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Abstract. Phyllotaxis is the geometric arrangement of organs in plants,
and is known to be highly regular. However, experimental data (from
Arabidopsis thaliana) show that this regularity is in fact subject to spe-
cific patterns of permutations. In this paper we introduce a model for
these patterns, as well as algorithms designed to identify these patterns
in noisy experimental data. These algorithms thus incorporate a denois-
ing step which is based on Gaussian-like distributions for circular data
for which a common dispersion parameter has been previously estimated.
The application of the proposed algorithms allows us to confirm the plau-
sibility of the proposed model, and to characterize the patterns observed
in a specific mutant. The algorithms are available in the OpenAlea soft-
ware platform for plant modelling [IT].

1 Introduction

Vascular plants produce new organs at the tip of the stem in a highly
organised fashion. This patterning process occurs in small groups of stem
cells, the so-called shoot apical meristem (SAM), and generates regular
patterns called phyllotaxis [6]. The phyllotaxis of the model plant Ara-
bidopsis thaliana follows a spiral, where single organs are initiated succes-
sively at an approximately constant divergence angle from the previous
organ. The most frequent angle found in nature is the golden angle, close
to 137.5°, and leads to the so-called Fibonacci phyllotaxis.

The geometric regularity of this phenomenon has impelled scientists to use
mathematical approaches since early studies, two centuries ago. However
a complete understanding of the biological processes that drive phyllotaxis
is still far from complete. Most models are mechanistic, and allow for an
explanation of the occurrence of a limited number of theoretical divergence
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angles (including 137.5°), as well as constrained transitions between suc-
cessive angles in a given plant, see e.g. [Il3]. One leading principle of these
models is based on the SAM functioning, where the appearance of new
organs — called primordia — is supposed to be precluded both in the center
of the SAM and in the vicinity of previously formed primordia. This is
explained in terms of an inhibitory field surrounding existing primordia.

In this paper, we are interested in the variations of angles between con-
secutive organs in real plants. These angles may be subject to noise and
perturbations. Only few studies have been devoted to this problem. For in-
stance, statistical tests have been proposed to distinguish between random
and regular phyllotactic patterns, or combinations thereof [A5]. Pertur-
bations in the phyllotactic patterns have also been observed in a study
about transitions between different phyllotactic modes in real plants [2].
It was suggested that these perturbations might result from permutations
in the order of appearance of organs along the phyllotactic spiral.

In this paper, we build up further on this initial idea. We first consid-
ered both reference (wild-type) plants with spiral phyllotaxis (model plant
Arabidopsis thaliana) and mutant plants that were markedly perturbed
in their phyllotaxy. We developed a combinatorial model for the type of
perturbations observed in spiral phyllotaxis. Uncertainty is taken into ac-
count by assuming that each measured angle can correspond to several
theoretical angles among those predicted by the model. Algorithms are
proposed to detect such patterns in sequences of angles, and generate all
candidate sequences from noisy data. For a given theoretical angle, the
corresponding observed angles are modeled by a Gaussian-like distribution
for circular data. For each candidate theoretical angle, the posterior prob-
ability of the measured angle is computed and compared to a threshold.
This allows to reduce the set of candidate sequences.

2 Model Formulation

The exploratory analysis of our measured angles highlighted two charac-
teristics of the measured divergence angle sequences. For a given plant,
let o denote the canonical divergence angle:

e The measured divergence angles covered almost all the possible values
(between 0 and 360°) with highest frequencies around the canonical
Fibonacci angle of 137.5°. At least four classes of divergence angles
were apparent but they were not unambiguously separated.
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e Short segments (i.e. sub-sequences) of non-canonical divergence angles
were identified along measured sequences and were more frequent in
the mutant. They seemed to follow constrained patterns, or motifs.

In particular, a motif corresponding approximately to (2a, —a, 2a) was
frequently observed in wild-type and even more often in mutants (see
Figure ). This motif, which was already observed in [2], can be simply
explained by a permutation of two consecutive organs on the stem,without
changing their angular positions. This led us to hypothesize that the seg-
ments of non-canonical angles could be explained by permutations involv-
ing 2 or even 3 organs (the most realistic numbers given the structure of
the SAM). Let us now formulate this idea in more precise terms.

