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AD rewrites source programs to make them compute derivatives.
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identify with: f= feofpm10---0fi
name: ro= x and zx = fr(xr_1)
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y = f'(x).%
= f"(x).y

fp(xp—1). f{g 1($p 2)e... fi(xg). tangent AD
]/_*(:BO) p ]_(xp 2) f/*(ajp_]_)g Feverse AD

Evaluate both from right to left |



AD: Example

2>I<V1 + 5
Vo + P1* V3/Va



AD: Example

Vo = 2*V1—|—5
= V2 + p1*V3/Va
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The corresponding (fragment of) Jacobian is:
= Yy
f(x)=.. | ]
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Tangent AD keeps the structure of P:

g = flz)s = fglo(xp—l)‘f]g—l(xp—2)

Vo = 2*V1—|—5

Vg4 = Vg + p1*V3/Vy



Tangent AD keeps the structure of P:

Y = f,($)$ — fglo(xp—l)‘f]g—l(xp—2) """ f{(xo)x

\./'2 — 2*\.71

Vo = 2*V1—|—5

vy = Vox (1 —p1*vs/v3) + V3 Pp1/va
V4 = Va2 + P1*V3/Va

just inserts the products &5 = f.(xx—1) for k=1 to p.
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AD: Reverse i1s more tricky than Tangent

T = f"(z)y = fi"(@o)-... f;gtl(xp—2)-f;;*(xp—l)-g

time

p—1

Lp—2

Tp—1 = fp—1(Tp-2);

e (2y_g). Tp (Tp—1): v
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AD: Reverse i1s more tricky than Tangent
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AD: Reverse i1s more tricky than Tangent

T = f"(z)y = fi"(@o)-... f;tl($p—2).f;*($p—1).§

® = fi(z0); forward sweep

/%

p—l(xp—Q). f]/D* (xp—l).

Y — e
T = f1"(xo). backward sweep

Memory usage (“Tape”) is the bottleneck!
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Program fragment:

= 2>I<V1 —|— 5
= V2 + p1*V3/Va

< <
=~ N
|



AD: Continued Example

Program fragment:

< <
=~ N
|

— 2>I<V1 —|— 5
= Vg + p1*V3/Vy

Corresponding transposed Partial Jacobians:

f*(x) = ...

(1 2
0

\

)

L)

[ 1
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AD: Reverse mode on the example

Vo + Vax (1 —pq*vs/v3)
Vs + VaxPp1/va
0

\_’1 -+ 2*\_72
0



AD: Reverse mode on the example

Vo = 2>|<V1 + 5

V4 = V2 + P1*V3/Va

Vo = Vp + Vux(1—p1*vs/vi)
V3 = V3 + Vaxp1/va

vy = 0

\_/'1 \_’1 -+ 2*\_72

0



AD: Reverse mode on the example

PUSh(?}Q)

Vo = 2>|<V1 + 5

PUSh(U4)

V4 = V2 + P1*V3/Vy

Pop(v4)

Vo = Vo + Vga* (1 —pq*v3/va)
Vg = V3 + Vaxp1/va

vy = 0

Pop(v2)

\_/'1 = \_’1 -+ 2*\_72



AD: The Checkpointing tactic

A Storage/Recomputation tradeoff:
checkpoint fragment

“._
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AD: The Checkpointing tactic

A Storage/Recomputation tradeoff:
checkpoint fragment

“._

time
#
(:N
H-_##

L 3

TAPENADE does it on the Call Graph :

4
\T

E : origingl form of subroutine x
D : forward sweep of differentiated x

x| : adjoint sweep of differentiated x

JA)
t ' t ‘ ! take snapshot G ! USE snapshot
@ @ @ @ A 2 n-thlocal maximum of the stack



Tapenade: Internal Representation

Take profit of well-known techniques
from Compilation and Parallelization:

e Use a general abstract Imperative Language (IL)
e Represent programs as Call Graphs of Flow Graphs

e Store symbol declarations in nested Symbol Tables
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Tapenade Modes

normalize
tangent
multi-directional tangent

reverse
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Tapenade: Global Static Analyses on Flow Graphs

e forward (resp. backward) dependence wrt independent inputs (resp.
dependent inputs)

e classical IN-OUT analysis (e.g. for snapshots)

e specific for the reverse mode: "To Be Restored”, Adjoint Dead

Code
e data-dependency analysis to reorder instructions.

