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Nonlinear constrained functional

The problem

@ Given a computer program computing a functiopia) = J(c, W(c)) we want,
applying asource-to-source programme differentiation software, viz.
TAPENADE, to get a computer program computing the seconaldres

d?j
gz = (Hi)
o W(c) is solution of the state equatid¥(c, W) =0
oW owaw _
dc oW dc

o W obtained byexplicit or implicit pseudo-time advancing techniques
o ceR"andW e RN withn< N

We assume that the solutid¥(c) is not time-dependent (steady-state solution)
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Why we need Hessian?

Perturbative methods for uncertainty propagation (Taglgansion-based)
@ Method of Moments

Hj = (He) + ZHHG.
o NZquz ZZH”‘O' i

@ “Inexpensive Monte Carlo” methods of M.Giles.

o

Robust optimization

o Gradient-based methods #*“S(c) = j(c) + £|| & ||
o Gradient-free methods f¢i°Us{c) = j(c) + 5 3; Hii0?
o Gradient-free methods f¢i**"{c) = j(c) + ka?

Adjoint-corrected functionals

o Gradient-based methods fi5P""(c) = j(c) — (Wex(c, W), Mo)



Flow solver: basic algorithm

-

i=i+1

N

Compute¥' = W(c,W")

l

ComputedW' = F(W) (implicit or explicit)| f uncti onal (j, c)

False

l

‘ UpdateW+1 = Wi + Wi ‘

|

\

| Test/|oW[| <& |

True

‘ Computg = J(c, W) ‘ /
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Differentiability/Differentiation modes

For a givene > 0
Functionalj is only piecewise differentiable. Values of st&tedepend on initial

conditions of solution algorithm, in a similar manner to tezsly system.

Assuminge =0

Functionalj is differentiable. Values of stat&/ do not depend on initial conditions
of solution algorithm (if convergent).

o

Direct/Tangent mode

o Differentiated code computggc).dc
@ Computational cost factooT ~ 4
@ Does not store intermediate variables

Backward/Reverse mode

o Differentiated code computég(x))*.dj
o Computational cost factoor ~ 5

@ Stores intermediate variables



Flow solver: basic algorithm

Initialize ¢, WP

Compute¥' = W(c,W")

functional (j, c)

| Test/|oW[| <& |

True

‘ Computg = J(c, W) ‘
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Flow solver: basic algorithm

st/ate(psi,C,W)
T l 4 N

I=1+1 } Computew’ = W(c,W)

[
!
v
ComputedW' = F(W") (implicit or explicit)

l

‘ UpdateW+1 = Wi + Wi ‘

l

False f rest|jow|| < ¢ |

/

True

‘Computesz(c,W”)‘ %func(j,c,w)
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Non-differentiated matrix-free iterative solver

o \We use iterative methods to solé& = b

o Loop of matrix-by-vector multiplications

@ Re-engineering of preconditioner

@ To compute matrix-by-vector multiplication:

o if A= (gTq\j) we usebackwardmode:st at e_dw_b

X
state dw b( psi,psib,& W wh )
W

(A
ow
. ovy .
o if A= AW we usedirectmode:st at e_dw_d

X
state dw d( psi, psid ,&W.wd)
v/ ow

X

oW
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First Derivatives: basic Tangent algorithm

HSoIveLIJ(c,W) — OH

Solvea—we = _d_LIJC %sol ve_matrixfree_tan

oW Jc
T
0J
Computeme
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First-order derivative: Tangent Mode

st at e( psi ,cl ,W)

cwW
state_d( psi,psid ,g,cd ,\v/vv,vvd)
Y oy

o Inputvariablesc =c,w =W,cd =¢,wd =W

; . . : ow\ . ow\ ..
o Output variablespsi =W, psid =W = (%>c+ (WV)W
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First-order derivative: Tangent Mode

func(j ,é ,W

¢ W
func_d(j | d.&.cd Wwd)
J ]

o Inputvariablesc =c,w =W,cd =¢,wd =W

. : : - 2J\ . aJ\..
@ Outputvariablesj =J,jd =J= (%)CJr (WV)W
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First Derivative: Reverse algorithm