An ideal sequence would simply be a repetition of the canonical angle,
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Fig. 1. Identification of M-shaped motifs corresponding to isolated 2-permutations.
The perturbed segments cannot be easily explained on the mutant individual.

of the form (a,q,...,a). Since we assume that permutations occur, all
terms in a sequence S = (p1, ..., ¢) of divergence angle will in fact verify
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pj € aZ* = {ia|i € Z,i # 0}. We define the corresponding absolute
angles as follows:

vo=0, v;= Zuj, V(S) = (Uo, ...,Ug), 1€ {0, ,6} (1)
j=1

From V we define a series containing the order of appearance of organs if
the first is 0. We name it order index series of S, denoted U(S), or simply
U = (ug,uq, ..., u¢) when S is clear from the context:

1 ( ), 0<i</{ h J i (2)

u; = —(v; —vy), <1< where =arg min v;.

7 o % J ng{O---Z} J
From the definition it is clear that if J > 0 then v; < 0 since vg =
0. This may occur when the sequence starts with permuted angles, a
fact related to the left truncation of observed sequence with respect to
complete sequences. If the sequence S follows a spiral phyllotaxis we have

ui =i, Vie{0,..,0}.

We call the sequence S n-admissible if a finite number of permutations,
applied to disjoint blocks of at most n successive organs, results in an
ordered sequence.

Definition 1. A sequence S = (1, ..., ) € (aZ*)! is n-admissible, for
some n € {1,...0}, if and only if its associated order index series U
satisfies:

Vie {1,260}, u; #i= 35,k {0,1,...0}, j<i<k, k—j+1<n,
(Wj, ..., u) is a permutation of (j, ..., k), i.e. their underlying sets are equal:
{u]‘, ceey uk} = {j, ceey ]{Z}

Such a (uj,...,uy), of length in {1,...,n}, is called a shuffled block.

Property 1. If S is n-admissible, then U is a permutation of (0,...,¢). In
general, the converse holds only for a certain n € {2,...,(}.
U is a permutation of (0,...,¢) <= 3n € {1,...,¢} s.t. S is n-admissible.

FEzample 1. The sequence S = (—a,2a, 3a, —a, —t, 3cr) is 3-admissible,
but not 2-admissible. Indeed, its absolute angles are V' = (0, —«, o, 4av, 3cv,
2a,5a). Hence vy = v; = —a, and U = (1,0,2,5,4,3,6). Then, (up,u1) =
(1,0) and (ug, us,us) = (5,4,3) are shuffled blocks of length at most 3,
and suffice to reconstruct the canonical sequence (0,1,2,3,4,5,6).

For n-admissible sequences, the p; only belong to a finite subset of aZ:
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Property 2. The divergence angles of an n-admissible sequence, take val-
ues in:
D, ={ia|(1-n)<i<(2n-—1), i #0}.

Proof. Let p; be a divergence angle in an n-admissible sequence, , we know
from Eq. ([[)-@) that u; = (u; — u;—1)c. In other words, note that, up to
the multiplicative constant «, S is the first-order differenced sequence of
U. There are four possible cases for u; 1 and u;:

1. Neither u;_; nor u; are in any shuffled block, so u;—; = (i — 1), u; =1
and p; = a.

2. u;_1 is in a shuffled block but u; is not in a shuffled block, so u; = 1,
and u;—1 € {(i —n),..., (i — 2)} then u; € {2¢,...,na}.

3. u;_1 is not in a shuffled block but w; is in a shuffled block, so u;_1 =
(t—1)and u; € {i +1,...,(¢ + n— 1)} then u; € {2a,...,na}.

4. Both w;_1 and w; are in a shuffled block.

— u;—1 and u; are in the same shuffled block so u;, u;—1 € {j, ..., (n +
j—1)}, for some j < i—1. Hence p; € {(1—n)a,...,(n—1)a}\{0}.
— u;—1 and wu; are in two different but chained shuffled blocks so
ui—1 € {(i = n),..., (0 —2)}, u; € {i+1,....,(0 + n — 1)} then
wi € {3a,...,(2n — 1)a}. 0

In general, the concatenation of two n-admissible sequences is not n-
admissible. However this can be true after translating only the first angle
of the second sequence. As we show now after two preliminary observa-
tions.