® . .. pointer analysis . ..

Usual restrictions: conservative assumptions, arrays . . .



Example: reduced snapshots

checkpoint after checkpoint

ﬂ._
Sl’lﬂpﬁhﬂt _b‘—_—l——_____.l_

AM———————

o—_——
i A———————

time

¥

Snapshot = IN(checkpoint) () OUT (checkpoint and after)
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Tapenade Differentiation model on examples

Control structures
Procedure calls and checkpointing
" To Be Restored” analysis

Instructions Reordering

Dead Adjoint Code

14



Control structures

original program

Tapenade reverse: fwd sweep

SUBROUTINE Si(a, n, x)

DO i=2,n,7

IF (a(i).GT.1.0) THEN

a(i) = LOG(a(i)) + a(i-1)

IF (a(i).LT.0.0) a(i)=2*a(i)
END IF
ENDDO

DO i=2,n,7
IF (a(i).GT.1.0) THEN
CALL PUSHREAL4(a(i))
a(i) = LOG(a(i))+a(i-1)
IF (a(i).LT.0.0) THEN
CALL PUSHREAL4(a(i))
a(i) = 2xa(i)
CALL PUSHINTEGERA4(3)
EISE ...

Tapenade tangent

Tapenade reverse: bwd sweep

SUBROUTINE S1_D(a, ad, n, x)

DO i=2,n,7
IF (a(i).GT.1.0) THEN
ad(i)=ad(i)/a(i)+ad(i-1)
a(i) = LOG(a(i)) + a(i-1)
IF (a(i).LT.0.0) THEN
ad(i) = 2*xad(i)
a(i) = 2%a(i)

TN T

CALL POPINTEGER4(adTo)
DO i=adTo,2,-7
CALL POPINTEGER4 (branch)
IF (branch .GE. 2) THEN
IF (branch .GE. 3) THEN
CALL POPREAL4(a(i))
ab(i) = 2x%ab(i)
END IF
CALL POPREAL4(a(i))

ATl =21 — A= 1Y L A=)
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Procedure calls and checkpointing

original program

Tapenade reverse: fwd sweep

X = X*%*3
CALL SUB(a, x, 1.5, z)
X = XXy

CALL PUSHREAL4 (x)

X = X*¥%*3

CALL PUSHREAL4(x)

CALL SUB(a, x, 1.5, z)
X = X*y

Tapenade tangent

Tapenade reverse: bwd sweep

xd = 3*kx**k2%xxd

X = X**3

CALL SUB_D(a, ad, x, xd,
1.5, 0.0, z)

xd = y*xd

X = X%y

xb = y*xb

CALL POPREALA4 (x)

CALL SUB_B(a, ab, x, xb,
1.5, arg2b, z)

CALL POPREALA4 (x)

xb = 3*%xxX**x2%*xb
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" To Be Restored” analysis

original program

reverse mode:
naive bwd sweep

reverse mode:

bwd sweep with TBR

x = x + EXP(a)
y = X + ax*2
a = 3%z

CALL
zb =
ab =
CALL

POPREAL4 (a)

zb + 3xab

0.0
POPREAL4 (y)

ab + 2*axyb

xb + yb

0.0
POPREAL4 (x)

ab + EXP(a)*xb

CALL
zb =
ab =
ab =
xb =
yb =
ab =

POPREAL4 (a)

zb + 3*ab

0.0

ab + 2*axyb

xb + yb

0.0

ab + EXP(a)*xb
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Instructions Reordering

original program

reverse mode:
backward sweep

Tapenade reverse:
non-incremental

with TBR backward sweep
x = x + EXP(a) CALL POPREAL4(a) CALL POPREAL4(a)
y = X + ax*2 zb = zb + 3*ab zb = zb + 3*ab
a = 3%z ab = 0.0 xb = xb + yb
ab = ab + 2*ax*yb ab = 2*xa*xyb+EXP(a)*xb
xb = xb + yb yb = 0.0
yb = 0.0
ab = ab + EXP(a)*xb

