ÚºÚ
g
¸º»

G
"@¸ºÁ-ÕIÃÀÙÐ»`Ã�È
½;Õ>¸ ��Ã�Ç�ÂaÇ�¿PÆ �W¸~È8Â Ö�¿kÇ�ÂàÈ�Ç>ÂÄÃ

Ç�ÆwÃ�»ä»QÃ�¸ÏÔ �w·�Ç�¿��wÇ3ÇNÕ%Ç�Ö
(g, 0)

Á§Ç$½;Ç�Æ�Ã�»Ñ»`Ã�¸ÏÔ ��·�Ç>¿��wÇ3Ç3Õ�ÇtÖ
(g, g)

�

�d¿kÇNÇtÖ �Ynrv�����g
Φ
v~q�qkfaxHx{skc��!xI�wg$���{�¯���w��z�p¬����g�©æskcwg � i§fa�wzyv~��v�s �w�����8s�v�xI�²bdcwg�xI�kgNf �´�w��x>³Wvy�rg3�

s�c��>s�s�cwg��rv�-`gN�kgN�Hskv~��z4x�­
Φ
��s

(g, 0)
v~qdv��W³{gN�ts�v�u�z�gI�!b/xÄqtgNg.skcwv~qN�r�wx�s�g.skc���s�©'g.c��¾³Ig{Ì

{

∂Φ
∂g

|(g,v)=(e,0) = (Id, Id)
∂Φ
∂v

|(g,v)=(e,0) = (0, DeLg ◦ Id) = (0, DeLg),

©�c�g���gY©-gYc��¾³{g���qtg3�Äs�cwg�­À�{�8sds�cwg.�w�kxI��gN�ts�pas�c��>sds�cwg
�rv -Qg���g��Hs�vy�{z`x{­´s�cwg.g�Ór��xI�wg��Hs�vy�{zQ��s
0
v~q-skcwg

v~�rgN�Is�vÏs�p%áÀqkg�g�bdcwg�xI�kgNf �Hâ8�\nWvy����g
Lg

v~qÐ�Ò�rv -Qg�xIfax{���wcwv~qtf%�HvÏs�q'�rv�-Qg���g��Hskv~��z`�>s
e
�
DeLg

�Wv~qÐ�{z�©d�¾prq

���������������
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vy�W³{gN�ts�v�uwzyg{�!��q-�Ò��x{��qkgN}H�wgN����gI��s�cwg��wv -Qg���g��Hskv~��z`x�­
Φ
v~q-��z~qtxÒ�{z�©d�¾prq@vy�H³Ig��kskvyuwzyg{�W�����as�cwg � i§fa�wzyvy��vÏs

���w����skvyx{�;bdc�g�x{��g�f �r�����wz�vygNqN�@bdcwv~q'���kxWx�­�v~q-³{gN�kpÄqkv�favyzy�{�Ðs�xÒs�cwg.�w�kxWx{­�|{vy³{g��;v�� �����
	Qskxaqtc�x>©Ískcwg
�{����zyx{|Ix{��q'�w��x{�`g��ks�pÄx�­�skcwg
fag�sk��vy��g�Ór�`x{�wgN�Hskv~��zP�
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bdc�g�x{��g�f*�¶gNq�qkg��Hskv~��zyz�p�qtc�x>©�q-skc���s�­®x{��g�³{gN�kp;��xIv��Hs
g
x�­

G
��s�cwg���g�g�ÓWv~qts�q��ÄxI��gN�«�wg�vy|{cWu`x{��cwxWxr�

x{­
g
vy�«©�cwv~��c%g�³{gN�kp¶��x{�w��z�g
x{­��`x{vy�Hs�q��N����u�g���xIv���gN��uWp$�a�w�wv~}H�wg�� |I�kxI�w��|{g�xr�rg3qtv~� �rx{­/s�cwg.­®x{��f

g. exp(t.v)
qk����c
s�c��>s

g. exp(v) = h
�/h-p
qkpHfafag�s��kpI�3skcwgdqk�{fagÐ��gNqk�wzÏs!��z~qtx�cwx{z~�wq´­®x{�/skcwg'|{g�xr�rg3qtv~��q

x{­\skc�g�s�pW�`g
exp(t.v).g

�Òi§�Ñ­À�{��sN�4s�cwxIqkgÒs�©-x;s�pH�`gNq�x{­ � |{��x{�w�±|Ig�xr�rg3qtv~� �4����g�s�cwgÄqk�{fag{��qkv�����g�©-g
c��¾³{gYskcwg.­®xIz�zyx>©�v���|	��gNqk�wz�sNÌ
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G
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Ç�Ö
0
¸º»

g
È8Ü�Å �1Á��w½>Á!Ö�Ç>¿

½�ÚºÚ
g
¸º» G ½�»`Õ
Ö�Ç�¿Ä½�ÚºÚ

v
"�Á��wÃ�¿kÃ¶Ã�ãI¸~È8ÁY½�Ür»�¸ÀÝ�Ü�Ã

w
¸º»

g
È8Ü�Å��ÑÁ��w½�Á

g. exp(t.v) = exp(t.w).g
Ö�Ç>¿

½�ÚºÚ
t ∈ R

� �äÇ>¿kÃ�ÆQ¿kÃ�Å�¸~È�Ã�Ú Ø�"
w = Ad(g).v

� �äÇ>¿kÃ�Ç�¼¾Ã�¿E"�¸º»ÍÁ��W¸~È«Ç�Æ�Ã�»6»QÃ�¸ÏÔ �w·�Ç�¿��wÇ3ÇNÕÎÇ�Ö
0
"�Á��wÃ

¿�Ã�Ú�½�ÁE¸ÀÇ�»wÈ��W¸ Æ
g. exp(v) = exp(w).g

¸ºÂ�ÆQÚ ¸ÀÃ�È
w = Ad(g).v

�

bdcwg��w��xWx�­�x�­�skcwv~q�skcwgNx{��g�f vyqaqkv�fa�wzyp1u��{qkgN�¯x{�¯s�cwg;­®x{zyz�x>©�vy�w|ä��g�z~�>s�v�xI��qkcwv���q�u`g�s�©-g�g��²skcwg
���>��x{vy�Is���g����kg3qtgN�Is��>s�v�xI���{s�cwg
g�Ór�`x{�wgN�Hskv~��z������$s�cwg
zyx{|I�{�kv�skc�f�Ì
� � � �¯¤ � � Û/Ã�Á

v
·�ÃÒ¸º»

g
½�»`Õ

g
¸º» G � �
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g. exp(v).g−1 = exp(Ad(g).v).
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g
¸º» G "´Á��wÃ�¿kÃYÃ�ãI¸~È8ÁÀÈ�½ÒÇ�ÆwÃ�»;»QÃ�¸ÏÔ �w·�Ç�¿��wÇ3ÇNÕ Vg

Ç�Ö
e
È8Ü�Å �aÁ��w½>ÁHÖ�Ç>¿Y½�ÚºÚ

m
¸º» V � log(m)½�»`Õ

log(g.m.g−1)
½>¿kÃ��ÐÃ�ÚºÚÏ¹tÕ{ÃEÙ\»`Ã�Õ�½>»QÕ$½>¿�Ã�Ú ¸º» �{Ã�Õ;·�Ø¶Á��wÃÐÖ�Ç>ÚºÚ�Ç��@¸º»HÔ%¿�Ã�Ú�½�ÁE¸ÀÇ�»wÈ��W¸ Æ �

log(g.m.g−1) = Ad(g). log(m).

bdcwg3qtg�gN}H���>s�v�xI��q\�{�kg�qkv�fa�wzyp�s�cwg�|Ig��wgN���{z�vyÉN��skvyx{�Òskx$áE��u�qtsk���{��s�â!µ�vyg�|I�kxI�w��q!x�­Qs�cwg�©-g�zyzÏÊËªW�wx>©��
fÄ��sk��vÏÓ$���kxI��gN�ts�v�g3q�Ì

G. exp(V ).G−1 = exp(G.V.G−1)
�{���

G. log(V ).G−1 = log(G.V.G−1)
�

�d¿kÇNÇtÖ ��bdc�g*°���qtsæ��g�z~�>s�v�xI��qkcwv�� x�­mskcwv~q�µ�gNf	fÄ� ���{� u`g��w�kx>³IgN�=vy� skcwg ­®x{zyzyx>©�v��w| ©d�¾p`Ì
(g. exp(t.v).g−1)t

vyqY�$��xI�Hskvy�H��x{��q�x{�wg�ÊP���{���{fag�skgN��qt��uw|{��x{�w�´��©�cwxHqtgÒv��r°��wvÏs�gNqkv�fÄ�{z/|Ig��wgN����skx{��vyq
d
dt

g. exp(t.v).g−1|t=0 = Ad(g).v
áÀqkg�gd�\��x{�`xIqkvÏs�v�xI� �{� �:�-x{������|Igd�{��x{­ � ���
	®â8� �Yqtvy�w|Yskcwgd­À�I�8s!skc���s

��x{�Hskvy�W�wx{��q�x{�wg�ÊP��������fag�s�g���qk�wuw|{��x{����q�����g
x�­!s�cwg�­®xI�kf
exp(t.w)

�Q©-g�x{uws���vy�%skc�g
°���q�s�gN}H����zyv�s�p{�
b/x$���kx>³Ig
skcwgaqkgN��xI���¯áE�����±skcwv~qYskvyf	g�Ú�Ç3Å�½>Ú âYgN}H���{z�v�s�p{�Q©-g	qkg�gÒskc���s.qkvy����g

Ψg : m 7→ g.m.g−1 vyqqkfaxWx�skc������
Ψg(e) = e

�¾s�cwg���g-g�Órvyqts�q���xI��gN�Ò�wgNv�|IcWu�xI�kcwxWxr�
x{­
e
©�cwg���g

log(m)
�����

log(g.m.g−1)�{�kg�©-g�zyzÏÊ§�rg�°��wgN�4�\bdc�g���skcwg
qkgN��x{���;gN}H���{z�v�s�p¶v~q��rgN�w����g3�$­®��x{fàskcwg.°���qtsN�
�d¿kÇNÇtÖ ���Ð�kxWx�­\x{­'bdcwgNx{��g�f �rÌ!����qts
qtgNg�skc��>s

g. exp(t.v) = g. exp(t.v).g−1.g
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x(t) = x. exp(t.v)
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x ∈ V
ẋ(0) = x.v ∈ TxG

x(t) = x. exp(t.w)

x(t) = x. exp(t.v)
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log(exp(v). exp(w))
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log(exp(v). exp(w)) = v + w + 1/2([v, w])
+1/12([v, [v, w]] + [w, [w, v]])
+1/24([[v, [v, w]], w]) + O((‖v‖ + ‖w‖)5).
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ÆQ¸º»HÔ-" ����Ã�¿kÃ
Bn

¸~È�Á��wÃ	»�¹tÕ>¸ºÂÄÃ�»�È�¸ÀÇ�»`½�Ú �-Ü�Å�Ú ¸ÀÕIÃ�½�»¯Å�Ú�Ç>È�Ã�Õ%·�½>ÚºÚO"-¸ �ºÃ �
Bn = {x ∈ R

n :
∑

i(xi)
2 ≤

1} � �
��Ã�» Ψ
�w½¾È�½�ÁÐÚ�Ã�½>È�Á�Ç>»QÃÐÙ�ãWÃ�Õ�ÆwÇ�¸º»�Á �

@ � £ � 4&4À¤r£ 
 / �!� ¸ºÁ��¶Á��wÃ
½¾È�È8ÜrÂ�Æ`ÁP¸ÀÇ>»wÈ�ÂÄ½{ÕIÃ
½>Á!Á��wÃ
·�ÃËÔ�¸º»�»�¸º»HÔaÇtÖ�Á��W¸~È�È8Ü�·�È�Ã�Å�ÁE¸ÀÇ�»�"�Á���Ã�» ��Ý � � ��� ���½¾ÈÒ½>Á-Ú�Ã�½¾È8Á�Ç>»QÃ
È�Ç>ÚÏÜrÁE¸ÀÇ�»ä¸º»
Ω
�

�d¿kÇNÇtÖ ��i§�äx{�w�.���IqtgI��s�cwvyq���gNqk�wz�sY���w��z�vygNqN�4qtvy����g�©'g	���{�ä�rg�°��wg
Ψ : log(Ω) → log(Ω)

uWp
Ψ(v) =

log(Φ(exp(v)))
�Ònrv�����g

log(Ω)
v~qY�w�kg3��v~qtgNz�p%�$��z�xHqtg3�«u��{z�zP�`�{���%s�cH��qYc�x{fag�xIf	xI�k��cwvy�
skx¶s�cwg	�\�rÊ

��z�v~�rg3���;��z�xHqtg3�¶u��{z�zP�HskcwgN��h-��x{�W©-g�� � qÐskcwgNx{��g�fà�{�w�wzyv�g3q-�{���¶|I���������Hs�g�gNq\skcwg.g�ÓWv~qtskg�����g�x�­���s-zygN�Iq�s
xI�wg-°wÓrgN����xIv��Hs\x{­

Ψ
��©�cwv~��c	vyq\�{zyqkx.��°�ÓWg3�Ò�`x{vy�Hs\x�­

Φ
������s�cwg���g�­®xI�kgd�.qtxIz��rs�v�xI��x{­��Ð}`��á �3�Iâ��

bdcwg	g�Órv~q�s�g�����g�x�­Ð�;qtxIz��wskvyx{�«s�x$�Ð}`�aá �N�Hâ�v~q�s�cW��q�|I���������Hs�g�gN��� +�x>©-g�³Ig��3�wv��Ñx{���rg���skx;�w�kx>³Ig
s�cwg���xI�H³Ig���|{gN����g\x{­wskc�g-v�skgN����skvy³{gdq�s�����skgN|{p�skx.�Y°wÓrgN���`x{vy�Hs@x�­

Φ
�>s�cwgdfÄ�>skc�g�fÄ�>s�vy�N��zHskxWx{zr©-g-�wg�g3�

v~q��{�wx�s�cwg��.s�pW�`gÄx�­-°wÓrgN����xIv��Hs
s�cwg�xI�kgNf��$ÞÑgÄ©�vyz�z'�wx>©���gN�N��zyz@�\v~�������!� q.°wÓrgN���`x{vy�HsÒbdcwg�xI�kgNf��
©�c�vy��c�vyq�skcwg.­®xIz�zyx>©�v���|�Ì
E�" � � £ � � L � �-¸ÀÅ�½>¿kÕ�� È �\¸ÏãWÃ�Õ ��Ç�¸º»�Á �
��Ã�Ç�¿kÃ�Â �6Û/Ã�Á

(E, d)
·�Ãä½¬Å�Ç>Â�Æ`ÚyÃ�Á§Ã«ÂÄÃ�ÁP¿8¸ÀÅ%ÈPÆ�½{Å�Ã±½�»`Õ

f : E → E
·�ÃÑ½

K− Å�Ç�»�ÁP¿k½{Å�ÁE¸ÀÇ�»�"Ò¸ �ºÃ �ZÖ�Ç>¿ä½>ÚºÚ x, y
Ç�Ö

E
"

d(f(x), f(y)) ≤ K.d(x, y)
" �@¸ºÁ��

0 < K < 1
� � ��Ã�»

f
�w½>È.½	Ür»�¸ÀÝ�Ü�Ã�Ù/ãWÃ�Õ�ÆwÇ�¸º»�Á

p
¸º»

E
½�»`ÕdÖ�Ç>¿
½>ÚºÚ`È�Ã�Ý�Ü�Ã�»`Å�Ã

(xn)n > 0
¼>Ã�¿8¸ Ö�Ø>¸º»WÔ

xn+1 = f(xn)
"\Á��wÃ�»

xn → p
���wÃ�»

n → +∞ " �@¸ºÁ��±½�Á'Ú�Ã�½>È�Á�½
K− Ú ¸º»`Ã�½>¿�ÈPÆ�Ã�Ã�Õ;Ç�ÖÒÅ�Ç>»�¼¾Ã�¿EÔHÃ�»QÅ�Ã �

�d¿kÇNÇtÖ ��bdc�vyq�vyqY��z~�{q�qtv~���{z��w���rgN�k|I���I�r����skg.skxI��xIz�xI|{pI�-bdcwg�vy�wgN�av~q�s�x¶�w��x>³{g�skx$s���ªIg����Wp%qtg3}I��g�����g
³Ig���vÏ­®pWvy�w|

xn+1 = f(xn)
�/skx±qkcwx>©�skc���sÒvÏs�vyq�� �-�{����cWpäqkgN}H�wg�����gÄ�����Ñs�cH��q�c��Iq
�%z�vyfavÏsÒvy�

E
�

©�c�vy��c¬v~q�s�cwg$���wvy}H�wg$°wÓrgN�1�`x{vy�Hs�x�­
E
� �«x{��g�x>³Ig��3��©-g$c��¾³Ig

d(xn+1, p) ≤ K.d(xn, p)
�!©�cwvy��c

qkcwx>©�q'skc��>s�skc�g�qt�`g�g3�;x{­���x{�W³{gN�k|Ig�����g�v~q��>s�zygN�{qts
K− zyv��wg3���3�

+�g���g{�
(Ω, d)

v~q¶s�cwg1��x{fa�wzyg�s�gÑfag�sk��vy�Ñqt���I��gÑv��6©�c�vy��cçskcwg1qt������g3qkqkvy³{g±gN³¾�{z����>skvyx{��q¶x�­Òskcwg
� fagN�{���wzyv�³Ig{�Ðbdcwg��wvyqts��{����g

d
v~q�qkv�fa�wzyp$|Iv�³Ig��%uWp

d(m, n) = ‖ log(m) − log(n)‖ �Ðb/xÄx{urs���vy��skcwgg�ÓrvyqtskgN����gI���w�wv~}H�wg��wg3qkq�x{­`�.qtxIz��wskvyx{�Òx{­��Ð}`��á �3�Iâ�������zyv��wg3���\��x{�W³{gN�k|Ig�����g\x�­`x{�w�!v�skg����>s�v�³Ig-q���cwgNf	g
s�x$s�cwv~qY�`x{vy�HsN��v�s.x{�wzyp«�kgNfÄ��vy��q�s�x�qkcwx>© s�c��>s

Φ
v~q.�;��x{�Hsk���{��skvyx{���
bdcwv~q�z�g3�{�wqYskx;skc�gÒ­®xIz�zyx>©�v���|

�Ð�kxI��xHqtv�skvyx{��Ì
�.£ � � � ¡��À¢�� � �>� � � ��Ã�»äÁ���Ã

R
¸º» �\Ç�¿kÇ>ÚºÚ�½�¿8Ø � ¸~È�Å �wÇ>È�Ã�»äÈ�ÂÄ½>ÚºÚ!Ã�»QÇ>Ü{Ô �B"

Φ
¸~ÈÒ½$Å�Ç>»�ÁE¿�½{Å�ÁE¸ÀÇ�» �

���������



��¸º¹§¸º»�¼>½>¿8¸À½�»�Á��äÃ�½>»wÈ
¸º»«Û!¸ÀÃ��-¿�Ç>Ü3Æ�È �I�

�d¿kÇNÇtÖ ��µ´g�s-��qÐ��x{��qkvy�wg��
E = log(Ω)

©�v�skc
Θ : E → E

�rg�°��wg3�¶�{qÐv��Äs�cwg����kxWx�­4x{­��'xI�kxIz�z~����p���uWp
Θ(v) = log(Φ(exp(v)))

�'bdcwg.ª{gNpÄvy�wgN��vyq-s�xaqkg�g�s�c��>s
Θ
v~q�qtfaxWx�s�c;©�v�skc���gNqk��g3�8sdskx

log(m)
½>»QÕ

s�cwg
(log(xi))

�r©�vÏs�c$s�cwg��w�kxI��gN�ts�p	s�c��>sdskc�gY�wxI�kf�x{­�skc�g��rv�-Qg���g��Hskv~��zQx�­
Θ
vyq-�w�wv�­®x{��faz�pÄu`x{�����rgN�

vy��skcwg.­®xIz�zyx>©�vy�w|�©d�¾pQÌ

‖Dlog(m)Θ‖ ≤ O(‖ log(m)‖ +
∑

i

‖ log(xi)‖).
á �¾�{â

i§��­À�I�8sN���Ð}`�Yá �3�{â-v~q��Äqkv�fa�wzyg���xI��qkgN}H�wg�����g.x�­�skcwg�­À�{�8s�s�c��>s
Ψ
v~q������{z�pHs�vy�{Ì

Dlog(m)Θ
v~q�qkv�fa�wzyp

xI�wgax�­dvÏs�q
���{�ts�vy�{z!�wg���v�³>�>s�v�³Ig{�/©�cwvy��c�v~q.skcwgN�kg�­®x{��gÄ��z~qtx%�����{z�pHs�vy�{�ÄiËs�q.³>��zy�wg¶�>s
0
v~q
�w��gN��vyqkg�zyp

0
�

�{���%s�cwg���g�­®xI�kgÒ�{z�z/skc�g�skgN�kfÄqYx�­\v�s�q�vy�r°��wv�skgaqtgN�kvygNqY����g�x�­\xI���wg���xI�wg�xI�Yz~����|{gN�N��©�cwvy��cäpHvyg�z~�wq�skcwg
u`x{������v��

O(‖ log(m)‖ +
∑

i ‖ log(xi)‖)
�

ÞÍv�skcÑskcwgau`x{�w���±|{vy³{gN�±uWp«�Ð}`�¶á �¾�{â8�4©-g��N���Ñg���qk�w��g�skc��>s
©�cwg��
R
vyq.qkfa�{z�z!gN�wx{�w|Ic��`skcwgN�kg

g�Órvyqts�q
β
vy�

]0, 1[
qk����c$s�c��>s ‖Dlog(m)Θ‖ ≤ β

­®x{����zyz
m
�\bdcwg���©'g
c��¾³{gYskcwg���zy�Iqkqkvy�N��zQu`x{�w����Ì

‖Θ(v) − Θ(w)‖ ≤ (sup
z∈E

‖DzΘ‖)‖v − w‖ ≤ β‖v − w‖.

nrv�����g
β < 1

�
Θ
vyqduWp��rg�°���vÏs�v�xI�%�a��x{�Hsk���{��skvyx{���r�����;qkxavyq

Φ
�
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 � � ��È�½	Å�Ç�»wÈ�Ã�Ý�Ü�Ã�»`Å�ÃU"�����Ã�»�Á���ÃYÕI½>Á§½
(xi)

¸~ÈYÅ���Ç¾È�Ã�»«Å�Ú�Ç¾È�Ã
Ã�»`Ç>Ü{Ô �¶ÁËÇ
e
"�Á���Ã�¿kÃ�Ã�ã{¸~È8ÁEÈ

½�Ç�Æ�Ã�»Î»QÃ�¸ÏÔ �w·�Ç�¿��wÇ3ÇNÕ¯ÇtÖ
e
¸º» ���W¸ÀÅ �ZÁ���Ã�¿�Ã�Ã�ãI¸~È8ÁÀÈ;½äÜr»�¸ÀÝ�Ü�Ã$È�Ç�Ú ÜrÁP¸ÀÇ>»¨ÁËÇ���Ý � � � � � � �±Ç�¿kÃ�Ç>¼>Ã�¿E"Á��wÃ¶¸ºÁËÃ�¿k½�ÁE¸º¼>ÃÄÈ8ÁP¿k½>Á§ÃËÔ�Ø¶Ô{¸º¼¾Ã�»Î½I·�Ç>¼>Ã�½�Ú �Ð½>Ø¾È$Å�Ç>»�¼¾Ã�¿EÔHÃ8ÈÄÁ§Ç��Ð½�¿kÕ¾ÈÄÁ��W¸~ÈaÈ�Ç>Ú ÜrÁP¸ÀÇ>»c"@Æ`¿kÇ�¼N¸ÀÕIÃ�Õ±Á��w½�ÁYÁ��wÃ

¸º»�¸ºÁE¸À½�Ú ¸%$3½>ÁP¸ÀÇ>»%Á§Ç
Á��W¸~ÈY½>Ú ÔIÇ�¿8¸ºÁ��rÂ�¸~ÈdÁ§½ �IÃ�»%Å�Ú�Ç¾È�Ã.Ã�»`Ç>Ü{Ô �aÁ§ÇÒÁ���ÃYÕI½>Á§½ �dÛ´½>È�Á@·�ÜrÁ/»QÇ>Á´ÚyÃ�½>È8Á#"�Á���Ã�ÈPÆ�Ã�Ã�Õ
ÇtÖ�Å�Ç>»�¼>Ã�¿EÔIÃ�»`Å�ÃÒ¸~ÈÒ½>Á-Ú�Ã�½¾È8Á'ÚÏ¸º»`Ã�½>¿ �
�d¿kÇNÇtÖ � �I��qts/�����wz�p.�\v~���{����� q/bdcwg�xI�kgNf6skx

Φ
�����
��gN�N��zyz>skc��>s/u`g�vy�w|��d°wÓrgN�
�`x{vy�Hs/x{­

Φ
v~q�g3}I��v�³>��zyg��Hs

s�xau�gNv��w|¶�aqkx{zy�rskvyx{��x�­!�Ð}`��á �3�Iâ��

� ��� � � ����� ��� � ��� ��� 
 ��� � ����
 � � ���

i§�$skcwg��w��g�³Wvyx{��q-qt��u�qtg3�8s�v�xI���W©'gYc��¾³{g�qtcwx>©��¶skcwg.g�Órv~q�s�g�����gY�{���¶�w��vy}H�wgN�wgNq�q-x�­/��qtxIz��rs�v�xI�$x{­�skcwg
g�Ór��xI�wg��Hskv~��z'u�����pr��gN�Is��kv~�agN}H����skvyx{�¬zyv�³Wvy�w|±vy�²�«xI��gN�¯�wg�vy|{cWu`x{��cwxWxr�1x�­

e
�!�Iq�zyx{�w|Ñ�{q
s�cwg;���>s��

©-g���g���zyz���zyxIqkg�g���x{�w|IcÒs�x
e
�!i§�	­À�{��sN�{skcwv~qÐ�N���au�g�|{��gN�>s�z�pÒ|{g���g�����zyv�ÉNgN�4���Iq\qtc�x>©���uWp�s�cwg�­®xIz�zyx>©�v���|

��gNqk�wz�sNÌ
E�" � � £ � � � � Û´Ã�Á

g
·�Ã�¸º»

G
� �
�wÃ�»ÑÁ��wÃ�¿kÃ	ÃkãI¸~È8ÁÀÈÒ½	Ô�¿�Ç>Ü3Æ �@¸~È�Ã.ÔHÃ�Ç3Õ{Ã�È8¸ÀÅ�½>ÚºÚ Ø«Å�Ç>»�¼>Ã�ã�Ç�ÆwÃ�»ä»QÃ�¸ÏÔ �W¹

·�Ç�¿��wÇ3ÇNÕ V ÇtÖ g
"�È8Ü�Å �aÁ��w½�Á ���wÃ�»`Ã�¼>Ã�¿�Á��wÃ�Õ{½�ÁË½

(xi)
½>¿�Ã�¸º» V "´Á��wÃ�»¶Á��wÃ�¿kÃ�ÃkãI¸~È8ÁÀÈ�½
Ür»�¸ÀÝ�Ü�Ã�È�Ç>Ú ÜrÁP¸ÀÇ>»ÇtÖ ��Ý � � � � � ¸º»²½�»¬Ç�ÆwÃ�»1»`Ã�¸ÏÔ ��·�Ç>¿��wÇ3Ç3ÕäÇ�Ö g

���±Ç�¿kÃ�Ç>¼>Ã�¿E"�Á��wÃÄÅ�Ú�½¾È�È8¸ÀÅ�½>Ú@¸ºÁ§Ã�¿�½>ÁP¸º¼¾Ã	È8ÁP¿k½>Á§ÃËÔ�Ø�½>Ú �Ð½�Ø¾È
Å�Ç�»�¼>Ã�¿EÔHÃ�È�ÁËÇ��Ð½>¿kÕ>ÈÒÁ��r¸~È�È�Ç>Ú ÜrÁP¸ÀÇ>»c"�ÆQ¿kÇ>¼3¸ÀÕ{Ã�Õ�Á��wÃ	¸º»�¸ºÁP¸À½>ÚÏ¸%$N½�ÁE¸ÀÇ�»¬¸~È�ÁË½ �{Ã�»¯Å�ÚyÇ¾È�ÃÄÃ�»QÇ>Ü{Ô �«Á§Ç

g �
½>Ú È�Ç�"

Á��wÃ�ÈPÆwÃ�Ã�Õ$ÇtÖ�Å�Ç>»�¼>Ã�¿EÔIÃ�»`Å�ÃÒ¸~ÈÒ½>Á-Ú�Ã�½¾È8Á'ÚÏ¸º»`Ã�½>¿ �
�d¿kÇNÇtÖ � �I��qts�fÒ�wz�skvy�wzypÄskcwg
�w��s��	uWp

g−1 x{�;skcwg.zyg�­ºs�skxÄqkcwv�­ºs��{z�zQs�cwg.��xIv��Hs�qdv��%���%�{�rg3}H���>s�gYxI��gN���g�vy|{cWu�xI�kc�xHxr�;x�­!skc�g��wg��wsk����z´gNz�gNfag��HsN�dbdcwg��«xI�wgÒ�N���%�k���%skcwg�v�skgN����skvy³{g�q���cwg�fag.s�x¶x{urs���vy�%skcwg
���wvy}H�wgYqtxIz��rs�v�xI�ax�­QskcwgYu�����pr��gN�Is��kv~�-gN}H����skvyx{�a©�cwv~��cÄz�vy³{g3q\��zyxIqkg�skx

e
�@bdcwgN�.����q�s'fÒ�wz�skvy�wzyp	xI�askcwg

���������������



�{� �Y¿�È8¸ÏÔ{»�Ø¶Ã�Á�½>Ú��

zyg�­ºs�uWp
g
skcwv~qYqkx{zy�rs�v�xI�%skxÄ°����%skcwg��w�wv~}H�wgÒqkx{zy�rskvyx{�«x{­@skcwg�u�����pr��g��Hs��kv~��gN}H���>s�v�xI�«©�vÏs�c«skc�gÒ��gN��z

���>s����ÒbdcwgN�ä�wx{skg�skc���s�s�cwga�wx{��fÄ��zdá®�wxI�rÊ§qtcwv�­ºskg3��âYvÏs�g����>s�v�³Ig	q���cwg�fag�vyq-����qts.skcwgÄqkcwv�­ºskgN�Ñ³{gN��qkvyx{�
x{­´s�cwg�qk��c�g�fag
�{q�qtxr��v~�>s�gN�¶skxaskc�g�qtcwv�­ºskg3�%�w�>s��w�
bdcwv~q�zygN�I�wq-skx	skc�g.­®x{zyz�x>©�vy�w|Ä�rg�°��wvÏs�v�xI��Ì

� ��� � �®¢�� � � / � Û/Ã�Á\Á���Ã
(xi)

N
i=1

·�Ã.È�Ç�ÂaÃ	Õ{½�ÁË½;·�Ã�Ú�Ç�»HÔ{¸º»HÔÄÁ§Ç¶½ÄÈ�ÂÄ½>ÚºÚ�Ã�»QÇ>Ü{Ô �ÄÔ�¿�Ç>Ü3Æ �@¸~È�Ã�ÔIÃ�Ç3Õ{Ã�È8¸º¹
Å�½�ÚºÚ Ø%Å�Ç�»�¼>Ãkã�È�Ã�Á�Ç�Ö

G
� �
�wÃ�»�"4Ö�Ç>¿Ä½>»�Ø;È8Ø¾È8ÁËÃ�Â Ç�Ö � »QÇ>¿8ÂÄ½>Ú ¸%$3Ã�Õ � »`Ç>»�¹§»`ÃËÔH½>ÁP¸º¼¾Ã �ÐÃ�¸ÏÔ �rÁÀÈ (wi)

N
i=1

"
�ÐÃaÅ�½>ÚºÚ  ;� � � �32 ¤r£(�À¤ � ¢�� � ¤ � Ç�Ö

(xi)
�@¸ºÁ��ä¿kÃ�ÈPÆwÃ�Å�Á'Á§Ç$Á���Ã��ÐÃ�¸ÏÔ �WÁEÈ

(wi)
Á��wÃ�Ür»�¸ÀÝ�Ü�Ã�È�Ç�Ú ÜrÁP¸ÀÇ>» � ¸º»

½¶»`Ã�¸ÏÔ ��·�Ç>¿��wÇ3Ç3Õ�ÇtÖ
Á��wÃ	Õ{½>Á§½ � ÇtÖ
Á���Ã�Ô{¿kÇ>Ü3Æ¯·�½>¿8Ø{Å�Ã�»�ÁE¿8¸ÀÅaÃ�Ý�Ü�½>ÁP¸ÀÇ>» � � � � �
�.£ � � � ¡��À¢�� � � � � �
�wÃ	·�¸º¹§¸º»�¼¾½�¿8¸À½>»�ÁdÂÄÃ�½>»ä¸~È
Ú�ÃEÖ�ÁP¹h"\¿8¸ÏÔ �rÁE¹�½�»`ÕÄ¸º»�¼¾Ã�¿�È�Ã�¹§¸º»�¼¾½�¿8¸À½>»�Á �
�d¿kÇNÇtÖ ��bdc�g��w��s���vyqduWpÄcWpW��x{skcwg3qtv~qd��zyxIqkgYgN�wx{��|{cÄs�x	xI�wg.���wx{skcwgN�-qkxÒs�c��>s�©-g��N�������w�wzyp¶µ�gNfafa�
�I�wqtx	s�c��>s�©-g.c��¾³{gIÌ

Ad(m).
(

∑N

i=1 wi log(m−1.xi)
)

=
∑

i wi log
(

m.(m−1.xi).m
−1
)

∑N
i=1 wi log(xi.m

−1).
nrv�����g

Ad(m)
v~q�vy�W³{g��kskvyuwzyg{�NskcwgÐ��qt����z{u�����pW��g��Hsk��v~�/g3}H���>s�v�xI���¾©�cwvy��c
v~q4zyg�­ºskÊPvy�W³¾�{�kv~���Hs3�Nv~q�g3}I��v�³>��zyg��Hs

s�xÄ����vy|{cHstÊËv��W³>����v~���Hs'u��{�kpr��g��Hsk��vy��gN}H����skvyx{���r©�cwv~��c%qtcwx>©�q's�c��>s�s�cwg.u�����pr��g��Hs�g��dvyqdu`x�s�c%z�g�­ºstÊÐ�����
��vy|{cHstÊËv��W³>����v~���HsN��%�x>©
�WskxÄ���kx>³Ig�s�cwg
v��W³>����v~������gY©�v�skc%��gNqk��g3�8s�uWp¶v��W³Ig���qtvyx{���W�wx{skg.s�c��>s3Ì

