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Optimal Design Scenario

eProblem:
Min f(y,u) st c(y,u) =0

where y € R™ and u € R are state and design variables

eAvailable: »
Code for f(y,u) and G(y,u) ~ y — [+e(y, )] clyu)

eAssumption:
G, feC*R™™) and [ =Gy,u)l <p<1

eNotation:
N(y,y,u) = f(y,u) +y Gy, u) = Lagrangian + yy,
where the Lagrangian is formed w.r.t. ¢(y, u) = G(y,u) —y = 0.
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Single-step-one-shot = Piggy-Back Approach : 8% Linear Convergence Result

1Gy(y,u) = Gy(g,u)|l < viy —gll > Ify(y,u) = f,(7,u)]l

um
wuMg,
Iyprs®

Y41 = G(yx, ug) — primal feasibility at y. =
/Ayl < o > Tmd/[[Ag]
U1 = Ny(yr, Ui, ui,) — dual feasibility at 7. for Ay =yp —y(v) ,  Ayr =y, —yl(u)

U1 = U — H{lNu(y]\v7 Uk ’UJ,) — optimality at u,
Proof: Based on monotonic reduction of

. - Ayl + w|| Ay
where N, = 5y G, + f, ~ reduced gradient 1AYell + Wil Ag
) . . for w small enough.
and H;, is a suitable preconditioner
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Questions/Tasks for Piggy-Back: %
ONERA M6 Wing
10 i} (mesh: 192x32x48 cells)

eAvoid data objects larger than dim(y) - dim(u)

s MACH 0.840
10t B ALPHA 3.1294

FLOWer, multigrid calculation
B ) 10°k (sym V-cycles on 3 mesh levels)
eAnalyse convergence of y;. and y,. for fixed u green: primal solution

red: adjoint solution

ERUME N\~
3 ~
eDetermine preconditioner H, for fast local convergence 8 oL
10° - \a\
eEvaluate/approximate H by differentiation or updating YN\~
10M - A
eGlobalize by tradeoff between feasibility and optimality. 10 b

cycle
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Question: Do || Ay, | and || Ay,|| converge equally fast?? convergence history

"seb—adj_.étate" *
"adjoint_state" |
"direct._state"

Answer: NO — Adjoints lag behind because:

(G, f) e C*, N7, y,u) = yG(y,u) + fy,u) 6 | ey, "original_state" © |
— O eyl
r j E 8F i 1
AYpy, G, 0 Ayp, - s 8r 0 ey

il — : O (I1Aw112 Aglly 2 Ty
AGi; N,, GTl |Ag + O (1Agl* + 12 q‘% a0f e ]
= provided G, =TI'T"', D = diag(T"BT) ‘Z—” © T
(c, o] o0 a4} ]
Nyy Gf DTt TV -16 ‘ ]

-18 I I I I I I I
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= A7l & g0 Al + &1 A = 1Ayl /1 Agill~ 1/k — 0.

iterations k
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Consequence . @
error comparison peet
L . 350 — ‘
Adjoints ¢, and reduced gradient "sec-adj_original" -
N "adjoint_original"
= - df (y(u), u) 300 r N "direct_original" = A
U, = Nu(Uo Yoo ur)  —— T du y
k U 250 N 1
lag behind primal feasibility like kl For fixed « also 2 500 J
I I N ]
U1 = Gk, Ur, 1) = Gy(yr, ur)yn + Gulzy, w)i 2 150 | |
5 h
and . 100 | |
U1 = G, Urs U Ui, 4, 1) = UGy (Y, 1).... .
. ) ++++ ++++++M++++ M
converge, but lag behind according to S0 i
. S 2 ¢ 1 1 1 1 1 1 1
1AG]|~ Kl Ayell and (| Ayk[l~ B[ Ayl 0

0 500 1000 1500 2000 2500 3000 3500 4000
iterations k
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eTest Problerrll:

flyu) =3 [ (wa(€, 1) — 2.2 + o (u(€)’ +/(€)
Agy(z) +e'™ =0 forz € [0,1]?

=
=
Iy

ePeriodic boundary condition
y(0,) =y(1,§) forg €10,1]

eDirichlet condition on lower edge
y(£,0) =sin(2rg)  for & €0, 1]

eBoundary control on upper edge

y(&1) =u(§) forg € [0,1]

elteration Function

G = (nonlinear) Jacobi-method on 5 points descretization.
AD Workshop 2005, Nice, April 16 12 Anm

) _ G, 0 G
()<?/1~-+17 Yk+1, Uk+1) N' a7 N
Yk Yry k) - P -
-H"N,, —H'G, I—-H "Ny,

has at (y., 7., u.) as eigenvalues A the roots of

P(\) =det [H(A)+ (A —1)H]

where

H()) [ZN), 1) VPN (2 1)
ZWN' = =GHGI-A)T

Rows of [Z(\)T, I] span tangent space of {G(y, u) = \y}
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Contractivity in convex case