Proposition 1. Let S = (1, ..., ttg) be n-admissible and V(S) and U(S)
be the sequence of absolute angles and the order index series respectively.
Then J <n and 0 < —vy < na, where J is defined as in ().

Proof. First we prove that J < n. By construction of order index series
we know that uy = (v —vy)/a = 0.

If J = 0 then J < n. We suppose that J # 0, therefore u; # J and
by Definition [, 35,k € {0,1,...,¢}, j < J <k, k—j+1<n,u; =
0 € {uj..u} = {j...k}. Thus j =0, and k —j+1 =k + 1 < n. Hence
J <k <n.

Now we prove 0 < —v; < na. Since ug = —vy/a > 0 by definition, this
amounts to 0 < ug < n, in which only the second part remains to be
proved. It holds obviously for ug = 0. Otherwise, ug is part of a shuffled
block {u;...ur} = {j...k}, where j =0, and k < n, whence ug < n. O
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The order index series of two concatenated sequences does not always
begin with the order index series of the first sequence. However, this is
true if the first sequence is long enough.

Proposition 2. Let S = (u1, ..., i), P = (fit1, -, thivk)- If i > n, then
U(S) is subsequence of U(S - P) where S - P = (u1, ..., ti+r) denotes the
concatenation of S and P.

Proof. V(S) is subsequence of V(S - P). Therefore U(S) is a subsequence
of U(S-P) iff vy = vy where J and J' are defined as in Eq. @) for S and
S - P respectively. Since J < n,.J’ < n from Proposition [, the minimal
element of V and V' appears among their first n — 1 elements, which they
share if ¢ > n. O

Proposition 3. Let S = (u1,...,14i), i > n, and P = (it1, ..., thivk)- Let
U(S) = (ug, ...,u;) and U(P) = (ug, uy, ..., uy,) be the order index series of
S and P respectively. Suppose that S is n-admissible.

Then, the concatenated sequence S - P = (u1, ..., i) 18 n-admissible iff

P, = (,uiJrl—}—(ui—z')oz, [ito, ...,,ui_Hg) is n-admissible and uy, = 0. (3)

Proof. We use again the identity u; = o(u; — ui—1).

Let U =U(S-P) = (ug, .., ui+x) denote the order index series S- P. Since
from Proposition Blwe know that U(.S) is a subsequence of U(S- P), we can
easily show that U(S-P) = U(S)- (uy+1,u| +1, ..., uj, +1). From Property
M we know that {uo,...u;} = {0, ...,7}. Since S is n-admissible and uy = 0
then it is clear that S - P is n-admissible if and only if (w;y1, ..., ui1g) is
a permutation of (i + 1,...,7 + k) that can be decomposed into disjoint
shuffled blocks of length < n, or equivalently for (w41 —1, ..., u;1 —1) and
(1,...,k). In other words, S - P is n-admissible iff (ujt1 — 4, ..., uj1p — )
is the order index series of an n-admissible sequence. From the initial
remark, the divergence angle sequence leading to this order index series
can be written as

a(uiJrl — 4, (wit2 = ) = (Uip1 = ), oy (Wik — 7) — (i1 — i))
= a(ui+1 = Uy U2 — Wi 1, ooy Uitk — Uz‘+k—1),

where the multiplication by « is applied to each component. Then, the
same remark again shows that this sequence is exactly P|y,. a

It will be useful in the last section to scan sequences backwards. One
shall then rely on reversibility of the n-admissible property:
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Property 3. Let S = (uq, ..., t¢) be a sequence of divergence angles. S in
n-admissible iff the reversed sequence S’ = (g, ..., 1) is n-admissible.