(−1) ×
(

∑N

i=1 wi log(m−1.xi))
)

=
∑

i wi log
(

(m−1.xi)
−1
)

∑N
i=1 wi log(x−1

i .(m−1)−1),
©�c�vy��cäqkcwx>©�q�skc���s�©�c�g��wgN³{g��

m
vyq�skcwg	uwv�ÊPvy�W³>����vy�{�IsYf	g3���Ñx�­@skc�g

xi

�
m−1 vyq�skc��>s.x�­\s�cwg xi

−1 �©�c�vy��c�vyq�g�Ów�{��skzyp¶v��W³Ig���qtg�ÊPvy�W³¾�{�kv~������g{�

= � � � @ � � � � � ¢N¡ � �B0 � � � �32 ¤w£H�E¤ � ¢ 3 � ¤ � ¡ � bdcH��q���©-gdc��¾³{g-��v�|Ix{��x{��qkz�p�|{gN�wg�����zyvyÉ�gN��skx
���Wp
��gN�{z�µ�vyg�|{��x{���$s�cwg��wx{skvyx{�«x�­!uwv�ÊPvy�W³>����vy�{�Is�fag3���%�wx{��fÄ��zyz�p;�{q�qtxr��v~�>s�gN�;skxÄu�vÏÊËv��W³>����v~���Hs���v�gNfÄ���rÊ
��vy�{�±fag�sk��v~��qN�`gN³{gN�«v��äskcwga���Iqtg�©�c�g���g�qk����c±fag�s��kv~��q�­À��vyz´s�x$g�ÓWv~qtsN�.bdcwvyq��wx>³Ig�z/f	g3���±gN�>��x>prq��{z�z
s�cwg
�rgNqkvy���{uwz�g.vy�W³¾�{�kv~������g��w�kxI��gN�ts�v�g3q��r�{���;�N����u�g
v�skgN����skvy³{gNz�p¶��x{fa�w�rs�gN�;v��«�	³{gN�kpÄg�ßÄ��v�gN�Hsd©d�¾p{�
jY�wg�qtc�x{�wz~�a�wx�s�g�s�c��>sd�{q\��qt���{z�©�v�skc¶fag3���¶vy�¶fÄ���wv�­®x{z~�wqN�{s�cwg�u�vÏÊËv��W³>����v~���HsÐfagN�{�Äx{�wzyp�g�Órvyqts�q

���kx>³Wv~�rgN�$skcwg	�w�>s��Ä����g
��zyxIqkg
g��wxI�w|{c�skx$x{�wg��{�wx�s�cwg��3Ì\s�cwgÒ�rv~qt�`g���qkv�xI�%qkcwxI�wzy���wx{s�u`g
skxWxÄz~����|{g{�
i§�as�cwg��wg�ÓWs'qtg3�8s�v�xI���{©-g�©�vyz�z`qtgNg�f	xI�kg����kg3��v~qtgNz�p�v��Ä³>����vyx{��q\qkv�sk����skvyx{��q@©�c��>sÐ�w���{��skv~���{zwz�vyfavÏs��>s�v�xI�
v~q
vyfa��xHqtg3�ÑxI�äs�cwg$�rv~qk��gN��qkv�xI�Ñx{­'s�cwg¶�w��s��w�%jY�wgÄ�rxWgNq
�wx{sÒqtgNg�f skx%z�xHqtgÄf�����c�v��1s�cwvyq��kgN|I�����
©�v�skc%��gNqk��g3�8sdskxag�ÓWv~qtskvy�w|Ä��v�gNfÄ���w�wv~���%uwv�ÊËv��W³>����vy�{�Hs-fagN�{��qNÌ�©-g.©�v�zyz´qkcwx>©6­®xI��g�Ów��fa�wzyg�skc���s�skcwg
u�vÏÊËv��W³>����v~���Hs�fagN�{�±x�­'qkx{fag��kvy|{v~�%sk������q�­®xI�kfÄ�>s�v�xI��q�g�ÓWv~qts�qYvÏ­'�{���±xI�wzyp�v�­\s�cwg�u�vÏÊËv��W³>����v~���Hs�fagN�{�
x{­´s�cwg�vy����x�s���skvyx{�;�����ks�qdg�ÓWv~qts�qN�

� �����w������

�!��
���� ����
����������a�N? #�+�� � 
��/���

µ´g�s$��q¶�wx>©×�rg�s���vyzYqkg�³Ig�����z�vy��qkv�|IcIsk­®�wzY�N�{qkgNqÄ©�c�g���g«skcwg���zy|{gNuw���{vy��fagN�{�6���{�Íu�gZÃ�ã�Æ`Ú ¸ÀÅ�¸ºÁPÚ Ø±x{�
�wv���gN��skzyp$��xIf	���rskg3�4�w©�v�skcwxI�rs���qkv��w|	s�cwg���z~�{q�qtv~���{zQvÏs�g����>skvy³{g
q���cwg�fagI�

���������
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bdc�g���g�v~q��a��zyxIqkgN�$­®x{��f�­®x{��skcwg.uwv�ÊPvy�W³>����vy�{�Is�fagN�{�;x{­/s�©-x	��xIv��Hs�qNÌ
�.£ � � � ¡��À¢�� � � G � Û´Ã�Á

x
·�Ã�¸º»

G
½�»`Õ

y
·�Ã�¸º»6½ � � � Ç�Æ�Ã�»Í»QÃ�¸ÏÔ �w·�Ç�¿��wÇ3ÇNÕ¯ÇtÖ

x
� �
�wÃ�»¨Á���Ã�¸º¿

·�¸º¹§¸º»�¼>½>¿8¸À½�»�ÁdÂÄÃ�½�»
m

�@¸ºÁ��«¿kÃ8ÈPÆ�Ã�Å�Á-ÁËÇÄÁ���Ã�Å�Ç>Ü3ÆQÚ�ÃaÇ�Ö �ÐÃ�¸ÏÔ �rÁÀÈ
(1 − α, α)

¸~È�Ô{¸º¼¾Ã�»�·�Ø��

m = x. exp
(

α log(x−1.y)
)

= x.(x−1.y)α.
á ���Iâ

�d¿kÇNÇtÖ ��Þ�g����{��qkvyf	��z�p$��c�gN��ªÄs�c��>s
m
v~q��aqtxIz��rs�v�xI�$s�x	skcwg��I�rgN}H����skg.u�����pr��gN�Is��kv~��g3}H���>s�v�xI���@ÞÑg

c��¾³{g{Ì
log(m−1.x) = log(exp(−α log(x−1.y)).x−1.x) = −α log(x−1.y).

��zyqkx��r©-g.c��¾³{g�s�c��>s3Ì

log(m−1.y) = log(exp(−α log(x−1.y)).x−1.y) = log(n−α.n),

©�v�skc
n = x−1.y

�\bdcwgN�kg�­®x{��g{Ì
{

α. log(m−1.y) = log(nα×(1−α))
(1 − α). log(m−1.x) = log(n−α×(1−α)) = −α. log(m−1.y).

bdcW��qN�
m
v~q-skcwg
u�vÏÊËv��W³>����v~���Hs-fag3���%x�­

x
�����

y
�

%�x�skv~��gYskc��>s-skcwg�g�Ór�wzyvy��vÏs-­®x{��fÒ��zy�
|Iv�³Ig��¶uWpa�Ð}`��á ���Iâ\vyqd}H�wv�skg�g�Ów��g��wskvyx{���{zE�!i§�$|Ig��wgN���{zE�{skcwgN�kg
©�vyzyz�u`gÒ»`Ç���zyxIqkgN��­®x{��f�­®xI�@skc�g�uwv�ÊPvy�W³>����vy�{�Is@fagN�{���W�{q\qkxWx{�¶�{q

N > 2
�;+�x>©-g�³Ig��3�>skcwgN�kgY����g�qtxIf	g

qk�`gN��v�°��Y|{��x{�w��q\©�cwgN�kg�����z�xHqtg3�a­®x{��f g�Órvyqts�q'­®xI�Ðs�cwgYu�vÏÊËv��W³>����v~���Hs'fagN�{�$vy��½�ÚºÚ´Å�½>È�Ã8È8�w�����Ä©'g�©�vyz�z
��x>©m�rg�s���vyz�qkx{fag.g�Ów��fa�wzygNqdx{­/s�cwvyqd������g.�wcwgN�wx{fag���x{���

��� � �3�Q��
�	������ ����	 	������ �B
�� � 	�� � � 	A� ��


+�g���g{�Y©'g�©�v�zyz
�rg�³Ix�s�g�qkx{fag±s�v�fag�skx¨�Z³{g���p¨v���q�s��k����skvy³{gÑ|{��x{�w��ÌçÁ���Ã±Ô�¿�Ç>Ü3Æ Ç�ÖäÈ�Å�½�Ú ¸º»HÔ�È1½�»`Õ
ÁP¿k½�»wÈ8Ú�½>ÁP¸ÀÇ>»�È
¸º» � ���`bdcwg�q�s����rp�x�­�skcwv~qÒáE}H�wvÏs�g3â�qkvyf	��z�g�|I�kxI�w��vyq���g�zyg�³>�{�Is�vy��skcwg���x{�Hs�g�ÓWs�x�­!skc�vyq
©-x{��ªQ��u`gN�N����qkg�v�sYv~q�xI�wg�x�­@s�cwgÒfaxHq�s.qtvyfa�wz�g����{qkgNq�x�­\�wxI�rÊ§��x{fa���I�8s�½�»`ÕÒ�wx{�rÊ§��xIfafÒ�rs��>skvy³{g�µ´v�g
|I�kxI�w��q@©�c�vy��c¶�rxWg3q\�wx{sÐ��xHqkqkgNq�qÐ�{�WpÒuwv�ÊPvy�W³>����vy�{�IsÐ��v�gNfa�{�w�wv~���Äfag�s��kv~���@bdcwv~q\|I�kxI�w�ac��{qÐfÄ���Wp�x{­
s�cwgd�w��x{�`g��kskvygNq�x�­`�kvy|{v~�ÒxI�@�>ßÄ�wg-sk������qt­®x{��fÄ�>s�v�xI��q��¾uw�ws\©�vÏs�c�xI�wz�p�s�©'x.�rg�|I�kgNgNq�x�­�­®�kgNgN�rxIf%��©�cwv~��c
qkvyf	��z�v�°�gNqd|I�kg3�>s�z�pÄs�cwg���xIfa�w�rs���skvyx{��qN�w�����;�{z�zyx>©�q��a�rv���gN��sÒáE�{å�â-|Ig�x{fag�sk��vy�Y³Wvyqk����zyvyÉN�>s�v�xI�;vy��skcwg
��zy�{�wg{� �wx{��s�cwgNqkg���gN�IqtxI��qN��s�cwv~q.vyq.��cwvy|{cwzyp«��g3�w��|Ix{|Ivy�N��z!���{qkg{�Òi§�±skc�g	��gNqts
x�­\s�cwv~q�nW�wu�qkgN��skvyx{���
©-g.©�v�zyz�zyg�s�s�cwvyqd|I�kxI�w��u�g
©���vÏskskgN�

ST (1)
�
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ST (1)

�

� ����g�zyg�fag��Hs g
x�­

ST (1)
�����Ñu�g	�w�wv~}H�wg�zyp±��g��w��gNqkg��Hs�gN�«uWp«�;��x{�w��z�g

(λ, t)
vy�

R
?
+ × R

�
λ��xI�k��gNqk��xI���wq'skx	s�cwg�qk�N��zyv���|�­À�I�8s�x{�������

t
skx	skc�g.sk������qkzy��skvyx{�;�����ksN�

� bdcwg��{��skvyx{��x�­ ST (1)
xI��q����{zy�{��q-v~qd|{vy³{gN�;uWpQÌ

(λ, t).x = λ.x + t
­®xI��g�³{gN�kp¶q����{zy�{�

x
�

���������������
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� bdcwgÒf��wz�skvy�wz�v~����skvyx{�«vy� ST (1)
v~q�Ì

(λ′, t′).(λ, t) = (λ′.λ, λ′.t + t′)
�

ST (1)
v~q�skcW��q��«È�Ã�Â	¸º¹

Õ>¸º¿kÃ�Å�ÁwÆQ¿kÇ3Õ>Ü�Å�Áwu�g�s�©'gNg���skcwg�f��wz�skvy�wz�v~����skvy³{gd|{��x{���
(R?

+,×)
�{���Òskcwg��I�w�rv�skvy³{gd|{��x{�w�

(R, +)
�

h-x�skc%|I�kxI�w��qd����g���x{fafÒ�ws��>s�v�³Ig{�ruw�ws�skcwv~q�qkg�favÏÊ§�rvy�kg3�8s��w��xr�r���8s�v~q.»`Ç�ÁE�
� i§�W³{g���qkv�xI��Ì (λ, t)−1 = ( 1

λ
,− t

λ
)
�

� ST (1)
�N����u�g-­À��v�skcw­®�wz�zypÒ��g����kg3qtgN�Is�gN�
uWp
s�cwg�qt��uw|{��x{�w�Òx�­�s��kv~����|{�wz~����fÄ�>sk��v~��gNq�x{­wskcwg-­®xI�kf%Ì

(

λ t
0 1

)

.

� bdcwg�gNz�gNfag��Hs�q'x�­4s�cwgYµ´v�g���zy|{g�u����.x{­ ST (1)
����g�x�­4s�cwg�­®xI�kf

(dλ, dt)
�r©�cwg���g

dλ
�����

dt
����g

���Wp$q����{zy�{��qN�
� bdcwg
|{��x{���$g�Ór�`x{�wgN�Hskv~��z exp(dλ, dt)

c��{q-s�cwg.­®x{zyz�x>©�vy�w|	­®x{��f%Ì

exp(dλ, dt) =

{

(edλ, dt
dλ

(edλ − 1),
©�cwgN�

dλ 6= 0,
(1, dt),

©�c�g��
dλ = 0,

©�cwg���g
eλ
v~q�skcwg$q����{zy�{�.g�Ór��xI�wg��Hs�vy�{z@x�­

λ
�$bdcW��qN�´©-gÄqtgNgaskc���s
skcwgÄ|I�kxI�w��g�Ór��xI�wg��Hs�vy�{z@vyq

qtvyfa�wzyp
|{vy³{g��ÒuHp.s�cwgdqk�N��z~���´g�Ór��xI�wg��Hskv~��zWxI�
skcwgdq�����zyvy�w|����{�ts3�>©�cwg���gN�Iq�s�cwg'sk������qkzy��skvyx{�
���{�ts
favÏÓrgNq�s�cwg�fÒ��zÏs�v��wzyv~���>s�v�³Ig������	�{�w�wvÏs�v�³Ig-vy� ����g�����gNq!x�­`u�x{skcÄ��xIfa��xI�wg��Hs�qN� �±x{��g�x>³{gN�N�¾©-g-qkg�g
|{gNx{fag�s��kv~���{z�zyp	skc��{��vy�;skcwg.�w�w�`g���c���z�­/�wz~���wg

R+ × R
�Wskcwg
���w�k³IgY|Iv�³Ig���uWp

exp(s.(dλ, dt))©�vÏs�c
s
³>����pWv��w|	vy�

R
vyqdxI�«�$È8ÁP¿k½>¸ÏÔ �WÁ-Ú ¸º»QÃ��w©�c�xIqkg�g3}H���>s�v�xI�;v~q

t = dt
dλ

λ − 1
�

� ST (1)
vyqÒg��Hskvy��g�zypä|{��x{���H©�v~qkg	|Ig�xr�rg3qtv~���{z�zypä��xI�W³{g�Ó4ÌÒ�{�Wp±s�©-x«��xIv��Hs�q����{�¬u�g
��xIv���gN�1uWpÑ�

�w�wv~}H�wg�|I�kxI�w�%|{gNxW�wgNqkvy�{��i§�±���{�ts�vy���wz~���3�wskc�g�|I�kxI�w�«z�xI|I�{�kv�skcwf*vyq���zy©d�¾pWq�©'gNz�z�ÊË�wg�°��wg3�±�����
|{vy³{gN�;uWpQÌ

log(λ, t) =

{

(ln(λ), t. ln(λ
1−λ

),
©�cwg��

λ 6= 1,

(0, t),
©�cwgN�

λ = 1,
©�cwg���g

ln(λ)
v~q4s�cwgÐ����sk�w����z�áÀq�����z~���8â`zyx{|I�{�kv�skc�fçx�­

λ
��nr�{fag\�kgNfÄ����ª�c��IqQ­®x{�´skcwg\g�Ór��xI�wg��Hskv~��zPÌ

©'g
|Ig�s�s�cwgÒ��zy�Iqkqkvy�N��zQzyx{|I�{�kv�skc�f x{��s�cwgÒq�����zyvy�w|a�����ks������%�afav�ÓHs��w��g�x�­�skcwgÒfÒ�wz�skvy�wzyvy�N�>skvy³{g
�����Í�I�w�rv�skvy³{g«zyx{|H����vÏs�cwfÄqax{�Îskcwg±sk������qkzy��skvyx{�¨���{�ts3�çÞ�g±�kg3���{z�zds�c��>s$vy�¨skc�gä���Iqtg«x{­.�{�
�{�w�wvÏs�v�³IgÄ|{��x{�w�1qt����c

(R, +)
��u`x�skc¯�I�w�rv�skvy³{gag�Ór�`x{�wgN�Hskv~��zÐ�{����z�xI|I����v�skcwf �{�kgÄqkv�fa�wzypÑskcwg

vy�wg��Hskv�s�p{��bdc�vyqYvyq�©�c��>s�©'gÒ|{g�sYu�x{skc«­®xI��skc�gÒg�Ór�`x{�wgN�Hskv~��z/�{����skc�gÒzyx{|I�{�kv�skc�f ©�cwgN�«skcwgN�kg
vyq��wxÄqk�N��zyv��w|��
bdcwg	�w�wv~}I��gÒ|{��x{���«|{g�xr�rg3qtv~����xIv���v��w|

(λ, t)
�����

(λ′, t′)
x�­ÐskcwgÒ­®x{��f

(λ, t). exp(s.(dλ, dt))©�vÏs�c
s
vy�

[0, 1]
c��IqdvÏs�qd��������fag�s�g���q

(dλ, dt)
|{vy³{gN�;uWpQÌ

(dλ, dt) =

(

ln(
λ′

λ
),

(

t′ − t

λ

)

.