A<l <« H > 0 ie Hpos.def.
A>-1 = H » H(-1)/2

Numerical experience on test problem above:

Reduced Hessian H = H(1) = Immediate Blow-up

Projected Hessian H = H(—1) = Full-step Convergence

AD Workshop 2005, Nice, April 16 14 Andreas Griewank, Nicol asfgauger, Jon Riehme, HU Berin

DFG ResesrchCenter MATHEOW
Mathemtcs for ke oo

2y +
(TN

3490 -2762 -1.11 -0.38 —0.15 —0.07 -0.06 —0.07 -0.15 —0.38 —1.11
-27.62 5890 -27.62 -1.11 -0.38 015 -0.07 -0.06 -0.07 -0.15 —0.38
—-1.11 -27.62 5890 -27.62 —-1.11 -0.38 —-0.15 —0.07 -0.06 —0.07 —0.15
-0.38 —-1.11 -27.62 5890 -27.62 -1.11 038 —0.15 —0.07 -0.06 —0.07
-0.15 038 —1.11 -27.62 5890 -27.62 -111 038 -0.15 —0.07 -0.06
-0.07 -0.15 -0.38 —1.11 -27.62 5890 -27.62 —1.11 —-0.38 —0.15 —0.07
-0.06 —-0.07 -0.15 -0.38 —1.11 -27.62 58.90 -27.62 —1.11 -0.38 —0.15
-0.07 -0.06 -0.07 -0.15 -0.38 —1.11 -27.62 5890 -27.62 —1.11 —0.38
-0.15 -0.07 -0.06 -0.07 -0.15 -0.38 —1.11 -27.62 58.90 -27.62 —1.11
-0.38 -0.15 -0.07 -0.06 -0.07 -0.15 —0.38 —1.11 -27.62 5890 —27.62
-1 -0.38 -0.15 -0.07 -0.06 -0.07 -0.15 -0.38 —111 -27.62  58.90
-3.62 -111 -038 -0.15 -0.07 -0.06 -0.07 -0.15 -0.38 —1.11 -27.62

69.81 —33.54 482 281 1.88 —1.46
—33.54 93.81 —33.54 482 2381 1.88
4.82 —-33.54 9381 -33.54 482 -281
—2.81 4.82 —33.54 93.81 —33.54 4.82
1.88 —2.81 4.82 —33.54 93.81 —33.54
—1.46 1.88 281 4.82 —33.54 93.81
1.34  —1.46 1.88 —2.81 4.82 —33.54
—1.46 134 —1.46 1.88 —281 4.82
1.88 —1.46 1.34  —1.46 1.88 —2.81
—2.81 1.88 —1.46 134 —1.46 1.88
482 281 1.88 —1.46 1.34  —1.46

L —9.54 482 281 1.88 —1.46 1.34

—1.46 1.88 —2381 482 —9.54
1.34  —1.46 1.88 —2.81 4.82
—1.46 1.34  —1.46 1.88 —2.81
1.88 —1.46 134 —1.46 1.88
—2.81 1.88 —1.46 1.34  —1.46
482 281 1.88 —1.46 1.34
—33.54 4.82 -281 1.88 —1.46
93.81 —33.54 482 -281 1.88
—33.54  93.81 —-33.54 482 2381
4.82 —33.54 9381 -33.54 4.82
—2.81 4.82 —33.54  93.81 —33.54

1.88 —2.81 4.82 -33.54  69.81 |

AD Workshop 2005, Nice, AprT 16 15 Andreas Griewank, Nicolas Galiger, Jan Riehme, HU Bermin



convergence history

Implicit calculation of H(\) by additional iterations:

4 “function” Zsr = |Gy, ur) Zi + Gulys, we)l/ A
2T , "reduced_grad" i
R ++*+++ i — dy. 7 (1 — dy. (1) — dus
= 0™ Z.(1) =, zZ.(1) = & H.(1) = 9=
g a2t
{3 _ _
é -4 + T 1 Zer = [Gy(yr wr)" Zi + Ny (Y, e wr) Zie + Ny (Y i )]/ A
% ** *: * *ﬁm*
£ 51 . ]
8 ) M Hk+l = ZI\‘Gu(yk‘a uk) + ]\/vu,y<yka Yy uk>Zk' + ]\71171(91\‘7 Yy ukt)
-10 L L L * L
0 500 1000~ 1500 ~ 2000 2500 3000 Convergence with contractive factor |G, ||/|A| = o/|Al.
iterations k
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. Tentative explanation:
convergence history
2 T :
"sec-adj_.state" - Z(1) = (I-Gy'aG,
"direct._state" i is rich in monotonic modes, i.e. eigenvectors with eigenvalues close to 1.
"original_state" o
- ] Z(-1) = (I +G,)"'G,
E 5 ,
2 " DDDdej ttbau T is rich in alternating modes, i.e. eigenvectors with eigenvalues close to —1.
5 ﬁ%ﬁ Wﬁfdj Y It makes sense that the curvature of the Lagrangian with respect to the
2 * TR ﬁm* alternting modes is more critical than that with respect to the monotonic
“ xk modes.
If all eigenvalues of G, were real the alternating modes could be eliminated
| by considering one double step
2 ‘ ‘ ‘ ‘ ‘ G(y.u) = G(Gly,u),u))
0 500 1000 1500 2000 2500 3000 T i

iterations k as a single iteration. The resulting H(—1) would be much smaller.

