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Abstract

A review on multirate methods is proposed. This starts from Rice’s pioneering work on
first order differential equations [1] to recent works dealing with hyperbolic conservation laws
[16, 17, 18, 20].
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1 Introduction

For the solution of EDOs or EDPs, explicit integration schemes are still often used because
of the accuracy they can provide and their simplicity of implementation. Nevertheless, these
schemes can prove to be very expensive in some situations, for example stiff EDOs whose
solution components exhibit different time scales, system of non-stiff EDOs characterized
by different activity levels (fast/slow), or EDPs discretized on computational grids with
very small elements. In order to overcome this efficiency problem, different strategies were
developped, first in the field of EDOs, in order to propose an interesting alternative:

e Multi-method shemes: for systems of EDOs containing both non-stiff and stiff parts,
an explicit scheme is used for the non-stiff subsystem and an implicit method for the
stiff one [2, 3, 4].

e Multi-order schemes: for non-stiff system of ODEs, the same explicit method and step
size are used, but the order of the method is selected according to the activity level
(fast/slow) of the considered subsystem of EDOs [12].

e Multirate schemes: for stiff and non-stiff problems, the same explicit or implicit method
with the same order is applied to all subsystems, but the step size is chosen according
to the activity level. The first multirate time integration algorithm goes back to the
work of Rice [1].

In this work we focus on the multirate approach. The application of such shemes was
first limited to ODEs [1, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] and restricted to a low number
of industrial problems. In the last fifteen years, the developpment and application of such
methods to the time integration of PDEs was also performed. In particular, a few works were



conducted on the system of ODEs that arise after semidiscretization of hyperbolic conser-
vation laws [16, 17, 18, 19, 20, 21], and rare applications were performed in Computational
Fluid Dynamics (CFD) [20, 21] for which we are interested.

The remainder of this document is organized as follows.

In Section 2, some base integration methods to solve first order differential equations are
recalled . A survey of some important works performed in the domain of multirate approaches
is given in Section 3. It starts from Rice’s pioneering work on first order differential equations
[1] to recent works dealing with hyperlic conservation laws [16, 17, 18, 20].

2 Base integration methods to solve y = f(t,y)

For the purpose of this survey, some base integration methods for the solution of ODE
y = f(t,y) are recalled in this section. We focus on two large families of methods: (i) linear
multistep methods and (ii) Runge Kutta methods. The Butcher representation of Runge
Kutta methods is also given.

e (i) Linear multistep methods (including one-step methods as degenerate cases)
which are written :

Kl K2
Yn = Z QiYn—i + hz ﬁignfi
=1 1=0

where y,, approximates y(t,), h=t, —tn—1 and g; = f(t;,y;).
The simplest examples of linear multistep methods are the Euler (forward Euler)
method,

Yn = Yn—-1 + hyn—l
and the backward Euler method,

Yn = Yn—1 + hyn
Two classes of linear multistep methods are often used for the solution of EDOs:
— Backward Differentiation Formulas (BDF) methods (K; =0, K7 = q):

q
Yn = Z QiYn—i + hﬁoyn

i=1

— Adams methods:
- explicit of order ¢ (K1 =1,a1 =1,Ks = ¢, 80 = 0):

q
Un=Yn-1+hY Bilni
i=1
- implicit of order ¢ (K7 =1,a0 =1, K3 =q—1):

q—1

Yn = Yn—1 + hz Bilin—i
=0

e (ii) Runge Kutta (RK) methods which concern :



— r-stage explicit RK methods:
r
Un =Yn-1+ > biki
i=1
i—1

with ki =hf(tn—1,Yn-1) , ki = hf(tn—1 + cih,yn—1 + Zaijkj)

j=1
i—1
andci:Zaij (i:2...r)
j=1

— r-stage implicit RK methods:

Un =Yn-1+ »_ biki
i=1

with k; = hf(tn,1 4+ cihy Yn—1 —I—Zaijkj) (Z = 1...7“)

J=1

— r-stage Rosenbrock and Rosenbrock-Wanner (ROW) methods:

YUn =Yn-1+ > biki
i=1

with
i1 of of i
k; = hf(tn—l_'_cihvyn—l'i_; aijk'j)+dih2§(tn—lzyn—l)""haiy(tn—h Yn—1) ;dijkj

where the coefficients d;; are chosen to optimize order and stability properties.