(

ln(λ′

λ
)

λ′

λ
− 1

))

.
á ���Hâ

���������
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ST (1)

v~q
x{��g	x{­Ðs�cwgÄfaxIqts
qkvyf	��z�gÄ�wxI�rÊ§��x{fa���I�8s
�����
��x{�rÊ§��xIf	f��rs���skvy³{gaµ�vyga|{��x{�w��qN�	i§�äs�g���faq.x{­-u�vÏÊËv��W³>����v~���Hs�fag�sk��vy�Nq���v�s�g�Órcwvyuwv�s�q�s�cwgas�pW�wvy�N��z!s�g��rÊ
�wg�����p«x�­-qk����c�µ�vyg	|I�kxI�w��qNÌ�v�s.c��{q��wx«qt����cäfag�s��kv~���	��q.��qk����z�áEqtgNganWg3�8s�v�xI�1�Iâ8�4s�x�qkg�g�skcwv~qN��©'g
��qtgas�cwgÄ­À�{��sÒv�sÒvyq��wgN��gNq�qk�{�kpä�{���1qt�wßÄ��v�gN�Hs�skc���s
skcwg;�{�¾��xIv��Hs���g��w��gNqkg��Hs���skvyx{��x�­

ST (1)
u�g$�wx�s

u`x{�����rgN�äskx%gN��qt���kg�skc���s
�wx;u�vÏÊËv��W³>����v~���Hs�fag�sk��vy��g�Órv~q�s�q�­®x{��skcwv~q.|{��x{�����Òb/x%qkcwx>© s�cwv~q���©-g	��qtg
�{|I�{v��$skcwg���zy�Iqkqkvy�N��zQfÄ�>s��kv�Ó$��g��w��gNqkg��Hs���skvyx{�;x�­

ST (1)
Ì

Ad((λ, t)).(dλ, dt) ∼
(

λ t
0 1

)

.

(

dλ dt
0 0

)

.

(

1
λ

− t
λ

0 1

)

∼
(

dλ −t.dλ + λ.dt
0 0

)

= (dλ,−t.dλ + λ.dt).

h-x{skc¬­À�I�8skxI��q �
t
�!�������

λ
�!v�� −t.dλ + λ.dt

�{�kg;�wx�s	u�xI�w���rg3�¯�����¬skcW��q
Ad(ST (1))

���{�w�wx�s	u�g
u`x{�����rgN��� +Y�{q��$��x{��qtg3}I��g�����g{�

ST (1)
c��Iq��wx¶u�vÏÊËv��W³>����v~���Hs�f	g�sk��vy�{��h'x{skc

(R+
?,×)

�����
(R, +)�{�kg���xIf	f��rs���skvy³{gä�{���Ís�cW��q�c��¾³{g±u�vÏÊËv��W³>����v~���Hs;fag�s��kv~��qN��uw�ws%vy�HskgN�kg3q�s�v��w|Iz�pI��skc�g�vy�%qkg�fav�ÊË�wv���gN��s

���kxr�r����s�c��{qd�wx¶qk����c�fag�sk��v~���

� @ 4 � ¡ � � � � £ �  � £	¢�" � 0 � � � �32 ¤r£(�À¤ � ¢ 3 � ¤ � � ÞÑg��kg3���{z�z�skc���sÐskc�gYuwv�ÊËv��W³>����vy�{�HsÐfagN���$v��$�
µ´v�g.|I�kxI�w�$v~q��rg�°��wgN�;v�fa�wzyv~��v�skzyp$uWp$�	u�����pr��gN�Is��kv~��g3}H���>s�v�xI���r|{vy³{gN�$uWp¶�Ð}`��á �3�Iâ��;+�g���g{�wqkv�����g.©'g
c��¾³{g�g�Ór�wzyvy��vÏsd­®x{��fÒ��zy�{g�­®xI�dskcwg.|{��x{���$g�Ór�`x{�wgN�Hskv~��z������$zyx{|H����vÏs�cwf%�HxI�wg.��������qkg�skcwg3qtg�­®x{��fÒ��zy�{g
s�x	sk��pÄskx¶qkx{zy³{g.�rvy�kg3�8skzyp¶s�cwg.u�����pr��gN�Is��kv~�YgN}H���>s�v�xI���\bdcwv~qdz�g3�{�wq-s�xaskcwg�­®xIz�zyx>©�v���|	��gNqk�wz�sNÌ
�.£ � � � ¡��À¢�� � � L � Û´Ã�Á

((λi, ti))
·�Ã

N
Æ�Ç>¸º»�ÁÀÈ-¸º»

ST (1)
½�»`Õ

(wi)
·�Ã

N
»QÇ>»�¹§»QÃËÔI½�ÁE¸º¼>Ã � »`Ç�¿8Âa½�Ú ¸%$3Ã�Õ ��ÐÃ�¸ÏÔ �WÁEÈ � �
�wÃ�»�Á���Ã�½>È�È�Ç3Å�¸À½�ÁËÃ�Õ�·�¸º¹§¸º»�¼¾½�¿8¸À½>»�Á-ÂÄÃ�½>»

(λ̄, t̄)
¸~È�Ô{¸º¼¾Ã�»�Ã�ã�Æ`Ú ¸ÀÅ�¸ºÁPÚ Ø;·�Ø��

{

λ̄ = e
P

i
wi ln(λi),

� �ÐÃ�¸ÏÔ �rÁËÃ�Õ	ÔIÃ�Ç>ÂÄÃ�ÁE¿8¸ÀÅ�ÂÄÃ�½�»ÑÇ�Ö
È�Å�½�Ú ¸º»HÔ�È � "
t̄ = 1

Z
.
∑

i wi.αi.ti,
� �ÐÃ�¸ÏÔ �rÁËÃ�Õ$½�¿8¸ºÁ��rÂaÃ�ÁP¸ÀÅÒÂÄÃ�½>»1Ç�Ö.ÁP¿k½>»�È�Úy½>ÁP¸ÀÇ>»wÈ
¸º»��'Ü�Ã�»`Å�Ã�Õ$·�ØaÈ�Å�½>Ú ¸º»WÔ>È � "á �3�{â

�@¸ºÁ�� �






αi =
ln(

λi
λ̄

)
λi
λ̄
−1

�
»QÇ>Á§Ã�Á��w½�Á

αi = 1
����Ã�»

λi = λ̄
�

Z =
∑

i wi.αi

.

�d¿kÇNÇtÖ � �I��qts���g���zy�I��gävy�6s�cwg�u�����pr��g��Hs��kv~�±g3}I���>skvyx{�6skcwg�g�Ór�`x{�wgN�Is�vy�{zyq%�{���Ízyx{|I�{�kv�skc�faq;uWp¨skcwg
­®xI�kf��wz~��g�|{vy³{gN�¶��u`x>³{gI��nWvy����g�skcwgYqk�N��zyv��w|���x{fa�`x{�wgN�HsÐvyqÐv����rg��`g����wg��HsÐ­®��x{f skcwg�sk������qkz~�>skvyx{�axI�wg{�
©-g
qtvyfa�wzyp$x{uws���vy�;skcwg
|Ig�x{fag�sk��vy�YfagN���´�w©�cwv~��c;v~qdskc�g
uwvÏÊËvy�H³>�{�kv~���Hsdf	g3���;­®x{���`xIqkvÏs�v�³Ig.�H��fÒu`g���q��
bdc�gäs����{��qtz~�>s�v�xI�6���{�ts«���{�çu`gÑc��{���rzygN� qtvyfa�wzypÍ��qtvy�w|¨�rvy�kg3�8skzypÍ�Ð}`� á ���Hâ���©�cwv~��c pHvyg�z~�wq;skc�vyq
qkvyf	��z�v�°�gN��g�ÓW���kg3qkqkv�xI�¶­®xI�dskcwg
u��{�kpr��g��Hsk��vy�YgN}H����skvyx{��Ì

∑

i

wi

(

ti − t̄

λ̄

)

.

(

ln(λi

λ̄
)

λi

λ̄
− 1

)

= 0.

+�g�����g�skcwg
��gNqk�wz�sN�

���������������
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 ��� � � ¡��À¥{¡ � i§� ��v�|I�w�kg �w�QxI�wg��N���ä³Wv~qt����zyz�p
��x{fa���{�kg%s�cwgÑ|I�kxI�w�Í|{gNxr�rgNqkvy�NqaskxÎqtxIfag±x�­
s�cwg�vy�;zyg�­ºskÊPvy�W³>����vy�{�Is������Í��vy|{cHstÊËv��W³>����v~���Hsäá®fag�s��kv~�Nâ
��x{�w�Hs�g��������ks�qN�
i§�HskgN�kg3q�s�v���|{zyp{��xI�wgdx�­�s�cwg�zyg�­ºstÊËvy�H³>�{�kv~���Hs@fag�sk��v~��q!x{�

ST (1)
v����w����g3q\���	vyqkx{fag�sk��p
u�g�s�©'gNg��	skcwv~q

|I�kxI�w�¶�����¶�!x{vy�����{����c���z�­ºÊP��zy�{�wg�faxr�rg�z`­®xI�'cWpW��gN�ku`x{zyv~��|{gNx{fag�s��kp%áÀqkg�g�������	Ë�W����|Ig��I�>ÊË�D�.­®x{�-fax{��g
�wg�s��{v�z~q
xI�Ñs�cwv~qÒqk���{��g3â8��bdcwg$q����{zy�{�����kxr�r����sÒx�­-skc�vyq�qk�N��z~���
fag�s��kv~�avyq
skcwg¶faxHq�s�qkvyf	��z�g¶��s�skcwg
(1, 0)

Ì/vÏs-vyq!s�cwg���qt���{zw�\����z�v~�rg3���¶q�����z~���Ð�w�kxr�r���8sN� ��g�xr�rg3qtv~��q@s���ªIg��
³{gN�kp������kskv~����zy�{�!­®x{��f vy�askcwv~q
�N�{qkg{Ì'skcwgNp«����g
skcwg	qtg�sYx{­@�{z�z/skc�g �w½�Ú Ö�¹tÅ�¸º¿kÅ�ÚyÃ8ÈYÆwÃ�¿PÆ�Ã�»QÕ>¸ÀÅ�ÜrÚ�½>¿	ÁËÇ;Á��wÃÄ½Nã{¸~ÈaÇ�Ö�ÁP¿k½�»wÈ8Ú�½>ÁP¸ÀÇ>»�È������«x{­
�{z�z\á®sk���w���N�>skg3�%u�gNz�x>©çskcwg��>Órvyqdx{­/s����{��qkzy��skvyx{��q�â\zyvy�wgNq��`g����`g����rv~����zy�{��skxas�cwg��>Órv~q�x�­/sk������qkzy��skvyx{��q
á®skcwg3qtg
zyvy�wgNq��N����u�g�qkg�gN�%�Iq-c���z�­ºÊË��v�����zygNqdx{­/vy�r°��wv�skg��rvy�{fag�skgN�����WpW©-�¾pwâ��
bdc��{�wªrq�skx��\�kxI��xHqtv�skvyx{� �{�\©-g$ªW�wx>©�s�c��>s	skc�g;��v�|IcHstÊËv��W³>����vy�{�Hs���vyg�fÄ���w��vy�{�²fag�s��kv~�$©�c�xIqkg

q����{zy�{�!�w�kxr�r���8sÐ�>s
(1, 0)

vyq@skcwg�q���fag��{q@skcwg����kgN³Hvyx{��q!f	g�sk��vy���N���au`g�x{urs���vy�wgN�aqkv�fa�wzypÒuWp � vy�H³Ig��kstÊ
vy�w| ��s�cwvyqYzyg�­ºstÊËvy�H³>�{�kv~���HsYfag�sk��vy�{���YqY�;��x{��qtg3}I��g�����g{�`vÏs�q�|Ig�xr�rgNqkv~��q��N���±u`ga��x{fa�w�wskgN�äqtvyfa�wz�p%uWp
vy�W³{gN�ts�v��w|�skc�g�v���vÏs�vy�{z´��xI���rv�skvyx{��qN�w��xIf	���rskvy�w|askc�g��{q�qtxr��v~�>s�gN�;z�g�­ºstÊËv��W³>����v~���Hs�|{g�xr�rg3qtv~�.�����$°����{z�zyp
vy�W³{gN�ts�v��w|ÒvÏs3�!bdc�g���v�|IcIskÊPvy�W³>����vy�{�Is\|Ig�xr�rg3qtv~��qÐ³Hv~qk����zyv�ÉNgN�avy� ��v�|�� �Ò����g�uWpa��x{��qtg3}I��g�����g�qtxIfagYqkx{�ks
x{­�� v��W³{gN�ts�gN�äc���z�­ºÊË��v�����zygNq��y��i§�ä­À�I�8s3�´qtvyfa�wzyga�{z�|Ig�uw����v~�Ò��x{fa�w�rs��>s�v�xI��q.qtcwx>©)skc���s�s�cwgNqkg	|{g�xr�rg3qtv~��q
�{�kg.��zyz���½>Ú Ö�¹ �rØ�ÆwÃ�¿�·�Ç>Ú�½>È��
jY�wg�qtcwxI�wz~�;��x�skg�skc���s�skcwg	qtvyfa�wz�g.­®xI�kf*s��{ª{gN��uWp;z�g�­ºstÊËv��W³>����vy�{�Hs�|{g�xr�rg3qtv~��qdv~q�vy���rgNgN�%g�Ór��g��rÊ

s�v�xI����zP�¶i§�¬|Ig��wgN���{zE�4s�cwg���g¶����gÄ�wx±��z�xHqtg3�±­®xI�kf ­®x{���wgNvÏs�cwg��Òz�g�­ºstÊY��x{�
��v�|IcIskÊPvy�W³>����vy�{�Is.|{gNxr�rgNqkvy�Nq��
�{���«|I�kxI�w�±|{gNxr�rgNqkvy�Nq��{�kg�fÒ����c�qtvyfa�wz�gN��s�x���x{fa�w�rs�g{�4qkv�����g�vy�äfaxHq�s��w���I�8s�vy�N��z!���{qkgNq�skcwgNp«x{�wzyp
vy�W³{xIz�³Igaskcwg%��xIf	���rs���skvyx{�¯x{­��±fÄ�>s��kv�Ó�g�Ór��xI�wg��Hskv~��zd�����¯�±fÄ�>s��kv�Ó1z�xI|I����v�skcwf%��­®x{�	©�cwv~��c¯³{gN�kp
g�ß¶��vyg��Hs'fag�s�cwxr�wq'g�Órvyqts � ���w�r�{�
	Ë�!���wx�s�cwg��-�wv~��g�µ�vyg�|{��x{���Ä©�cwg���g�zyg�­ºstÊËvy�H³>�{�kv~���HsÐfag�s��kv~��q�áÀ�{���ÄuWp
��x{��qkgN}H�wgN����ga��z~qkx���vy|{cHstÊËv��W³>����v~���HsYfag�s��kv~��q�â�s��{ª{gÄ�%qtvyfa�wz�g«áE��zyxIqkgN��âY­®xI�kf v~q�skc�gÄ|{��x{�w�Ñx�­d�kvy|{v~�
s����{��qt­®x{��fa��skvyx{��qN�'nWgNg � �
	´­®xI��g�Ów�{f	��z�g3q�x�­@zyg�­ºstÊËvy�H³>�{�kv~���Hs�qts��>s�vyqtskv~��q�x{�«��v�|Ivy�;sk������q�­®xI�kfÄ�>s�v�xI��qdvy�
s�cwg���xI�Hskg�ÓWs�x�­!�Äq�s��>s�vyqtskv~���{z�q�s����rp¶x{­�cW�wfÄ���%q���x{zyvyx�skv~�.qt��v��wg3q��

#&% ¢ � � ¡�� � � ¢ �
ST (n)

� jY�wga���{���wv���gN��skzyp«|{g���g�����zyv�ÉNgÒs�cwga�kg3qt�wz�s�q�xIurs��{v��wg3�±­®xI�
ST (1)

s�x;s�cwg
faxI�kg�|{gN�wg�����zQ|{��x{���

ST (n)
x{­�q�����zyvy�w|Iqd�����¶s����{��qtz~�>s�v�xI��q-v�����å��wi§��qtskg3�{�;x�­/u`g�vy�w|Ä�aqk�N��z~���3�Hskcwg

s����{��qkzy��skvyx{��vyq�v��«s�cwv~q�|{gN�wg�����z��N�{qkg��
n− �rvyf	gN��qkv�xI����z�³IgN��skx{�3�'bdc�vyqY�rxWgNq���x�sY��c��{�w|{g��{�WpIs�cwvy�w|�Ì�{z�z�skcwg.��zy|{gNuw����v~�d�w�kxI��gN�ts�v�g3q\x{­

ST (1)
����g���z~qtxÒ³¾�{z�v~�a­®xI�

ST (n)
�!i§�¶���{�ts�vy���wzy�{�N�Ix{�wgY�����$��qtgY�Ð}`�

á �3�Iâ\s�xÄ��x{fa�w�wskg
uwv�ÊPvy�W³>����vy�{�IsdfagN�{��qdv��
ST (n)

�

����� 	 ��� � � 	������/� � �c� 
 � ��� �

ÞÍv�skc1s�cwg¶|I�kxI�w�
ST (1)

��©-gÄc��{�¬qkg�gN�1�%qkv�fa�wzyg$�N�{qkg	x{­�f	v�Órv���|«u�g�s�©'gNg��¬�B�Nå�f��wz�skvy�wz�v~����skvy³{g
|I�kxI�w�$�{���$�F�Nå �I�w�rv�skvy³{g�|{��x{�w����i§�;skcwv~q�qt��u�qtg3�8s�v�xI���W©'g.q�s����rp¶vy��qtskg3�{�$� �{å |I�kxI�w�$©�cwgN�kgYskc�vyq
s�v�fagÒ�	�{���rvÏs�v�³Ig.|{��x{�w��q.áÀx{�wgÒ�{å �����;skc�g
x�skc�g�� �Nå.â-����g.f	v�ÓrgN�4�

E�" � 
	� �À¡ � �   � £ '5' £ � �6� � iËs�vyq-s�cwgY|I�kxI�w�$x{­��{å �w����gN�dsk��vy�{�w|{�wz~���'fÄ�>sk��v~��gNq
M
x{­�skc�gY­®xI�kf%Ì

M =





1 x z
0 1 y
0 0 1



 .