18
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Dead Adjoint Code

original program

reverse mode:

Tapenade reverse:
ajd. dead code removed

IF (a.GT.0.0) THEN

a = L0OG(a)
ELSE

a = L0G(c)

CALL SUB(a)
ENDIF
END

IF (a .GT. 0.0) THEN
CALL PUSHREAL4(a)
a = L0G(a)
CALL POPREALA4(a)
ab = ab/a

ELSE
a = LOG(c)
CALL PUSHREAL4(a)
CALL SUB(a)
CALL POPREAL4(a)
CALL SUB_B(a, ab)
cb = ¢cb + ab/c
ab = 0.0

END IF

IF (a .GT. 0.0) THEN

ab = ab/a
ELSE
a = LOG(c)

CALL SUB_B(a, ab)
cb = cb + ab/c
ab = 0.0

END IF




Tapenade: an AD tool on the web

= (Differentiation result -mMozilla

ey

File Edit Yiew Go Bookmarks Tools Mfindow Help

Back = Forward  Reload Stop
il “%Home | w¥Bookmarks # Internet cflLookup CfMNewsCool

R | £ hitpiitapenade.inriafmB0s0/tapenade/result.himl

~ == Search| =

Retry with the same files |

Diownload differentiated Tile |

Original call graph

Differentiated call graph

B ady Ll = T = By B = B
B aub2 F maxx d-w
= =ubl = =ubl. g
= max -1  zubZ d-w
= = =(IL] = % = u + =
AT, . TER MaHH DViz, =d, t, td, =)
EEAL By oug = B o= 0.0

4|

|

i il ~F B3] @ | Document Done (0.11 secs)

BEEAE mila.,. 38 SUBl_DWV(u, ud, M=(i), =401
ietel i nd=1,nkdirs
s INTEGEER 1, M&HH tdind) = tdind)l + = * m=dind,
: EEAT W
= | A4 E om= ok TheesrE BT F same Hhee 3 OF aws
= 0.0
i =5 { = &
1 xEIY o= mm Fem ak B SUBZ DV (u, ud, M=x(31, =d(1
il z2 = {lMAXX(Z: t] nd=1 ,nkdirs
u = 0.0 tdind) = tdind) + = * xmdind,
SUBL (1, ilx(i), =, W)
t = & Y v om o 3% W _ £ i= e Sl F = oA B F i
w o= 0.0 nd=1 , nkdirs=
i = & zd(nd) = 0.0
SUBZ (1, élx(B), =, W s
4| I L‘ | | C
2 adij: undeclared external routine: maxx =
32 adij: Return tyvpe of maxx set b implicit rule to INTEGER
d adi: argument tvpe mismatoeh in call of subl EEALI(D: &)1 expected receives {J
5 adij: argument tvpe mismatch in call of s=ubZ EEREALI(D:12) expected receives
& maxx: Tool: Please provide a differentiated function for unit maxx for argl_

»

=]

e Servlet on http://www-sop.inria.fr/tropics or batch

e Uploads your Files and Includes

e Displays results and messages with links to source
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Conclusion and future work

Tapenade now 3 years old.

Several applications on industrial and academic codes:

Aeronautics, Hydrology, Chemistry, Biology, Agronomy...

Future developments:

e In progress: FORTRANO5, and then C (= pointers!)

e User Directives: active I-O, checkpoints, special loops

e Validity domain for derivatives
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