HSoIveLIJ(c,W) — oH

i
ov\" 0J\" .
Solve(aTv> n= <0TV> %sol ve_matrixfree_tan

@) - (&) (%)
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First-order derivative: Reverse Mode

func(j .¢ W)
|
J
func_b(j ,jb,c ,ch ,W,V\@)
cC W

o Inputvariablesc =c,w =W ,jb =J
o Output variablesj =J,
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First-order derivative: Reverse Mode

st at e( psi ,cl ,W

W
state_b( psi psi b,&.ch.wwb)
P c'w

o Inputvariablest =c,w =W ,psi b =¥
o Output variablespsi =W,
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Second derivative: Tangent-on-Tangent approach

d?j

dode. ~ —N§DAW +D3J

with Mg solution of the adjoint system
ow\ " aJ
(ow) "= (5

0J J (dJ d (dJ 0 aJ
0 [0V a (oW Jd (oW J [oV¥
2w (22 (7T 2 (Zr A
Dix ac(aca)e‘+0w<aca>9k+aw( ce‘>9'+aw(aw9'>9k

W . .
where6 = @ is the solution of the system
K

ovaw _ a¥
dWdc,  dc
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Second Derivatives: basic ToT algorithm

Solve¥(c,W) =0
i

Y

ow\ " 2J\" . .
Solve<m> n= (WV) %sol ve_matri xfree_adj

i=1....n Initialize g

‘ Solveawa— o I trixf t
‘ oW = aca solve_matri xfree_tan
i=1....n
k=i,...,n
func_d_dH ComputeDﬁkJ H H ComputeDﬁklIJ Hstat e_d_d
| Computed—zsz-z J—M*DAW
‘ dCide I,k ik
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Second derivative: Tangent-on-Tangent Mode

state_d( psi,psid ,cl ,cd ,W,M)
|

& € & 6
state_d_d( psi,psid,psidd 7cc,cd0 ,cd ,W,de ,vvclj)
P g

v g

@ Inputvariablesc =c¢,cd =g,w =W,wd =6 ,cd0 =¢e,wd0 = 6

: . , ; ow ow
@ Output variablespsi =W, psid =W = <E>a+ (WV)G'
, 0 (0¥ 0 (d¥ 0 (d¥ o (0¥
psi dd = 2 (Fae)ot o (502 %+ (5% )0+ v 5w &
=DAQW
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Second derivative: Tangent-on-Tangent Mode

func_d(j,jd.c.cdvwwd)
i

& 6 & 6
func_d_d(j.jd,dd.¢.cdo.cd Wudd wd)
J J J

@ Inputvariablesc =c¢,cd =g,w =W,wd =6 ,cd0 =¢e,wd0 = 6

. : . - aJ aJ
@ Outputvariablesj =J,jd =J= <%)3+ <WV>9'

. Jd (0dJ d (0dJ d (0dJ Jd (dJ
jdd = %(%Q)@‘Fm(%a)ek"f'm(%ex)a+0TV<WV9|>9k

= DA J
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Second derivative: Tangent-on-Reverse

O (A (0 9 (9, 9 (03\,,
g \ac) ~\acz)® aclac) @ awl\ac)
o [[oW\" a ow\ " AN
~52|(5) Mol -w (5e) ™o (52) »
with Mg solution of the adjoint system
MW (Y
oW \aw
6 and); solution of the systems

oW, ¥
oW~ 3¢t

0_LP */\-—i ﬂ ’ _|_i ﬂ *9+
aw ) "~ aclaw ) T awlaw ) “
0 oW\ " 0 oW\ "
‘EEKEW)”JQ‘aNKEW)”4a
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Second Derivatives: basic ToR algorithm