Hereafter, we give the representation in Butcher tableau of explicit and implicit RK meth-
ods :

e Representation in Butcher tableau of r-stage explicit RK methods:

r i—1
=1 j=1
c1 = 0 0
C2 a21
c3 asr  as2 A
. . . or shorter i'—br or [Ab,(]
Cr Ar1  Apr2 0 Qp r—1
R A

e Representation in Butcher tableau of r-stage implicit RK methods,:

Yoit = Yn A0S by with ki = f(tn + cihyyn + 1Y aihy)
i=1 J=1



1| a1 -+ QA1r

or shorter L'—Aé'* or [A7 bv C]
Cr (475} Tt Qpp b

\61 b,

3 A review on multirate schemes

3.1 The pioneering work of Rice, 1960 [1]

This work, which is the first one in the field of multirate methods, considers the solution of
the following system of EDOs

‘i‘:F(tvx’y)? x(tO):xO

=Gt zy), ylto) =10
where z(t) represents the latent component and y(¢) the active one (meaning y(t) varies
much more rapidly than z(t)).

The proposed time discretization of this system is schematically given in Figure 1.
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Figure 1: Time discretization of the latent and active component of the solution

In the work of Rice, the evaluation of the latent part of the solution x (4 1)x, T(m42)K5 - - -
is performed with a time step Kh as follows:

3
T(m+1)K = TmK + Zbiki
i=1
i—1 i—1
Jj=1 Jj=1
i—1 i—1
and hz = hG(th + CiKh,IZ?mK + Zaijkj,ym]( + Zaijh]‘) (Z =1... 2)
j=1 j=1

Coeficients b;, ¢;, a;; are given by any RK3 method (work also done with RK4).

The evaluation of the active part of the solution Ymx+jt1,Ymi+j+2,-.. is performed
with a time step h as follows:
3
YmK+j+1 = YmK+j + Zaidi(j) for 0<j<K-1.
i=1
with



di(j) = PG (tmr+j, XmK+j, YmK+5)
6

da(§) = hG(tmrc1j + p2hy Xk 15+ Y Ni(i)Ei—s, Y15 + Y21d1(7))
i=a

9
ds(j) = hG(tmrc1j + pshy Xmr 45 + Y Ni(i)ki—6, Ymrctj + 731d1(5) + v32d2(5))

=7
in which the following extrapolation, based on the previous k;, is used :
3

XmK+j = XmK + Z)\i(j)ki 1< <K -1,
i=1
and where the several sets of parameters “«;, t;, vik, Ai(j)” are determined so that:
option 1: the local truncation error of integration formula for y(t) is in O(h*)
or
option 2: extrapolation parameters );(j) lead to an extrapolation truncation error in O(h*)
and the integration parameters are determined independantly.

Several numerical experiments were performed by applying the previous multirate ap-
proach on differential equations in order to investigate the integration errors as a function of
K and h. A typical example is given by the 2 degrees of freedom problem:

dz

a2, a(0)

dy

il cos(25t), y(0) =1/1250.5

for which the good features of the proposed multirate approach is shown.

With the objective to illustrate the saving in computation with the multirate option, the
number of operations and function evaluations were given for several Runge-Kutta methods
and their multirate counterparts. For example, for the third-order version (RK3), we obtain:

Additions | Multiplications | F evaluations | G evaluations
RK3 22K 28K 3K 3K
Multirate RK3 | 14(K+1) 17(K+1) 3 3K+2

3.2 The work of Skelboe on multirate BDF methods, 1989 [7].
In this work, the following system of EDOs is considered:

Y= f(t,y,z),

Z:g(t7yvz)7 Z(tO) = Yo,
In the proposed multirate strategy, the fast subsystem is integrated by a k-step BDF formula

(BDF-k) with step length h (Figure 2):
k

Ym = Z QA Ym—i + hﬂOf(tmy Ym» Zm)

i=1
and the slow subsystem is integrated by the same BDF-k formula but with step length

H = gh(Figure 2):
k

Zn = Z aizn—qi + qhﬁﬂf(tnv Yn, Zn)

