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Anisotropic boundary layer mesh generation for immersed
complex geometries

Laure Billon · Youssef Mesri · Elie Hachem

15/01/2016

Abstract This paper proposes a new method to build boundary layer meshes over an im-
mersed complex geometry. It allows to generate an anisotropic semi-structured mesh with a
smooth gradation of mesh size from a geometry immersed into an arbitrary coarse domain,
while capturing and keeping the interface. The idea is to generate an a priori mesh fitting
the geometry boundary layer which is ready for simulations. The mesh size distribution is
driven by a levelset distance function and is determined using physical parameters available
before the simulation, based on the boundary layer theory. The aspect ratio is then deter-
mined knowing the shape of the geometry, and all is applied in a metric tensor field using
a gradation thanks to the new multi-levelset method. Then, the mesh generator adapt the
initial mesh on the given metric field to create the desired boundary layer mesh.

Keywords meshing · metric · boundary layer · immersed

1 Introduction

The success of the finite element method lies essentially in its flexibility to represent the
geometry on which the problem is defined. However, for several applications with highly
complex geometries or very localized phenomena (such as interfaces and boundary layers),
generating a correct geometry representation is a difficult task. In this work, we consider an
alternative approach based on a unified mesh with immersed geometries.

Some of those problems include fluid flow around a solid that generates a boundary
layer, a wake and, at a sufficient velocity, some turbulence and detachment phenomena.
These phenomena happen at different scales and are characterized by a sharp flow gradient
in a certain direction, which leads to an highly anisotropic behavior. A minimum mesh
size is required along the flow gradient direction, but much larger sizes can be used in the
other directions. It results in highly anisotropic element, which are particularly interesting to
improve computational efficiency. However, in order to do an accurate numerical simulation
of a turbulent flow problem around a complex geometry, the space needs to be properly
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2 Laure Billon et al.

discretised. Indeed elements size, their aspect ratio and corresponding directions impact
accuracy and efficiency of the computation as much as their smooth variation.

This paper proposes a technique for the construction of semi-structured boundary layers
over immersed 3D complex geometries. The interface of the immersed 3D object is implic-
itly represented by a distance function, also called levelset, which is used as a geometric tool
to initialize and keep a surface with some desirable properties such as smoothness and con-
stant known gradient. The distance function is defined as a scalar field for each vertex and
filled with its distance to the surface of the immersed object [13]. This distance field is used
to derive a metric map that allows capturing the interface through the application of local
remeshing algorithms [19]. Many authors (for example [3,2,11]) showed that the definition
of a metric field simplifies the generation of adapted and anisotropic meshes. The metrics
associated to the Riemannian space specify the sizes of the mesh and the corresponding di-
rections of the stretching. Then an adapted and anisotropic mesh in the Euclidean space can
be represented as an isotropic and unitary mesh in the Riemannian space.

Once the anisotropic mesh around the interface is built, the boundary layer must be
carefully constructed with consideration given to the flow physics and the abilities of the
flow models used [24,5,23,14]. In the classical body-fitted methods, boundary layers have
been studied extensively both experimentally and computationally and near wall resolu-
tion requirements have been described for different modeling approaches [17,18,10,23,4,
6]. These well-established techniques will be extended here in the framework of immersed
methods.

For non-structured meshes, this is a very challenging task as one has to devise an auto-
matic way to build a semi-structured boundary layer in the normal direction to the implicit
surface. We will perform this task by using the concept of mesh generation controlled by
a metric map as mentioned above. We can consider here, our approach as a unified metric-
based a priori and a posteriori mesh generation and adaptation. Indeed, in a number of
problem classes, typically viscous boundary layers which form near walls, it is desirable to
have the highly anisotropic mesh in specific regions that has a semi-structured nature and
to have that structure maintained during transient mesh adaptation. The metric framework
allows combining both a priori and a posteriori size maps in a flexible way without need to
rigid geometric constraints on the boundary layer regions. In this paper we will focus on the
a priori mesh generation part.

The paper is organized as follows. First, the boundary layer theory is recalled in Section
2. In Section 3, after a brief reminder on the main principles of metric-based mesh adap-
tation, we focus on the normal mesh size and the new multi-levelset method. Section 4 is
dedicated to the study of the geometry shape and to its consideration in the building of the
metric tensor. Then, Section 5 presents simple 2D to complex 3D meshes illustrating this
procedure. Finally, Section 6 is dedicated to conclusions and future work.