Proof. Let U(S) = (up,u1, ..., ug) be the order index series of S, we know
that S = ((u1 — uo)ay, ..., (ug — up—1)a) and S" = ((ug — wp—1)a, ..., (ug —
ug)a). Moreover, V(S) and V (S’) obviously have the same minimum, say
vy. Then,

U(S") = (—vg, (ug — up_1) — vy, (ug — up_2) — v, ..., (ug — ug) — vy)
=ur—vy— (U(9)),

where (U(S))" = (ug, ..., up) is the reversed order index sequence of S. It
is clear that the latter can be decomposed into shuffled blocks of length
< n iff U(S) itself can. Since U(S’) is seen above to be a translation of
this reversed sequence it also shares this property. O

Property B defines the theoretical angles that may occur in an n-
admissible sequence, but the measured angles are never exactly in D,,
and could correspond to two or more of these theoretical angles. This
may lead to several n-admissible sequences. This will later be stored as a
suffix tree.

Definition 2. A labelled tree T = (V,E, L), where L : V — D, is called
an n-admissible tree if all leaves have a common depth £ € N, and every
path from the root to a leaf is labelled by an n-admissible sequence.

Let I' be a mapping that for each measured angle proposes candidate
theoretical angles among those in D,

I :[0,360°) — 20n (1)
z; > Cy = {1, fligs s s ik} C D

We also consider a function w : [0,360°) x D,, — [0,1] that returns a
confidence level w(x;, f1q) — typically a probability — for each (x;, 11q).

3 Detecting n-admissibility in Noisy Sequences

3.1 Problems

Given the I' function above, a set of measured angles will generate a
possibly high number of candidate sequences.

Problem 1. Let © = (z1,...,74) € [0,360°)" be measured angles, and C' =
Hle C; C D! where C; = I'(x;). The task is to find all n-admissible
S = (//JIMUQ,"'HUJK) in C.
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In order to deal with this problem we first need to know whether a
given sequence of divergence angles is n-admissible.

Problem 2. Given a sequence S of divergence angles, the task is to deter-
mine whether S is n-admissible.

The following is a straightforward observation which is a special case
of lemma 10.3 in [R]. It will be used to recognise n-admissible sequences.

Lemma 1. Let U be a permutation of {1,...,4}. Then for all1 <i < j <
C, {uj,...;up} = {Jg, ...k} iff min{u;, ..., up} = j and max{u;,...,u;} = k.

3.2 Algorithms

First we propose an algorithm to solve Problem B In order to use Lem-
mal[ll, it first checks whether {ug, ...,us} # {0,1,..., ¢} in linear time, using
a Parikh mapping [8]. Then, it determines whether an input sequence is
n-admissible by a single scan of the sequence from left to right. The time
complexity of the algorithm is O(¢) where £ is length of the input sequence.

n-admissible algorithm:
input: n, S # S: a sequence of length ¢ a priori composed of theoretical divergence angles
output: Boolean (true or false)
Begin
if So not in D,:
return False # since (pit1+(u; —i)a in Ply, in proposition @ could be not in D,
Construct the order index series U(S)
if {uo,...,ue} #90,1,....,4} : return False # using Parikh mapping
i:=0
while ¢ < /{:
if w; £ lo:=u;; up:=u;; j:=i+1
while true:
if j>{¢: return false
if j -1 >n - 1: return false
lo:=min(u;, lo); up:=max(u;, up)
if (lo = i) & (up = j): i:=j+1 ; break # (u,,...,u;) shuffled block
ji=j+t
else: i:=i+l
return true # the order index series U(S) can also be returned if needed
End

Remark 1. The notion of shuffled block can be seen as a special case of
interval [§], Ch. 10. However, because it is much more specific, existing
interval extraction algorithms would return invalid subsequences, whence
the need for a new algorithm as above.
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Now we can deal with Problem [l A naive algorithm would con-
struct all candidate sequences S = i, 42, ..., g, and then apply the
n-admissible algorithm . The number of candidate sequences equals
Hle |C;|, where the |C;| is the cardinality of C;. Since C; are typically
not singletons, |C| increases exponentially with ¢. Therefore we propose
a lookahead algorithm to explore the search space avoiding non necessary
paths, as sketched below. The source code is available for more details [I0].