���������
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��vy|{�w��g��wÌ�# % ¤ � ��4 � ¡ �! ' � � � � ¡��E¥{¡ � � ¢�" �5' £ � �6� �K ¡N¥I¤ 4 � � ' ¡Ä¤ � �6¢�£>¤ � ¡ 4À¤r¢�� � � ¡I� � � �ä�
E � �«£ � �%Ì4s�©-x�g�Ór�{fa�wz�g3q4x�­rzyg�­ºskÊQ�{���.�kvy|{cHskÊ������.|I�kxI�w�.|{gNxW�wgNqkvy�Nq�� 0 � ¢�¢ � �×£ � �%Ì4s�©-x�g�Ów��fa�wzygNq
x{­'|Ig�xr�rgNqkv~��qY©�vÏs�cÑg3�{��c±s�v�fagas�cw�kgNg��`xIq�qkv�uwzygax{��v�gN�Hs��>s�v�xI��qN� 0 4&� �`Ì�|{��x{�w�Ñ|{g�xr�rg3qtv~��qN� £ � � Ì.z�g�­ºstÊ
vy�W³>����vy�{�Is'|{g�xr�rg3qtv~��qÐ�����I' £ � � � Ì!�kvy|{cHskÊPvy�W³¾�{�kv~���Hs@|{gNxr�rgNqkvy�Nq�� %�x{skg�skcwgY�����kskv~���wz~���Ð­®x{��fæs���ªIg��ÄuWp
|I�kxI�w�ä|Ig�xr�rg3qtv~��qN�Q©�cwvy��c1����g	�����ks
x�­-qtsk����vy|{cHs�z�vy�wgNq
�{���Ñx�­Ðs�cwgaz�g�­ºstÊËv��W³>����v~���Hs�|Ig�xr�rg3qtv~��qN�4©�cwv~��c
�{�kg�c���z�­ºÊË��v�����zygNq@�`g����`g����rv~����zy�{�@skx
s�cwg�c�x{��v�ÉNx{�Hs��{zw�>ÓrvyqN�!��v�|IcHstÊËv��W³>����vy�{�Hs!|Ig�xr�rg3qtv~��q\�{�kg��{zyqkx
|{vy³{gN�
vy�«�a��zyxIqkgN�$­®x{��f ����������g.v���­À�I�8s�c���z�­ºÊËcHpW�`g���u�xIzy�Iq��

b/xÄqtvyfa�wzyvÏ­®p;�wx�s��>skvyx{��q��r©-g.©�v�zyz´��z~qkx�©���vÏs�g
(x, y, z)

s�xa�kgN�w�kg3qtgN�Hs��{�;gNz�gNfag��Hs�x�­/skcwv~q�|{��x{�����

# 4 � � � � ¢3¤r£ 
 � 4 ' �  /£>¤:�E¥*�.£ � � � £¾¢�� � ¡ � bdcwg�p;����gYs�cwg.­®x{zyzyx>©�v��w|�Ì
� �«�wz�skvy�wzyvy�N�>skvyx{�´Ì

(x1, y1, z1).(x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + x1.y2)
��bdcwg�°���q�s

s�©'xÑ��������fag�skg���qÒskcW��q	z�vy³{g;v��Î���{å��{�w�rv�skvy³{g;|{��x{�w�²©�cwvy��cZvyq	vy���rgN��gN���rg��HsÄx�­�s�cwg�skcwvy���
��������fag�skg��3�4©�cwgN�kg3�{qYskcwg	s�cwv������{�w�rv�skvy³{g	���{���{f	g�skgN��v~q.vy� ���wgN����g3�äuWp«s�cwg	°���qts.s�©'x���bdcwg
+�gNvyqkg��Wu`g���|;|I�kxI�w�±v~q�skcW��q.�ÑÈ�Ã�Â	¸º¹tÕ>¸º¿kÃ�Å�Á!Æ`¿kÇ3Õ>Ü�Å�Á@u`g�s�©-g�g��

(R2, +)
�����

(R, +)
��©�cwv~��cäv~q

»`Ç�Á´��xIf	f��rs���skvy³{gI�

���������������



�H� �Y¿�È8¸ÏÔ{»�Ø¶Ã�Á�½>Ú��

� i§�W³{g���qkv�xI��Ì (x, y, z)−1 = (−x,−y,−z + x.y)
�+%�g��rs����{z4g�zyg�fag��HsNÌ

(0, 0, 0)
�

� ��q@vy��skcwg ST (1)
���IqtgI�¾skcwg +�g�v~qtgN�Wu�gN�k|�|{��x{�w�	v~q!g��Hskvy�kgNz�pÒ|{��x{�w�W©�v~qtg'|{g�xr�rg3qtv~���{z�zyp���xIfa�wz�g�skg

������©-g.c��¾³{gIÌ
{

exp((dx, dy, dz)) = (dx, dy, dz + 1
2 .dx.dy)

log((x, y, z)) = (x, y, z − 1
2x.y).

bdcwg ���wvy}H�wg�|{��x{��� |{g�xr�rg3qtv~� ��xIv��wvy�w|
(xm, ym, zm)

�{���
(x, y, z)

x{­×skcwg ­®x{��f
(xm, ym, zm). exp(s.(dx, dy, z))

©�vÏs�c
s
v��

[0, 1]
�±iËs�q���������fag�skg���q

(dx, dy, dz)
�{�kg¶|Iv�³Ig��

uWp`Ì

(dx, dy, dz) =

(

x − xm, y − ym, z − zm +
1

2
.(xm.ym − x.y + xm.y − x.ym)

)

.
á �N�Iâ

0 � � � �32 ¤r£(�E¤ � ¢ 3 � ¢�£(�À¥I¡�¤ � � 0 � � � �32 ¤r£(�À¤ � ¢ 3 � ¤ � ¡ � �Yqdv���s�cwg
ST (1)

�N�{qkg{�W�wxauwv�ÊPvy�W³>����vy�{�Is
fag�sk��vy�Nq�g�Órv~q�s�q��{���«x{��g�c��{q�skcwg	��zyxIqkgN��­®xI�kf*­®x{�Yskcwg�uwv�ÊPvy�W³¾�{�kv~���Hs�fagN�{����i§�HskgN�kg3q�s�v���|{zyp{�ws�cwgÒu�vÏÊ
vy�W³>����vy�{�Is�fag3���«pWv�gNzy��q��¶qkv�fa�wzygÒ�{�kv�skcwfag�skv~���¾³{gN���{|{vy�w|�x{­!skcwgÒ°���qts�s�©-xÄ��������fag�skg���qN�dbdc�g
skcwvy���
��������fag�s�g��\v~qÐ�{zyqkxÒ�¾³{gN���{|{g3���{�kv�skcwfag�skv~����zyzyp{�{g�Ów��g��wsÐskc��>sÐs�cwv~q'�{�kv�skcwfag�skv~��fagN���Äv~q � ��x{���kg3�8skg3�!��uWp
�a}H���I�r����skv~��­®�����8s�v�xI��x{­/s�cwg.°���q�sds�©-xa��������fag�s�g���q-x�­´s�cwg��w��s��w�
�.£ � � � ¡��À¢�� � � � � �
�wÃ¶½IÅ�ÁP¸ÀÇ>»ZÇtÖÒÁ��wÃ$½{Õ ��Ç�¸º»�ÁY¿kÃËÆQ¿kÃ�È�Ã�»�Á§½>ÁP¸ÀÇ>»

Ad
Ç�Ö	Á���Ã �ÒÃ�¸~È�Ã�»Q·�Ã�¿EÔ¶Ô{¿kÇ�Ü3ÆÎ½>Á�½

Æ�Ç>¸º»�Á
(x, y, z)

Ç�»�½�»ä¸º»NÙÐ»�¸ºÁ§Ã8È8¸ºÂÄ½>Ú/Õ�¸~ÈPÆ`Ú�½IÅ�Ã�ÂÄÃ�»�Á
(dx, dy, dz)

¸~È�Ô�¸º¼>Ã�»1·�Ø��

Ad(x, y, z).(dx, dy, dz) = (dx, dy,−y dx + x dy + dz).

�.È
½;Å�Ç>»wÈ�Ã�Ý�Ü�Ã�»QÅ�ÃU"\»`Ç;·�¸º¹§¸º»�¼¾½�¿8¸À½>»QÅ�Ã�ÂÄÃ�ÁP¿8¸ÀÅ	ÃkãI¸~È8ÁÀÈ@Ö�Ç>¿ÒÁ���Ã ��Ã�¸~È�Ã�»`·�Ã�¿PÔ�Ô{¿kÇ>Ü3Æ��
�d¿kÇNÇtÖ ���Ð�kxr��gNgN�;g�Ów�{��skzyp$�{qdvy�%�\��x{�`xIqkvÏs�v�xI�%�w�
�.£ � � � ¡��À¢�� � �M�)7 � Û/Ã�Á

((xi, yi, zi))
·�Ã

N
Æ�Ç>¸º»�ÁÀÈ
¸º»±Á��wÃ �ÒÃ�¸~È�Ã�»`·�Ã�¿EÔ	Ô�¿kÇ�Ü3Æ1½>»QÕ

(wi)
·�Ã

N
»`Ç>»�¹

»QÃËÔI½�ÁE¸º¼>Ã � »`Ç�¿8Âa½�Ú ¸%$3Ã�Õ � �ÐÃ�¸ÏÔ �WÁEÈ � � ��Ã�»¬Á��wÃ;½¾È�È�ÇNÅ�¸À½>Á§Ã�Õ±·�¸º¹§¸º»�¼>½>¿8¸À½>»�Á�ÂÄÃ�½>»
(x̄, ȳ, z̄)

¸~È�Ô{¸º¼¾Ã�»²ÃkãI¹
ÆQÚ ¸ÀÅ�¸ºÁEÚ Ø�·�Ø��

(x̄, ȳ, z̄) =

(

∑

i

wixi,
∑

i

wiyi,
∑

i

wizi +
1

2

(

x̄.ȳ −
∑

i

wixi.yi

))

.

�d¿kÇNÇtÖ � �I��qts���g���zy�I��gävy�6s�cwg�u�����pr��g��Hs��kv~�±g3}I���>skvyx{�6skcwg�g�Ór�`x{�wgN�Is�vy�{zyq%�{���Ízyx{|I�{�kv�skc�faq;uWp¨skcwg
­®xI�kf��wz~��ga|{vy³{gN���{u�x>³Ig{�;nWvy����gaskcwgÄ°���qts
s�©'x«��x{fa��xI�wg��Hs�q�����gÄ�{�w�rv�skvy³{g¶�{����v����rg��`g����wg��Hs�­®��x{f
s�cwgYskcwvy���¶x{�wgI�Is�cwg�vy�duwv�ÊPvy�W³¾�{�kv~���HsÐfag3���¶v~q'qkvyf	��z�pas�cwg�vy������vÏs�cwfag�skv~��fag3�����@bdcwg�skcwvy���;��xWg�ß¶��v�gN�Is
�N�{qkg����{�±u�g�c������rz�g3�«qtvyfa�wzyp���qtvy�w|$�rvy��gN�8s�z�p��Ð}`�Òá �N�Iâ���©�c�vy��c«pWvyg�z~�wq�s�cwv~qYqkv�fa�wzyv�°�gN�«g�Ór�w�kg3qkqkvyx{�
­®xI�dskcwg
u�����pW��g��Hsk��v~��g3}I���>skvyx{�´Ì

∑

i

wi

(

zm − zi +
1

2
.(xm.ym − xi.yi + xm.yi − xi.ym)

)

.

+�g�����g�skcwg
��gNqk�wz�sN�

���������



��¸º¹§¸º»�¼>½>¿8¸À½�»�Á��äÃ�½>»wÈ
¸º»«Û!¸ÀÃ��-¿�Ç>Ü3Æ�È �D�

����� � � � ���+�
� � ��� � ��� 	���	����+���

�� ��� � � ��	A� � �
Þ�ga�����ä|{g���g�����zyv�ÉNg.skcwg	�kg3qt��zÏs�q�xIurs��{v��wg3�«x{�±skcwg +�gNvyqkg��Wu`g���|$|{��x{���%skx¶s�cwg�­®x{zyz�x>©�vy�w|$qk�wuw|I�kxI�w�
x{­´s��kv~���w|I�wz~���dfÄ�>sk��v~��gNqNÌ
� ��� � �®¢�� � �M� � Û´Ã�Á

UT (n)
·�Ã�Á��wÃ�Ô{¿kÇ>Ü3Æ¯Ç�Ö

n × n
Ü3ÆIÆwÃ�¿
ÁE¿8¸À½�»HÔ{ÜrÚ�½>¿
ÂÄ½>ÁP¿8¸ÀÅ�Ã8È

M
Ç�Ö�Á���ÃÐÖ�Ç�¿8Â �

M = λ.Id + N,

����Ã�¿�Ã
λ
¸~Èa½�»�ØÒÆwÇ>È8¸ºÁE¸º¼>ÃaÈ�Å�½>Ú�½�¿E"

Id
Á��wÃa¸ÀÕIÃ�»�ÁE¸ºÁPØ�Âa½�ÁE¿8¸ÏãÑ½>»`Õ

N
½>»¬Ü3ÆIÆwÃ�¿	ÁE¿8¸À½�»HÔ{ÜrÚ�½>¿	»�¸ºÚ Æ�Ç>Á§Ã�»�Á

ÂÄ½>ÁP¿8¸Ïã �
Nn = 0 � �@¸ºÁ��äÇ>»�ÚÏØ $3Ã�¿kÇ>È
¸º»±¸ºÁÀÈÒÕ�¸À½�ÔHÇ>»`½�Ú �

bdcwg&+�g�v~qkg��Wu�gN�k|.|I�kxI�w��v~q!s�cwg�qk�wuw|{��x{����x{­`fÄ�>s��kv~��g3q!x�­
UT (3)

©�cwxIqkg
λ
v~q\��zy©d�¾pWq�g3}I����zrs�x

1
�

bdc�gÒqtv�sk���>skvyx{�«vy�«s�cwvyq����Iqtg
v~qY�����kskv~���wz~����zyp¶�wv~��g{�Qqkv�����g�s�c����wªrq�skxÄs�cwg�­À�I�8s�s�c��>s
N
vyq��wv�zy�`x�skgN�HsN�

xI�wg
���{�;�`g��k­®x{��f Ã�ãH½IÅ�ÁPÚ Ø.��zyzQskcwg
��qt���{z´��zy|{gNuw����v~��x{�`g����>s�v�xI��q-v��
UT (n)

Ì
� ���kxI�w��g�Ór��xI�wg��Hs�vy�{zEÌ

exp(dM) = exp(dλ.Id + dN) = exp(dλ.Id). exp(dN)

= edλ.
∑n−1

k=0
dNk

k! .

� ���kxI�w��z�xI|I����v�skcwf%Ì

log(M) = log(λ.Id + N) = log
(

(λ.Id).(Id + 1
λ
.N)
)

= ln(λ).Id +
∑n−1

k=1
(−1)k+1

k
(N

λ
)k.