2 Boundary layer theory

The boundary layer is the area close to the wall where the viscous effects of the fluid are
predominant. Because of its viscosity the fluid adhere to the wall, such that the velocity of
the fluid on the wall is null, the velocity increases with the distance to the wall. This zone
close to the wall where the fluid velocity is below 99% of the free stream velocity (u∞)
is called the boundary layer (Figure 1). The boundary layer is critical in the study of high
Reynolds flows as it is the place where turbulence occurs, vortices begin, and detachments
appear. So that the accuracy of the numerical simulation depends almost on the quality of the
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Anisotropic boundary layer mesh generation for immersed complex geometries 3

mesh in the boundary layer. The boundary layer mesh needs to be fine enough according to
the solver used to capture all turbulence phenomena. We will use the boundary layer theory
[24,7] and particularly its structure to design our meshes.

u(δ ) = 0.99u∞

L

u∞

δ

Fig. 1 Boundary layer over a flat plate, where δ is its thickness at a defined distance L from the leading edge
in the stream-wise direction

Recall that, boundary layers are composed of several layers, one on top of each other,
where different flow behavior apply. In the first layer the flow is laminar, and became grad-
ually turbulent from one layer to the next one, as vortices appear and growth. So, to capture
accurately the physical behavior of the flow in the boundary layer, we have to build a mesh
which respects this structure. It means that we will try to construct the mesh in layers, where
the first layer has a thickness hmin and the next layers has hmin increased by a factor growth
α as thickness, and so on, until the global boundary layer thickness δ is reached (Figure 2).

hmin.α
n−1

hmin.α

First cell mesh size

Boundary layer thickness

Layer n

Layer 3

Layer 2

Layer 1hmin

δ

Fig. 2 Structure of boundary layers

The first layer thickness hmin is defined as:

hmin =
y+0 ν

uτ

(1)

where y+0 referred to the dimensionless wall distance for the first cell, which is fixed con-
sidering the expected accuracy and the computational resources available. Moreover uτ is
the friction velocity, the flow velocity close to the wall where the fluid viscosity generates a
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frictional force τω called wall shear stress defined by [7]:

uτ =

√
τω

ρ
(2)

with

τω = µ
∂u
∂y
|y=0 (3)

As it is impossible to determine τω without knowing the velocity solution, and as we try
to build an a priori mesh we propose to estimate it using the skin friction. The skin friction
coefficient is obtained by normalizing this constraint by the dynamic pressure:

CF =
τω

1
2 ρu2

∞

(4)

For which we use the Schlichting approximation [24] valid for all flows with a Reynolds
number below 109 and tested on flat plate:

CF = [2log10(ReL)−0.65]−2.3 (5)

Therefore, we can simplify (1) in order to determine the minimum mesh size on the wall
of the boundary layer only in function of the Reynolds number ReL of the flow to study at
the characteristic length L of the problem, and the accuracy desired for the mesh y+0 :

hmin =
Ly+0

ReL

√
CF
2

(6)

Moreover, power laws allow us to give an approximation of the boundary layer thickness
δ for both laminar and turbulent flows [7]:

δlam

L
=

5

Re1/2
L

(7)

δturb

L
=

0.38

Re1/5
L

(8)

The last parameter needed to perfectly determine the structure of the boundary layer is
the growth factor, which is used to allow the cell mesh sizes to increase from the wall to the
end of the boundary layer. As it is not affordable to impose hmin as mesh size to all cells in
the boundary layer and moreover it is useless. Thus cell mesh sizes are allowed to increase
in the direction normal to the wall by a growth factor α which is conventionally set to 1.2.
Note also that the number of layers can be easily deduce from the previous parameters using
the following expression:

n =
ln
(

1−δ
1−α

hmin

)
ln(α)

(9)
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3 Metric-based mesh generation

In this section, all the procedure to generate a mesh as detailed in the previous section will
be presented. In order to build the boundary layer mesh, a new technique has been devel-
oped. This technique allows to build a semi-structured mesh, ensuring smooth transitions
between mesh sizes all along the domain, and optimizes the number of nodes. Moreover the
procedure is automatic and easy to parametrized. The idea is to build the mesh from a metric
tensor which takes into account the physical parameters of the simulation.