n-admissible tree algorithm:
input: I', n, (z1,...,%¢) # a sequence of measured divergence angles of length £
output: n-admissible tree
# with nodes labelled by both divergence angles p; and order indices u;
Begin
T:= {root} ; w(root):= 0 ; wu(root):= 0
find:= false
while True:
nLeaves:= nonterminal_leaves(T) # leaves of depth < {
if nLeaves is empty: return T
for leaf in nLeaves:
d:=depth(leaf) ; m:=min(n, {—d);
for ke {l,...m}:
for P € I'(xat1) X ... X ['(Tayr):
Compute P|yeasy # cf. @), Proposition B
if n-admissible(P|y(eas)): 7# also returns p and u for nodes in P
append all nodes on P to leaf
End

Thanks to the use of Proposition Bl n-admissibility can be tested on sub-
sequences only. The time complexity of the n-admissible tree algorithm
increases exponentially with the lookahead limit n. When the returned
tree contains only one n-admissible sequence (as was generally the case in
practice), it is more precisely O(l x (k)™) where k = max(|C;]).

Proposition 4. Let us call A,(C) the set of n-admissible sequences in
C, and ©(T) the set of all (labels of ) paths in T, from the root to the
leaves. Then w(T') = A, (C), i.e. the tree built in the n-admissible tree
algorithm contains exactly the n-admissible sequences in C.

Proof. The inclusion n(T") C A,(C) is clear, since in the 2nd for loop
only paths which are n-admissible can be added, thanks to Proposition Bl
To see that the converse holds, it suffices to remark that given an n-
admissible sequence (p1, ..., ptg), one of the n subsequences

(15 ey fo—1)s  (f1sees pto—2) =+ (H1s ey fo—n)
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must be m-admissible as well, as follows from the definition. Because
all these subsequences are tested in the for loop, there cannot be an
n-admissible sequence that is not detected by the algorithm, and thus
m(T) D A, (C). O

Further Pruning.

In the case where A, (C) is large, one may use the weights w(z;, 1) to
sort the sequences according to a confidence level. Actually, to a given
path with labels p1, ..., ¢ in the computed n-admissible tree, one may
naturally assign the weight J[; w(x;, ;). Then, all paths in the tree can
be ordered according to their weight.

These weights can also be used to limit the size of the constructed tree,
by ruling out all candidate paths whose weight is below a certain threshold.
Since the weight of each node is lower than 1, the weight of a path can
only be lower than that of any of its subpaths. Hence, it is possible in the
for loop of the algorithm to prune not only the non admissible paths, but
also those having a weight below a threshold. This is how we have actually
implemented the algorithm, using posterior probabilities for weights, and
adding a threshold as an input to the algorithm, as explained in the next
section.

4 Results

4.1 Assignment of Measured Angles to Theoretical Angles

We have used the proposed algorithms to analyse the sequences of mea-
sured angles. The I' function was parametrised using a statistical model.
In a first step, a hidden Markov chain was estimated on the basis of the
pooled wild-type + mutant measured divergence angle sequences in order
to estimate an angle measurement uncertainty parameter; see more de-
tails in [9]. In this hidden Markov chain, the states of the non-observable
Markov chain represents “theoretical” divergence angles while the von
Mises observation distributions attached to each state of the non-obser-
vable Markov chain represents measurement uncertainty. The von Mises
distribution [7], also known as the circular Gaussian distribution, is a uni-
variate Gaussian-like periodic distribution for a variable z € [0,360°). Let
g (z; pg, k) denote the probability density function of the von Mises dis-
tribution, with parameters i, (mean direction) and & (concentration pa-
rameter). The main output of this first step of analysis was the estimated
common concentration parameter (inverse variance) k. This parameter
corresponds to a standard deviation of approximately o = 18° (for our
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Fig. 2. The estimated von Mises distributions used for the I" mapping.

set of measured angles). Using this standard deviation, the I mapping
@) for our data is defined as follows:

I(x;) = {pq € Dn | pg — po < 2 < pg + po'}

The intervals defined by parameters p and o correspond typically to
a cumulative probability of 0.9975 with respect to the angle distribution
centered at p,. For each possible theoretical angle of index g, the posterior
probability

g (xi; piq; k)
ZﬂreDn g (‘Tﬁ Mo ’%)

was calculated and compared with a predefined threshold (typical value
0.05) to decide whether this angle should be kept or rejected for the la-
belling of the sequence in the n-admissible tree algorithm. The im-
plicit underlying hypothesis was that the theoretical angles were a priori
equally probable.