� i§�W³{g���qkv�xI��Ì
(M)−1 = (λ.Id + N)−1 = λ−1.(Id + N

λ
)−1

= λ−1.
∑n−1

k=0 (−1)k.(N
λ

)k.

� �«�wz�skvy�wzyvy�N�>skvyx{�´Ì

M ′.M = (λ′.Id + N ′).(λ.Id + N) = (λ′.λ).Id + (λ′.N + λ.N ′ + N ′.N).

�Yqtvy�w|askc�gNqkg.��z�xHqtg3�¶­®xI�kfÄqN�rx{�wg
�N���%�rg���v�³Ig�skcwg.­®xIz�zyx>©�v���|�g3}I���>skvyx{�´Ì

log(M ′.M) = ln(λ′.λ).Id +
n−1
∑

k=1

(−1)k+1

k
.

(

1

λ
.N +

1

λ′ .N
′ +

1

λ′.λ
.N.N ′

)k

,

©�c�vy��cÍvy�¨sk�w����q;��zyz�x>©�q	s�x²��xIf	���rskg«s�cwg±g3}I���>skvyx{�6q��>s�vyqt°�g3�ZuWpZskcwgäuwvÏÊËvy�H³>�{�kv~���Hs¶fagN�{�
M̄ =

λ̄.Id + N̄
v��

UT (n)
Ì

−∑i wi log(M̄−1.Mi) =
∑

i wi log(M̄.Mi
−1) = 0

⇐⇒
∑

i wi

(

ln(λ̄.λi
−1).Id +

∑n−1
k=1

(−1)k+1

k
.
(

1
λi

−1 .Ni
−1 + 1

λ̄
.N̄ + 1

λ̄.λi
−1 .Ni

−1.N̄
)k
)

= 0,
á �H��â

���������������



�{� �Y¿�È8¸ÏÔ{»�Ø¶Ã�Á�½>Ú��

©�c�g���gÒ©-g
Ni

−1 vyqYs�cwg���v�zy��x{skgN�Is.���{�ts�x�­ Mi
−1 � ���kxIf��Ð}`�aá �H�{â8�Q©'g	qtgNgÒs�c��>s

λ̄
vyq.qkv�fa�wzyp%skcwg

|Ig�xIf	g�sk��vy�ÐfagN����x�­ws�cwg
λi

�������
skc��>s!skcwgd��xWg�ßÄ��v�gN�Hs�x{­
N̄
�N����u`gd�kg3���w��qkv�³Ig�zyp���x{fa�w�rs�gN�4�{qts��{�ts�v���|

­®��x{f)��xWg�ß¶��vyg��Hs�q���u`x>³{gÐskcwg��rv~��|Ix{���{zE�/bdcwg'ªIg�p
v~�rgN�Yv~q´s�c��>s�skc�g
k �

� �`x>©'gN�/x{­��Y�wv�zy�`x�skgN�Hs!fÄ��sk��vÏÓ
N
©�vyz�z�c��¾³{g��wx{�rÊËÉ�gN�kxa��xWg�ßÄ��v�gN�Hs�qdx{��z�p¶vy�%vÏs�q

k �
� �w�w�`g��Y�rvy�{|{xI����zP�

�Yq@����x{��qkgN}H�wgN����gI�¾skx
��xIfa�w�rskg-s�cwg���xWg�ß¶��vyg��Hs�q!x�­
M̄
��u`x>³{gÐskcwg��rv~��|Ix{���{zE�>xI�wgdx{�wzyp
�wg�g3�wq�skx

s���ªIg�vy�Hskx¶�I����xI�w�Hsdskcwg
s�cwg.­®x{zyzyx>©�v��w|	s�g���faqNÌ 1
λi

−1 .Ni
−1 + 1

λ̄
.N̄
�Ðbdc�gNqkg���xWg�ß¶��vyg��Hs�q�©�v�zyz´qkv�fa�wzyp

u`g$�%©-g�vy|{cHskg3�1����vÏs�cwfag�skv~�afagN�{�¬x�­-skcwg$��xWg�ß¶��vyg��Hs�q�v��1s�cwg$�w��s��w�/skc�g¶©'gNv�|IcHs�q.u`g�vy�w|±gN}H���{z@skx
(wi.

λi

λ̄
)/S

©�v�skc
S =

∑

j wj .
λj

λ̄

� �Yqtvy�w|Ñskcwv~qa�kg3qt��zÏs3�@skcwgN�ZxI�wg%�����Î��xIf	���rskg�skc�g���xHg�ß¶��vyg��Hs�q
�{u�x>³Ig{�I©�cwvy��c�����g����;©'gNv�|IcHskgN�Ä�{�kv�skc�f	g�skv~��fag3���¶x{­4skcwg.��xI�k��gNqk��xI���rvy�w|Ò��xHg�ß¶��vyg��Hs�q'v��$skcwg��w�>s��w�
©�v�skcÑ�$}H���{�w����skv~����xI�k��gN��skvyx{�%v��W³Ix{zy³Hvy�w|as�cwgÒ�w��g�³Wvyx{��qY��xWg�ß¶��v�gN�Is�q���bdcwg�q���fag���cwg��wxIfag��wxI�ä���rÊ
�`gN�{��q'­®xI�'s�cwg.�wg�ÓWs�qtg�s�x�­���xWg�ß¶��vyg��Hs�qd�{u�x>³Ig{�H©�vÏs�c��{�;gN³{g��;fax{��gY��xIfa�wz�g�Ó;��xI�k��gN��skvyx{�Ävy�W³{x{zy³Wv���|
�{z�z�skc�g����kgN³Hvyx{��qtzyp	��x{fa�w�rs�gN����xWg�ß¶��v�gN�Is�q��\jY�wg.���{�;��xI�Hskvy�H��g�skc�vyq-©d�¾p	���Is�v�z4�{z�z`skc�g���xHg�ß¶��vyg��Hs�q
x{­´s�cwg
fagN���%c��¾³IgYu`g�gN�%g�-QgN�8s�v�³Ig�zyp$��xIfa�w�rskg3�4�

� �1���;��
�� <��!
��;�/2> 
�@?A
.�/�� ����

����� 
 ��� � ����
 ��	���	�	
	������ ��� � �
� � � 	�� � �
Þ�g.�kg3���{z�z�skc���sdskcwg
µ�vyg�|{��x{�w�;x�­´��v�|Ivy�¶sk������qt­®x{��fÄ�>s�v�xI��q\vy�$s�cwg.�rÊ§�rv�fagN��qtvyx{����zQ�\����z�v~�rgN�{��qk���I��g{�
©���v�stskgN�$cwgN�kg

SE(n)
�rv~q-skcwg
qkg�favÏÊ§�rvy�kg3�8sd�w��xW�w���8sdu�g�s�©'gNg��

(SO(n),×)
á®��x�s��>s�v�xI��q�âÐ�����

(Rn, +)á®sk������qkz~�>skvyx{��q�â'�rg�°��wgN��c��Iq-­®x{zyz�x>©�qNÌ

� ����g�zyg�fag��Hsdx�­ SE(n)
vyq-�w��vy}H�wgNz�pÄ��g��w��gNqkg��Hs�gN�ÄuWp¶�	��x{���wz�g

(R, t) ∈ SO(n)×R
n
�{���¶v�s�q

�{��skvyx{��x{�«�	��xIv��Hs
x
x�­

R
n
v~qd|{vy³{gN�;uWp

(R, t).x = R.x + t
�

� �«�wz�skvy�wzyvy�N�>skvyx{�´Ì
(R′, t′).(R, t) = (R′.R, R′.t + t′)

�
� %�gN�rsk����z�gNz�gNfag��HsNÌ

(Id, 0)
�rv��W³{gN��qkg{Ì

(RT ,−RT .t)
�

� ��g����kg3qtgN�Is��>s�v�xI�$x�­ (R, t)
uWp$�

(n + 1)× (n + 1)
fÄ��sk��vÏÓ$��qtvy�w|	cwx{fax{|Ig��wxI��q-��xWx{���rvy���>s�gNqNÌ

(

R t
0 1

)

.

� µ�vyg;�{z�|Ig�uw���wÌ	skc����wªrq
s�x±s�cwg;fÄ��sk��vÏÓ1�kgN�w��gNqkg��Hs���skvyx{�¬x�­ SE(n)
�@v�savyq	qtvyfa�wzyg¶skx�qtgNg¶s�c��>s

skcwgÄµ´v�gÄ��zy|{gNuw���¶x�­
SE(n)

���{�äu`g	­À��v�skcr­®�wzyzyp±�kgN�w��gNqkg��Hskg3�±uWp%skcwg	­®xIz�zyx>©�v���|$³{g3�8s�x{�
qt���{��g
x�­!fÄ�>sk��v~��gNqNÌ

(

dR dt
0 0

)

,

©�cwg���g
dR

vyq����Wp«qkª{g�©
n × n

fÄ��sk��vÏÓ±�����
dt
���Wp%³{gN��skxI��x�­

R
n
�.i§�±s�cwvyq���g��w��gNqkg��Hs��>skvyx{�´�

skcwg�µ´v�g
u����I��ª{g�s
[., .]

v~q�qkv�fa�wzyp$|Iv�³Ig��$uWp$skcwg
fÄ�>s��kv�Ó;µ´v�g.uw���{��ªIg�sNÌ
[A, B] = A.B − B.A

�

���������



��¸º¹§¸º»�¼>½>¿8¸À½�»�Á��äÃ�½>»wÈ
¸º»«Û!¸ÀÃ��-¿�Ç>Ü3Æ�È �H�

� ���kxI�w��g�Ór��xI�wg��Hs�vy�{zEÌ.v�sÒ������u`g¶��x{fa�w�wskgN����qkvy�w|«�rv���gN��skzyp«skc�gÄfa��sk��vÏÓÑ�kgN�w�kg3qtgN�Hs��>s�v�xI���4x{�
uWp$v~�rg��Hskv�­®pWv���|�s�cwg
x{��g�ÊË��������fag�s�g��dqt��uw|{��x{�w��qdx�­

SE(n)
�@iËs�v~q�|Iv�³Ig��$uWpQÌ
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(
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��Ã�Ú�Ç�ÔH½>¿8¸ºÁ��WÂ Ç�Ö�½¶¿8¸ÏÔ�¸ÀÕ;ÁP¿k½>»�È®Ö�Ç>¿8ÂÄ½>ÁP¸ÀÇ>»
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R−1.R′ c��{q��{�%�{�w|{zyg.x�­!�kx{s���skvyx{�$|I�kg3�>s�g���x{��g3}H����zQs�x π − C
favy�W��q��Äqkfa�{z�z���x{��qts��{�Hs � �{��	P�'ÞÑg
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sup
i,j

d(Ri, Rj) ≤ π − C
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C > 0

½�»`Õ ����Ã�¿kÃ
d(R, R′)
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Þ�g��wx>©Îc��¾³Igdskx���c�gN��ªÒ©�c�g�skc�g��'���w�wv~}I��g�sk������qkz~�>skvyx{�
t̄
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i
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Þ�g@c��¾³Ig{Ì
(R̄, t̄).(Ri, ti)

−1 = (R̄.RT
i , R̄.(−RT

i .ti)+t̄)
�/µ�g�s´��q4©���v�skg
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(
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∑
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i .ti.
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(
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� |θj | < 2.π

�
M(dR)

v~q
�{z�©d�¾prqdv��W³Ig��kskvyuwz�g;á®©�cwv~��c±v~q�fax{��g
skc����±©-g��wgNgN��â��`qkv�����g�s�cwg��wg�skgN�kfavy�����Hs�x{­!skcwg�zy��stskgN�YfÄ��sk��vÏÓ
v~q.gN}H���{z�skx

(
sin(θj)

θj
)2 + (

cos(θj)−1
θj

)2
��©�cwv~��c�vyq.�`xIqkvÏs�v�³IgÒ­®xI� |θj | < 2.π

� ���w�ts�cwg���fax{��g{�´���rvy�kg3�8s
��x{fa�w�rs��>s�v�xI��qkcwx>©�q'skc���s�skcwg
vy�W³{gN��qkgYx{­

M(dR)
s���ªIgNq-s�cwg.­®x{zyz�x>©�vy�w|�­®x{��f vy�

Ej

Ì
(

θj . sin(θj)
2.(1−cos(θj)

θj

2

− θj

2
θj . sin(θj)

2.(1−cos(θj)

)

.

��x{� |θj | < π − C
��qkx{fag.g�zyg�fagN�Is�����p$���{zy���wzy��q�qkcwx>©�q-skc���s�skcwgN�kg
g�Órvyqts�q��a��x{��qts��{�Is

K > 0
��qk����c

s�c��>s θj . sin(θj)
2.(1−cos(θj)

> K
�\��q��Ä��x{��qkgN}H�wgN����gI�Hskcwg
z~�>skskg���fÄ��sk��vÏÓ$v~q�x{­´skc�g.­®x{zyz�x>©�vy�w|	­®x{��f%Ì

(

a b
−b a

)

,

©�v�skc
a > K > 0

��bdcwvyqYc��Iqdskcwg�v��Hs�g���gNqtskvy�w|$��xI��qkgN}H�wg�����g
s�c��>s������rg��Yskc�g��{q�qk�wfa�rskvyx{�%s�c��>s�­®xI�
�{z�z

j |θj | < π − C
�
M(dR)−1 c��Iq-skcwg.­®xIz�zyx>©�v���|	�rg3��xIf	�`xIqkv�skvyx{��Ì

M(dR)−1 = S + A,
©�c�g���g

S
v~q-��qkpWf	fag�sk��vy����xHqtv�skvy³{g�ÊË�rg�°��wv�skg�fÄ�>sk��v~��gNq'©�v�skc;�{z�z`v�s�q-g�vy|{gN�H³>�{z��wg3qÐz~����|{gN�\s�c����

K
�����

©�c�g���g
A
vyqY�ÄqtªIg�© qtpWfafag�sk��v~�.fa��sk��vÏÓ4�Ðbdc�g��«zyg�s���q�s���ªIg

N
qtªIg�© fa��sk��vy��gNqd©�cwxHqtg
gNv�|Ig��W³>��zy�wgNq

�{�kg.qkfa�{z�zyg��ds�c����
π − C

�Ð���Wp$��xI�H³Ig�Ó$��x{fÒu�v�����skvyx{��x�­/skcwg
M(dRi)

−1 ©���v�skgNqNÌ
∑

i

wiM(dRi)
−1 = (

∑

i

wiSi) + (
∑

i

wiAi) = S̃ + Ã,

©�c�g���g
S̃
v~q�qtskvyz�z'qtpWfafag�sk��v~�Ä�rg�°���vÏs�g¶��xHqtv�skvy³{g¶�{���

Ã
vyqÒqtªIg�© qtpWfafag�sk��v~��� ∑

i wiM(dRi)
−1 vyq

s�cwg���g�­®xI�kgdvy�W³{g��kskvyuwzyg{�{qkvy����g�½>»�Ø'fÄ��sk��vÏÓÒx{­�s�cwgd­®x{��f
S̃+Ã

vyq\v��W³{gN�ts�v�u�z�gI�/b/x�qtgNg's�cwv~q�������q�s\��g�fÄ�{�kª
s�c��>s�v�­�skcwgN�kg
g�ÓWv~qts�qdx{��g

x
qt����c�s�c��>s

(S̃ + Ã).x = 0
�Wskcwv~q�vyf	��z�vygNq

xT .S̃.x + xT .Ã.x = 0
�Ðbdcwg��

��x�skv~��g�skc���s
xT .Ã.x = (xT .Ã.x)T = −xT .Ã.x = 0

��bdcW��q
(S̃ + Ã).x = 0

vyfa�wzyv�g3q
xT .S̃.x = 0

�
©�c�vy��cÎvyq¶gN}H�wvy³¾�{z�gN�Hs«á

S̃
v~q¶qkpWf	fag�sk��vy���`xIqkvÏs�v�³Ig�Ê§�rg�°���vÏs�g3âÒskx

x = 0
� �'xI��qkgN}H�wg��Hs�z�p

S̃ + Ã
vyq

vy�W³{gN�ts�v�uwzyg
�����$skc�vyq�gN���wq-s�cwg
�w��xHx{­��

���������������
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�c��� ��� ���
� � � 	�� � �
�'xI�Hsk������pÑs�x�skcwg%|{gN�wg�����z��N�{qkg{�-�{å��kvy|{v~�²sk������qt­®x{��fÄ�>skvyx{��qÒc��¾³Ig��Ñ���{�ts�vy���wzy�{�kv�s�pQÌ;xI�wg%c��{qa�{�
Å�Ú�Ç>È�Ã�Õ.Ö�Ç�¿8Â ­®x{�Yskcwg�uwvÏÊËvy�H³>�{�kv~���HsYfag3�����.bdcwg	�kg3�{qkx{�%u�gNcwvy�w|$s�cwv~qYv~q�skc���s

SO(2)
�Qs�cwg	|{��x{�w�«x{­

�{å²��x�s��>s�v�xI��q��3v~q-Å�Ç>Â	Â	ÜrÁË½�ÁE¸º¼>Ã��!��q�����x{��qkgN}H�wgN����gI�¾x{�wgÐ�N���Ò��x{fa�w�rs�g'g�Ór�wz�v~��v�skgNz�p�s�cwgÐuwv�ÊËv��W³>����vy�{�Hs
fag3���1x�­dskc�g¶�kx{s���skvyx{�������ks�q
x{­dskcwg$���>s��«�{���¬�rg3�r����ga­®��x{f v�s�skcwg¶sk������qkzy��skvyx{�������ks���qkv���|«skcwg
u�����pW��g��Hsk��v~��g3}I���>skvyx{�´�rz�vyª{g.vy�;s�cwg
�w��xWx�­/x{­�bdcwgNx{��g�f �3�w� �«xI�kg��w��gN��v~qkg�zyp{�r©-g�c��¾³{g{Ì
�.£ � � � ¡��À¢�� � � �)	 � Û´Ã�Á

(Ri, ti)
·�Ã

N
� � ¿8¸ÏÔ�¸ÀÕÎÁP¿k½�»wÈ®Ö�Ç>¿8ÂÄ½>ÁP¸ÀÇ>»�ÈI"$È�Ü�Å �6Á���½>ÁÄÁ��wÃ�¿kÃ¬½>»WÔ�Ú�Ã�È�ÇtÖ

¿�Ç>Á§½>ÁP¸ÀÇ>»
θi

È�½�ÁE¸~È®Ö�Ø��
sup
i,j

|θi − θj | ≤ π − C
���
�wÃ�»¬Á��wÃa·�¸º¹§¸º»�¼¾½�¿8¸À½>»�Á�ÂaÃ�½�»

(R̄, t̄)
½¾È�È�ÇNÅ�¸À½>Á§Ã�Õ�ÁËÇ

Á��wÃ��ÐÃ�¸ÏÔ �rÁÀÈ
(wi)

¸~È�Ô{¸º¼¾Ã�»�Ã�ã�Æ`Ú ¸ÀÅ�¸ºÁ§Ã�Ú Ø�·�Ø��
{

R̄ = R1. exp(+
∑

i wi log(RT
1 .Ri))

t̄ =
∑

i wi Z−1.M
(

log(R̄.RT
i )
)−1

.RT
i .ti,

áP���Iâ

�@¸ºÁ��%Á��wÃ'Ö�Ç>ÚºÚyÇ��@¸º»HÔ.Ö�Ç�¿8Â�ÜrÚy½{Ã-Ö�Ç>¿
M

½�»`Õ
Z
�

M

((

0 −θ
θ 0

))−1
def
=

(

θ. sin(θ)
2.(1−cos(θ)

θ
2

− θ
2

θ. sin(θ)
2.(1−cos(θ)

)

, Z
def
=
∑

i

wiM
(

log(R̄.RT
i )
)−1

.