=1

y(to) = yo, fast subsystem

slow subsystem



Figure 2: Time discretization of the fast and slow component of the solution

Different strategies for the sequence of computation are proposed:

e Fastest first algorithm
step 1) Integration of the fast subsystem from ¢,,_, to ¢, (¢ steps) with extrapolated
values Z,,, (n—¢ < m < n) based on z,,_jq, - .., 2n—q (following a Newton type formula,

k
Zm = Z d'r‘,m—(n—q)z’n*’ﬂl)'
r=1
step 2) Integration of the slow subsystem from ¢,,_, to t, (one step).
e Slowest first algorithm
step 1) Integration of the slow subsystem from ¢,,_, to t,, (one step) with extrapolated

value §, based on y,—q—k+1,---,Yn—q (following a Newton type formula).
step 2) Integration of the fast subsystem from ¢,_, to ¢, (¢ steps) with interpolated
values Z,, (n —q < m < n) based on z,_(4_1)q;- - -, 2n (following a Newton type for-
k—1
mula, Zm = Z d’r,mf(nfq)znfﬂl)'
r=0

As for the application part, a 2 x 2 test problem is considered for investigating the stability
properties of the previous multirate algorithms (BDF-1 and BDF-2, interpolation of order
0 and 1). From this application, it appears that the proposed multirate algorithms are not
necessarily A-stable, limiting the use of such methods.

3.3 The work of Giinther and Rentrop on multirate ROW methods,
1993 [10].

In this work, the following autonomous initial value problem is considered
y(t) = f(y), y(to) =y0, yeR”
which can be split into active and latent components:

ys = fs(ys,yr), ys(to) =yso, ys € R"S, active subsystem

yr = fr(ys,yr), yr(to) =yro, yr € R™, latent subsystem.

The proposed multirate strategy is the following:



e y is integrated with a ROW method on one large time step H :
S

yi (to+ H) :yLO+ZCiki
i=1

. 0
ki = hfr(Fs(to + aiH), yro + Zau +HJg Z’YU i, Jo= %(ysmym)
Jj=1

where «; = Zaij and yg(t) is an extrapolated value for yg(t).

e yg is 1ntegrated with a ROW method and m time steps h = H/m. :
Ys (tO + (/\ + 1)h) - ySO(tO + )‘h + Zcz i

i=1
i—1 3
z*hfS(yS(tO‘i’/\h +ZO%] jaYL(t0+)\h+a1) +hJSZ’YZJJ )
Jj=1 j=1
_ 0l _ _
Js = == (ys(to + Ah),yL(to + Ah)), for A=0,1,....,m—1

dys

where y1,(t) is an extrapolated value for yr,(t).

The extrapolation formulas (Padé approximation of order (1,1)) are given by:

S
QSi(tO+B) = ysi(to)-i- s 8f 2h sz(tO) . af
2fsi(to) hZ = (y(to)) fsj (y(to)) =B > j y(to)) L (y(to))
Jj= ns+1 J
Gri(to+h) = yri(to)+ =7 2h fri(to)? —
h Li 7 Li ‘
2fri(to) — h 2 3ij( y(to)) fs;(y(to)) — hjzgﬂ By y(to)) fr;(y(to))

The application part concerns the simulation of electric circuits (inverter chain) leading
to the solution of stiff EDOs (system of 250-4000 differential equations). A multirate 4-steps
ROW method was implemented, leading to a A-stable algorithm, and a speedup up to 2.8
compared to the classical RK4 method.

3.4 The work of Lohner-Morgan-Zienkiewicz on explicit multirate
schemes for hyperbolic problems, 1984 [21].
To our knowledge, this work is the first one on multirate methods which deals with applica-
tions in CFD.
In this study, the problem of interest is given by

ou

E+V~F(U):O in Q=0 UQo,
where Q; and Q9 are two subregions with different grid resolution (see Figure 3 in 1D), and

with, for a given explicit scheme, an allowable time step Aty in 7 and Aty = Aty /n in Qs.

Oune global time step of the proposed multirate explicit scheme (for 2 subdomains) is per-
formed as follows:

o Add to Q2 two grid points of Q4, let Q) be the new subdomain obtained (see Figure 3).