3.1 Principles of grid generation using metrics

The purpose of this paragraph is to define the concept of metrics that is widely used in this
paper. Non Euclidean metrics are often used to generate unstructured anisotropic meshes
[17,16]. The main idea of metric-based mesh adaptation, is to generate a unit mesh in a pre-
scribed Riemannian metric space. Such that this mesh can be created by any unstructured
uniform mesh generator. Then, this mesh is converted in an unstructured anisotropic mesh
by the inverse application in the physical space.

A metric M in Rd×d is a real symmetric positive definite matrix, where d represents the
dimension of space. Thus, the metric M can be diagonalized:

M = tRΛR (10)

where R is an orthogonal matrix whose lines are composed of M eigenvectors (vi)i=1..d while
Λ is the diagonal matrix composed of M eigenvalues (λi)i=1..d , which are strictly positive.

The orthogonalization property of the metric allows us to define the dot product of two
vectors in Rd with respect to the metric M:

(u,v)M = (u,Mv) = tuMv ∈ R (11)

The associated norm of a vector in Rd is then defined by:

‖u‖M =
√
(u,u)M (12)

Knowing that R is an orthogonal matrix, so tR.R = Id, thus one can deduce that appli-
cation Λ1/2R defines the mapping from the physical space (Rd , Id) to the metric space (Rd ,
M). Then, we can recover:

(u,v)M =
(
(Λ1/2R)u,(Λ1/2R)v

)
= tuMv (13)

The geometrical representation of a metric tensor is the ellipsoid which represent the
unit ball for the dot product (Figure 3):

EM = {u | ‖u‖M = 1} (14)

In the context of mesh adaptation, a metric is defined at each vertex of the initial mesh
and sent to the mesh generator, which build the desired mesh. The mesh is then generated
using metrics, then in order to drive the mesh we only have to fill Λ with λi = 1/h2

i , where
hi is the desired mesh size in the desired direction vi, and finally fill R with the prescribed
directions vi.
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h2.v2 h1.v1

u

(R2, I2)
tRΛ−1/2

Λ1/2R

‖h2.v2‖M = 1

‖h1.v1‖M = 1

‖u‖M = 1

(R2, M)

h1.v1

h2.v2

u

Fig. 3 Geometric interpretation of a metric tensor in 2 dimensions, left in physical space, right in metric
space

3.2 Mesh size

3.2.1 Immersed interface

In monolithic domain framework, geometries are immersed in the domain using a surface
mesh (STL stereolithography format), or directly a NURBS (see [12] for details). The first
step of the proposed mesh adaptation algorithm is the construction of the levelset field (φ ) on
the computational mesh (Ω ) for the immersed geometry (Ωim). It is obtained by computing
the minimum distance between the immersed geometry and the nodes of the computational
mesh. Therefore, the interface Γim is defined as the zero isovalue of the levelset function:

φ(x) = d(x,Γim), x ∈Ω ∩Ωim
φ(x) = −d(x,Γim), x ∈Ω\Ωim

Γim = {x,φ(x) = 0}
(15)

Note that the same algorithm can be used in the case of body fitted meshes. Indeed, the
immersed approaches are also interesting in the case of moving boundaries or multiphases
flow thanks to their ability to build, using an appropriate method, easily and automatically
meshes around complex geometries. Drawbacks of immersed technique lie in the difficulty
to smoothly describe the geometry interface [21] and also the computational cost associated
to the residual nodes inside the geometry. We will come back to these challenging issues.

Moreover, as the initial mesh is chosen arbitrarily and usually coarse, it remains difficult
to capture the geometry interface when the features of the immersed geometry are smaller
than the element size. We propose to perform in this case a pre-meshing iterative procedure
that consists in inserting additional nodes around the immersed geometry as described in
Figure 4.

3.2.2 Multi-levelset

In order to build the boundary layer mesh layer by layer in a structured way using unstruc-
tured elements, the second step of the proposed mesh adaptation algorithm is to localize,
using a multi-levelset method, all the needed sub-layers inside the boundary layer thickness
as shown in Figure 5. Indeed, one cell in the wall-normal direction is prescribed (18) be-
tween two levelset functions. Thereby the vertices inside each layer are well identified and

https://www.researchgate.net/publication/258791219_Immersed_stress_method_for_fluid-structure_interaction_using_anisotropic_mesh_adaptation?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
https://www.researchgate.net/publication/258002702_Anisotropic_mesh_adaptation_with_optimal_convergence_for_finite_elements_using_embedded_geometries?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
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hback

R = 2×hback

Fig. 4 Pre-meshing procedure for initial coarse meshes

Level n = end of the boundary layer

Level 1

Level 2
Level 0

= geometry interface

Fig. 5 Each cell layer of the boundary layer is defined using a levelset function. The zero isovalue of each
levelset is represented

the corresponding mesh size previously defined can be imposed. This technique is really
interesting as it drives the mesh adaptation and structures it.