#&% ¤ � � 4 � �K 0 � � ���32 ¤w£H�E¤ � ¢ 3 � ¤ � � µ�g�s'��qÐs��{ª{g��Òz�xWxIª	��sÐskc�g�g�Ów�{f	��z�g���cwxIqkg��Ävy� � �:��	Ë�W����|Ig
�8�{��µ�g�s

f1 = (π/4,−
√

2/2,
√

2/2)
�
f2 = (0,

√
2, 0)

�{���
f3 = (−π/4,−

√
2/2,−

√
2/2)

u�g�s�cw��g�g
��vy|{v~�	sk������qt­®x{��fÄ�>skvyx{��q���bdcwg�°���qts-��xHg�ß¶��vyg��Hs'��xI�k��gNqk�`x{���wq\skxÒskcwg����w|Iz�gYx�­���x�s���skvyx{�±áE��cwxIqkg��ÄcwgN�kg
vy�

[−π, π[
âd�{���$z~�{qtsds�©'x	s�xaskcwg.s����{��qtz~�>s�v�xI���

Þ�g������a��xIfa�w�rskgdg�Ór�I�8s�z�p.s�cwgduwvÏÊËvy�H³>�{�kv~���Hs!f	g3����x�­�s�cwgNqkgd�kvy|{v~�
s����{��qt­®x{��fa��skvyx{��q/©�v�skc%áE���Hâ ){�
zyg�­ºskÊPvy�W³>����vy�{�Is �w���N��cwg�s/fagN�{���N�����{zyqkx�u`g���x{fa�w�wskgN�Òg�Ór�wzyvy��vÏs�g�zyp
v��Òskcwv~q!���IqtgÐskc��{�wªrq´s�x�s�cwgdqtvyfa�wz�g
­®xI�kf s��{ª{g��¬uWpÑskcwg;��x{����gNqk��xI���rvy�w|%|{g�xr�rg3qtv~��q$áÀqkg�g�� �:� 	'­®x{��faxI�kg¶�rg�s��{v�z~q�â��@������°�����zyz�pI�´s�c����wªrq
s�xa�\�kxI��xHqtv�skvyx{�5�{�Hskc�g������{z�xI|{x{��q\��v�|IcIskÊPvy�W³>����vy�{�Is �w���N��cwg�s-fag3���%�����;u�g���x{fa�w�rs�gN�;uWpÄv��W³{gN�ts�v���|
s�cwgÄ�w�>s��w����x{fa�w�rs�v��w|;skc�g�vy�
z�g�­ºstÊËv��W³>����vy�{�Hs�fagN�{�Ñ�{���±s�cwg���vy�H³Ig��kskvy�w|¶s�cwv~q �w���N��cwg�s�fagN�{����bdc�vyq
pWvyg�z~�wqNÌ

� z�g�­ºstÊËv��W³>����v~���Hs �w���N��cwg�sdfag3����Ì (0, 0, 0)
�

� uwv�ÊPvy�W³¾�{�kv~���Hs�fagN�{��Ì (0,
√

2−π
4

1+ π
4 .

√
2

2−
√

2

, 0) ' (0, 0.2171, 0)
�

� �kvy|{cHskÊPvy�W³¾�{�kv~���Hs �w���N��cwg�s�f	g3����Ì (0,
√

2
3 , 0) ' (0, 0.4714, 0)

�
i§�Hs�g���gNqtskvy�w|{zyp{�W©-g�s�cH��q-qkg�g�s�c��>s-skcwg.fagN�{�;��x�s��>s�v�xI�¶vyq-g�Ór�I�8s�z�pas�cwg
qk�{f	g�vy���{z�z`skc��kgNg��N�{qkgNqN�!h-�rs
s�cwg�f	g3���Äs����{��qkzy��skvyx{��q'����g��rv�-`gN�kgN�Is3�r�����¶skcwg�uwv�ÊPvy�W³¾�{�kv~���HsÐfag3���¶v~q'qkv�sk����skgN�$�wv~��g�zyp±·�Ã�Á �ÐÃ�Ã�»�skcwg
zyg�­ºskÊ-�{���%�kvy|{cHskÊPvy�W³¾�{�kv~���Hs �w���N��c�g�s�fagN�{��qN�dbdc�vyq�vyqY}I��vÏs�g�v��Hs��wvÏs�v�³Ig{�Qqtvy����g
skcwgÒuwvÏÊËvy�H³>�{�kv~���Hs�fagN�{�
�N���Zu�g%zyxHxIª{g3�¬�w�`x{�¨�{qa���Zv��rÊËu`g�s�©-g�g��¨��z�skgN�k���>skvy³{g;©�vÏs�cZ��g�|H�����1skx�zyg�­ºstÊÒ�{���¯��vy|{cHstÊËv��W³>����v~���Hs
�����3��cwg�s�fagN�{��qN�

���������
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 ��� � ����
�� 	�� ��� � 	
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 � � � � ¢�£(�À¥ 3 � ¤ � � i§�Hs�g���gNqtskvy�w|{zyp{�4v�s�vyq���xHqkqkv�u�z�g	skx«qkcwx>©
s�c��>s�v��¬s�cwg¶zyv���gN���Ò|{��x{�w�

GL(n)
��skcwg��rg�s�g���fav����{�HsÒx�­dskc�g¶uwv�ÊPvy�W³¾�{�kv~���Hs�fagN�{�¬vyqÒgN}H���{z\skx±skcwg

È�Å�½>Úy½>¿YÔHÃ�Ç>ÂÄÃ�ÁP¿8¸ÀÅ�ÂaÃ�½>»Äx{­/s�cwg��rg�skg���fav������Hs�x�­�skcwg����>s����Ðbdcwv~q�fagN�{�%�N���;skcW��q�u`g�zyxWx{ª{g3�$����xI�
�Iqa�1ÔHÃ�»`Ã�¿k½>Ú ¸%$3½�ÁE¸ÀÇ�»mÁ§Ç�¸º»�¼>Ã�¿8ÁP¸À·�Ú�Ã±ÚÏ¸º»`Ã�½>¿%ÁP¿k½>»�ÈºÖ�Ç�¿8Âa½�ÁE¸ÀÇ�»wÈäÇ�Ö�Á��wÃ;ÔIÃ�Ç>ÂÄÃ�ÁE¿8¸ÀÅ±ÂaÃ�½>» Ç�ÖÒÆwÇ>È8¸ºÁE¸º¼>Ã
»�ÜrÂa·�Ã�¿�È8�Ð��g�fÄ�{�kª>��u�z�pI�rskcwv~q�|Ig��wgN���{z�vyÉN��skvyx{��vyq���x�s�skc�g�x{�wzyp$�`xIq�qkv�uwzyg
x{��g{��qkv�����g����%x{skcwgN�ÒáÀqkv�f	Ê
��z�gN��â�|{gN�wg�����zyvyÉN�>s�v�xI�¯x�­Yskcwg«|Ig�xIf	g�sk��vy�$fagN���Îg�Órv~q�s�q��-���{z�zygN�²skcwg±µ´x{|{ÊP�\����zyvy�rg3���Zf	g3�����'©�cwv~��c
©-g��wgNq�����v�u`gN�«vy� � �N��	�vy�±s�cwg��N�{qkgÒx�­@s�g���qkx{��q��{���±vy� � �N�
	!­®xI����ßa��g�sk������q�­®xI�kfÄ�>s�v�xI��qN� +�x>©-g�³Ig��3�
s�cwg
µ�xI|�ÊË�\����zyv~�rgN�{�¶fagN���;vyq-��gNqtsk��vy��skg3�Äskx	zyv��wg3���-sk������q�­®xI�kfÄ�>s�v�xI��q\©�c�xIqkgY�w��vy����vy����zQzyx{|H����vÏs�cwf vyq
©-g�zyz�ÊË�rg�°��wg3�4�r©�cwv~��c�v~q.»`Ç�ÁQskcwg��N�{qkg�­®x{�dskc�g
uwvÏÊËvy�H³>�{�kv~���Hsdf	g3�����
�.£ � � � ¡��À¢�� � � �)� � Û/Ã�Á

Ti

·�Ã
N
Ú ¸º»`Ã�½>¿�ÁP¿k½>»�ÈºÖ�Ç�¿8Âa½�ÁE¸ÀÇ�»wÈ�¸º»

GL(n)
½>»QÕ�Ú�Ã�Á

(wi)
·�Ã

N
� »`Ç�¿8¹

ÂÄ½>ÚÏ¸%$NÃ�Õ � »QÇ>»�¹§»`ÃËÔI½�ÁE¸º¼>Ã �ÐÃ�¸ÏÔ �rÁÀÈE"	È8Ü�Å��ÎÁ��w½�Á�Á��wÃ�¸º¿ä·�¸º¹§¸º»�¼¾½�¿8¸À½>»�Á	ÂÄÃ�½�»
E(Ti)

ÃkãI¸~È8ÁEÈ � �
��Ã�»c" �ÐÃ
��½>¼>Ã �

{ ¸ ÖÒÕ{Ã�Á
(Si) > 0,

Ö�Ç>¿�½�ÚºÚ
i,
Á��wÃ�»

det(E(Ti)) = e
P

i
wi. ln( ����� (Si)),¸ ÖÒÕ{Ã�Á

(Si) < 0,
Ö�Ç>¿�½�ÚºÚ

i,
Á��wÃ�»

det(E(Ti)) = −e
P

i
wi. ln(− ����� (Si)),

�d¿kÇNÇtÖ ��ÞÍc�g��.skc�gÐuwv�ÊPvy�W³>����vy�{�Is�fag3���
v~q�©-g�zyzÏÊ§�rg�°��wgN�4�Nskc�g��Ò�{z�z>s�cwg'���>s��df���qts/c��¾³Ig\���rg�s�g���f	vy���{�Is
©�v�skc�skcwgdqk�{fagÐqtvy|{�´�3©�c�vy��c�v~q���z~qtx�s�cwg'qkvy|{��x{­

E(Ti)
�@j�s�cwg���©�vyqkg{�¾xI�wg\x�­rs�cwg-�w�kxr�r���8s�q

E(Ti)
−1.Ti©-x{��zy�;c��¾³{g.�	�wg�|H�>s�v�³Ig.�wg�skgN�kfavy�����Hs������$v�s�q����kvy����vy���{z4z�xI|I����v�skcwfà©-x{��zy�$­À��vyzQskxÄg�ÓWv~qtsN�

b/x¶�w��x>³{g.x{�����kg3qt��zÏs3��©-g
©�v�zyz´��g�zyp$xI�wz�p�x{��s�©-xÄv���|{��gN�rvyg��Hs�qNÌ\s�cwg�u��{�kpr��g��Hsk��vy��g3}I���>skvyx{�¬á �N�Iâ
�{���Îskc�g±­®x{zyzyx>©�v��w|¬���kxI��gN�ts�pQÌÑ�wg�s

(M) = exp(
b´���{��g

(log(M)))
��©�cwv~��cÍcwx{z~�wq¶­®x{�;�{�WpZq�}I������g

fÄ��sk��vÏÓÄ©�v�skc;�Ò�w��v�����v�����z`z�xI|I����v�skcwf%�!bdcwvyq�áÀ��zy�Iqkqkv~����zºâ@g3}H����zyvÏs�pÄ�N���¶u`g�qkcwx>©��a­®xI�'g�Ór�{fa�wz�gY��qkv��w|
s�cwg �Ix{���w����á®x{��nw��cH����â-�rg3��x{fa�`xIqkvÏs�v�xI�;x{­´s�cwg
fÄ�>sk��v�Ó

M
�

b���ªWvy�w|	skcwg.s����I��g.x�­/skcwg
u��{�kpr��g��Hsk��vy�YgN}H����skvyx{�%�����$skc�g���skcwg¶áEqk�N��z~���8â'g�Ór��xI�wg��Hs�vy�{zE�r©-g.|{g�s3Ì

1 = Πie
wi ���
	���
 (ln(det(E(Ti)

−1.Ti))).

bdc�g�������qtvy�w|«�rg�s
(A.B) =

�rg�s
(A).

�wg�s
(B)

�{���
ln(a.b) = ln(a) + ln(b)

�{�����rg�s
(E(Ti)

−1.Ti) =
| �rg�s (E(Ti))|−1.| �rg�s (Si)|

�w©-g.|{g�s�s�cwg
|{gNx{fag�s��kv~���{zQv��HskgN�k�`x{z~�>s�v�xI�$x{­!�rg�skgN�kfavy�����Hs�qNÌ

1 = | �rg�s (E(Ti))|−1
. exp

(

∑

i

wi. ln (| �wg�s (Si)|)
)

,

©�c�vy��c�pWv�gNzy�wq�skcwg
��gNqk�wz�sN�
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�kg3qt��zÏs�q��
u��rs�����g.fÒ����c%qtvyfa�wzyg��dskxa��qkg
vy�������I�8skv~��gI�
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EAff (S1, ..., SN)
x{­

N
s�g���qkx{��q

S1, ..., SN

vyq'�rg�°��wgN�avyfa�wz�v~��v�skgNz�p	uWpÒs�cwg�­®xIz�zyx>©�v���|
u�����pW��g��Hsk��v~��g3}I���>skvyx{�´Ì

N
∑

i=1

log(EAff (S1, ..., SN )−1.Si) = 0,
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i
��xI��qkvyqts�q
x{­

�{�¬�>ßÄ�wgask������q�­®xI�kfÄ�>s�v�xI�
Ti
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s�cwgÄvy� ���wgN����g¶x{­dskcwg
i �

� ��xIfa��xI�wg��HsÒ�>s���xIv��Hs
x
v~q��w��x{�`x{�kskvyx{����z�skx

wi(x)
�

���w�kskcwgN�kfax{��g{�W©-g
�{q�qt�wfag�skc��>s�­®x{���{z�z
x
� ∑N

i=1 wi(x) = 1
�rvP� gI�!skcwg
©-g�vy|{cHs�qd�{�kg.�wxI�kfÄ��zyvyÉ�gN���
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T (x) =

N
∑

i=1

wi(x)Ti(x).
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(log(Ti))
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u`gYqkx{fag��wxI�rÊP��g�|I��skvy³{gd©-g�vy|{cHs�q

­®�����8s�v�xI��q��¨µ�g�sa�{zyqkx
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Ψ(x0)

Ì

ẋ =
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wi(x) log(T̄−1.Ti).x.
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Ti

uWp
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vyq
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�����äs�cW��q
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��g�fÄ�{v���q-�w����c����w|IgN�4Ì
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∑
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wi(x) log(T̄−1.A−1.A.Ti).x =
∑

i

wi(x) log(T̄−1.Ti).x.
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x
v��Hskx

y
def
= A.x
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� �	©-g�vy|{cHsd­®�w���8s�v�xI� x 7→ wi(x)
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∑
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wi(A
−1.y) log(A.T̄−1.A−1.A.Ti.A

−1).y = A.