w(z;,y) =

4.2 Interpretation on Our Dataset

We applied the modeling approach to our data set, see Figure B for an
example where the predicted divergence angle sequence is in close agree-
ment with the measured divergence angle sequence. For some sequences
however, there was no n-admissible sequence in C as defined in Problem [
This was often due to either some error in the measurement of divergence
angles, or to too large deviations between an observed angle and any pre-
dicted angle corresponding to a valid prediction. A single measured angle
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x; is non-explained, if no theoretical angle in I'(z;) leads to a non-empty
output of the n-admissible tree algorithm. Due to the dependencies in-
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Fig. 3. Mutant individual: prediction of the of divergence angle sequence (continuous
line) and labelling of the divergence angles within the permuted segments.

duced by the permutation patterns, the angle at which the algorithm fails
may in fact result from an isolated error, earlier in the sequence. Hence,
all shuffled blocks preceding a non-explained angle should be marked as
not valid. To achieve this goal, we define splitting points. The notion of
splitting point can be viewed as a deterministic analogue of a regeneration
point for a stochastic process. A regeneration point is a time instant at
which the future of the process depends only of its state at that instant
and is thus independent of its past before that instant. The process is thus
reborn at a regeneration point.

Definition 3. Let S be a sequence of divergence angles and U(S) be the
order index series of S, w; is a splitting point iff u; = i and wu; is not in a

shuffled block.

Using the notion of splitting point, we implemented a procedure which
was applied after the n-admissible tree algorithm. It consisted in a
backtracking starting at the non-explained angle and progressing towards
a splitting point. This allowed us to automatically invalidate blocks of
angles preceding a value at which the algorithm failed.

To refine this analysis, we used reversibility (Property Bl), and applied the
whole procedure to both measured sequences and their reverse. Then, the
intersection of angles invalidated on a sequence and its reverse, was often
reduced to a single angle. Moreover these angles were likely due to mea-
surement errors, typically the omission of one angle in the series, leading
to an isolated 2« in a sequence of canonical angles «, see Figure @l An
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expert investigation of these automatically detected subsequences enabled
us to find with increased accuracy those angles which were not explained
by our model. The proposed modeling approach allows to explain a very
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Fig. 4. Analysis of the sequence in both directions to detect segments that are invalid
with respect to the permutation assumption. The invalid segments are delimited by
dashed lines. The continuous line corresponds to the predicted divergence angles.

large proportion of the non-canonical divergence angles despite the rela-
tively high standard deviation (approx. 18°) of the estimated von Mises
distributions. This indicates that the proposed model correctly describes
the phyllotactic patterns of Arabidopsis thaliana. Wild-type plants were
characterized by relatively frequent occurrences of 2-permutations gener-
ally isolated while mutants were characterized by the frequent occurrences
of both 2- and 3-permutations whose succession generates highly complex
motifs, see Figure Bl for an example. A summary of the results is shown in
Table [Ml, with more precise counts of patterns in Table 21

The term Lucas phyllotaxis refers to a spiral phyllotaxis were the
canonical divergence angle « is 99.5°. Although rarer than the Fibonacci
spiral (oo = 137.5°), it is known to occur in nature, and was able to explain
two wild-type and two mutant sequences, for which 137.5° failed.
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Wild-type plant| Mutant
# sequences/# organs 82/2405 89/ 2815
% of non-canonical angles 15% 37%
% of unexplained angles 2% 5%
# individuals, Lucas phyllotaxis 2 2
# 2-permutations 123 297
# 3-permutations 3 53

Table 1. Summary of the permutation patterns observed in both wild type and mutant
plants.

organ order divergence angles wild-type mutant

2-permutation 213 2-1 2 90 193
3214 3-1-1 3 1 11
3-permutation 3124 3-2 1 2 1 9
2314 2 1-2 3 13
total 2 33
2 2-permutations 21435 2-1 3-1 2 16 32

Table 2. Permuted segments up to length 5. These segments are delimited by two split-
ting points. The divergence angle sequence is the first-order differenced organ sequence.
By convention, the origin of the organ sequence is 0 (not indicated).
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