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Motivation

o Many researches to design method for fluid problems with
accuracy higher than 2nd order

@ True accuracy of those method requires that the mesh
boundary are represented with at least the same accuracy

s { p——

Subsonic flow around 2 cylinders: spurious entropy production

= Curved meshes fitting well the boundaries:
Bézier/NURBS approximation with triangular patches
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Curvilinear mesh generation
Mesh checking
Computing curved mesh via linear elasticity analogy

Numerical simulations



[sogeometric analysis for unstructured meshes

Bézier basis functions of order k over a simplex

o Lets \; the barycentric coordinates,
o « a multi-index of length k,

o the Bézier polynomial is:
Ba(M) = ()T A (M)

NURBS basis function of order k
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[sogeometric analysis for unstructured meshes

Lets P = {P, € RP,« € T}, a family of control points,

we approximate a function 1 by

B(M) ~ 3 Pagl(M).

a,a€T

e The basis functions can be defined on triangles/tetra and

quadrangulars,
o they allow to define conics.

Example of elements
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Property of curved element

Convexity of control polygon
A NURBS curve is contained in the convexe hull of its control
polygon

Il Control points

Control polygon

Convex hull of the
control polygon

Recalls

e extrapolation of control point

o the end points are always interpolated



Curved mesh generation

Problematic

e How to generate NURBS meshes ?

Our approach

e Starting from a classical mesh of the domain (piecewise
linear), we modify it to generate NURBS mesh.

2 main steps

@ Have or compute the geometrical information: control
point, weight.. <= curve the boundary mesh

© Check validity of volumic elements and if needed curve the
interior mesh






How to curve a piecewise linear mesh 7

Given
a simplicial mesh + the definition of boundary geometry

o Is the curved mesh conformal?




How to curve a piecewise linear mesh 7
Given

a simplicial mesh + the definition of boundary geometry

o Is the curved mesh conformal?

@ How to curve the volumic mesh with keep as much as
possible the structure of the mesh 7
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How to detect automatically invalid element?

A valid straight element

but.... a non-valid curved element
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How to detect automatically invalid element?

Convex hull property




How to detect automatically invalid element?

a9 < 0 = invalid element



How to curve a piecewise linear mesh 7

Given
a simplicial mesh + the definition of boundary geometry

@ Is the curved mesh conformal?
Compute signed area for each triangle which have a
boundary edge:

o if all area < 0, the mesh is ok

© How to curve the volumic mesh with keep as much as
possible the structure of the mesh 7



How to curve straight mesh 7

Given
A piecewise linear mesh + NURBS curves on the boundary

Idea

Using linear analogy on control points subdivided mesh.

Thanks to convex hull property,

Subdivided mesh legal = NURBS mesh valid.

Steps:

o create mid-edge points and consider them as control points,
@ subdivide the mesh with those points,

o deform the subdivided mesh using elasticity analogy to fit
with NURBS boundary curves.



How to curve straight mesh 7




Linear elasticity analogy

Solving on the initial control points mesh 7,0

div <)\tra(Vu) + u(Vu + VuT) ) =0on
u = g on 0f)

with A > 0 and p > 0.

The deformed control points mesh 7;LD :
MP = M°+u(M°)

with MP vertex of 7;LD and MY vertex of 7;10

= Dirichet BD : g(M?) := MP — MP.



Linear elasticity analogy

Is the deformed mesh legal 7

No if the boundary deformation is too large.
To overcome this problem, we notice that the previous problem
is linear.

o Let an element K° = (MY, ..., M? ) of 7, and
KD = (M? + U(M?)7 s 7M3+1 + U(M((i)—i-l))

the same element in 7;LD

o A mesh is legal if, for any element K°,

vol(K°) and vol(KP”) have the same sign.



Linear elasticity analogy

o Considering
Wi, 0 — vol((M? + Ou(MY), ..., MJ 4 + Gu(Mg_H))).

o Find the smallest 6 such as there exists one K° for which
wi, (#) = 0 is enough to know if resulting mesh is valid.

e This amounts to solving a quadratic (in 2D) or a cubic (in
3D) polynomial on all the simplices of 7° and look for the
smallest root.