Thus, the first layer is represented by a levelset function equals to the levelset of the ob-
ject at the same vertex plus hmin, the distance between the two levelset functions. Moreover,
we imposed hmin as mesh size between these two levelsets. The k-layer is then represented
using a levelset function equals to the levelset of the (k−1)-layer, Levels[k−1], at the same
vertex plus the distance between the two levelset functions. Moreover, the k-layer levelset,
Levels[k], is also equals to the levelset of the object, Levels[0], at the same vertex plus the
thickness of the k−1 first layers.
Thus:

Levels[k] = Levels[k−1]+hmin ·αk−1

= Levels[0]+hmin(1−αk)/(1−α)

where hmin ·αk−1 is also the mesh size imposed between Levels[k− 1] and Levels[k]. And
so on until the end of the boundary layer, represented by the n-layer (see Figure 2).
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Remark 1 For several applications the internal flow is not studied then we work on min-
imizing as much as possible the number of vertices inside the geometry by using a large
growth factor inside as it gets far from the interface. However to keep accurate computation
in the wall vicinity we have to ensure that the interface is still well captured. Therefore, we
duplicate the first three layers in the internal side of the interface. It allows to save degrees
of freedom and therefore computational time.

3.2.3 Size gradation over the domain

Using the same approach, we can prescribe the mesh size distribution in the rest of the
domain by combining a size gradation and the distance function. It allows us to control the
element sizes in the vicinity of the geometry and in wake regions as well as to increase
progressively the mesh size far from the interface and thus minimizing the total number of
elements. Indeed, to solve accurately the relevant features, a fine mesh has to be ensured in
the vicinity of the interface and in the wake regions. Moreover, the quality of the mesh, and
thereby the accuracy of the simulation strongly depends on the smooth varying of cell mesh
size over the domain.

To do so, we simply propose to compute the levelset function for two boxes: the first
one covers the whole domain (Box1) while the second one covers the immersed interface
zone (Box2) as shown in Figure 6. The position as well as the size of Box2 are defined by
the end user and normally depend on the study case and the nature of the flow.
Finally, to ensure a smooth transition all along these zones, we set the mesh size to grow
linearly from the maximum mesh size of the boundary layer, hmin ·αn−1, to the maximum
mesh size defined on Box2. Then a logarithmic growth of the mesh size is applied from
Box2 to Box1.

All the obtained mesh sizes hn, computed for the wall-normal direction, can be gathered
now to build an isotropic mesh using the following metric:

M =


1
h2

n
0 0

0 1
h2

n
0

0 0 1
h2

n

=
1
h2

n
Id (16)

Note that for high Reynolds number flow, the required minimum mesh size in the first lay-
ers tends to very small values which, in the case of isotropic meshes, will lead to an ex-
tremely large number of elements and put an excessive demand on computational resources.
Therefore, we propose to pursue using anisotropic elements in the boundary layer, high as-
pect ratio Ra in the tangential directions. The mesh size in this direction is then defined as
ht = Ra ·hn.

As proposed in the previous sections,the multi-levelset method will be used to vary and
to decrease the aspect ratio from the interface to the end of the boundary layer and to ensure
a smooth transition between anisotorpic and isotropic elements. The anisotropic ratio is
then set such as ht is equal to the maximum mesh size in Box2 (H2) using the following
expression:

Ra =
H2

hn
(17)

We will show that such continuity in tangential mesh size produces the desired semi-structured
mesh.
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Fig. 6 Presentation of the domain subdivision

3.2.4 Mesh directions

In the last step to build the boundary layer metric, directions have to be properly defined.
Therefore, let P be a point of the domain close to the geometry interface, let N be the normal
vector to the surface, with φ the levelset function of the surface :

N =− ∇φ(P)
|∇φ(P)|

(18)

The tangential plane is defined by Id−N ·NT, so one solution for the metric is:

M =

{ 1
h2

n
N ·NT + 1

h2
t
(Id−N ·NT) inside Box2, where ht = H2

1
h2

t
Id outside Box2

(19)

Several drawbacks for this formulation are observed at this level. First, the tangential
mesh size does not depend on the geometry and consequently its shape, the curvature and
the complexity of the geometry are not taken into account. Second, we only define one
tangential mesh size even if we are in three dimensions whereas the geometry can have
completely different behavior in its two tangential directions. Finally, the tangential direc-
tions are not well defined, such that the geometry interface can not be smoothly recovered
by element faces in 3D. Nevertheless, this metric formulation is exact in terms of directions
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for the 2D cases.