Q)
Figure 3: 1D model, 2 subdomains splitting

e Specify a boundary condition for U (free or fixed) at point C' (see Figure 3) and advance
one global time step At; in 5.

e Specify a boundary condition for U (free or fixed) at point A (see Figure 3) and advance
n small time steps Aty = Aty /n in Q5.

e U, is obtained from €y, Ug from Qf, Up = mean values obtained from Q; and 2,
where B is the point between A and C' (see Figure 3).

The same procedure can be performed with more than 2 subdomains splitting, and in the
multidimensional case.

The above multirate scheme was implemented with a second order explicit finite element
scheme (Taylor-Galerkin method of Donea).
Three test-cases were considered:

e A transient solution of a 1D shock tube problem (Sod).
e A transient solution of a 2D supersonic inviscid flow around a circular cylinder.
o A steady-state solution of a 2D supersonic inviscid flow past a wedge.

The first two test-cases were chosen in order to show that shocks can be handled by the
method without problems. The third test-case illustrates the gain in CPU-time that can be
obtained with the multirate approach. A speedup of 2 between the multirate scheme and its
single-rate counterpart is achieved.

3.5 The work of Kirby on a multirate forward Euler scheme for
hyperbolic conservation laws, 2002 [19]

This work deals with one-dimensional hyberbolic conservation laws

ou(t.z) | OF (y(t,))

ot Ox =0

After semi-discretization by a finite volume MUSCL scheme, a system of EDOs is obtained
i) = filyr(t), ..., yn(t)), i=1,....n
that is partitioned in fast and slow subsystems
yr = fr(yr,ys) (fast solution subsystem, explicit Euler time step At/m)

Us = fs(yr,ys) (slow solution subsystem, explicit Euler time step At).

A multirate scheme based on forward Euler steps is proposed for the solution of these sub-
systems:



e For yr : m steps integration from t" to t"+!
yzfm-, _ y;fj’nk—l + O'kAt fF(y;+nk71;yg); k= 1’ e m— 1

Yt =yt A (et )

o For yg : 1 step integration from ¢" to t"+!
vt = Y&+ At fs(yp, v8)

m
where Z or=1with0<op <1,m = 22:1 Ok, Mo = 0 and "7 = " 4 n, At
k=1
It is shown that the proposed multirate scheme satisfies the TVD property and a max-
imum principle under local CFL conditions, but it is only first order time accurate. No
application has been presented in this theoritical work.

3.6 The work of Constantinescu and Sandu on multirate RK meth-
ods for hyperbolic conservation laws, 2007 [16]

One-dimensional scalar hyperbolic equations are considered in this study:
oy(t,a) | OF(y(t,))
ot or

The objective of this work is to develop a second-order accurate multirate scheme that inherits
stability properties (maximum principle, TVD, TVB, monotocity-preservation, positivity) of
the single rate integrator.

After a semi-discrete finite volume approximation (which satisfies some of the above stability
properties), a system of EDOs is obtained

Ui(t) = filyr(t),...,yn(t)), i=1,...,n

which is partitioned into slow and fast subsystems

=0.

yr = fr(yr,ys), fast subsystem

¥s = fs(yr,ys), slow subsystem.
This partioning can be represented schematically by Figure 4:

on OpUQpp on

Yp ¥y

[ Fast solution -W solution
I

1
Fast buffer ]

Figure 4: Partitioning into fast and slow subsytems
where
Qg is the subdomain corresponding to a fast characteristic time and where a small time step

At/m is used in the multirate scheme (m = integer corresponding to the number of small
time steps per large time step At),



Qg denotes the subdomain with a slow characteristic time and where a large time step At
is used in the multirate scheme,

Qpp (fast buffer)is the subdomain with a slow characteristic time but a small time step
At/m is used in the multirate scheme (the size of the fast buffer is equal to half of the stencil
size),

the Fast solution is the part of the solution which corresponds to a fast characteristic time,
the Slow solution denotes the part of the solution which corresponds to a slow character-
istic time,

the Fast buffer solution is the solution defined on the fast buffer Qgpg,

yr denotes the fast solution U fast buffer solution for which the time integration is based
on the small time step At/m,

yg is the slow solution \ fast buffer solution for which the time integration uses the large
time step At.