Linear elasticity analogy algorithm

@ Solve linear elasticity equations for the BC g,
@ Look for the smallest 0, say 6y such that for any 6 € [0, 6],
wio(#) > 0 for any K% in T°, then
e if Ay > 1, the final mesh is obtained,

e if 3 < 1, then
o update the initial mesh with

MP = M° +u(0 M°),

o goto step 1 with 7% = T2 and g = (1 — 6o)g



Curved mesh examples

(b) Airplane

(¢) Mechanical part (d) Three components wing



[sogeometric numerical simulations

Euler or Navier-Stokes equations

V.EU,VU) =0, Veen

Problem to solve: . " .
Boundary Conditions (BC) + Initial Conditions

Isogeometric numerical method:

o Residual distributed scheme : generalization of SUPG
finite element (Abgrall and al)

Differences between isogeometrical analysis and classical
one:

@ Derivates of basis functions not constant on an element

@ Degrees of freedom not necessary interpolated



[sogeometric numerical results

(f) Euler supersonic

(g) Navier Stokes subsonic (h) 3d test case



Subsonic flow around 2 cylinders: Ma = 0.38

Var: EnfropyError

0001922
0001853
0001785
0001716
0001647

0001441

Entropy error for P2 simulation




Ma = 0.38

Subsonic flow around 2 cylinders

Var: EnfropyError
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Subsonic flow around a cylinder: Ma = 0.38

17 x 64 vertices mesh
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Subsonic flow around a cylinder: Ma = 0.38

Entropy error: P2 simulation vs NURBS simulation

Pseudocolor Pseudocolor
Var: EntropyError Var: Er\hﬂo&)&Eg&)d
=4 6501800 -

0.001350 0.001350
0.0009000 0.0009000
— 0.0004500 0.0004500

0.000
0.000 Max: 0.0004313
Max: 0.001844 Min: 0.000
Min: 0.000

Maximum error reduced by 76%



Subsonic flow over a bump: Ma = 0.5

Mesh
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o 240 vertices
o order 3 : 840 degrees of freedom

o order 4 : 1969 degrees of freedom



Subsonic flow over a bump: Ma = 0.5

Entropy error

Pseudocolor
Var: Enfrog)a/Error
' 0.0004500

0.0003375
—0.0002250

—0.0001125

0.000
Max: 0,0003500
Min: 0.000

(i) Isogeometric scheme of order 3

Pseudocolor
Var: Eﬂf[oga/EHO[
- 0.0004500

—0.0003375
—0.0002250

—0.0001125

0.000
Max: 0.0004638
Min: 0.000

(j) Classic scheme of order 3



Subsonic flow over a bump: Ma = 0.5

Entropy error

Pseudocolor
Var: EmrogalEWDr
- 0.0004500

—0.0003375
— 0.0002250

—0.0001125

0.000
Max: 0.0003500
Min: 0.000

(k) Isogeometric scheme of order 3

Pseudocolor
Var: ENVO&YENOI
- 0.0004500

—0.0003375
— 0.0002250

0,0001125

0.000
Max: 0.0003312
Min: 0.000

(1) Isogeometric scheme of order 4



Subsonic flow over a bump: Ma = 0.5

Mesh refinement
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Subsonic flow over a bump: Ma = 0.5

Entropy error

Pseudocolor
Var: EntropyError
O.g(YOASDD

—0.0003375
—0.0002250

—0.0001125

0.000

Max: 0.0004638
Min: 0.000

(o) Classical scheme

Pseudocolor
Var: Emroga/Error
- 0.0004500

—0.0003375
—0.0002250

0.0001125

(p) Isogeometric scheme



Supersonic flow over a NACA0012: Ma = 1.2

Mesh refinement
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Supersonic flow over a NACA0012: Ma = 1.2

Mach number

Pseudocolor
Var: Ma
1.500
—1.125
0.7500
0.3750
0.000
Max: 1.523
Min: 0.002799
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P2 turbulent NS simulation
ONERA M6 wing
o inflow mach number: M., = 0.8395,

o Angle of Attack: a = 3.06°,
e Reynolds number: Re = 11.72 x 10°

Figure: meshes for Dassault wing test case.



P2 turbulent NS simulation

(a) Cp coefficient.

T T T T T T T T T T T T
y 2b =44 '\l‘ 2b=65
1t @ Numerical - 1 a @ Numerical -
RS a Experiment 2 ) a Experiment
.
FERL] P
PPEPE ® -
osf. e i o5k s L
a® © &
s LaeEBE as g JRRTEL IV
e oan ™ @ g aus Baa,
5 e - 5
of g b, J ° oF rﬁv’ iy ]
s : “en
ogn 2,
H 4
osf-8 g 05 g
§ ¢
5 4
g ]
1k - 1k B
s L L s L L s L L L L s
o 02 0.4 0.6 08 1 o 02 04 0.6 08 1
xe x/c

(b) Cross section of the pressure coefficient at 44%, 65% of the
chord compared to experimental results.



Conclusion

Done work
e Génération automatique de maillage Bézier/NURBS
meshes.
o Génération de maillages courbes avec couches limites.

e Simulation Euler and Navier-Stokes avec schémas aux
rédidus en formulation P2 Lagrange et isogéométrique.

Perspectives

e Traitement des frontieres courbes,
e Modification de maillages courbes (adaptation),

e Ordre tres élevé.
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