4 Curvature

In this section, we will focus on the geometry curvature to define properly the tangential
directions and associated mesh sizes for any complex geometry. It will allow us to define
properly the anisotropic ratio and to ensure that the interface is smoothly and well described.

First, let us define the shape operator S:

S = ∇T N =
1

|∇φ(P)|
(I−N ·NT)Hes(φ)(P) (20)

The Hessian matrix Hes(φ) measures the second-order rate of change of φ while I−N ·NT

projects it onto the tangent plane. Therefore, it is obvious that S ·N = 0, so that N is an
eigenvector of S associated to the zero eigenvalue.

The two other eigenvalues of S and their corresponding eigenvectors are exactly the
principal curvatures (κmin and κmax) and the principal directions associated to the geometry
surface at P.

To determine these eigenvalues, let us find the roots of det(S−λ Id) = 0. In three dimen-
sions, it is well known that{

det(S−λ I3) = λ 3− tr(S)λ 2 +Z(S)λ −det(S)
Z(S) =− 1

2 (tr(S
2)− tr(S)2)

(21)

As zero is an eigenvalue of S, det(S) is necessarily zero. Moreover,

det(S−λ I3) = λ (λ −κmax)(λ −κmin) (22)

Finally, 
κmax = tr(S)+

√(
tr(S)

2

)2
−Z(S)

κmin = tr(S)−
√(

tr(S)
2

)2
−Z(S)

(23)

The associated eigenvectors (T1,T2) are then deduced from a Gauss resolution. Such
that (N,T1,T2) is an orthonormal basis at P.

Once the directions and their associated curvatures have been determined, curvatures
need to be transform into tangential mesh sizes. As curvature corresponds to the inverse of
the radius of the circle C which could fit the surface at best at P, the tangential mesh size
can be deduced from a geometrical approach as shown in Figure 7.

Let P coordinates be (xP, yP), hmin be the mesh size in the wall-normal direction N and
ht be the mesh size in the tangential direction T . We want to recover ht from the curvature κ

and the normal mesh size. For that purpose, we need to solve d(Q, C ) = hmin such that the
nodes of the mesh stay close to the interface with a precision of hmin on the interface.
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N

(xP,yP)

T
P

R

C

O(x0,y0)

Γim

Fig. 7 The interface Γim is represented in black, while the best fit circle in P ∈Γim is drawn in red. The circle
C is centered in O(x0,y0) and has for radius R. The vector normal and tangential to the interface at P are
denoted N and T

N

T
Q(x,y)

hmin

ht

P(xP,yP)

RC

hmin

R

Fig. 8 This is a zoom in around P on figure 7. The point Q(x,y) is the point where the circle with center O
and radius R+hmin cross the straight line driven by T. Thus, ht is the distance from P to Q

Thereby, let us consider Q, its coordinate are:∣∣∣∣ xy =

∣∣∣∣ xP
yP

+ht .T

=

∣∣∣∣ xP
yP

+
ht

R
.

∣∣∣∣ y0− yP
xP− x0

(24)

with T the orthogonal vector to N.
The point Q belongs to the circle of center O and of radius R+hmin, it means that:

(x− x0)
2 +(y− y0)

2 = (R+hmin)
2 (25)
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Let us replace (x,y) with respect to (24):

(
ht

y0− yP

R
+(xP− x0)

)2

+

(
ht

xP− x0

R
+(yP− y0)

)2

= (R+hmin)
2 (26)

By expand and factor, we get:

(
(y0− yP)

2 +(x0− xP)
2)(1+

(
ht

R

)2
)

= (R+hmin)
2 (27)

Knowing that P belongs to C , it simplifies:

R2

(
1+
(

ht

R

)2
)

= (R+hmin)
2 (28)

Thus,

ht =
√

2Rhmin +h2
min (29)

Finally, to prevent the case of straight line where κ = 0 and then ht =+∞, a maximum
and a minimum mesh size have to be defined. The minimum mesh size is defined as hn and
the maximum one as H2 where hn is the local mesh size in the normal direction computed
from the boundary layer theory and H2 is the user defined largest mesh size in Box2.