Note that yp is different from the fast solution, and that yg is different from the slow so-
lution. The fast buffer Qgg, which bridges the transition between Qr and g, is introduced
for the purpose that the multirate scheme satisfies the stabilitiy properties of the single rate
scheme.

The following general multirate partitioned RK scheme, associated with a base RK
method noted RK g, is proposed (the Butcher notation is used, see Section 2):

Hereafter, RKr denotes the RK method which applies on ypr defined on Qp UQppg, and
RKg the RK method which applies on yg defined on Qg\Qrp (see Figure 5).

Characteristics

| % | |
RKp E RKg
1

Figure 5: RKF applies on yr, and RKg applies on yg
Base method (RKp) :

cl|l A
b

Fast method (RKF) : yr = fr(yr,ys) Slow method (RK5) : ys = fs(yr,ys)

Le LA
Ll4++c | =107 LA
’n’;;l 1 + ’I}LC I}L ibT o : 1bT ’IiLA
bT 1 bT 1 bT

One can notice that the same weight coefficients are taken for RKr and RKg
(bFi =bg, = %), for the purpose of second order accuracy and conservation properties of
the multirate scheme.
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For the case RKp = RK2 and m = 2 (2 small time steps At/2 per large time step At),
the previous multirate scheme based on RKpg, RKr and RKp becomes:

0] 0 0
101 o0
12 1/2

Base method (RKp)

0] 0 0] 0

1/211/2 0 11 0

1/21/4 1/4 0 0| 0 0 0

1 |1/4 1/4 1/2 0 1o o0 1 0
|[1/4 1/4 1/4 1/4 |[1/4 1/4 1/4 1/4

Fast method (RKF)

Slow method (RKg)

which corresponds to the following RKg, RKy and RKg stages :

RKsg (y = f(y)) :
k' = f(y")

y D =y + Atk!
k= f(y™)

yn-i-l — yn 4 %(k’l 4 k2)

RKFr (yr = fr(yr,ys)) :

ki = fF(yﬁyy‘s‘)
(1) _ Atkl
k2 = fr (y%”,yél))
y%) =yp +2)A4t ki +
k%)_ fF((z})’F 7YS)
ki‘m —fF(yF ,Ays )
yp' =y G (kg + R+ R+ k)

4 Atp2

RKs (ys = fs(yr,ys)) :

ks = fs(yp,v8)

( ) 7ys+Atk1
1 1

ks Fs(y) ys)

@ _

Ys —Z‘/s

K = fs(ye,v8)
ys) =yl + Atk

ks —1 fS(yF aAy(SS))
ys ™ = yg + GE(kE + Kk + KL + k§)

Note that at each stage of the multirate formula, the flux functions are evaluated at
the same argument values so that the conservation properties are satisfied by the multirate

scheme.

In order to decouple ys from yr and to show that the major part of ys is advanced in
time using the large time step At, a slow buffer region Qgp of size m x half of stencil size
is introduced (see Figure 6) so that fs depends only on yg in Qg\Qsp (we recall that m
denotes the number of small time steps per large time step At) .

The previous multirate scheme (case RKp = RK2 and m = 2) becomes

QF U QF‘B7 RKF :
(Wr = fr(yr,ys))

kp = fr(yR, y8)

QsB, RKs :
(vs = fs(yr,ys))

ks = fs(yB,y8)

yg) =yh+ A;lcl (1) =y2 + Atkg
= frlys) v§)) k% Fsve v

y}) =y + Gtkk + Gk ys = yd

k= fr(y), v8) kS = fs(y y8)

v =y + 5tk yfg) = Y5+ ALES

kb= frye) y$)) = fs(y&),ys))

vt = yp o+ Stk + KR+ KR+ kE) yg“ =y +

11

+ SL(kE + 2+ kS + kY yit =R+

Qs\2sB, RKs — RKp :
(vs = fs(ys))

/‘%1: fs(ys)
y(s) =yl + Atkg

k?s—f (Y(s)>
(2):.%9}
{ks —fS<YS _kg‘s}

y =y + Ak =y}
ks = fsv$) =3}
S (kY + k3)



Characteristics

RK; RK,

S

Y s s
‘ ¥p=15 Gp99 Y5=ts Gpy9) Is=ts09 |
RKF RKg RKS RKB

Characteristics

Crp Qgp \Qgp |
RK, RKS RK. RKB

F S

Figure 6: Slow buffer Qgp

Expressions in braces (last column) indicate that they are not evaluated.