(
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i

wi(A
−1.y) log(T̄−1.Ti)

)

.A−1.y,
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dt
(A−1.y) =
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wi(A
−1.y) log(T̄−1.Ti).(A
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Ì
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∑
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wi

�{�kg�|{gNx{fag�s��kv~���{z�zyp	�wg�­®x{��fagN�;uWp
T̄−1 u�g�­®x{��gYu`g�vy�w|a��qkgN�$v��;skcwg�­®��qkvyx{���ÞÍv�skc%c��¾³Ig�skcwg
vy�Hskg���gNqtskvy�w|�­®x{zyz�x>©�vy�w|a��g�z~�>skvyx{��qtcwvy�$u`g�s�©-g�gN�«µ�i§�Ðb�q������;��i§�'b/qNÌ

�.£ � � � ¡��À¢�� � � �:� � �
��Ãa¸º»�¼>Ã�¿�È�Ã;Ç�Öa½¶Û� � �Í¸~ÈÒÁ��wÃ �+ � � �@¸ºÁ��Ñ¸º»�¼¾Ã�¿8Á§Ã�Õ«Å�Ç�Â�Æ�Ç>»QÃ�»�ÁÀÈE"�½>»QÕ�¼N¸ÀÅ�Ã
¼>Ã�¿�È�½ �
�d¿kÇNÇtÖ ��i§�W³Ig��kskvy�w|Òs�cwg
zyg�­ºstÊËvy�H³>�{�kv~���Hs���xIz�pH�>ßÄ�wg�­®��qkv�xI�;��gNqk�wz�s�qdvy��skcwg.­®xIz�zyx>©�v���|Òs�©-xÄq�s�g���qNÌ
�{�dfÒ�wz�skvy�wzypWv��w|ÄuWp

T̄−1

�r�dv��Hs�g�|{���>s�v���|Òs�cwg.­®x{zyz�x>©�vy�w|$j�åY�¨�w�w�kvy�w|ax{��g����wvÏs�x{­/s�v�fagIÌ

ẋ = −
∑

i

wi(x) log(T̄−1.Ti).x =
∑

i

wi(x) log(Ti
−1.T̄ ).x

áP�D��â

µ´g�s���q���qtg�skc�g���c����w|IgYx{­�³>�{�kv~��uwzyg
y = T̄ .x

vy�¬áE�D�{â8�@bdcwv~q�pWv�gNzy��q�Ì

ẋ = T̄−1.ẏ =
∑

i

wi(T̄
−1.y) log(Ti

−1.T̄ ).T̄−1.y = T̄−1

(

∑

i

wi(T̄
−1.y). log(T̄ .T−1

i )

)

.y,

���������
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©�c�vy��c�pWv�gNzy�wq�skcwg�qkv�fa�wzyg���g3}H���>s�v�xI��Ì

ẏ =
∑

i

wi(T̄
−1.y) log(T̄ .T−1

i ).y,
áE�{�Iâ

©�c�vy��c�vyq�skcwg�j�åY�6�{q�qtxr��vy��skgN�¶skxas�cwg.°���q�s�qtskg��%x{­/s�cwg
�kvy|{cHskÊPvy�W³¾�{�kv~���Hs'­®��qtvyx{�%x{­/s�cwg
v��W³Ig���qtg3q'x{­
s�cwg

Ti

©�vÏs�c�skcwg�q���fag.©'gNv�|IcHs�qd�{qdxI�kvy|{vy����zyzyp{�
bdcW��qN�

x(t)
v~q-skcwg.qkx{zy�rskvyx{�;x�­-áP�D�{â8�rqtg3��xI���$qtskgN�$x�­/skcwg.vy�W³{g���qkv�xI�Äx�­/xI�w�dµ�i§�ÐbçvÏ­!�����$x{�wzypÄvÏ­

T̄ .x(t)
v~q\��qkx{zy�rskvyx{�ax�­Qs�cwg�°���q�sÐqtskgN�Äx�­Qskc�g���i§�ÐbÎ©�v�skcÄvy�H³Ig��kskg3�	��x{fa�`x{�wgN�Is�q��!��q'��xI��qtg3}H�wg�����g{�

s�cwg�s�©'x%q�s�g���q�x{­\skcwgavy�W³{g���qkv�xI�«x�­ÐxI�w�
µ�i§�Ðb ����gÒgN}H�wvy³>��zyg��Hs�skx;skcwg�s�©'x%qtskg���q�s�cwgÄ��i§�Ðb ©�v�skc
vy�W³{gN�ts�gN�	��x{fa�`x{�wgN�Hs�qN��skc�g�v��W³{gN��qkgdx�­Q�
µ�i§�ÐbZvyq�s�cwg���g�­®xI�kg-s�cwg���i§�ÐbZ©�vÏs�cÄv��W³Ig��kskgN�	��xIfa��xI�wg��Hs�q
�{���Ñ¼N¸ÀÅ�Ã�¼¾Ã�¿�È�½>�

� � � 0 � � � �32 ¤w£H�E¤ � ¢ � � 4 
 ¤)J � � E'£>¤ � ¡  � £ �¯¤w¢�� � � ¡ 
 nWx�­À���3�¾©'g'c��¾³{g@��x�s/u`g�gN�Ò��u�z�gÐskxY�wg�°��wg
�Z·�¸º¹§¸º»�¼¾½�¿8¸À½>»�Ád�`x{zypI��ßa��ga­®��qtvyx{�´�@vE� g{�±�{�¬v��r°��wvÏs�gNqkv�fÄ�{zÐ­®��qkvyx{�¬x�­�zyxr���{z'�>ßÄ�wg¶sk������qt­®x{��fÄ�>skvyx{��q
©�c�vy��c6©-x{��zy�¨u`gÑqkv�f��wz�s�����x{��qkz�pÎzyg�­ºstÊÄ�����Í�kvy|{cHskÊ	�����Ív��W³Ig���qtvyx{�rÊËvy�H³>�{�kv~���HsN� i�q�qt����c6�¯­®��qkv�xI�
�`xIq�qkv�uwzyg`��Þ�g��rxÄ�wx{s�ªH��x>©çp{g�sN�w�{���;skcwv~q�©�vyz�z4u`g.skcwg�qk�wur��g3�8s�x{­´­®�rs��w�kg
©-x{��ªQ�

� �  ���,'+�"��´�� ��;�*
�� � 56�d�!��#Ñ��,Ð�/�8�����

i§��skcwv~q´©-x{��ªQ�N©-gÐc��¾³{g\�w��gNqkg��Hs�gN�
��|Ig��wgN���{z>­®����fag�©-x{��ª�s�xY�rg�°��wgÐ��vy|{x{��x{��qtzypY����x>³{g�z{s�pW��g'x�­wfagN�{�
vy�¯µ�vyg¶|I�kxI�w��qN�/���{z�zygN�Ñs�cwgÑ·�¸º¹§¸º»�¼>½>¿8¸À½>»�Á
ÂaÃ�½�»��%bdcwvyqÒfagN���¬gN�>��x>prq
fÄ���WpÑ�wgNqkv�����uwzyg%¸º»�¼>½>¿8¸À½�»`Å�Ã
ÆQ¿kÇ�Æ�Ã�¿8ÁE¸ÀÃ�È8�w©�cwv~��c;|Ig��wgN���{z�vyÉ�g�skx�skcwg
�wxI�rÊËz�vy�wgN�{�-�N�{qkg�s�cwg.�w��x{�`g��kskvygNq-x�­/skcwg
����v�skcwfag�s�vy�YfagN�{��Ì@vÏs
v~q�v��W³>����v~���Hs�©�v�skc���gNqk��g3�8s.skx%zyg�­ºstÊ��{���±��vy|{cHstÊËfÒ�wz�skvy�wzyvy�N�>s�v�xI�����{q�©-g�zyz\�{q�v��W³Ig���qtvyx{���Ò�\�kgN³Wv�xI��qtzyp{�
s�cwv~q�s�pW�`g�x{­\f	g3���±©d�{q�x{�wzyp%�rg�°���gN�±vy�äµ´v�g�|{��x{�w��q�g����wx>©'g3�%©�vÏs�cÑ�Äuwv�ÊËv��W³>����vy�{�HsY��vyg�fÄ���w��vy�{�
fag�sk��vy�{�`zyvyª{ga��x{fa���I�8s.µ�vyg�|I�kxI�w��q�qk����c��{q�skcwg	|{��x{�w�äx�­Ð��x�s��>skvyx{��q�� �W�4�
	Ë��h'�ws.��vyg�fÄ�{�w�wv~���äu�vÏÊ
vy�W³>����vy�{�Is�fag�s��kv~��q��rxÄ�wx�s���zy©-�¾prq-g�Órv~q�s3�'i§�%���{�ts�vy���wzy�{�N��©'g
c��¾³Ig.�w�kx>³IgN�;v��%s�cwv~q�©-x{��ªÄskc���s�qt����c
fag�sk��vy�Nq��wx���x�s
g�Órv~q�s
vy���{�Hp±�wv�fag���qtvyx{�Ñ­®x{�a¿8¸ÏÔ{¸ÀÕ«ÁP¿k½>»�ÈºÖ�Ç�¿8Âa½�ÁE¸ÀÇ�»wÈ8�´©�c�vy��cÑ­®x{��f×uw�rs
s�cwgaf	xHq�s
qkvyf	��z�g
µ�vyg
|{��x{���$vy�H³Ix{zy³{g3�¶vy��u�v�x{ÊPfagN�wvy�N��z4vyfa�{|{g.��g�|{v~qtsk���>skvyx{�´�
b/x�x>³{gN����x{fag/skcwg'zy�I��ª�x�­rg�ÓWv~qtskg�����g@x�­ruwv�ÊËv��W³>����vy�{�Hs´��v�gNfÄ���w�wv~���.fag�s��kv~��q�­®x{��fÄ�{�Hp�µ�vyg\|{��x{����q��

©-g�c��¾³Ig
�w��x{�`xIqkgN�%vy�«skcwv~q����kskv~��zyg
skx$�wg�°��wg�uwv�ÊPvy�W³¾�{�kv~���Hs�fagN�{��q�vy�Z½�»�ØYÙÐ»�¸ºÁ§Ã�¹tÕ�¸ºÂaÃ�»wÈ8¸ÀÇ�»`½>Ú!¿kÃ�½�Ú
Û@¸ÀÃ�Ô{¿kÇ>Ü3ÆÄ³Wvy���Ò|Ig��wgN���{z�·�½>¿8Ø{Å�Ã�»�ÁP¿8¸ÀÅÒÃ�Ý�Ü�½>ÁP¸ÀÇ>»��r©�c�xIqkgYqkx{zy�rskvyx{�¶v~q-uWp¶�rg�°���vÏs�v�xI�¶skc�gYuwv�ÊËv��W³>����vy�{�Hs
fag3������ÞÑg�c��¾³{g�qkcwx>©��Òs�cwg�g�ÓWv~qtskg�����g������	�w��vy}H�wgN�wgNq�q@x�­`skc�vyqÐ�wx>³{gNzWs�pH�`g�x�­4fagN�{�����w��x>³Wvy�wgN��skcwg
�wvyqk��gN��qkvyx{�Òx{­�s�cwg��w�>s��Yv~q!qtfÄ�{z�zrgN�wx{�w|Ic���������s�cwg���x{�W³Ig���|{g�����gÐx{­`�{�Òg�ß¶��v�gN�Is@v�skgN����skvy³{gd��zy|{x{��v�skcwf
­®xI�Ð��xIfa�w�rskvy�w|
s�cwv~qÐfagN�{�Äc��{qÐ��z~qtx
u`g�gN�$qtc�x>©�����bdc�g�v��Hs��wvÏs�v�xI�Äx�­Qskc�g�g�Órv~q�s�g�����g�x�­�qk����cÄ�
fagN�{�
©d�{q�°���q�s.|{vy³{gN�«v�� � ��	dáÀ©�vÏs�cwx{�rs��{�Hp��w��gN��vyqkg��rg�°��wv�skvyx{��â�����zyx{�w|$©�vÏs�cÑ���Ñg�ß¶��vyg��Hs.��zy|{x{��v�skcwf*­®x{�
��x{fa�w�rs�v���|	v�sÒá®©�v�skc�x{�rs��w��xWx�­�x�­@��x{�W³Ig���|{g�����g3â��Ivy��skcwg��N�{qkg.x�­'ÂÄ½>ÁP¿8¸Ïã
|I�kxI�w��qN�
i§�äskcwga���Iqtg�x�­\��v�|Ivy�%s����{��qt­®x{��fa��skvyx{��qN�`©'g�c��¾³{g�u�gNg��Ñ�{uwzyg�skx��rg�s�g���fav��wga�$qkvyf	��z�ga����vÏs�g���v�xI�

­®xI�dskcwg
|Ig��wgN���{zQg�ÓrvyqtskgN����g
�{���$���wvy}H�wgN�wgNq�qdx�­/skcwg
u�vÏÊËv��W³>����v~���Hs-fag3�����w©�c�vy��c�c�������gN��q-skxÄu`g.skcwg
q���fagd�{q�­®xI�@�kx{s��>s�v�xI��qN��ÞÑg�c��¾³{gd��z~qtx�|{vy³{gN�	��z�xHqtg3�
­®x{��fÄq�­®x{��skc�g�uwvÏÊËvy�H³>�{�kv~���Hs!f	g3���	v��a���W�wfÒu`g��
x{­Qqkvyf	��z�g�u��rs\v���q�s��k����skvy³{g��N�{qkgNqN��v�����zy���rvy�w|���å6�kvy|{v~��sk������qt­®x{��fÄ�>skvyx{��q���i§�Hs�g���gNqtskvy�w|{zyp{�{­®x{�@|{gN�wg�����z

���������������
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zyvy�wgN�{�Ys����{��qt­®x{��fa��skvyx{��qN�4©-g	c��¾³{gaqtcwx>©��Ñskc��>s�qtvyfav�z~����zyp«skx�skc�g¶µ�x{|{ÊP�Ð����zyvy�wgN���ÑfagN���´��skc��>s
©'g
��gN��g��Hskzypa�w��x{�`xIqkgN�Ävy� � �N��	P�Hskc�g�u�vÏÊËv��W³>����v~���Hs'fagN�{�$v~qd��|{gN�wg�����zyvyÉN�>s�v�xI�¶x�­´skcwgaáÀq����{zy�{��â\|{g�xIfag�sk��v~�
fag3�����Hqtvy����gds�cwg��rg�skg���fav������Hs\x�­`skcwg�uwvÏÊËvy�H³>�{�kv~���Hs@fagN���	v~q\g�Ów�I�8skzyp�g3}I����zrs�x.skcwg�|Ig�x{fag�sk��vy�-fagN�{�
x{­´s�cwg��rg�s�g���fav����{�Hs�qdx�­�skc�g��w�>s��w�
µ/�{qts�uw�ws��wx{s�zygN�Iq�s3�>©'g'c��¾³{g'��qkgN�.s�cwvyq��wgN©¬s�pW��g-x�­�f	g3���
s�x��wg�°��wgd�Y�wx>³{gNzI��z~�{q�q/x�­��`x{zypI��ßa��g

s����{��qt­®x{��fa��skvyx{��qN�Ð�N��zyz�g3�çÚ�ÃEÖ�ÁP¹§¸º»�¼>½>¿8¸À½>»�Á�Æ�Ç>ÚÏØ{½�èZ»`Ã���©�cwvy��cÍ�{z�zyx>©�q�skx�­®��qkg«z�xr���{z��kvy|{v~�Zx{�¶�>ßÄ�wg
��x{fa�`x{�wgN�Is�q�½�¿�·�¸ºÁP¿k½�¿8¸ºÚ Ø�Ö�½�¿�½��Ð½>Ø%Ö�¿kÇ>Â Á��wÃ�¸ÀÕIÃ�»�ÁE¸ºÁPØ>����x{�Hsk������p¯s�xZµ´x{|�ÊË�\����z�v~�rg3���6�`x{zypI��ßa��g
­®��qtvyx{���r©�c�vy��c%©-g���gN��g��Hskzyp¶vy�Hsk��xW�w����g3�$vy� ���D��	P�
i§�ä­®�rsk�w��g	©'xI�kªQ�`©'ga����gÒ�wz~�����wv���|¶skx%��xIfa������g
skc�g	qts���skv~q�s�vy�NqYxIurs��{v���gN�«³Wv~�Äskc�g�uwv�ÊËv��W³>����vy�{�Hs

fag3���Ñskx«x�s�cwg��.s�pW�`gNq
x{­-qts���skv~q�s�vy�Nq
x{���kvy|{v~�Ñx{���>ßÄ�wgas����{��qt­®x{��fa��skvyx{��q.qk����c1�{q
µ�xI|�ÊË�\����z�v~�rgN�{�
qts���skv~q�s�vy�Nq � �N��	P�4xI��zyg�­ºstÊËvy�H³>�{�kv~���Hs���v�gNfa�{�w�wv~���äqts���skv~q�s�vy�Nq � � 	Ë�
bdcwgNqkgaq�s��>skv~qtskv~��q���x{��zy�«���kx>³Ig�³{gN�kp
��qtg�­®�wz\­®xI�Òg�Ów�{f	��z�gÄs�xä��xI��qtsk����vy�Is�zyxr���{z�zypä��v�|Ivy�1xI�Ò�>ßÄ�wg$�kgN|{v~q�s�����skvyx{�1��zy|{x{��v�skcwfÄq�qk����c¯�{q�skcwg
xI�wg
�rgNq�����vyu�g3�$vy� � �I�
	P�

���������
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