The boundary layer metric can now be written as:

M =

N
T1
T2




1
hn

0 0
0 1

ht1
0

0 0 1
ht2

(N T1 T2
)

(30)

5 Numerical results

In this section, we present several 2D and 3D numerical examples to illustrate the effec-
tiveness of the proposed mesh adaptation procedure allowing to produce an a priori mesh
adapted on the boundary layer of the immersed geometry. The mesh fit the boundary layer
with semi-structured highly anisotropic elements as prescribed in the metric. The MTC par-
allel mesher and remesher [11,19] is used to generate meshes from the boundary layer metric
previously defined.

5.1 Elementary examples

We first consider elementary geometries that are immersed in a larger domain [0,8.5]×
[0,2.75]m2. This study is considered as a first step to ensure that the shape is well captured
and sharp angles are well handled.

https://www.researchgate.net/publication/222139673_3D_tetrahedal_unstructured_and_anisotropic_mesh_generation_with_adaptation_to_natural_and_multidomain_metric?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
https://www.researchgate.net/publication/233356207_Advanced_Parallel_Computing_in_Material_Forming_with_CIMLib?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
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5.1.1 Flate plate

The iterative boundary layer a priori meshing procedure is highlighted on the very well
known flate plate benchmark. The leading edge is placed at a distance x = 0.5m of the
inlet, the characteristic length of the flat plate is 4m, the Reynolds number is 104 (turbulent)
and y+0 = 1. Such that, the minimum mesh size to reach is hmin = 5.61 · 10−3m. The initial
background mesh size Hback = 0.45m, the maximum mesh size in Box2 is set to H2 = 0.1m
and in Box1 is set to H1 = 0.5m. This leads to a final boundary layer composed of 7 layers
with a maximum anisotropic ratio of 18.

Figure 9 depicts the iterative procedure step by step, starting from the arbitrary coarse
mesh towards the boundary layer mesh. The minimum mesh size is progressively decreased
from Hback to hmin at each iteration.

Fig. 9 Iterative procedure to generate a boundary layer mesh over a flat plate (red) from an arbitrary coarse
mesh

The initial mesh consists of 140 elements and the final obtained mesh reaches 1882
elements. The minimum mesh size, the number of element in the mesh and their distribution
over the domain for each mesh are described in Table 1.

Table 1 Distribution of elements for flat plate meshes

hmin (m) Total # of elements Box2 Boundary Layer
0.45 140 33 (23.6%) 17 (12.1%)
0.13 279 100 (35.8%) 68 (24.4%)

6.4·10−2 434 226 (52.1%) 164 (37.8%)
3.2·10−2 989 747 (75.5%) 486 (49.1%)
1.6·10−2 1310 1063 (81.1%) 745 (56.9%)
8.1·10−3 1663 1416 (85.1%) 1122 (67.5%)

5.61·10−3 1882 1637 (87.0%) 1330 (70.7%)
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As expected, the obtained mesh respect well the computed metric. We note that most of
the elements are localized in the boundary layer. The number of element in the Box2 zone
is controlled and the mesh size in the far regions is coarse.

5.1.2 Circle

In this example, we consider an immersed circle of radius 0.3m. The a priori mesh is gen-
erated for the study of a flow at a Reynolds number Re = 105 (turbulent), with y+0 = 1 and a
characteristic length L = 0.6m equals to the circle diameter. Such that, the minimum mesh
size to reach is hmin = 1.11 ·10−4m. The maximum mesh size on Box2 is set to H2 = 0.05m
and the maximum mesh size on the whole domain is set to H1 = 0.5m. This leads to a final
boundary layer composed of 24 layers with a maximum anisotropic ratio of 74.

As explained in Section 3.2.1, Figure 10 shows that if the element sizes of the initial
mesh are greater than the features of the immersed geometry, then a pre-meshing procedure
is applied. It allows to insert automatically additional nodes around the prescribed geometry
and to better capture the interface, the zero isovalue of the levelset. The minimum mesh size
reached in the pre-meshing procedure is equal to H2.

Fig. 10 Pre-meshing on a circle (right), represented in red, when the initial mesh is too coarse (left)

The final boundary layer mesh is presented in Figure 11. It contains 7023 elements
where 93.7% of the mesh elements are localized inside Box2. The elements are distributed
as follow: 3451 elements in the boundary layer which correspond to 49.1% of the total
number of elements in the mesh, and 1593 elements inside the geometry which correspond
to 22.7%. These elements are needed to properly fit the interface of the circle. Thus, there
are 3 times more elements inside the geometry than between Box1 and Box2, nevertheless
the mesh size is coarse inside the circle and the area is less extended.