Working Hypothesis: Interesting iterations have complex eigenvalues.
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Implementation at the Software Level:

User supplied routine

i nput : where:
step(, J, z 1) z=G(uy)
1
out put : f=f(u,y)

Basic Iteration:
init(u,z); y=0

while(|ly — z|| > 0)

y=z
step(u,y,z,f)
use(z,f)
AAD WOTKShop 2005, NICE, AP 10 20 Andreas Grienank, Nicolas Galiger, Jan Rienme, U Bermn

© O 1
bStep(bft, u, by, y, bz, % bf, f)
i f
with: bu = Guly,w)"bz+ [.(y,u)"bf
by = Gyly,u)"bz+ f,(y,u)"bf

Coupled basic and adjoint Iteration:
init(u, z,by);y = 0;bz =0

while(||z — y|| + [|by — bz

| >0)
y=2zbz=0by;bu=0by =0,bf =1
bstep(bu, u, by, y, bz, z,0f, f)

use(z, f, bu, by)
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One more differentiation in forward mode yields:.

(0) |k (0) (‘())l () I | l
dbStep(bfl7 u, du, (//J)'ll, by, y, dy, dby, bz, ,f, dlz, dbz,bf, fdf)
1 ! Ll

Coupled basic with first and second adjoint :

init(u, z, by, dz, dby); y = 0;bz =0;dby =0

while(||z — y|| + ||by — bz|| + ||dz — dy|| + ||dby — dbz|
y=2zbz="0by, by =0;bu=0;dbu = 0;dby =0
dy = dz/\, dbz = dby/ A
dbstep(bu, u, du, dbu, by, y, dy, dby, bz, z,dz, dbz, b f, fdf)

> 0)

use(z, f, bu, by, dbu, dby)
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Simplified Implementation: % B

User supplied routine

Basic lteration:

i nput : where:
step(i, y1... 49, f) yl...y9=G(u,yl...y9)
1
out put : f=f(u,y)
init(u)
while(?777)

step(u,yl...y9,f)

use(f)
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Simplified reverse mode:

(0) !
bstep(b, b, byl .. by9,yl ... y9,bf, f)
1

Coupled basic and adjoint Iteration:

init(w);
while(???)do
bu=0bf=1

bstep(bu, u, byl ... by9,y1...y9,bf, f)

use(f, bu)

Same structure for second order adjoints = preconditioners.
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AD Workshop 2005, Nice, April 16 24

DG Resesrch Conter MATHEON
hematcsfor ey tchncogie

0.3

mean line --
wing —%—

discritisation ~ *
flow --------

0.2

0.1

K

B e

; ,%7,,*«;.—%:'%7'

-0.3

0.4 0.6 0.8 1 12 14 16

AD Workshop 2005, Nice, April 16 25 Andreas Griewank, Nicolas Galiger, Jan Riehme, HU Bern

DFG ResesrchCenter MATHEON
Mathematcs for ke ecmologies

oM
wUMy,

“un
TN,
\ 0

B o
Upprst

1000 T T
« residuum  +
100 max{ub; - ub; 1}
max{H; - H;} %
10
1
0.1
0.01
0.001
0.0001
1e-05
1e-06
1e-07 L L L
0 100 200 300 400 500 600 700 800 900
AD Workshop 2005, Nice, April 16 26 Andreas Griewank, Nicol asfgauger, Jon Riehme, HU Berin
OFGBesearhGemer MK

2, <
Cpprrt

rho: cos
u: cos .
V: cos ]
p: cos E
rho: L2 0
<10
u: L2 E
viL2 ]
p: L2 ]
= -1
il E
x ol el T = g
£ 1 Ry
<@ 1 7]
> Q
c H10% ¢
8 E &
7] 1 -
o ]
© .
-10°
| 10"
25 50 75 100
Iteration
AD Workshop 2005, Nice, April 16 27 Andreas Griewank, Nicolas GaLiger, Jan rRiehme, HU Bermin



Summary and Conclusion

o Sensitivities “easily” obtainable from fixed point solver
o Storage requirement does not grow with iteration number

e Derivatives converge also linearly but lag a little behind

e Reduced Hessian no good preconditioner for single step piggy-backing
o Optimal substep sequence and preconditioning depends on spectrum(G,)

o Preconditioning cost reducable to ~ simulation step ????
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