HSoIveLIJ(c,W) = OH

Y

ow\ " 2J\" . .
Solve<m> n= (WV) %sol ve_matri xfree_adj

i=1....n Initialize g

Solvea—wa——a—qJ I trixf t
oW = aca solve_matri xfree_tan
T T
f unc_b_dH Computejc, jw H HCompute\FC, LI_JWH state b d
T T
AN = = . .
Solve| — | A =Jdw—YWw sol ve_matri xfree_adj
ow
i
o [(dj\" = =~ ow\”
L ¢ t 9) 3w _((Z5) A state_dc_b
ompuea—ci< c c c <dc> [
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Second derivative: Tangent-on-Reverse Mode

state_b( psi ,psi b,cl ,cf ,W,mtf)

. Mo ¢ & w 6
state b _d( psi,psib,c,cd, <cb ,chd wwd, wb wod )
W oW\"_  cy oW\ ' Wy
(%) (o) ™o
@ Inputvariablespsi b =MNg,¢c =c,w =W, cd =g,wd = 9
@ Output variablespsi =W¥,cb = o'?_LIJ *I‘I wh = 0_W n
p p - 1 - ac 0 - dW 0

chd = Gy, whd =Wy

. 0 AN 0 oW\ *
‘*“:a—c[(%) ”O}HMK%) ”49'
. 17 oV d oW\ *
W“’:%[(Wv) " ]“Wv[(m) ”0]9'
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Second derivative: Tangent-on-Reverse Mode

func_b(j jb.c eb ,vlv,mim

1.0
b

5] 6
func_b d(j,jb.c oo
J

,cd, cb ,cbhd,wwd, wb *,V\/gd)

93\" @ 93\ W,
Jc oW

@ Inputvariablesj b =1.0,c =c,w=W,cd =g,wd =6
o Output variablesj =j,cb = (ﬂ) W = ( 0J> ,cbd =¢j,

A ac EXY,
wbhd =W,

£ 0 (23Y,, 0 (33

9= ac\ac) T awlac)

— 9 (33N 9 [aI\

WJZ%(WV) a*m(m) ¢
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Full Hessian: ToT vs. ToR

- oW\" 23 \"
@ Adjoint state(m) n= (WV)
ovadw  o¥

@ nlinear system to solver— — = ———
Y W dc; dc S

Specific part
o \We assume unitary cost for a single residual evalugtiory W)

. n(n+1
@ ToT: computation oDZ W andD?J = %a% (l<ar<4)

o e
@ ToR: n(adjoint) linear system to solve<va) A =Jdw— WPw

= N(Nier+a7)or (1< ar<5)

20R(Niter + OT)

2
ot

Use ToT whenn <
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Application to a 3D-Euler software

o)

ETAVRNIN i
e T
s N
DR O i NIV

o Upwind vertex-centered finite-volume
o Implicit pseudo-time advancing with first-order Jacobian
o F77
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Building the reduced quadratic model

Nonlinear simulations Taylor 1st order¢=2.0, M=0.83)
Drag Drag
0.09 0.09
0.085 0.085
0.09 0.08 0.09 0.08
Og’ig 0075 Og’ig 0075
0.075 007 0.075 007
0.07 0.065 0.07 0.065
0.065 006 0.065 006
0.06 0.055 0.06 0.055
0055 005 0055 005
0.05 0.045 005 0.045
0.045 0.045
0.78 0.7%
Angle of attack f attack
Taylor 2nd order¢=2.0, M=0.83) Relative Difference: Nonlinear vs. Taylor 2nd order
Drag Relative difference (%)
000 3
0.085
0.00 008 3
"n"gz 0075 2
0.075 gg;s 1
0.07
0.065 0.06 o
0.06 0.055 -1
0.055 0.05
005 0.045 2
0.045 -3

Angle of attack
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Concluding remarks

Synthesis: non-black-box AD application
@ Optimum use of modern iterative solvers.
@ Avoid managing useless storage or recomputing in backwaiem
o First and second derivative architecture well identified.
o Validated by experiments.

>

o TAPENADE further improvements.

@ Functional involved in robust optimisation and their geads.
o Pathologies in relation with discontinuities.

o \ery large instationary state systems.
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