Figure 12 presents a zoom on a quarter of the circle. The interface of the circle is col-
ored in red while the limit of the boundary layer is represented in blue. As expected, the
mesh elements respect very well the curvature with an appropriate mesh size, gradation and
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Fig. 11 Boundary layer mesh on a circle, the interface is represented in red

smooth transitions. We can clearly notice how the shape and the orientation of the elements
match the directional features of the circle. The quality of the resulting mesh reflects again
the potential of the proposed method to capture these layers.

Fig. 12 Zoom on a quarter of the circle, the interface is represented in red and the limit of the boundary layer
in blue

5.1.3 Square

We consider in this final elementary test case a square of 0.6×0.6m2. The characteristics of
the flow are the same as those of the circle test case. Thus, hmin = 1.11 ·10−4m, let us recall
that H2 = 0.05m and H1 = 0.5m. This leads to a final boundary layer composed of 24 layers
with a maximum anisotropic ratio of 455. The final boundary layer mesh is represented in
Figure 13, and the interface is colored in red.

The mesh is composed of 3562 elements, where 3113 elements are inside Box2 which
represents 87.4% of the total mesh elements. In fact, Box2 is composed of 1096 elements
inside the boundary layer (30.8% of the total elements) and of 395 elements inside the square
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(11.1%). Using the same characteristics of the flow, we obtain in this case a totally different
element size distribution. This highlights the interactions between the anisotropic ratio and
the curvature. Indeed, a larger anisotropy was allowed on the square than on the circle which
saves more elements.

Fig. 13 Boundary layer mesh on a square, the interface is represented in red

Figure 14 shows a zoom on the corner where a sharp change in the curvature occurs. The
angle is well captured and in fact, this kind of angles result in isotropic elements of mesh
size hmin. Moreover, the first 6 levelsets from the multi-levelset method are represented in
green, the interface of the square is represented in red while the inside layer is represented in
orange. Note that the mesh elements respect well the layers prescribed by the multi-levelset
method, which leads to a semi-structured mesh. Furthermore, the first three layers are well
reproduced inside, between the interface and the inside layer.

Fig. 14 Zoom on a square corner represented in red, first layers of the multi-levelset method are drawn in
green and the inside layer is represented in orange
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5.2 NACA0012

We consider next the well known NACA0012 benchmark [22]. This geometry is interesting
because it is used to validate numerical codes and contains various curvature. We reproduced
a smaller version of the NASA domain drawn in Figure 15 which couple a half-circle at
inlet of radius 50m and a rectangle at outlet of size 47.1×48.3m2. The domain is very large
compared to the 1m characteristic length of the NACA0012 profile, and is usually used to
avoid any perturbation for the boundary conditions.

Fig. 15 Representation of the domain where the NACA0012 is immersed, its interface is drawn in red

Likewise the flow parameters are chosen equal to the NASA benchmark on NACA0012,
the Reynolds number is set to Re = 6 ·106 (turbulent), y+0 = 1, such that hmin = 4.46 ·10−6m.
This leads to a final boundary layer composed of 36 layers with a maximum anisotropic ra-
tio of 2387. A zoom on the final boundary layer mesh around the NACA0012 profile is
represented in Figure 16, with in red the interface of the NACA0012. The mesh is com-
posed of 21370 elements, whose 19804 elements are in Box2 which represents 92.7% of
the total number of element. Moreover, the boundary layer is composed of 9647 elements
(45.1%) and there are 3310 elements (15.5%) inside the geometry. Here again, we notice the
structure in the mesh, the perfect orientation of elements and of their anisotropy. Further-
more, no problems are noticed by the sharp trailing edge. Again, the quality of the resulting
mesh reflects the potential of the proposed boundary layer adaptation method to handle high
Reynolds number flows.
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Fig. 16 Zoom around the interface of the NACA0012 (red), the limit of the boundary layer is plotted in blue

5.3 Ahmed body

This example aims at emphasizing the robustness of the proposed mesh adaptation technique
to handle 3D geometries. Therefore, we consider to generate a boundary layer mesh around
an immersed Ahmed body vehicle [1,9,26,8]. It is a simplified vehicle model generating
high turbulent behavior according to the slant angle. Here, the study is made with a slant
angle of 25◦, the most turbulent angle. According to the references, the Ahmed body is
immersed in a 3D channel of dimensions 10× 2× 1.5m3, the characteristic length of the
Ahmed body is L = 1m, while the flow has a Reynolds number Re = 4.25 · 106, obviously
the flow is turbulent. In order to limit the number of elements, y+0 is chosen large, y+0 = 5.
The minimum mesh size is set to hmin = 3.1 · 10−5m. This leads to a final boundary layer
composed of 27 layers with a maximum anisotropic ratio of 3226.