The proposed multirate partitioned RK scheme satisfies the following properties:
e second order accurate
e conservative
e nonlinear stable (positivity, maximum principle preserving, TVB)

The theoritical speedup (single rate/multirate) is given by:

m(Na,+Na.z+Nag) _ m(Nop+Nopp+Nag)

Speedup - m(Nop+Naopp+Naogp)+tNag—Nagp ~ m(Nap+Napg+NinemA)+Naog—NingmA

where Nq, denotes the number of nodes in 2x, A is the half of stencil size, and N;,; the
number of interface nodes between Nq,, and Nqj.

It is deduced that:

e the speedup depreciates as m grows, but in practical applications large m can be avoided
through nested partitioning.

e in practice, Nog, << min(Na, + Na,s, Nag)
m(Naop+Naopp+Nag)

m(Nap+Naopg)+Nag

= Speedup close to the ideal value of m if Nq, + Nq,, << Nag.

= Speedup =~

The applications presented in this work concern the following points:

e a multirate RK2 scheme with m = 2 (At/2) and m = 3 (At/3), and 2 levels of
partitioning, is used,

e the problem of a 1D advection equation (initial solutions : step, triangular and expo-
nential shapes), on fixed and moving grids, discretized with a 2nd order limited FV
scheme, is considered,

12



e the case of a 1D burger equation (initial solutions : step and exponential shapes), on
fixed grids, discretized with a 3rd order TVD FV scheme, is also presented.

It was checked that the numerical solutions are second order accurate, positive, obey the
maximum principle, TVD, wiggle free, and the integration is conservative.

By way of example, for the case of the Burger equation (fast region ~ 10 % entire domain),
the speedup (single rate/multirate) is given by the following Table :

Time | Single rate | Multirate | Experimental | Theoritical
ratio | time (sec) | time (sec) Speedup Speedup
m =2 25.28 13.71 1.84 1.80

m =3 36.73 15.07 2.43 2.45

3.7 The work of Seny et al. on a parallel implementation of multirate
RK methods, 2014 [20]

The work of Seny et al. focuses on the efficient parallel implementation of explicit multirate
RK schemes in the framework of discontinuous Galerkin methods. The multirate RK scheme
used is the approach proposed by Constantinescu [16] and introduced in the previous sub-
section.

In order to optimize the parallel efficiency of the multirate scheme, they propose a solution
based on multi-constraint mesh partitioning. The objective is to ensure that the workload,
for each stage of the multirate algorithm, is almost equally shared by each computer core
i.e. the same number of elements are active on each core, while minimizing inter-processor
communications. The METIS software is used for the mesh decomposition, and the parallel
programming is performed with the Message Passing Interface.

The efficiency of the parallel multirate strategy is evaluated on three test cases: the wind
driven circulation in a square basin and the propagation of a tsunami wave using a shallow
water model (two-dimensional), and the acoustic propagation in a turbofan engine intake us-
ing the linearized Euler equations (three-dimensional). It is shown that the multi-constraint
partitioning strategy increases the efficiency of the parallel multirate scheme compared to
the classical single-constraint partitioning. However, they observe that strong scalability is
achieved with more difficulty with the multirate algorithm than with its singlerate counter-
part, especially when the number of processors becomes important compared to the number
of mesh elements. The possible low number of elements per multirate group and per processor
is a limiting factor for the proposed approach.

4 Conclusion

A review on multirate schemes is performed in this document. Some important works have
been reviewed, ranging from that of Rice [1] in 1960 on first order differential equations
to recent works on time integration of PDEs associated with hyperbolic conservation laws
[16, 20]. On the basis of this review, it can be said that few works on multirate methods
were conducted for the solution of hyperbolic conservation laws and rare applications in CFD
were performed [21, 20]. There is therefore a need to developp such methods in the field of
CFD.
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