Fig. 17 The zero-isovalue of the levelset function and the boundary layer mesh for the immersed Ahmed
vehicle

The obtained mesh is composed of 2167057 elements and 378259 nodes. Figure 17 gives
a view of the mesh over the domain and around the zero-isovalue of the levelset function,
which prove its ability to describe accurately the Ahmed body shape. Moreover, a zoom
on the interface along the Y-Plane is given in figure 18. It shows how the elements are

https://www.researchgate.net/publication/236392860_Some_salient_features_of_the_time_-_averaged_ground_vehicle_wake?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
https://www.researchgate.net/publication/268382249_Comparisons_between_CFD_and_experimental_results_for_a_simplified_car_model_in_wall_proximity?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
https://www.researchgate.net/publication/223017345_Unsteady_flow_simulation_of_the_Ahmed_reference_body_using_a_lattice_Boltzmann_approach?el=1_x_8&enrichId=rgreq-9d2abaffb83288193b731261c92c0779-XXX&enrichSource=Y292ZXJQYWdlOzMwNTcxNTU1MTtBUzo0MDE1MzY5MzgyMDEwODhAMTQ3Mjc0NTI3NDI5OQ==
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highly stretched at the interface caused by the sharp gradient of the levelset function and the
curvature. This reflects well the accuracy and the details of the geometry. As can be seen in
these Figures, the anisotropic mesh adaptation proves to be very efficient to retrieve all the
features of the geometry compared to isotropic meshes for the same amount of elements.

Fig. 18 Zoom around the interface of the immersed Ahmed body along the Y-plane cut

5.4 Towards complex geometries

To go further, we consider a very complex 3D geometry, a F1 car immersed inside a nu-
merical wind channel. The mesh has been generated for a minimum mesh size of hmin =
6 · 10−4m. This leads to a final boundary layer composed of 10 layers with a maximum
anisotropic ratio of 167. Recall that the air movement around a F1 car is quite complex and
interesting; i.e. it allows the study of the influence of different airfoils and their positions to
optimize the aerodynamic design. Therefore, an accurate boundary layer mesh is needed.

Figure 19 shows the obtained mesh for the immersed F1 car inside a wind channel. The
mesh is composed of 21026520 elements and 3602483 nodes. Note the concentration of the
resolution all along the boundary layers, in particular near very fine geometrical features
such as the wheels. This reflects well the anisotropy caused by the sharp gradient of the
levelset function as well as the curvature.

Taking a closer look at the mesh in Figure 20, we can detect the good orientation of
the elements with the stretching in the relevant direction. This demonstrates the ability of
the algorithm to generate unstructured accurate boundary layer meshes and to effectively
control the elements sizes, orientations and locations.

Finally, we can clearly see in Figure 21 the quality of the interface rendered by the zero-
isovalue of the levelset function. Such accuracy is required when using immersed techniques
for high Reynolds number flows.
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Fig. 19 Top: Boundary layer mesh for an immersed F1 car,
Bottom: Zoom around the interface along the Y-plane cut

6 Conclusions and Future Work

We have presented a new anisotropic boundary layer mesh adaptation procedure for im-
mersed geometry. It is based on the use of multi-levelset method to locate the boundary
layer, to control the mesh size distribution and orientation ensuring a smooth gradation.
Taking into account the physical parameters of the simulation and the curvature of the ge-
ometry, the numerical 2D and 3D applications show that, starting from an arbitrary coarse
domain, the method provides very accurate representation of the immersed interfaces and
their boundary layers even for complex geometries. The natural extension of this work is to
consider a right angle computation in the wall vicinity [20,15], and an improved computa-
tion of the aspect ratio [25].
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Fig. 20 Some cuts over the F1 car zero iso-value levelset boundary layer mesh

Fig. 21 The zero-isovalue of the levelset highliting the complexity of the geometry
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